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GLOBAL STRONG SOLUTIONS TO THE CAUCHY PROBLEM OF
1D COMPRESSIBLE MHD EQUATIONS WITH NO RESISTIVITY∗

ZILAI LI† , HUAQIAO WANG‡ , AND YULIN YE§

Abstract. We consider the Cauchy problem to the 1D non-resistive compressible magnetohydrody-
namics (MHD) equations. We establish the global existence and uniqueness of strong solutions for large
initial data and vacuum when the viscosity coefficient is assumed to be constant or density-dependent.
The analysis is based on the full use of effective viscous flux and the Caffarelli-Kohn-Nirenberg weighted
inequality to get the higher-order estimates of the solutions. This result could be viewed as the first one
on the global well-posedness of strong solutions to the Cauchy problem of 1D non-resistive compressible
MHD equations while the initial data may be arbitrarily large and permit vacuum.
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1. Introduction and main result

Compressible magnetohydrodynamics (MHD) equations with density-dependent
viscosity in R1 can be described as:

ρt+(ρu)x= 0,

(ρu)t+(ρu2 +P (ρ)+ 1
2b

2)x= (µ(ρ)ux)x,

bt+(ub)x=νbxx,

(1.1)

where ρ,u,P (ρ) and b denote the density, velocity, pressure and magnetic field, re-
spectively. µ(ρ) = 1+aρβ (β≥0) is the viscosity, the constant ν >0 is the resistivity
coefficient acting as the magnetic diffusion coefficient of the magnetic field. In this pa-
per, we consider the isentropic compressible MHD equations in which the equation of
the state has the form

P (ρ) =Rργ , γ >1.

For simplicity, we set a=R= 1.

The compressible MHD equations are used to describe the macroscopic behavior of
the electrically conducting fluid in a magnetic field. However, it is well known that the
resistivity coefficient ν is inversely proportional to the electrical conductivity, therefore
it is more reasonable to ignore the magnetic diffusion which means ν= 0, when the
conducting fluid considered is of high conductivity, for example the ideal conductors.
So instead of Equations (1.1), when there is no resistivity, the system reduces to the
so-called compressible, isentropic, viscous and non-resistive MHD equations with the
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following form: 
ρt+(ρu)x= 0,

(ρu)t+(ρu2 +P (ρ)+ 1
2b

2)x= (µ(ρ)ux)x,

bt+(ub)x= 0.

(1.2)

In this paper, we consider the Cauchy problem for (1.2) with (ρ,u,b) satisfying the
initial conditions as follows:

(ρ,u,b)|t=0 = (ρ0(x),u0(x),b0(x))→ (0,0,0), x∈R. (1.3)

There has been a huge amount of literature on the studies of the compressible MHD
equations by physicists and mathematics due to its physical importance, complexity,
rich phenomena, and mathematical challenges. Before stating our main theorem, we
briefly recall some previously known results on compressible MHD equations. Firstly,
we begin with the MHD equations with magnetic diffusion. For one-dimensional case,
Vol’pert-Hudjaev [24] proved the local existence and uniqueness of strong solutions to
the Cauchy problem and Kawashima-Okada [20] obtained the global smooth solutions
with small initial data. For large initial data and the density that may contain vac-
cum, the authors Ye-Li [27] proved the global existence of strong solutions to the 1D
Cauchy problem. When considering the full MHD equations and the heat conductiv-
ity depending on the temperature θ, Chen-Wang [3] studied the free boundary value
problem and established the existence, uniqueness and Lipschitz dependence of strong
solutions. Recently, Fan-Huang-Li [7] obtained the global strong solutions to the initial
boundary value problem to the planner MHD equations with temperature-dependent
heat conductivity. Later, with the effect of self-gravitation as well as the influence
of radiation on the dynamics in high temperature regimes taken into account, Zhang-
Xie [29] obtained the global strong solutions to the initial boundary value problem for
the nonlinear planner MHD equations. For multi-dimensional MHD equations, Lv-Shi-
Xu [22] considered the 2-D isentropic MHD equations and proved the global existence
of classical solutions provided that the initial energy is small, in which the decay rates
of the solutions were also obtained. By exploiting some Lp−Lq estimates of solutions
for the heat equation and linearized Navier-Stokes system, Zhang-Zhao [30] obtained
the time-asymptotic behavior of solutions to the 3D isentropic MHD equations when
the initial data around a constant state is sufficiently small in H3 and is bounded in
Lp with any given 1≤p≤ 6

5 . Vol’pert-Hudjaev [24] and Fan-Yu [6] obtained the local
classical solution to the 3-D compressible MHD equations where the initial density is
strictly positive or could contain vacuum, respectively. Hu-Wang [9] derived the global
weak solutions to the 3-D compressible MHD equations with large initial data. Re-
cently, Li-Xu-Zhang [21] established the global existence of classical solution of 3-D
MHD equations which are of small energy but possibly large oscillations. Later, the
result was improved by Hong-Hou-Peng-Zhu [8] provided ((γ−1)

1
9 +ν−

1
4 )E0 is suitably

small. When the resistivity is zero, then the magnetic equation is reduced from the
heat-type equation to the hyperbolic-type equation, the problem becomes more chal-
lenging, hence the results are few. Kawashima [19] obtained the classical solutions to
3-D MHD equations when the initial data are of small perturbations in H3 norm and
away from vacuum. Xu-Zhang [25] proved a blow-up criterion of strong solutions for
3-D isentropic MHD equations with vacuum. Fan-Hu [5] established the global strong
solutions to the initial boundary value problem of 1-D heat-conducting MHD equations
with no resistivity. We note that some authors considered the Rayleigh-Taylor problem
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of the non-resistive MHD equations (see [4, 10–16] and references therein). With more
general heat-conductivity, Zhang-Zhao [31] established the global strong solutions and
also obtained the non-resistivity limits of the solutions in L2 norm. Jiang-Zhang [17]
considered the initial boundary value problem to 1-D isentropic MHD equations and
obtained the global strong solutions, in which they also gave the “magnetic boundary
layer” estimates when the resistivity ν→0. Yu [28] obtained the global existence of
strong solutions to the initial boundary value problem of 1-D isentropic non-resistive
MHD equations. It is easy to see that the previous results concern the initial boundary
value problem, however, for the Cauchy problem, the global strong solution with large
initial data and vacuum is still unknown. The aim of this paper is to study the existence
and uniqueness of global strong solutions to the Cauchy problem of 1-D non resistive
MHD equations with large initial data and vacuum.

Notations: We denote the material derivative of u and effective viscous flux by

u̇,ut+uux and F ,µ(ρ)ux−P (ρ)− 1

2
b2,

∫
·=
∫
R
·dx,

Dk ={u∈L1
loc(R)| ‖∂kxu‖L2 <∞}, ‖u‖Dk =‖∂kxu‖L2 , Hk =L2∩Dk.

The main result of this paper can be stated as:

Theorem 1.1. Suppose that the initial data (ρ0,u0,b0)(x) satisfies

0≤ρ0∈L1(R)∩H1(R), b0∈H1(R), u0∈H2(R),
√
ρ0u0(1+ |x|α2 )∈L2(R), |x|α2 u0x∈L2(R), (ρ

γ
2
0 |x|

α
2 ,b0|x|

α
2 )∈L2(R),

(1.4)

for 2<α<1+ 2
3
√

1+ 3√4
(≈2.46), and the compatibility condition

(
µ(ρ0)u0x−P (ρ0)− 1

2
b20

)
x

=
√
ρ0g(x), x∈R, (1.5)

with some g satisfying g(1+ |x|α2 )∈L2(R). Then for any T >0 and β≥1 or β= 0, there
exists a unique global strong solution (ρ,u,b) to the Cauchy problem (1.2)-(1.3) such that

0≤ (ρ,b)≤C, (ρ,b)∈L∞(0,T ;H1(R)), (ρt,bt)∈L∞(0,T ;L2(R)),

√
ρu(1+ |x|α2 ),

√
ρu̇(1+ |x|α2 ), |x|α2 (ux,ρ

γ
2 ,b)∈L∞(0,T ;L2(R)),

u∈L∞(0,T ;H2(R)),
√
ρut∈L∞(0,T ;L2(R)), ut∈L2(0,T ;D1(R)).

Remark 1.1. The restrictions β≥1 or β= 0 in Theorem 1.1 can be generalized to
β≥0 if an additional condition ρβ0 ∈H1(R) is given.

Remark 1.2. It is easy to see that our result holds for both the density-dependent
viscosity (β≥1) case and constant viscosity (β= 0) case.

Remark 1.3. When there is no magnetic field, that is, b= 0, our result reduces to
that of the 1-D isentropic compressible Navier-Stokes equations in [18], which means
that we generalized the result in [18] to the MHD equations even with no magnetic
diffusion.

We now give some comments on the analysis of this paper. Comparing with the
previously known results relating to resistive MHD equations and the initial boundary



854 GLOBAL STRONG SOLUTIONS TO THE NON-RESISTIVE MHD EQUATIONS IN R1

value problems, some new difficulties will arise. Firstly, we can not get the integrability
of the magnetic field b in Lp(1<p<∞) space directly due to the lack of magnetic

diffusion, where the estimate
∫ T

0
‖ux‖L∞dt is needed (see (3.19)); to overcome this

difficulty, motivated by the Navier-Stokes equations in which the effective viscous flux
has more regularity than the gradient of velocity, similarly we introduce the effective
viscous flux F in MHD equations and estimate the integral of the effective viscous flux F
instead of ux (see (3.19)-(3.24)). Next, the 1-D non-resistive MHD equations look similar
to the two-phase fluids (e.g. [26]), hence, when handling the MHD equations, usually
it is technically assumed that the proportion between the magnetic field and density is
bounded, that is ρ,b≥0 and 0≤ b

ρ <∞, which implies the magnetic field b is bounded
provided the density ρ is bounded. However, this assumption is not physical and realistic
in magnetohydrodynamics, so how to obtain the upper bound of the magnetic field is
another main difficulty, our strategy is based on the full use of effective viscous flux,
the material derivative and the structure of the equations. Finally, when deriving the
high order derivatives of the solutions, the Poincáre-type inequality is no longer valid
and we have no Lp(1≤p<∞) norm of the velocity because the region considered is the
whole space. To overcome this difficulty, we establish the weighted estimates on the
solutions by using the Caffarelli-Kohn-Nirenberg weighted inequality and furthermore
obtain some Lp(1<p<∞) and L∞ norm of the velocity (see (3.37) and (3.38)).

The rest of the paper is organized as follows. In Section 2, we recall some preliminary
lemmas which will be used later. Section 3 is devoted to proving our main results.

2. Preliminaries
In this section, we give some well-known inequalities which will be used frequently

when deriving the global a priori estimates. The first one is the Gagliardo-Nirenberg
inequality.

Lemma 2.1 (Gagliardo-Nirenberg inequality [23]). For any f ∈W 1,m(R)∩
Lr(R), there exists some generic constant C>0 which may depend on q,r such that

‖f‖Lq ≤C‖f‖1−θLr ‖∇f‖
θ
Lm , (2.1)

where θ= ( 1
r −

1
q )( 1

r −
1
m +1)−1, if m≥1, then q∈ [r,∞].

The following Caffarelli-Kohn-Nirenberg weighted inequality is the key to deal with
the Cauchy problem in this paper.

Lemma 2.2 (Caffarelli-Kohn-Nirenberg weighted inequality [1,2]).
(1) For any h∈C∞0 (R), it holds that

‖|x|κh‖r≤C‖|x|α|∂xh|‖θp‖|x|βh‖1−θq , (2.2)

where 1≤p,q<∞,0<r<∞,0≤θ≤1, 1
p +α>0, 1

q +β>0, 1
r +κ>0 and satisfying

1

r
+κ=θ

(
1

p
+α−1

)
+(1−θ)

(
1

q
+β

)
, (2.3)

and

κ=θσ+(1−θ)β.

with 0≤α−σ if θ>0 and 0≤α−σ≤1 if θ>0 and 1
p +α−1 = 1

r +κ.
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(2) (Best constant for Caffarelli-Kohn-Nirenberg weighted inequality.) For any
h∈C∞0 (R), it holds that

‖|x|bh‖p≤Ca,b‖|x|a∂xh‖2, (2.4)

where a> 1
2 ,a−1≤ b≤a− 1

2 and p= 2
2(a−b)−1 . If b=a−1, then p= 2 and the best con-

stant in the inequality (2.4) is

Ca,b=Ca,a−1 =

∣∣∣∣2a−1

2

∣∣∣∣.
3. Proof of the Theorem 1.1
In this section, we get a global solution to (1.2)-(1.4) with initial density having

lower bound δe−|x|
2

>0 by using some a priori estimates of the solution based on the
local existence. Theorem 1.1 would be obtained after we make some a priori estimates
uniformly for δ and take δ→0+.

Denote ρδ0 =ρ0 +δe−|x|
2

>0 for δ∈ (0,1). Throughout this section, we denote C to
be a generic constant depending on ρ0,u0,b0,T and some other known constants but
independent of δ for any δ∈ (0,1). Clearly,

ρδ0→ρ0 in L1(R)∩H1(R), as δ→0+.

To approximate the initial velocity, we define uδ0 as

uδ0 =

{
ũδ0, |x|<M+1,

u0, |x|≥M+1,
(3.1)

where ũδ0 is the unique solution to the following elliptic equation:{
(µ(ρδ0)ũδ0x)x=P (ρδ0)x+ 1

2 (b20)x+
√
ρ0g(x), in ΩM :={x| |x|<M+1},

ũδ0||x|=M+1 =u0.
(3.2)

Since ρδ0 =ρ0 +δe−|x|
2 ∈H1(R), P (ρδ0)∈H1(R), b0∈H1(R) and

√
ρ0g∈L2(R), by the

elliptic theory, (1.5) and (3.2), we have

‖ũδ0‖H2(ΩM )≤C
(
‖(ρδ0)βx‖L2‖ũδ0x‖L∞+‖P (ρδ0)x‖L2 +‖(b20)x‖L2 +‖√ρ0g‖L2

)
≤C

(
ε‖ũδ0‖H2(ΩM ) +1

)
, (3.3)

which implies

‖ũδ0‖H2(ΩM )≤C. (3.4)

From the compatibility conditions (1.5) and (3.2), it follows that{(
µ(ρ0)(ũδ0−u0)x

)
x

=
((
µ(ρ0)−µ(ρδ0)

)
ũδ0x
)
x

+
(
P (ρδ0)−P (ρ0)

)
x
, in ΩM ,

(ũδ0−u0)||x|=M+1 = 0,
(3.5)

which yields

‖ũδ0−u0‖H2(ΩM )
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≤C(‖µ(ρ0)x‖L2‖(ũδ0−u0)x‖L∞+‖µ(ρδ0)−µ(ρ0)‖L∞‖ũδ0‖H2

+‖(µ(ρδ0)−µ(ρ0))x‖L2‖ũδ0x‖L∞+‖(P (ρδ0)−P (ρ0))x‖L2)

≤C(‖µ(ρ0)x‖L2‖(ũδ0−u0)x‖
1
2

L2‖(ũδ0−u0)xx‖
1
2

L2 +‖µ(ρδ0)−µ(ρ0)‖L∞‖ũδ0‖H2

+‖(µ(ρδ0)−µ(ρ0))x‖L2‖ũδ0x‖L∞+‖(P (ρδ0)−P (ρ0))x‖L2)

≤ δ‖ũδ0−u0‖H2(ΩM ) +C(‖µ(ρ0)x‖2L2‖(ũδ0−u0)x‖L2 +‖µ(ρδ0)−µ(ρ0)‖L∞‖ũδ0‖H2

+‖(µ(ρδ0)−µ(ρ0))x‖L2‖ũδ0x‖L∞+‖(P (ρδ0)−P (ρ0))x‖L2). (3.6)

To deal with the second term on the right-hand side of (3.6), we multiply the Equation
(3.5)1 by (ũδ0−u0) and integrate over ΩM to get∫

ΩM

µ(ρ0)
(
(ũδ0−u0)x

)2
dx

=

∫
ΩM

(µ(ρ0)−µ(ρδ0))ũδ0x(ũδ0−u0)xdx+

∫
ΩM

(P (ρδ0)−P (ρ0))(ũδ0−u0)xdx

≤ δ
∫

ΩM

(
(ũδ0−u0)x

)2
dx+

∫
ΩM

(µ(ρ0)−µ(ρδ0))2(ũδ0x)2dx+

∫
ΩM

(P (ρδ0)−P (ρ0))2dx

≤ δ
∫

ΩM

(
(ũδ0−u0)x

)2
dx+‖µ(ρδ0)−µ(ρ0)‖2L2(ΩM )‖ũ

δ
0x‖2L∞(ΩM )+‖P (ρδ0−P (ρ0)‖2L2(ΩM ),

(3.7)

which together with µ(ρ0) = 1+ρβ0 gives

‖(ũδ0−u0)x‖L2 ≤‖µ(ρδ0)−µ(ρ0)‖L2‖ũδ0x‖L∞+‖P (ρδ0)−P (ρ0)‖L2 . (3.8)

It follows from (3.6) and (3.8) that

‖ũδ0−u0‖H2(ΩM )

≤‖µ(ρ0)x‖2L2(ΩM )

(
‖µ(ρδ0)−µ(ρ0)‖L2(ΩM )‖ũδ0‖H2(ΩM )+‖P (ρδ0)−P (ρ0)‖L2(ΩM )

)
+‖µ(ρδ0)−µ(ρ0)‖L∞‖ũδ0‖H2(ΩM ) +‖(µ(ρδ0)−µ(ρ0))x‖L2(ΩM )‖ũδ0‖H2(ΩM )

+‖(P (ρδ0)−P (ρ0))x‖L2(ΩM )

≤Cδ→0, as δ→0+. (3.9)

Then, by using (3.1) and (3.9), we get

uδ0→u0, in H2(R) as δ→0+. (3.10)

Furthermore √
ρδ0u

δ
0(1+ |x|α2 )→√ρ0u0(1+ |x|α2 ) in L2(R), as δ→0+,

and

(ρδ0)
γ
2 |x|α2 →ρ

γ
2
0 |x|

α
2 , uδ0x|x|

α
2 →u0x|x|

α
2 in L2(R), as δ→0+.

Before proving Theorem 1.1, we need the following auxiliary theorem.

Theorem 3.1. Under the same assumption as in Theorem 1.1, for any δ∈ (0,1), there
exists a unique global solution (ρδ,uδ,bδ) to (1.2)-(1.4) with the initial data replaced by
(ρδ0,u

δ
0,b0) such that for any T >0 and β≥1 or β= 0

0<δe(−|x|
2−C(T ))≤ρδ≤C, 0≤ bδ≤C,
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(ρδ,bδ)∈L∞(0,T ;H1(R)), (ρδt ,b
δ
t )∈L∞(0,T ;L2(R)),

(
√
ρδuδ,

√
ρδu̇δ)(1+ |x|α2 ), |x|α2

(
(ρδ)

γ
2 ,bδ,uδx

)
∈L∞(0,T ;L2(R)),

uδ ∈L∞(0,T ;H2(R)),
√
ρδuδt ∈L∞(0,T ;L2(R)), uδt ∈L2(0,T ;D1(R)).

Proof. The local existence and uniqueness of the strong solutions in Theorem 3.1
is standard by the fixed point theorem, and we omit it here for brevity. Based on it,
Theorem 3.1 can be proved by some global a priori estimates.

For any T ∈ (0,∞), let (ρδ,uδ,bδ) be the solution to (1.2)-(1.4) as in Theorem 3.1,
without confusion, we still denote the solution by (ρ,u,b) instead of (ρδ,uδ,bδ) to simplify
the presentation. First, we establish the upper bounds of the density ρ and magnetic
field b.

3.1. Pointwise bounds on ρ and b.
Lemma 3.1. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
β≥0, it holds that∫

R

(
1

2
ρu2 +

1

γ−1
ργ +

1

2
b2
)
dx+

∫ T

0

∫
R
µ(ρ)(ux)2dxdt≤C. (3.11)

The upper bound of the density is stated as follows.

Lemma 3.2. Suppose that (ρ,u,b) is a smooth solution to (1.2)-(1.4). Then for any
T >0, there exists an absolute constant C>0 which depends on the initial data and
β≥0 such that

ρ(x,t)≤C, (x,t)∈R×(0,T ].

Proof. Let

ξ=

∫ x

−∞
ρu(y)dy.

Using the momentum Equation (1.2)2, we have

ξtx+

(
ρu2 +P (ρ)+

1

2
b2
)
x

= (µ(ρ)ux)x.

Integrating with respect to x over (−∞,x) yields

ξt+ρu2 +P (ρ)+
1

2
b2−µ(ρ)ux= 0. (3.12)

By using the mass Equation (1.2)1, we rewrite (3.12) as

ξt+ρu2 +µ(ρ)
ρt+uρx

ρ
+P (ρ)+

1

2
b2 = 0. (3.13)

Let X(t,x) be the particle trajectory defined by{
dX(t,x)
dt =u(X(t,x),t),

X(0,x) =x.
(3.14)
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Then

dξ

dt
(X(t,x),t) = ξt+uξx= ξt+ρu2. (3.15)

Denote

η(ρ) =

∫ ρ

1

µ(s)

s
ds=

{
lnρ+ 1

β (ρβ−1), if β>0,

2lnρ, if β= 0.

It follows from (3.13) and (3.15) that

d

dt
(ξ+η)(X(t,x),t)+P (X(t,x),t)+

1

2
b2(X(t,x),t) = 0, (3.16)

which together with P (X(t,x),t)+ 1
2b

2(X(t,x),t)≥0 gives

d

dt
(ξ+η)(X(t,x),t)≤0. (3.17)

Integrating (3.17) over (0,t), we have

(ξ+η)(X(t,x),t)≤ ξ(X(0,x),0)+η(X(0,x),0).

Since

ξ(X(0,x),0) =

∫ X((0,x),0)

−∞
ρ0u0(y)dy≤

∣∣∣∣∫ ρ0u0dy

∣∣∣∣≤‖√ρ0u0‖L2‖ρ0‖1/2L1 ≤C,

and

η(X(0,x),0) =

∫ ρ0

1

µ(s)

s
ds=

{
lnρ0 + 1

β (ρβ0 −1), if β>0,

2lnρ0, if β= 0.

≤

{
ρ0 + 1

β (ρβ0 −1), if β>0,

2ρ0, if β= 0.
,

we get

ξ(x,t)+η(x,t)≤C,

which implies

lnρ+
1

β
(ρβ−1)≤C−

∫ x

−∞
ρudx≤C+

∫
|ρu|dx≤C+‖√ρu‖L2‖ρ‖

1
2

L1 ≤C, β>0,

or

2lnρ≤C−
∫ x

−∞
ρudx≤C+

∫
|ρu|dx≤C+‖√ρu‖L2‖ρ‖

1
2

L1 ≤C, β= 0.

Thus we can obtain

lnρ≤

{
C+ 1

β , if β>0,

C, if β= 0.



Z.L. LI, H.Q. WANG, AND Y.L. YE 859

Consequently,

ρ(x,t)≤C, β≥0.

The proof of Lemma 3.2 is completed.

Lemma 3.3. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0, it
holds that

‖b‖L∞(0,T ;L∞(R))≤C,
‖ux‖L∞(0,T ;L2(R))≤C,
‖√ρu̇‖L2(0,T ;L2(R))≤C.

(3.18)

Proof. The proof of Lemma 3.3 will be divided into three steps.
Step 1. Multiplying the equation(1.2)3 by 2nb2n−1 and integrating over R, we have

d

dt

∫
b2ndx=−

∫
u
(
b2n
)
x
dx−2n

∫
uxb

2ndx

=−(2n−1)

∫
b2nuxdx=−(2n−1)

∫
b2n

F +P + 1
2b

2

µ(ρ)
dx

≤−(2n−1)

∫
b2n

F

µ(ρ)
dx

≤ (2n−1)‖F‖L∞‖b‖2nL2n

≤C(2n−1)(1+‖ux‖L2 +‖b‖2L4)
1
2 ‖√ρu̇‖

1
2

L2‖b‖2nL2n , (3.19)

where F =µ(ρ)ux−P (ρ)− 1
2b

2 and we have used the following inequality:

‖F‖L∞ ≤‖F‖
1
2

L2‖Fx‖
1
2

L2 ≤‖µ(ρ)ux−P (ρ)− 1

2
b2‖

1
2

L2‖ρu̇‖
1
2

L2

≤C(1+‖ux‖L2 +‖b‖2L4)
1
2 ‖√ρu̇‖

1
2

L2 . (3.20)

Step 2. Next, we estimate the term ‖ux‖L2 on the right-hand side of (3.19). By
multiplying the equation (1.2)2 by u̇, integrating the resulting equality over R and using
(1.2)1, (1.2)3 and effective fluid flux F =µ(ρ)ux−P (ρ)− 1

2b
2, we obtain

1

2

d

dt

∫
µ(ρ)(ux)2dx+

∫
ρu̇2dx

=

∫
1

2
(ρβt +uρβx)(ux)2dx− 1

2

∫
µ(ρ)(ux)3dx

+
d

dt

∫ (
P +

1

2
b2
)
uxdx−

∫ ((
P +

1

2
b2
)
t

+

(
P +

1

2
b2
)
x

u

)
uxdx

=
d

dt

∫ (
P +

1

2
b2
)
uxdx−

1

2

∫
(1+(β+1)ρβ)(ux)3dx+

∫ (
γργ +b2

)
(ux)2dx

≤ d

dt

∫ (
P +

1

2
b2
)
uxdx+C(‖F +P +

1

2
b2‖3L3 +‖b‖6L6 +1)

≤ d

dt

∫ (
P +

1

2
b2
)
uxdx+C

(
(1+‖ux‖L2 +‖b‖2L4)

5
2 ‖√ρu̇‖

1
2

L2 +‖b‖6L6 +1
)

≤ d

dt

∫ (
P +

1

2
b2
)
uxdx+ε‖√ρu̇‖2L2 +C(‖ux‖

10
3

L2 +‖b‖
20
3

L4 +‖b‖6L6 +1)
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≤ d

dt

∫ (
P +

1

2
b2
)
uxdx+ε‖√ρu̇‖2L2 +C1(‖ux‖4L2 +‖b‖6L6 +1), (3.21)

where in the fourth and last inequalities we have used the following inequalities, respec-
tively,

‖F‖3L3 ≤‖F‖
5
2

L2‖Fx‖
1
2

L2 ≤‖µ(ρ)ux−P −
1

2
b2‖

5
2

L2‖ρu̇‖
1
2

L2

≤C(1+‖ux‖L2 +‖b‖2L4)
5
2 ‖√ρu̇‖

1
2

L2 , (3.22)

and

‖b‖L4 ≤‖b‖
1
4

L2‖b‖
3
4

L6 ≤C‖b‖
3
4

L6 .

Choosing ε>0 suitably small and integrating (3.21) over [0,T ], we have∫
u2
xdx+

∫ T

0

∫
ρu̇2dxdt

≤
∫ (

P +
1

2
b2
)
uxdx+C1

∫ T

0

‖b‖6L6dt+C

(∫ T

0

‖ux‖4L2dt+1

)

≤ε
∫

(ux)2dx+C2

∫
b4dx+C1

∫ T

0

‖b‖6L6dt+C

(∫ T

0

‖ux‖4L2dt+1

)
. (3.23)

Step 3. To estimate the term ‖b‖L6 on the right-hand side of (3.23), we use the

fact that ux=
F+P+ 1

2 b
2

µ(ρ) and multiply the Equation (1.2)3 by 4b3 and then integrate over

R to get

d

dt

∫
b4dx+3

∫ (
Pb4

µ(ρ)
+

1

2

b6

µ(ρ)

)
dx=−3

∫
Fb4

µ(ρ)
dx

≤C‖F‖L3‖b‖4L6

≤ ε
2
‖b‖6L6 +C‖F‖3L3

≤ ε
2
‖b‖6L6 +C(1+‖ux‖L2 +‖b‖

3
2

L6)
5
2 ‖√ρu̇‖

1
2

L2

≤ ε
2

(‖b‖6L6 +‖√ρu̇‖2L2)+C(1+‖ux‖L2 +‖b‖
3
2

L6)
10
3

≤ε(‖b‖6L6 +‖√ρu̇‖2L2)+C(1+‖ux‖4L2). (3.24)

Choosing ε>0 suitably small and integrating (3.24) over [0,T ], we have∫
b4dx+

∫ T

0

∫
b6dxdt≤ε

∫ T

0

‖√ρu̇‖2L2dt+C

(
1+

∫ T

0

‖ux‖4L2dt

)
. (3.25)

Adding (3.25) multiplied by large enough C1 +C2 +1 to (3.23), and then taking ε suit-
ably small, we obtain∫ (

u2
x+b4

)
dx+

∫ T

0

∫
ρu̇2dxdt+

∫ T

0

∫
b6dxdt≤C

∫ T

0

‖ux‖2L2‖ux‖2L2dt+C,
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which together with Grönwall’s inequality and (3.11) yields∫ (
u2
x+b4

)
dx+

∫ T

0

∫
ρu̇2dxdt+

∫ T

0

∫
b6dxdt≤C. (3.26)

The combination of (3.26) with (3.19) leads to

d

dt

∫
b2ndx≤C(2n−1)‖√ρu̇‖

1
2

L2‖b‖2nL2n ,

which together with Grönwall’s inequality and (3.26) gives

‖b‖L2n ≤ exp

{
C

∫ T

0

‖√ρu̇‖
1
2

L2dt

}
‖b0‖L2n ≤C.

Let n→+∞, we have

‖b‖L∞((0,T )×R)≤C.

Then the proof of Lemma 3.3 is completed.

Corollary 3.1. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). For any T >0, we
have

ρ≥ δe(−|x|
2−C(T ))>0,

‖(F,ux)‖L4(0,T ;L∞(R))≤C.

Proof. First, we deduce the positive lower bound of the density as follows.
By using ρ≤C(T ) in Lemma 3.2, b≤C(T ) in Lemma 3.3 and integrating (3.16)

over [0,T ], we have

η(X(x,t),t)−η(X(x,0),0)

=−ξ(X(x,t),t)+ξ(X(x,0),0)−
∫ T

0

(P +
1

2
b2)(X(x,s),s)ds

≤C(T ), (3.27)

which implies

|η(X(x,t),t)−η(X(x,0),0)|≤C(T )⇒η(X(x,t),t)−η(X(x,0),0)≥−C(T ).

Consequently, we get

lnρ≥ lnρ0−C(T )⇒ρ≥ρ0e
−C(T )>δe(−|x|

2−C(T ))>0,

where we have used ρδ0 =ρ0 +δe−|x|
2

and ρ0≥0.
Next, using (3.20), (3.26) and 1≤µ(ρ)≤C, we obtain∫ T

0

‖F‖4L∞dt≤C
∫ T

0

‖√ρu̇‖2L2dt≤C. (3.28)

It follows from Lemma 3.2 and (3.18)1 that

‖ux‖L∞ ≤‖µ(ρ)ux‖L∞ =‖F +P +
1

2
b2‖L∞ ≤‖F‖L∞+C≤‖√ρu̇‖

1
2

L2 +C, (3.29)

which together with Lemma 3.3 gives∫ T

0

‖ux‖4L∞dt≤C
∫ T

0

‖√ρu̇‖2L2dt≤C.

Then the proof of Corollary 3.1 is completed.
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3.2. Higher order estimates on ρ, u and b.
Lemma 3.4. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
β≥1 or β= 0, it holds that∫

(ρ2
x+b2x)dx+

∫ T

0

∫
u2
xxdxdt≤C.

Proof. Differentiating the mass Equation (1.2)1 with respect to x, multiplying the
resulting equation by ρx and integrating over R, we have

d

dt

∫
1

2
ρ2
xdx=−3

2

∫
uxρ

2
xdx−

∫
uxxρρxdx

≤C‖ux‖L∞‖ρx‖2L2 +‖uxx‖L2‖ρx‖L2

≤‖√ρu̇‖2L2 +C(1+‖ux‖L∞)(‖ρx‖2L2 +‖bx‖2L2), (3.30)

where we have used the following inequality

‖uxx‖L2 ≤‖µ(ρ)uxx‖L2 =‖ρu̇+Px+(
1

2
b2)x−ρβxux‖L2

≤‖√ρu̇‖L2 +‖ρx‖L2 +‖bx‖L2 +‖ux‖L∞‖ρx‖L2 . (3.31)

Similar to the argument of (3.30), we have

d

dt

∫
1

2
b2xdx=−3

2

∫
uxb

2
xdx−

∫
uxxbbxdx

≤C‖ux‖L∞‖bx‖2L2 +‖uxx‖L2‖bx‖L2

≤‖√ρu̇‖2L2 +C(1+‖ux‖L∞)(‖bx‖2L2 +‖ρx‖2L2). (3.32)

Adding (3.32) to (3.30), we obtain

d

dt

∫
1

2
(b2x+ρ2

x)dx≤‖√ρu̇‖2L2 +C(1+‖ux‖L∞)(‖ρx‖2L2 +‖bx‖2L2), (3.33)

which together with Grönwall’s inequality, Corollary 3.1 and (3.18)3 yields∫
(b2x+ρ2

x)dx≤C(T ). (3.34)

It follows from (3.31), (3.34), (3.29) and Cauchy’s inequality that

‖uxx‖L2 ≤‖√ρu̇‖L2 +C.

This together with (3.18)3 yields that∫ T

0

∫
|uxx|2dxdt≤C.

Then we complete the proof of Lemma 3.4.

To obtain the estimate of ‖u‖Lp(R), (for some p∈ (1,+∞)), we need the following
weighted energy estimates.
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Lemma 3.5. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
β≥1 or β= 0, if 2<α<1+ 2

3
√

1+ 3√4
, it holds that

∫
|x|α

(
1

2
ρu2 +

1

γ−1
P +

1

2
b2
)
dx+

∫ T

0

∫
|x|α(1+ρβ)u2

xdxdt≤C(T ),

moreover, there exists a fixed constant 2
α−1 <p̃<2 such that∫ T

0

‖u‖2Lp̃dxdt≤C(T ).

Proof. To prove Lemma 3.5, we divide it into two cases.

(i) Case 1: β≥1. Multiplying (1.2)1,(1.2)2,(1.2)3 by γ
γ−1 |x|

αργ−1, |x|αu, |x|αb,
respectively and integrating with respect to x over R, we get

d

dt

∫ (
1

2
ρu2 +

1

γ−1
ργ +

1

2
b2
)
|x|αdx+

∫
(1+ρβ)|x|αu2

xdx

=
α

2

∫
ρu3|x|α−2xdx−

∫
α|x|α−2x(1+ρβ)uuxdx+

∫ (
γ

γ−1
ργ +b2

)
α|x|α−2xudx

=: I1 +I2 +I3. (3.35)

Now, we estimate Ii( i= 1,2,3) in the following way. First, for the term I1, it follows
from Hölder’s inequality and Lemma 3.1 that

I1≤C
∫
ρu3|x|α−1dx≤C

∫
(ρu2|x|α)

α−1
α (ρu2)

1
αudx

≤C‖u‖L∞‖
√
ρu|x|α2 ‖2(1− 1

α )

L2 ‖√ρu‖
2
α

L2

≤C‖u‖L∞‖
√
ρu|x|α2 ‖2(1− 1

α )

L2 . (3.36)

To estimate the terms ‖u‖L∞ on the right-hand side of (3.36), firstly, using the Caffarelli-
Kohn-Nirenberg weighted inequality (2.4) gives

‖u‖Lp̃ ≤C‖|x|
α
2 ux‖1−θL2 ‖ux‖θL2 , (3.37)

where the indexes p̃,α,θ satisfy

1

p̃
= (

1

2
+
α

2
−1)(1−θ)+(

1

2
−1)θ⇒θ=

p̃α− p̃−2

p̃α
∈ (0,1),

for some fixed large constant p̃> 2
α−1 . Moreover, we have u∈Lp̃(R), p̃<2 provided

α>2. Then, by the Gagliardo-Nirenberg inequality (2.1) and (3.37), we have

‖u‖L∞ ≤C‖u‖
p̃
p̃+2

Lp̃
‖ux‖

2
p̃+2

L2

≤C(‖|x|α2 ux‖
p̃+2
p̃α

L2 ‖ux‖
p̃α−p̃−2
p̃α

L2 )
p̃
p̃+2 ‖ux‖

2
p̃+2

L2

≤C‖|x|α2 ux‖
1
α

L2‖ux‖
1− 1

α

L2 . (3.38)

Putting (3.38) into (3.36) and then using Cauchy’s inequality gives

I1≤C‖u‖L∞‖
√
ρu|x|α2 ‖2(1− 1

α )

L2
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≤C‖|x|α2 ux‖
1
α

L2‖
√
ρu|x|α2 ‖2(1− 1

α )

L2

≤C(‖|x|α2 ux‖L2 +‖√ρu|x|α2 ‖2L2)

≤ε‖|x|α2 ux‖2L2 +C(1+‖√ρu|x|α2 ‖2L2). (3.39)

Next, for the term I2, by Hölder’s inequality, the Caffarelli-Kohn-Nirenberg
weighted inequalities (2.2) and (2.4), Young’s inequality and (3.18)2, we deduce that
for any ε>0

I2 =−α
∫

(1+ρβ)uux|x|α−2xdx

=−α
2

∫
(u2)x|x|α−2xdx−

∫
αρβ |x|α−2xuuxdx

≤ α
2

∫
u2

(
(α−2)|x|α−3 x

|x|
x+ |x|α−2

)
+α‖

√
ρβ |x|α2 ux‖L2‖

√
ρβ‖Lp1‖|x|

α
2−1u‖Lp2

≤ α(α−1)

2
‖|x|α2−1u‖2L2 +α‖

√
ρβ |x|α2 ux‖L2‖ux‖θL2‖|x|

α
2 ux‖1−θL2

≤
(
α(α−1)3

8
+ε

)
‖|x|α2 ux‖2L2 +C, (3.40)

where the indexes α>2,p1>2,p2>2,θ∈ (0,1), satisfy

1

p1
+

1

p2
=

1

2
,

1

p2
+
α

2
−1 =

(
1

2
−1

)
θ+

(
1

2
+
α

2
−1

)
(1−θ),

α(α−1)3

8
<1,

(3.41)

which implies

1

1−θ
<α<

1

θ
⇒θ<

1

2
.

By (3.41) and α>2, we first choose α as

(α−1)3<
8

α
<4 =⇒α<1+

3
√

4.

Then, to guarantee (3.41)2, we impose

α(α−1)3

8
<

(1+ 3
√

4)(α−1)3

8
<1,

which implies that

(α−1)3<
8

1+ 3
√

4
=⇒α<1+

2
3
√

1+ 3
√

4
. (3.42)

Combining α>2 and (3.42), the index α is chosen to satisfy

2<α<1+
2

3
√

1+ 3
√

4
. (3.43)
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Finally, for the term I3, it follows from Hölder’s inequality, the Caffarelli-Kohn-
Nirenberg weighted inequality (2.4) and Young’s inequality that

I3 =

∫ (
γ

γ−1
ργ +b2

)
α|x|α−2xudx

≤C‖
√
ργ |x|α2 ‖L2‖|x|α2−1u‖L2 +C‖|x|α2 b‖L2‖b‖L∞‖|x|

α
2−1u‖L2

≤C‖
√
ργ |x|α2 ‖L2‖|x|α2 ux‖L2 +C‖|x|α2 b‖L2‖|x|α2 ux‖L2

≤ε‖|x|α2 ux‖2L2 +C(‖
√
ργ |x|α2 ‖2L2 +‖|x|α2 b‖2L2). (3.44)

Substituting (3.39)-(3.44) into (3.35), we have

d

dt

∫ (
1

2
ρu2 +

1

γ−1
ργ +

1

2
b2
)
|x|αdx+

∫ T

0

∫
µ(ρ)u2

x|x|αdxdt

≤
(
α(α−1)3

8
+3ε

)
‖|x|α2 ux‖2L2+C(‖√ρu|x|α2 ‖2L2+‖

√
ργ |x|α2 ‖2L2+‖|x|α2 b‖2L2 +1).

(3.45)
Taking 0<ε�1, 2<α<1+ 2

3
√

1+ 3√4
in (3.45) and using Grönwall’s inequality, we have

∫ (
1

2
ρu2 +ργ +b2

)
|x|αdx+

∫ T

0

∫
µ(ρ)u2

x|x|αdxdt≤C. (3.46)

(ii) Case 2: β= 0. Taking β= 0 in (3.35), one has

d

dt

∫ (
1

2
ρu2 +

1

γ−1
ργ +

1

2
b2
)
|x|α+2

∫
|x|αu2

xdx

=
α

2

∫
ρu3|x|α−2xdx−2α

∫
uux|x|α−2xdx+

∫ (
γ

γ−1
ργ +b2

)
uα|x|α−2xdx

=: I
′

1 +I
′

2 +I
′

3. (3.47)

The estimates of I
′

1 and I
′

3 are same as those of I1 and I3. Thus, we only need to focus
on the estimates of I

′

2. For the term I
′

2, by Hölder’s inequality, we can obtain

I
′

2 =−2α

∫
uux|x|α−2xdx

≤2 · α
2

∫
u2

(
(α−2)|x|α−3 x

|x|
x+ |x|α−2

)
≤2 · α(α−1)

2
‖|x|α2−1u‖2L2

≤2 · α(α−1)3

8
‖|x|α2 ux‖2L2 . (3.48)

Substituting (3.39), (3.44) and (3.48) into (3.47), we have

d

dt

∫ (
1

2
ρu2 +

1

γ−1
ργ +

1

2
b2
)
|x|αdx+2

∫
|x|αu2

xdx

≤
(

2 · α(α−1)3

8
+2ε

)
‖|x|α2 ux‖2L2 +C(‖√ρu|x|α2 ‖2L2 +‖

√
ργ |x|α2 ‖2L2 +‖|x|α2 b‖2L2 +1).
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Similarly, to guarantee 2 · α(α−1)3

8 <2, we choose 2<α<1+ 2
3
√

1+ 3√4
and 0<ε�1

and then use Grönwall’s inequality to infer that∫
(ρu2 +ργ +b2)|x|αdx+

∫ T

0

∫
|x|αu2

xdxdt≤C(T ).

Then, the proof of Lemma 3.5 is completed.

Lemma 3.6. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). For any T >0 and β≥1
or β= 0, it holds that

‖ρt‖L2(0,T ;L2(R)) +‖bt‖L2(0,T ;L2(R))≤C(T ).

Proof. It follows from (1.2)1, (1.2)3, (3.18)2, Lemma 3.4 and (3.38) that

‖ρt‖L2(R)≤‖uρx‖L2(R) +‖ρux‖L2(R)

≤‖u‖L∞(R)‖ρx‖L2(R) +C‖ux‖L2(R)

≤C‖u‖L∞(R) +C

≤C‖|x|α2 ux‖
1
α

L2 +C.

This together with Lemma 3.5 gives

‖ρt‖L2(0,T ;L2(R))≤C(T ).

Similarly, we can get ‖bt‖L2(0,T ;L2(R))≤C(T ). Hence, we complete the proof of Lemma
3.6.

Lemma 3.7. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). For any T >0 and β≥1
or β= 0, we have ∫

ρu̇2dx+

∫ T

0

∫
µ(ρ)u̇2

xdxdt≤C(T ),

and

‖uxx‖L∞(0,T ;L2(R)) +‖ux‖L∞(0,T ;L∞(R))≤C(T ),

where u̇=ut+uux is the material derivative.

Proof. Applying the operator ∂t+∂x(u·) to Equation (1.2)2, we have

ρu̇t+ρuu̇x−(µ(ρ)u̇x)x= [(γP +b2)ux−(1+(1+β)ρβ)u2
x]x. (3.49)

Multiplying (3.49) by u̇ and integrating over R, one has

1

2

d

dt

∫
ρu̇2 +

∫
µ(ρ)u̇2

xdx=

∫
[(1+(1+β)ρβ)u2

x−(γP +b2)ux]u̇x

≤ε‖u̇x‖2L2 +C(‖ux‖2L2‖ux‖2L∞+‖γP +b2‖2L∞‖ux‖2L2)

≤ε‖u̇x‖2L2 +C(‖ux‖2L∞+1)

≤ε‖u̇x‖2L2 +C(‖√ρu̇‖L2 +1), (3.50)
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where we have used (3.29), Lemma 3.2, Lemma 3.3 and Young’s inequality. By using
Grönwall’s inequality, we get∫

ρu̇2 +

∫ T

0

∫
µ(ρ)u̇2

xdxdt≤ (‖√ρu̇(·,0)‖L2 +C(T ))exp{C(T )}. (3.51)

From (1.2)1 and (1.2)2, one has

ρu̇+Px+
1

2

(
b2)x= (µ(ρ)ux

)
x
. (3.52)

Multiplying (3.52) by 1√
ρ , taking t→0+, and using (3.2) and (3.10), we have

|
√
ρδu̇δ(·,0)|≤

|(µ(ρδ0)uδ0x)x−p(ρδ0)x− 1
2 (b20)x|√

ρδ0
=
|√ρ0g|√

ρδ0
≤|g|, (3.53)

which implies

‖√ρu̇(·,0)‖L2 ≤‖g(1+ |x|α2 )‖L2 ≤C. (3.54)

This together with (3.51) yields∫
ρu̇2 +

∫ T

0

∫
µ(ρ)u̇2

xdxdt≤C(T ). (3.55)

Due to (3.29) and (3.31), it follows from (3.55), Lemmas 3.3 and 3.4 that

‖ux‖L∞(R)≤‖
√
ρu̇‖

1
2

L2(R) +C≤C,

and

‖uxx‖L2 ≤‖√ρu̇‖L2 +‖ρx‖L2 +‖bx‖L2 +‖ux‖L∞‖ρx‖L2 ≤C.

Then the proof of Lemma 3.7 is completed.

To obtain the estimate of ‖u̇‖Lp(R) (for some p∈ (1,+∞)), we need the following
weighted estimates of the material derivative.

Lemma 3.8. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
β≥1 or β= 0, if 2<α<1+ 2

3
√

1+ 3√4
, it holds that

∫
ρu̇|x|αdx+

∫ T

0

∫
µ(ρ)|x|αu̇2

xdxdt≤C(T ),

moreover, there exists a fixed constant 2
α−1 <p̃<2 such that∫ T

0

‖u̇‖2Lp̃dxdt≤C(T ).

Proof. When β≥1, multiplying (3.49) by |x|αu̇ and integrating over R, we have

1

2

d

dt

∫
ρu̇2|x|α+

∫
µ(ρ)|x|αu̇2

x=
1

2

∫
ρuu̇2α|x|α−2x−

∫
µ(ρ)α|x|α−2xu̇u̇x
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+

∫
[(1+(1+β)ρβ)u2

x−(γP +b2)ux](u̇x|x|α+α|x|α−2xu̇)

=:J1 +J2 +J3. (3.56)

Now, we estimate the terms J1-J3 as follows:

J1 =
1

2

∫
ρuu̇2α|x|α−2x≤C‖u‖L∞‖

√
ρu̇|x|α2 ‖L2‖|x|α2−1u̇‖L2

≤C‖u‖L∞‖
√
ρu̇|x|α2 ‖L2‖|x|α2 u̇x‖L2

≤ε‖|x|α2 u̇x‖2L2 +C‖u‖2L∞‖
√
ρu̇|x|α2 ‖2L2 , (3.57)

and

J2 =−α
∫
|x|α−2xu̇u̇x−

∫
ρβα|x|α−2xu̇u̇x

≤−α
2

∫
(u̇2)x|x|α−2x+C‖|x|α2 u̇x‖L2‖ρβ‖Lp3 ‖|x|

α
2−1u̇‖Lq3

≤ α
2

∫
u̇2

(
(α−2)|x|α−3 x

|x|
x+ |x|α−2

)
+C‖|x|α2 u̇x‖L2‖u̇x‖θL2‖|x|κu̇‖1−θLp

≤ α(α−1)

2
‖|x|

α−1
2 u̇‖2L2 +C‖|x|α2 u̇x‖L2‖u̇x‖θL2‖|x|

α
2 u̇x‖1−θL2

≤
(
α(α−1)3

8
+ε

)
‖|x|α2 u̇x‖2L2 +C‖u̇x‖2L2 , (3.58)

where we have used Hölder’s inequality, Young’s inequality, the Caffarelli-Kohn-
Nirenberg weighted inequality from Lemma 2.2 and the indexes p3>2, q3>2, κ≥0, p>
1, θ∈ (0,1) are chosen to satisfy

1

p3
+

1

q3
=

1

2
,

1

q3
+
α

2
−1 =

(
1

2
−1

)
θ+

(
1

p
+κ

)
(1−θ),

1

p
+κ=

1

2
+
α

2
−1,

α

2
−1≤κ≤ α−1

2
,

which implies

q3 =
2

1−αθ
>2 =⇒0<αθ<1.

From Lemma 3.7 and the Caffarelli-Kohn-Nirenberg weighted inequality from Lemma
2.2, we can obtain

J3 =

∫
[(1+(1+β)ρβ)u2

x−(γP +b2)ux](u̇x|x|α+α|x|α−2xu̇)

≤C(‖ux‖L∞‖|x|
α
2 ux‖L2 +‖|x|α2 ux‖L2)(‖|x|α2 u̇x‖L2 +‖|x|α2−1u̇‖L2)

≤C(1+‖ux‖L∞)‖|x|α2 ux‖L2‖|x|α2 u̇x‖L2

≤ε‖|x|α2 u̇x‖2L2 +C‖|x|α2 ux‖2L2 . (3.59)

Finally, substituting (3.57)-(3.59) into (3.56), we get

1

2

d

dt

∫
ρu̇2|x|αdx+

∫
µ(ρ)|x|αu̇2

xdxdt
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≤
(
α(α−1)3

8
+3ε

)
‖|x|α2 u̇x‖2L2 +C‖u‖2L∞‖

√
ρu̇|x|α2 ‖2L2 +C(‖u̇x‖2L2 +‖|x|α2 ux‖2L2).

(3.60)

By choosing 2<α<1+ 2
3
√

1+ 3√4
to guarantee α(α−1)3

8 <1, 0<ε�1 and then applying

Grönwall’s inequality, Lemma 3.5 and Lemma 3.7, we have∫
ρu̇|x|αdx+

∫ T

0

∫
µ(ρ)|x|αu̇2

xdxdt≤C(T )

(∫
ρu̇|x|α(x,0)dx+C(T )

)
.

Similar to the arguments of (3.53) and (3.54), one has∫
ρu̇2|x|α(x,0)dx≤C.

Thus ∫
ρu̇|x|αdx+

∫ T

0

∫
µ(ρ)|x|αu̇2

xdxdt≤C(T ).

When β= 0 (µ(ρ) = 1+ρβ = 2), the term J2 can be estimated as follows:

J2 =−2α

∫
|x|α−2xu̇u̇x≤2 · α(α−1)

2
‖|x|α2−1u̇‖2L2 ≤2 · α(α−1)3

8
‖|x|α2 u̇x‖2L2 . (3.61)

Similar to the argument of (3.60), choosing 2<α<1+ 2
3
√

1+ 3√4
to guarantee 2 · α(α−1)3

8 <

2, 0<ε�1 and applying Grönwall’s inequality, we have∫
ρu̇|x|αdx+

∫ T

0

∫
|x|αu̇2

xdxdt≤C(T ).

Then similar to the argument of (3.37), we use Lemma 3.7 to get

‖u̇‖Lp̃ ≤C‖|x|
α
2 u̇x‖1−θL2 ‖u̇x‖θL2

≤C(‖|x|α2 u̇x‖L2 +‖u̇x‖L2)∈L2(0,T ), (3.62)

where the constant 2
α−1 <p̃<2. Then the proof of Lemma 3.8 is completed.

Lemma 3.9. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
β≥1 or β= 0, it holds that

‖(ρt,bt)‖L∞(0,T ;L2(R))≤C(T ).

Proof. Differentiating the mass Equation (1.2)1 and (1.2)3 with respect to t,
multiplying the resulting equation by ρt and bt and integrating over R, we have

1

2

d

dt

∫
(ρ2
t +b2t )dx=−1

2

∫
(ρ2
t +b2t )uxdx−

∫
(ρρt+bbt)uxt−

∫
ut(ρxρt+bxbt)dx

≤C‖ux‖L∞(‖ρt‖2L2 +‖bt‖2L2)+C‖uxt‖L2(‖ρt‖L2 +‖bt‖L2)

+C‖ut‖L∞(‖ρt‖L2‖ρx‖L2 +‖bt‖L2‖bx‖L2)

≤C(‖ρt‖2L2 +‖bt‖2L2 +1)(1+‖uxt‖2L2 +‖ut‖2L∞), (3.63)
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where we have used Lemma 3.4 and Lemma 3.7.
Notice that

‖uxt‖L2 =‖u̇x−(uux)x‖L2 =‖u̇x−u2
x−uuxx‖L2

≤C(‖u̇x‖L2 +‖u2
x‖L2 +‖u‖L∞‖uxx‖L2)

≤C(‖u̇x‖L2 +‖ux‖L∞‖ux‖L2 +‖|x|α2 ux‖L2 +1)

≤C(‖u̇x‖L2 +‖|x|α2 ux‖L2 +1), (3.64)

and

‖ut‖L∞ =‖u̇−uux‖L∞ ≤C(‖u̇‖L∞+‖u‖L∞)

≤C(‖u̇x‖
1− 1

α

L2 ‖|x|
α
2 u̇x‖

1
α

L2 +‖ux‖
1− 1

α

L2 ‖|x|
α
2 ux‖

1
α

L2)

≤C(‖u̇x‖
1− 1

α

L2 ‖|x|
α
2 u̇x‖

1
α

L2 +‖|x|α2 ux‖
1
α

L2)

≤C(‖u̇x‖L2 +‖|x|α2 u̇x‖L2 +‖|x|α2 ux‖L2 +1), (3.65)

where in the second inequalities we have used the Caffarelli-Kohn-Nirenberg weighted
inequality from Lemma 2.2, (3.38) and (3.18)2. Substituting (3.64)-(3.65) into (3.63),
we have

1

2

d

dt

∫
(ρ2
t +b2t )dx≤C(‖ρt‖2L2 +‖bt‖2L2 +1)(‖u̇x‖L2 +‖|x|α2 u̇x‖L2 +‖|x|α2 ux‖L2 +1).

Then by Grönwall’s inequality, Lemma 3.5, Lemma 3.7 and Lemma 3.8, we obtain

‖(ρt,bt)‖L∞(0,T ;L2(R))≤C(T ).

The proof of Lemma 3.9 is completed.

To obtain the estimate of ‖u‖L∞(0,T ;L2(R)), due to (3.37), we need the following

weighted estimate of ‖|x|α2 ux‖L∞(0,T ;L2(R)).

Lemma 3.10. Let (ρ,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
β≥1 or β= 0, if 2<α<1+ 2

3
√

1+ 3√4
, it holds that

‖|x|α2 ux‖L∞(0,T ;L2(R)) +‖√ρu̇|x|α2 ‖L2(0,T ;L2(R)) +‖u‖L∞(0,T ;Lp̃(R))≤C(T ),

where 2
α−1 <p̃<2.

Proof. Multiplying the Equation (1.2)2 by |x|αu̇ and integrating over R, we have

1

2

d

dt

∫
µ(ρ)|x|αu2

xdx+

∫
ρu̇2|x|α

=

∫ (
P (ρ)+

1

2
b2
)

[α|x|α−2xu̇+ |x|αu̇x]−
∫
µ(ρ)α|x|α−2xuxu̇

+
1

2

∫
|x|αu2

x

(
ρβt +uρβx−

1

2
µ(ρ)ux

)
+

1

2

∫
µ(ρ)α|x|α−2xuu2

x

=:K1 +K2 +K3 +K4. (3.66)

First, by the Caffarelli-Kohn-Nirenberg weighted inequality from Lemma 2.2 and
Lemma 3.5, we have

K1 =

∫
(P (ρ)+

1

2
b2)[α|x|α−2xu̇+ |x|αu̇x]
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≤C‖|x|α2−1u̇‖L2‖|x|α2 (P +
1

2
b2)‖L2 +C‖|x|α2 (P +

1

2
b2)‖L2‖|x|α2 u̇x‖L2

≤C‖|x|α2 (P +
1

2
b2)‖L2‖|x|α2 u̇x‖L2

≤C‖|x|α2 u̇x‖L2 . (3.67)

For the term K2, using Hölder’s inequality and the Caffarelli-Kohn-Nirenberg weighted
inequality yields

K2 =−
∫
µ(ρ)α|x|α−2xuxu̇

≤C‖|x|
α−1
2 u̇‖L2‖|x|α2 ux‖L2

≤C‖|x|α2 u̇x‖L2‖|x|α2 ux‖L2 , (3.68)

and K3 can be estimated as

K3 =
1

2

∫
|x|αu2

x(ρβt +uρβx−
1

2
µ(ρ)ux)

=−1

2

∫
|x|αu3

x(βρβ+
1

2
µ(ρ))

≤C‖ux‖L∞‖|x|
α
2 ux‖2L2

≤C(‖ux‖L2 +‖uxx‖L2)‖|x|α2 ux‖2L2

≤C‖|x|α2 ux‖2L2 , (3.69)

where we have used the following equation:

ρβt +uρβx+βρβux= 0.

Similarly, we deal with the term K4 as

K4 =
1

2

∫
µ(ρ)α|x|α−2xuu2

x

≤C‖ux‖L∞‖|x|
α−1
2 u‖L2‖|x|α2 ux‖L2

≤C‖|x|α2 ux‖2L2 . (3.70)

Then substituting (3.67)-(3.70) into (3.66), we have

1

2

d

dt

∫
µ(ρ)|x|αu2

x+

∫
ρu̇2|x|α≤C‖|x|α2 u̇x‖L2(1+‖|x|α2 ux‖L2)+C‖|x|α2 ux‖2L2

≤C‖|x|α2 ux‖2L2 +C(1+‖|x|α2 u̇x‖2L2). (3.71)

Then by Grönwall’s inequality and Lemma 3.8, we can obtain∫
µ(ρ)|x|αu2

xdx+

∫ T

0

∫
ρu̇2|x|αdxdt≤C(T ).

Moreover, combining the above result with (3.37) and (3.38), we have

‖u‖L∞(0,T ;Lp̃(R))≤C(T ), p̃>
2

α−1
⇒ 3

√
1+

3
√

4<p̃<2,
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and

‖u‖L∞(0,T ;L∞(R))≤C(T ),

‖u‖L∞(0,T ;L2(R))≤C(T ).

which together with Lemma 3.7 yields ‖u‖L∞(0,T ;H2(R))≤C(T ). The proof of Lemma
3.10 is completed.

Proof. (Proof of Theorem 1.1.) We study (1.2)-(1.4) with the initial data
replaced by (ρδ0,u

δ
0,b0). From Theorem 3.1, we know that there exists a unique solution

(ρδ,uδ,bδ), such that Lemmas 3.1-3.9 are valid when we replace (ρ,u,b) by (ρδ,uδ,bδ).
With the uniform estimates for δ, we let δ→0+ (take subsequence if necessary) to
get a solution to (1.2)-(1.4) still denoted by (ρ,u,b) which satisfies Lemmas 3.1-3.9 by
the lower semicontinuity of the norms. This yields the existence of the solutions as
in Theorem 3.1. The uniqueness of the solutions can be proved by the standard L2

energy method. Here we omit the details for brevity. Hence, the proof of Theorem 1.1
is completed.
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