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GLOBAL STRONG SOLUTIONS TO THE CAUCHY PROBLEM OF
1D COMPRESSIBLE MHD EQUATIONS WITH NO RESISTIVITY*

ZILAI LIT, HUAQIAO WANG?*, AND YULIN YES$

Abstract. We consider the Cauchy problem to the 1D non-resistive compressible magnetohydrody-
namics (MHD) equations. We establish the global existence and uniqueness of strong solutions for large
initial data and vacuum when the viscosity coefficient is assumed to be constant or density-dependent.
The analysis is based on the full use of effective viscous flux and the Caffarelli-Kohn-Nirenberg weighted
inequality to get the higher-order estimates of the solutions. This result could be viewed as the first one
on the global well-posedness of strong solutions to the Cauchy problem of 1D non-resistive compressible
MHD equations while the initial data may be arbitrarily large and permit vacuum.
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1. Introduction and main result
Compressible magnetohydrodynamics (MHD) equations with density-dependent
viscosity in R! can be described as:

pt+ (pu)a: =0,
(o) + (0 + P(p) 4 582)2 = (P ) (1)
by + (ub)y = Vbyy,

where p,u,P(p) and b denote the density, velocity, pressure and magnetic field, re-
spectively. p(p)=1+ap® (8>0) is the viscosity, the constant v >0 is the resistivity
coefficient acting as the magnetic diffusion coefficient of the magnetic field. In this pa-
per, we consider the isentropic compressible MHD equations in which the equation of
the state has the form

P(p)=Rp",v>1.

For simplicity, we set a=R=1.

The compressible MHD equations are used to describe the macroscopic behavior of
the electrically conducting fluid in a magnetic field. However, it is well known that the
resistivity coefficient v is inversely proportional to the electrical conductivity, therefore
it is more reasonable to ignore the magnetic diffusion which means =0, when the
conducting fluid considered is of high conductivity, for example the ideal conductors.
So instead of Equations (1.1), when there is no resistivity, the system reduces to the
so-called compressible, isentropic, viscous and non-resistive MHD equations with the
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following form:

pt+ (pu)z =0,
(pu)i+ (pu + P(p) + 5b)e = (1(p) i) s (1.2)

In this paper, we consider the Cauchy problem for (1.2) with (p,u,b) satisfying the
initial conditions as follows:

(pyu,b)|t=0 = (po(x),uo(x),bo(x)) — (0,0,0), z€R. (1.3)

There has been a huge amount of literature on the studies of the compressible MHD
equations by physicists and mathematics due to its physical importance, complexity,
rich phenomena, and mathematical challenges. Before stating our main theorem, we
briefly recall some previously known results on compressible MHD equations. Firstly,
we begin with the MHD equations with magnetic diffusion. For one-dimensional case,
Vol'pert-Hudjaev [24] proved the local existence and uniqueness of strong solutions to
the Cauchy problem and Kawashima-Okada [20] obtained the global smooth solutions
with small initial data. For large initial data and the density that may contain vac-
cum, the authors Ye-Li [27] proved the global existence of strong solutions to the 1D
Cauchy problem. When considering the full MHD equations and the heat conductiv-
ity depending on the temperature 8, Chen-Wang [3] studied the free boundary value
problem and established the existence, uniqueness and Lipschitz dependence of strong
solutions. Recently, Fan-Huang-Li [7] obtained the global strong solutions to the initial
boundary value problem to the planner MHD equations with temperature-dependent
heat conductivity. Later, with the effect of self-gravitation as well as the influence
of radiation on the dynamics in high temperature regimes taken into account, Zhang-
Xie [29] obtained the global strong solutions to the initial boundary value problem for
the nonlinear planner MHD equations. For multi-dimensional MHD equations, Lv-Shi-
Xu [22] considered the 2-D isentropic MHD equations and proved the global existence
of classical solutions provided that the initial energy is small, in which the decay rates
of the solutions were also obtained. By exploiting some LP — L? estimates of solutions
for the heat equation and linearized Navier-Stokes system, Zhang-Zhao [30] obtained
the time-asymptotic behavior of solutions to the 3D isentropic MHD equations when
the initial data around a constant state is sufficiently small in H? and is bounded in
LP with any given 1<p<¢. Vol'pert-Hudjaev [24] and Fan-Yu [6] obtained the local
classical solution to the 3-D compressible MHD equations where the initial density is
strictly positive or could contain vacuum, respectively. Hu-Wang [9] derived the global
weak solutions to the 3-D compressible MHD equations with large initial data. Re-
cently, Li-Xu-Zhang [21] established the global existence of classical solution of 3-D
MHD equations which are of small energy but possibly large oscillations. Later, the
result was improved by Hong-Hou-Peng-Zhu [8] provided ((y—1)s +v~3)E; is suitably
small. When the resistivity is zero, then the magnetic equation is reduced from the
heat-type equation to the hyperbolic-type equation, the problem becomes more chal-
lenging, hence the results are few. Kawashima [19] obtained the classical solutions to
3-D MHD equations when the initial data are of small perturbations in H3 norm and
away from vacuum. Xu-Zhang [25] proved a blow-up criterion of strong solutions for
3-D isentropic MHD equations with vacuum. Fan-Hu [5] established the global strong
solutions to the initial boundary value problem of 1-D heat-conducting MHD equations
with no resistivity. We note that some authors considered the Rayleigh-Taylor problem
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of the non-resistive MHD equations (see [4,10-16] and references therein). With more
general heat-conductivity, Zhang-Zhao [31] established the global strong solutions and
also obtained the non-resistivity limits of the solutions in L? norm. Jiang-Zhang [17]
considered the initial boundary value problem to 1-D isentropic MHD equations and
obtained the global strong solutions, in which they also gave the “magnetic boundary
layer” estimates when the resistivity ¥ —0. Yu [28] obtained the global existence of
strong solutions to the initial boundary value problem of 1-D isentropic non-resistive
MHD equations. It is easy to see that the previous results concern the initial boundary
value problem, however, for the Cauchy problem, the global strong solution with large
initial data and vacuum is still unknown. The aim of this paper is to study the existence
and uniqueness of global strong solutions to the Cauchy problem of 1-D non resistive
MHD equations with large initial data and vacuum.
Notations: We denote the material derivative of u and effective viscous flux by

U2 ug +uu, and Fép(p)u:,;—P(p)—%bz, /~:/R~dx,
D" ={u€ Ljo(R)| [05ullzz <00}, [lullpr =[|05ull2, H*=L*ND*.
The main result of this paper can be stated as:
THEOREM 1.1.  Suppose that the initial data (po,uo,bo)(x) satisfies
0<po€ LY (R)NH(R), by € H'(R), up € H*(R), )
Vavuo(1+1z|%) €LA(R), |z|Fuos € LA(R), (pg |21 % bolz|¥) € L2(R), -

for2<a<1+—~2—(~2.46), and the compatibility condition

Vi+¥a

(1toobuos ~ Plon) - 383) = V(o). weR, (15)

with some g satisfying g(1+|z|2) € L?(R). Then for any T >0 and B3>1 or =0, there
exists a unique global strong solution (p,u,b) to the Cauchy problem (1.2)-(1.3) such that

Og(p7b)§C> (p,b)ELOO(O,T;Hl(R))7 (pt,bt)ELoo(O,T;LQ(R))7
Vou(l+z) %), pu(l+|z|%), |2|% (ue,p?,b) € L%(0,T;L*(R)),
uwe L>(0,T; H*(R)), /pus € L>=(0,T;L*(R)), u; € L*(0,T;D*(R)).

REMARK 1.1.  The restrictions 8>1 or =0 in Theorem 1.1 can be generalized to
B3>0 if an additional condition pj; € H'(R) is given.

REMARK 1.2. It is easy to see that our result holds for both the density-dependent
viscosity (8>1) case and constant viscosity (8=0) case.

REMARK 1.3.  When there is no magnetic field, that is, b=0, our result reduces to
that of the 1-D isentropic compressible Navier-Stokes equations in [18], which means
that we generalized the result in [18] to the MHD equations even with no magnetic
diffusion.

We now give some comments on the analysis of this paper. Comparing with the
previously known results relating to resistive MHD equations and the initial boundary
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value problems, some new difficulties will arise. Firstly, we can not get the integrability
of the magnetic field b in LP(1<p<oo) space directly due to the lack of magnetic
diffusion, where the estimate fOTHquLoodt is needed (see (3.19)); to overcome this
difficulty, motivated by the Navier-Stokes equations in which the effective viscous flux
has more regularity than the gradient of velocity, similarly we introduce the effective
viscous flux F'in MHD equations and estimate the integral of the effective viscous flux F’
instead of u, (see (3.19)-(3.24)). Next, the 1-D non-resistive MHD equations look similar
to the two-phase fluids (e.g. [26]), hence, when handling the MHD equations, usually
it is technically assumed that the proportion between the magnetic field and density is
bounded, that is p,b>0 and 0< 2 < co, which implies the magnetic field b is bounded
provided the density p is bounded. However, this assumption is not physical and realistic
in magnetohydrodynamics, so how to obtain the upper bound of the magnetic field is
another main difficulty, our strategy is based on the full use of effective viscous flux,
the material derivative and the structure of the equations. Finally, when deriving the
high order derivatives of the solutions, the Poincare-type inequality is no longer valid
and we have no LP(1 <p < oo) norm of the velocity because the region considered is the
whole space. To overcome this difficulty, we establish the weighted estimates on the
solutions by using the Caffarelli-Kohn-Nirenberg weighted inequality and furthermore
obtain some LP(1<p<oco) and L* norm of the velocity (see (3.37) and (3.38)).

The rest of the paper is organized as follows. In Section 2, we recall some preliminary
lemmas which will be used later. Section 3 is devoted to proving our main results.

2. Preliminaries

In this section, we give some well-known inequalities which will be used frequently
when deriving the global a priori estimates. The first one is the Gagliardo-Nirenberg
inequality.

LEMMA 2.1 (Gagliardo-Nirenberg inequality [23]). For any feWh»™(R)N
L"(R), there exists some generic constant C' >0 which may depend on q,r such that

I fllze <CUANL ANV £ m, (2.1)

where 0:(%—%)(%—%—1—1)*1, if m>1, then q€ [r,cq].

The following Caffarelli-Kohn-Nirenberg weighted inequality is the key to deal with
the Cauchy problem in this paper.

LEMMA 2.2 (Caffarelli-Kohn-Nirenberg weighted inequality [1,2]).
(1) For any he C3°(R), it holds that

llz[*h]l» < Clllz|*|0:hl 511 hllg =, (2.2)

where 1Sp,q<oo,0<r<oo,0§0§1,%+a>0,%+ﬂ>0,%+n>0 and satisfying
1 1 1
—+r=0l-+a—-1|4+01-0)|-+8), (2.3)
r b q

and

k=00 +(1-6)p.

with 0<a—oc if §>0 and 0<a—oc<1if >0 and %—l—a—l:%—i—n.
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(2) (Best constant for Caffarelli-Kohn-Nirenberg weighted inequality.) For any
heC§°(R), it holds that

"2l < Capll2]* Oz hll2, (2.4)

where a > %,a—lgbga—% and pzm. Ifb=a—1, then p=2 and the best con-
stant in the inequality (2.4) is

Ca,b = Ca,a—l =

2a—1
5|

3. Proof of the Theorem 1.1

In this section, we get a global solution to (1.2)-(1.4) with initial density having
lower bound de~1eI” >0 by using some a priori estimates of the solution based on the
local existence. Theorem 1.1 would be obtained after we make some a priori estimates
uniformly for § and take 6 —07.

Denote pg =po +8e~171* >0 for s € (0,1). Throughout this section, we denote C' to
be a generic constant depending on pg,ug,bg,7" and some other known constants but
independent of § for any 6 € (0,1). Clearly,

pS—po in LY(R)NHY(R), asd—07".

To approximate the initial velocity, we define u as

~5
<M+1
=M lal <ML, (3.1)
uo, |z >M+1,
where ﬂg is the unique solution to the following elliptic equation:
(1(P3) 100 ) = P(p3)w + 5 (B8) ++/Pog(2), in Qs :={a] Ja| < M +1}, (3.2)
U |z)=nr-+1 = to-

Since pd=po+de~1*" e HY(R), P(p}) € H'(R), by€ H'(R) and /pog € L2(R), by the
elliptic theory, (1.5) and (3.2), we have

gl 220y < C (100)5 | 22 1855 [l 2w + 1P (00) 2l 2 +11(B) || 2 + || v/Pog 22 )
SCV(EHﬂ‘gHHz(QM)—i_l)7 (33)

which implies
@3 2 (20) < C- (3.4)

From the compatibility conditions (1.5) and (3.2), it follows that

{(M(Po)(ﬁg—uo)w)mz ((1(p0) = 1(pQ)) @) , + (P(p3) = P(po)) . in Qs
(@) — uo)|jz|=rr+1 =0,

which yields

i — wo|l 2 (e2)
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< C(lu(po)ell 21l (g — o)l o= +1l1(05) = (po) || Lo |5 | 12
+11(u(0) = 11(p0))all 2 804 | L= + | (P (p5) = P (o))l 22)

< Ol(po)e 22 (@ — o)l £2 | (@ — o)z | £2 + l11(03) — 1o(0) | . 15 |
+11(1(00) = 1(p0))a | 2 1@ |l = + (P (05) = P(po))a ]l £2)
<68l1ag —uollr2(0r) +Cllilpo)alZ2 (g — o)l 2 + [11(p5) = (po) || L= @5 | 12
+11(1(00) = 1(po))a || 2 |35 | L= + | (P(05) = P(po))el 2)- (3.6)
To deal with the second term on the right-hand side of (3.6), we multiply the Equation
(3.5), by (@) —up) and integrate over Qps to get

[ o) (@ =uo).)* e
- / (1(p0) — 1(88)) 8. (33 — o)+ / (P(s8) — Pp0)) (@ — o) ol
<6 [ (@ uo)s) det / (o) — () (@8, )2d + / (P(g8) — Pl(po))*da

Qs M
~ 2 -
<o (@5 —u0)z) " dz+[l1(pg) = 11(P0) 1 72 (000 170 17 (2,0) TP =P (P0) | 22 (52,1
M
(3.7)
which together with p(pg)=1 +p§ gives

1@ —w0)z | 22 < 1(0) — (o) | L2 18 | e + 1 P(0]) — P(po) | L2 (3.8)
It follows from (3.6) and (3.8) that
||ﬂ’g_u0||H2(QM)
SHM(PO)zH%z(QM)(HM(Pg)—M(PO)HL2(QM)||ﬁg||H2(QM)+||P(Pg)—P(PO)HL2(QM))

+l1(pg) = (o) | o 15 | 72 20y + 11 (1(P3) = 1(P0)) | 220200 1D 2 (201

+[|(P(p5) = P(po))all L2 ()
<C§—0, as §—0T. (3.9)

Then, by using (3.1) and (3.9), we get
ud —ug, in H*(R) as §—07. (3.10)
Furthermore
\/%ug(1+|x|%)—>\/p70uo(l+|x\%) in L2(R), asé—07,
and
(P)F12]% = pg 2|%, ul,lzlF = uoslz|f in LA(R), as 60",
Before proving Theorem 1.1, we need the following auxiliary theorem.

THEOREM 3.1.  Under the same assumption as in Theorem 1.1, for any § € (0,1), there
exists a unique global solution (p°,u®,b%) to (1.2)-(1.4) with the initial data replaced by
(pd,ud,bo) such that for any T >0 and B>1 or =0

0<oel-l2P=CD) < <0 o<p’ <C,
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(p°,6°) € L®(0,T; H' (R)), (b)) € L=(0,T;L*(R)),
(Vo o) (142l ), Jal# ((o7)F .67l ) € L(0,T; L3(R)),
u® € L=(0,T; H*(R)), v/pdul € L=(0,T;L*(R)), ul € L*(0,T; D' (R)).

Proof. The local existence and uniqueness of the strong solutions in Theorem 3.1
is standard by the fixed point theorem, and we omit it here for brevity. Based on it,
Theorem 3.1 can be proved by some global a priori estimates.

For any T € (0,00), let (p°,u’,b%) be the solution to (1.2)-(1.4) as in Theorem 3.1,
without confusion, we still denote the solution by (p,u,b) instead of (p°,u°,b%) to simplify

the presentation. First, we establish the upper bounds of the density p and magnetic
field b. O

3.1. Pointwise bounds on p and b.
LEMMA 3.1.  Let (p,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
B>0, it holds that

/(;p +—0"+5 b2>dx+/ / )2dadt < C. (3.11)
R

The upper bound of the density is stated as follows.

LEMMA 3.2.  Suppose that (p,u,b) is a smooth solution to (1.2)-(1.4). Then for any
T >0, there exists an absolute constant C >0 which depends on the initial data and
£>0 such that

plx,t) <C, (z,t) eRx (0,T].

Proof. Let

5:/_;pu(y)dy

Using the momentum Equation (1.2),, we have
2 Ly
oot (2 P50 ) (o))

Integrating with respect to x over (—oo,x) yields
1
& +PU2+P(P)+§I’2_N(P)UIZO- (3.12)

By using the mass Equation (1.2)1, we rewrite (3.12) as

+ 1
&+ pu? + p(p) 2L +P(p)+ b =0. (3.13)

p
Let X (t,x) be the particle trajectory defined by

dX(t,x) _
t —U(X(t,l‘),t)7
{ (%’z) _ (3.14)
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Then

dg

5 (X (62).8) =&+ ube =&+ pu’. (3.15)

Denote

()= /ju(s) e {lnp+}3<pﬁ—1» if >0,

s 2Inp, if 5=0.

It follows from (3.13) and (3.15) that

d 1

£(§+77)(X(t,$),t) —I—P(X(t,l'),t) + §b2(X(t7$)vt) =0, (316)
which together with P(X (t,z),t)+ $b*(X (t,z),t) >0 gives

SHE+M(X (1,2),0) <O (3.17)
Integrating (3.17) over (0,t), we have
(E+m(X(t,x),t) <E(X(0,2),0)+n(X(0,2),0).

Since

X ((0,2),0)

€x0).0)= [

—00

1/2
poto(y)dy < ] / pouody| < Irsuoll =l Y2 < €,

and
po 1 Lpf-1), if5>0
n(X(o,x),O):/ ) gy {0t (o0 =1, 1E5>0,
1 s 2Inpg, if =0.
1.8 :
< pO"‘E(pO_l)? lfﬁ>0;’
we get

E(a,t) +n(2,t) <C,

which implies

1 z 1
inp+ 5 ~0<C= [ puds<C [lpulde<Crllpulialolf <€, >0,

or
x 1
21np30—/ pudazgm/lpu\dwg C+|Vpullrzllpl 7 <C, B=0.
—00

Thus we can obtain
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Consequently,
p(x,t)<C, B>0.
The proof of Lemma 3.2 is completed. O

LEMMA 3.3.  Let (p,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0, it
holds that

161 Lo (0,7 Lo (r)) < C,
|tz || Lo (0,722 (R)) < C, (3.18)
v/l 22 0,7; 12 ) < C-

Proof. The proof of Lemma 3.3 will be divided into three steps.
Step 1. Multiplying the equation(1.2), by 2nb?"~! and integrating over R, we have

%/bzndx:—/u(bzn)zdm—Qn/uwa"dx

F+P+1ip?
—(2n—1)/b2"u$dﬂc:—(2n—1)/b2"ida§
#(p)

F
<—(2n—1)/b2"—dx

p(p)
< (@2n=1)[|F||ze [[bl 73
<O(2n—1)(1+ lusll g2 + 1B13) ¥ 1y/Bil o [B112 (3.19)

where F' = i(p)u, — P(p) — 3b* and we have used the following inequality:

1 1 1 1 et
1E o <IFIZ I Fel 2 < lli(p)ue — P(p) = S0%[ 72 ll il 72

1 s
SO+ |lugllze + 101702 (VP 7o (3.20)

Step 2. Next, we estimate the term ||u,||z2 on the right-hand side of (3.19). By
multiplying the equation (1.2), by %, integrating the resulting equality over R and using
(1.2),, (1.2), and effective fluid flux F = pi(p)u, — P(p) — $b*, we obtain

1d 9 9
5@/#(0)(%) dx—i—/pu dzx

= [ S rupdu o= [ ulp)(w)ds

+d P+1b2 updr — / P+1b2 + P+1b2 u ) updz
dt 2 2"/, 2" ),

1 1
i/ (”2“)“”“‘—2/ (1+ 8+ 9w dot [ (197 +87) ()P
d 1., )
<% [ (P 3t usdot CUP+P+ 5L+ bl +1)
d 1, -
Sdf P+§b ugpdr+C(( 1+||uIHL2—|—||bHL4) Iv/pi] Z, + [1b]|S6 +1)
d 1,
Sq ) \PHsl wpda+ |l /pirl2e +C (g | + 1Bl 5 + ]S +1)
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d
<dt/<P+ b2>umdx+5|\fu||Lz+C’1(||um||Lz+|b||L5+1) (3.21)

where in the fourth and last inequalities we have used the following inequalities, respec-
tively,

5 1 1 5 .
||FH?£3§||F||22||FxH22S||M(P)um—P—§b2||22||ﬂu||Lz
5 LA
SO+ [|ugllz2 +1161174) 2 | /pill -, (3.22)
and
R 3
1l s < [Ibll 22 11bl1 £ < Clbl| f6-

Choosing ¢ > 0 suitably small and integrating (3.21) over [0,7], we have

T
/uid:ﬁ—l—/ /pz'fdxdt
0
1 T T
</ (P+2b2)uwdx+cl | lsdec( [ ualtadeet
0 0
T T
gs/(%)de—i—Cg/b‘ldx—i—Cl/ ||b||6L6dt+C</ ||u1||‘,§2dt+1>. (3.23)
0 0

Step 3. To estimate the term ||b||zs on the right-hand side of (3.23), we use the

112
fact that u, = % and multiply the Equation (1.2), by 4b® and then integrate over

R to get
Pyt 1 ¥ Fb*
brdx +3/< += )dx:—3/dx
dt / p(p) 2 p(p) w(p)
<C||F||s]bl| 76
1> -
SglleiﬁCHFllis

€ 3 05 A
< [bl1Gs +C O+ [luall L2 + 10l 26) % || v/Pil 3

§(IIbIIL6+IIWU\|L2)+C(1+IIMHL2+||bHLs)%
<e(llblZs +lIvpulZ2) + CA+[lualz2). (3.24)

Choosing ¢ > 0 suitably small and integrating (3.24) over [0,7], we have

T T T
/b4d:v+/0 /b6dxdt§5/0 ||\/ﬁu||2L2dt+C<1+/0 ||u$§2dt>. (3.25)

Adding (3.25) multiplied by large enough C; +Cs+1 to (3.23), and then taking e suit-
ably small, we obtain

T T T
/(u§+b4)dx+/ /pu2dxdt+/ /b6dxdt§0/ ]| 2 ||tz |32 dt +C,
0 0 0
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which together with Gronwall’s inequality and (3.11) yields

/ uZ +b*) dx+/ /pu2dxdt+/ /bdedt<C’. (3.26)

The combination of (3.26) with (3.19) leads to

G [P <cen-Dlvpil LIbz.,

which together with Gronwall’s inequality and (3.26) gives

T 1
16l 2n SeXp{C/ II\/ﬁﬁizdt} [1bol[2n <C.
0

Let n— 400, we have
161 Lo 0,7y xr) < C-
Then the proof of Lemma 3.3 is completed. O

COROLLARY 3.1.  Let (p,u,b) be a smooth solution to (1.2)-(1.4). For any T >0, we
have

pbel-lel*=CM) 5 g,
I (Fauz)||L4(0,T;L°°(R)) <C.

Proof. First, we deduce the positive lower bound of the density as follows.
By using p<C(T) in Lemma 3.2, b<C(T) in Lemma 3.3 and integrating (3.16)
over [0,T], we have

W(X(xat)»t) —U(X(%O)i))

:—5(X(x,t),t)+§(X(x,O),O)—/OT(P—l— B)(X (x,5),5)ds
<C(T), (3.27)
which implies
(X (2,t),t) =n(X(x,0),0)| <C(T) = n(X (z,t),t) —=n(X (2,0),0) > —C(T).
Consequently, we get
Inp>Inpy— C(T) = p> poe~C ™) > se(~I=’=C(T1)) 5

where we have used p) zpo—l—ée_"”‘2 and pg>0.
Next, using (3.20), (3.26) and 1< pu(p) <C, we obtain

T T
[ ietease [Civpilgasc. (3.28)
It follows from Lemma 3.2 and (3.18); that
1 ol
el < (ol = [F+ P50~ < Fllie +C <[yl +C. (3.29)

which together with Lemma 3.3 gives

T T
| Muslide<c [ vpiliade<c.
0 0

Then the proof of Corollary 3.1 is completed. ]
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3.2. Higher order estimates on p, v and b.

LEMMA 3.4. Let (p,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and

B>1 or =0, it holds that

T
/(pi—&—bi)dm—l—/ /uixdxdtSC.
0

Proof. Differentiating the mass Equation (1.2); with respect to «, multiplying the

resulting equation by p, and integrating over R, we have

d (1

3
dt Epidx:_g/uxpzdx_/uxmppmdx

< Clluzllz=llpellyz + l[uaell 2 llpzll 2
<IVpillze +C+llugllz) (lpollZ2 + 10z ]l72),

where we have used the following inequality

. 1
[tgallr2 < [[u(p)tazll L2 =l pi+ Po + (§b2)$ — phug| 2
<Ivpillzz +llpzll 2 + 102l 22 + [luel Lo [l pz ]| 2

Similar to the argument of (3.30), we have

d (1
— [ Zb2de= 23 /uxbidx— /umbbzdx
dt | 2 2

< Cllugllzee 1bal1Z2 + lltws || 2 ]1bz [ 2
<IVpullfz +C 1+ us [z ) (1balI72 +llpz]l72)-

Adding (3.32) to (3.30), we obtain

d

1 .
&/§(bi+pi)dwé IVpillZ +CQtllusllz) (lpollEs + 10z 72),

which together with Gronwall’s inequality, Corollary 3.1 and (3.18)3 yields
[@+ <o)
It follows from (3.31), (3.34), (3.29) and Cauchy’s inequality that

[waell L2 <[[v/pil 2 +C.

This together with (3.18)3 yields that

T
/ /\um\2dzdt <C.
0

Then we complete the proof of Lemma 3.4.

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

|

To obtain the estimate of |u| zr(r), (for some p € (1,+00)), we need the following

weighted energy estimates.



Z.L. LI, H.Q. WANG, AND Y.L. YE 863

LEMMA 3.5. Let (p,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
B>1o0r =0, if2<a<l+ \/7, it holds that

1 1 1 r
/|x|°‘ <pu2+P+b2> dach/ /|x|“(1+p5)uidxdt§C(T),
2 =1 "2 0

moreover, there exists a fized constant % <p<2 such that

T
/ ull2, dzdt < C(T).
0

Proof. To prove Lemma 3.5, we divide it into two cases.
(i) Case 1: B>1. Multiplying (1.2),,(1.2),,(1.2); by %|x|ap7*1, || u, |z|*b,
respectively and integrating with respect to x over R, we get

d 1
T ( pu + 1p +- b2> |x|°‘dx+/(1+p’8)|x|“uidw

:C;/pu3|$|a2xdx—/a|ma2$(1+Pﬂ)uugﬁd$+/</}/1P7+b2> alz|* rude
y—
=11 +1s+ ;. (3.35)

Now, we estimate I;( ¢=1,2,3) in the following way. First, for the term I3, it follows
from Holder’s inequality and Lemma 3.1 that

n<C [ptlal e <C [(lal®)  (ou?) Fuds

g 20-3) 2
<Cllullzelv/pulz[ |72 llv/pull 72
a2(1-2)
< Cllullzellvpulz] 2|7z 7 (3.36)

To estimate the terms ||u|| L~ on the right-hand side of (3.36), firstly, using the Caffarelli-
Kohn-Nirenberg weighted inequality (2.4) gives

lullze < COll|a| g || 12 |72, (3.37)
where the indexes p,«,0 satisfy
1 1 « 1 _ pa—p—2

=(5+5-DA-0+(G-10=0=

€(0,1),
;-G Gl (0,1)

for some fixed large constant p > % Moreover, we have u€ LP(R), p<2 provided

a>2. Then, by the Gagliardo-Nirenberg inequality (2.1) and (3.37), we have

lullz~ < Clul 73 ||qu i

42 pa—p=2
<C(|||x\5ux||£’z“ lotall o™ )7 [l | 757

1_,
<Cllle|Fue |G el 12

(3.38)
Putting (3.38) into (3.36) and then using Cauchy’s inequality gives

2(1—
L < Clfull < | /pulz| % || 12
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o 1 a2(1-1)
S O||2]2 ual| Follv/oulzl = |72
<O(llle)? ug 2 +[1v/pulz| % [172)
<elllz|FuelFe +C L+ | /pulz|F]|72). (3.39)
Next, for the term I, by Holder’s inequality, the Caffarelli-Kohn-Nirenberg

weighted inequalities (2.2) and (2.4), Young’s inequality and (3.18)s, we deduce that
for any € >0

I,= —a/(l + pPYuuy |z 2 2dx

:—%/(u2)1|m|a_2xd:§—/apﬁ|m|a_2xuuwdx

<5 [ ((@=2lel=* Zat 122 ) allVolol a2 Vo i el
S@HM%AUHQH+a||\/p?\$|%uz|\w||uw||§2H|$|%Uac||2§9

< (SO el (3.40)

where the indexes a>2,p1 >2,p2>2,0€(0,1), satisfy

1 1 1 1 1 1
+:,+O‘—1:(—1>9+<+a—1>(1—9),
p1op2 2 p2 2 2 2 2 (3.41)
ala—1)3
1,
8

which implies

L< <1¢6’<1
1-6°%"0 2

By (3.41) and a>2, we first choose « as
3 8 3
(a—1)P <= <d=—a<1+ V4
a
Then, to guarantee (3.41),, we impose

ala—1P (14 VD(a—1)?

< <1,
8 8
which implies that
(a—1)3< AN R S (3.42)
1+ V4 V1+5/4 '
Combining o> 2 and (3.42), the index « is chosen to satisfy
2

2<a<ld—m . (3.43)

Vv
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Finally, for the term I3, it follows from Holder’s inequality, the Caffarelli-Kohn-
Nirenberg weighted inequality (2.4) and Young’s inequality that

Ig:/(ﬁy 'Y—l—b?) alz|*2rudz
v—1

<CIVP 2] % |2 lllz] 2~ ull 2 + Ol Z bl L2 l|bll oo 1|2 2~ a2
< ClIVPT |l % || calll2]F ug | 2 + Clll] 2 bl| 2 [[[] % ]| 2
<ellelFusl72 +CUIVP 2] F |72 + ]2 Fb]1Z2). (3.44)

Substituting (3.39)-(3.44) into (3.35), we have
d 1o, 1 1, /T/ )
— = — b “d “dxdt
g (2pu b gt ot [ [ uonilelds

ala—1)3 o - o o
< (20 e el + OBk 23+ IV ol ol 200+ 1),
(3.45)

Taking 0<e <1, 2<a<1+ ﬁ in (3.45) and using Gronwall’s inequality, we have
1 2 ¥ 2 [eY ’ 2 [eY
SPU +p7+b07 ) |z|Ydx + w(p)uz|z|*dzdt < C. (3.46)
0

(ii) Case 2: f=0. Taking 8=0 in (3.35), one has

d (1 , 1 . 1, / )
S (cp2r—— o7+ 02 ) [z 2 [ |e|*udd
o | (Gt Lo 30 lale 42 [laladas
;/pu3|a:|a2:rdm2a/uum|z|a2xdx+/<71p7+b2> uelz|* 2xdr
y—
=1+ Iy+ 1. (3.47)

The estimates of I 1 and Ié are same as those of I; and I3. Thus, we only need to focus
on the estimates of I,. For the term I,, by Holder’s inequality, we can obtain

I,= —2a/uuz|x|°‘_2xdx

SQ.%/UZ <(a2)|x|”‘3|i|x+|x|a2>

ala—1 a
<2 2O s ony e,

_1)3
<2'o<(a 1)

<2 S0 Fu (3.49)

Substituting (3.39), (3.44) and (3.48) into (3.47), we have
d (o,
at ) \2"™

ala—1)3 o - o N
< (2~+2s) % e + C(lvBule]% 122 + Vo7 l| 2 22 + | 2020 +1).

1
1pv+2b2> |x\°‘dz+2/|z|auidl’
N —

8
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A ala—1)3 2
Similarly, to guarantee 2. ===~ <2, we choose 2<a <1+ VA and 0<ex1
and then use Gronwall’s inequality to infer that

T
/(pu2+p'y+b2)|x|(’dx+/ /|x|auidxdt§C(T).
0

Then, the proof of Lemma 3.5 is completed. 0

LEMMA 3.6. Let (p,u,b) be a smooth solution to (1.2)-(1.4). For any T >0 and $>1
or =0, it holds that

lptll 22 (0,7:L2®y) + 1bell 20,7522 ) < C(T)-
Proof. It follows from (1.2)1, (1.2)3, (3.18)2, Lemma 3.4 and (3.38) that

lpellz2 @) < llupellLz @) + lpue || L2 r)
<ullLo ®)llpz | L2®) + Clltz || 2 (r)
<Cllullpoe @ +C

a 1
<Cllfa]? ug 2 +C.

This together with Lemma 3.5 gives

llpell L2 0,72 (R)) < C(T).

Similarly, we can get [|bs|| z2(0,7;22(r)) < C(T). Hence, we complete the proof of Lemma
3.6. 0

LEMMA 3.7.  Let (p,u,b) be a smooth solution to (1.2)-(1.4). For any T >0 and §>1

or =0, we have
T
/pdzdx—k/ /,u(p)ui.dxdtSC(T),
0

and

[tzal| Lo 07522 (R)) + |1z | oo (0,710 (v)) < C(T),
where 1 =u; +uu, 1s the material derivative.
Proof. Applying the operator 0;+ 0, (u-) to Equation (1.2),, we have
Pty + i — (p(p)ite) e = (VP + 6%y — (L4 (14 5)p7 Jul - (3.49)
Multiplying (3.49) by @ and integrating over R, one has

1d [ . . ,
§£/pu2+/u(p)uidfc=/[(l+(1+ﬁ)pﬂ)U§—(7P+b2)ux]ux
<elltg]|F2 + Cl|luallizlltus]Foe + |VP 457|700 lua]|F2)
<elltg]|F2 + C(l|luellis +1)
<ellinl|7> +C (1Pl L2 +1), (3.50)
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where we have used (3.29), Lemma 3.2, Lemma 3.3 and Young’s inequality. By using

Gronwall’s inequality, we get
T
[ois [ [ utoiidsar=(1pi-0)lzz +CT)explO)).
0
From (1.2); and (1.2),, one has

pi+ Py + (bz) = (p(p)us), -

Multiplying (3.52) by - NG taking ¢t — 07, and using (3.2) and (3.10), we have

. [((p)uba)e —P(P})e — 5 (00)al _ |/ gl
| p6u5(_70)|§ 020 50 2.0 §| |7
Po \a
which implies
IVpi(,0)[[z2 <llg(1+|2[ )] 2 <C.

This together with (3.51) yields

/pu2+/0T/u(p)u§dxdtg0(T).

Due to (3.29) and (3.31), it follows from (3.55), Lemmas 3.3 and 3.4 that

1
[tz || oo (r) < ||\/f31"”i2(R) +C<C,
and

[uezll Lz <[1VPill 2 + ozl 2 + 102l 2 + us ]| < o2 2 < C.

Then the proof of Lemma 3.7 is completed.

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

|

To obtain the estimate of || z»®) (for some p€ (1,4+00)), we need the following

weighted estimates of the material derivative.

LEMMA 3.8.  Let (p,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and

B>1o0r =0, if2<a<1+ it holds that

\/W’

T
/ pife|ede + / / u(p)|e| i dedt < C(T),
0

moreover, there exists a fized constant —=5 <p <2 such that

T
/ ||i||3 dxdt < C(T).
0

Proof. When > 1, multiplying (3.49) by |z|*@ and integrating over R, we have

1

d 1
T pﬂQ\x|“+/u(p)|x|“ui:5/puuQa\xP_Qaz—/u(p)a|x|“_2:mlum
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+/[(1+(1+5)PB)U92¢—(’7P+52)ux](%|$|a+a|x\°‘72m)
=J1+Jo+J;3. (356)

Now, we estimate the terms .J;-.J3 as follows:

1 . - - o,
D=5 [ puitalal* e < Clull | pilel el i

2
<Cllull~llvpilz] 2 [| 2 |l2] > el L2
<elllz] 2 o) 72 + Cllull i |v/pule| % |17, (3.57)

and

ng—a/|x|a_2mimx—/pﬂa|x|a_2xuuz

« . - @ . a_q.
<=5 [@)afal 2+ Clfal #1210 s ol

« . _3 _ o . . L 1—
55/ g <<a—2>|x|°‘ Stk 2)+0|||x|zux|m||u$|%2||x|ﬁu||ip9

a(a—l) a1, o . . o . —6
< O T i+ Ol i i s N
ala—1)3 o .
< (2 e ol + il (359)

where we have used Holder’s inequality, Young’s inequality, the Caffarelli-Kohn-
Nirenberg weighted inequality from Lemma 2.2 and the indexes p3 >2, g3 >2, k>0, p>
1, #€(0,1) are chosen to satisfy

1 1 1 1 « 1 1

- 4 :7774_7_1: ——1 9+<+H> 1_07
P3 @3 2 g3 2 (2 ) D ( )
1+ _1+04 LY o <a—1

p TToTy T g EET T

which implies

2

= 2 0<1.
1—049> = 0<al<

q3

From Lemma 3.7 and the Caffarelli-Kohn-Nirenberg weighted inequality from Lemma
2.2, we can obtain

J3:/[(1+(1+ﬂ)0ﬁ)Ui—(7P+b2)uz](ﬂzlx\a+Oé|$|a_2ml)
< C(lluallze ] % uallz + 2| ua [l 22) (] F ol 2 + 2] F | 2)
< O+ lugl| oo ) ) wal 22l |2 2 | 2
<elllz|Fio )22 +Clllz| FualZ2- (3.59)
Finally, substituting (3.57)-(3.59) into (3.56), we get
1d

- .2 « o2
o / ()| i3 dudt
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04(04_1)3 a . a . a
< (8 +38) )% iz |72 + Cllullg e [|v/pulz] 2 |72 + C(|laal|72 +l]2] F a1 72)-
(3.60)

By choosing 2<a <1+ ﬁ to guarantee a(aT_l)S <1, 0<e<1 and then applying
+

Gronwall’s inequality, Lemma 3.5 and Lemma 3.7, we have

T
/pu|x|°‘dx—|—/ /u(p)|m\auida€dt§C(T) (/pu|ma(x,0)dx+C(T)>.
0
Similar to the arguments of (3.53) and (3.54), one has
/pn2\$|a(ac,0)dx§0.
Thus
T
/pa|m|adx+/ /u(p)|x\“ﬂidmdt§C(T).
0

When =0 (u(p)=1+p® =2), the term .J; can be estimated as follows:

-1 o -13,

o :—2a/|x|“_2xuﬂz <2202, <0. 2O s 2, (36
Similar to the argument of (3.60), choosing 2<a <1+ %/%7% to guarantee 2- ‘W(OCT*UB <
2, 0<e <1 and applying Gronwall’s inequality, we have

T
/pu\m|°‘daﬂ+/ /|x|au§dxdtg0(T).
0
Then similar to the argument of (3.37), we use Lemma 3.7 to get
lill L < Ol i | 12 | 2
<O(|l|2] % ]| 2 + ||| 2) € L*(0,T), (3.62)
where the constant ﬁ <p<2. Then the proof of Lemma 3.8 is completed. O

LEMMA 3.9. Let (p,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
B>1 or =0, it holds that

1(pe:b0) | o 0,7:12 ) < C(T).-
Proof.  Differentiating the mass Equation (1.2); and (1.2), with respect to t,

multiplying the resulting equation by p; and b; and integrating over R, we have

1d 1
5o [t +ido==3 [ yuado— [(oputbbyusi oo+ b
< Cllualli (lpul12 + [bel22) + Clltatllz2 (el 2 + 1ol =)
+ Clhuall oo (el 22l 22 + el [l £2)
< e+ ballZ + 1)(1+ a2 + el B, (3.63)
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where we have used Lemma 3.4 and Lemma 3.7.
Notice that

[uatllre = [|ts — (uug )l 2 = ||is —ui — Ul |2
<Ol g2 + [uz | 2 + 1l Loe |tz || 22)
< C([fia || 2+ uell oo el 22 + 2] F g | 22 +1)
< C(lltg | 22 + [l 2 ue | 2 +1), (3.64)

and

[[ut]| Lo = [l — utte || oo < CO([Jtr]| o + [|ul[ <)

.o 1-21 a, x 1-+ a L
S COltell 2 #]2 g 72 + lluell e * (2] vl f2)
.o l1—1 a ., L o L
S CO(|tallpz = 2] 2 e || 72 + 2] 2 uall 72)
< O(|[isa || 2 + 2] F e | 2 + [[J] F e || 12 + 1), (3.65)

where in the second inequalities we have used the Caffarelli-Kohn-Nirenberg weighted
inequality from Lemma 2.2, (3.38) and (3.18)2. Substituting (3.64)-(3.65) into (3.63),
we have

1d

577 | (Pt +80)d < CllpullZe + 1072 + 1) (a2 + ]2t 22 + 2] 2 | 2 +1).

Then by Gronwall’s inequality, Lemma 3.5, Lemma 3.7 and Lemma 3.8, we obtain
(P, b¢) | Lo 0,7 2(r)) < C(T).
The proof of Lemma 3.9 is completed. O

To obtain the estimate of ||u||ze(o,7;r2(r)), due to (3.37), we need the following
weighted estimate of |||z]2 ug|| (0, 7;12(r))-

LEMMA 3.10.  Let (p,u,b) be a smooth solution to (1.2)-(1.4). Then for any T >0 and
B>1 or =0, if2<a<l+ﬁ, it holds that
2] % || oo 0,722 @) + /Pl |2 (| 20,7522 @) + 1l L 0,7, £5 () < C(T),
where % <p<2.
Proof. Multiplying the Equation (1.2), by |z|*% and integrating over R, we have
5 [ wolaludos [ pilal?

J (P14 59 ) talal =i o)~ [ utpralel~2ousi

1 1 1
+§/IwI“Ui (prrupf—?u(p)ux) +§/u(p)a\x|“_2wWi
ZZKl +K2+K3+K4 (366)

First, by the Caffarelli-Kohn-Nirenberg weighted inequality from Lemma 2.2 and
Lemma 3.5, we have

Ki= [(P(o)+ 59 alol* 2w+ o]
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1. o 1 o 1 o
<Cllal* alla 2] (P+56%) 122 + CllllF (P+ 50%) 2l e | 2

a1 a.
<Clllal* (P+ 567 2 ll|] * il 2

<Ol % g | 2.

871

(3.67)

For the term K5, using Holder’s inequality and the Caffarelli-Kohn-Nirenberg weighted

inequality yields

Ky=— /,u(p)a|a:|o‘_2xuza

—1 . =
< Oll|2) "=l ol % ] 2

<Ol Fiia | 2 || % ol 2,

and K3 can be estimated as
Koot ]2 (of p_1
373 x| ug (py +up; 2#(/’)“1)

1 1
T R )

2 2
< Clfusl ool s
<Ol + e 2ol

<Ozl us 2,
where we have used the following equation:
P} +upl + Bp ug =0.

Similarly, we deal with the term K as

1
K4:§/u(p)a|x|“’2wug
a—1 a
S COllugl|zos )= ull 2 [[|2] > uall L2
<Ol % ug 7.
Then substituting (3.67)-(3.70) into (3.66), we have

1d
2 dt

<Ol % ugllfs + O+ |2] % s [72)-

Then by Gronwall’s inequality and Lemma 3.8, we can obtain

T
/u(p)|x|o‘uidx+/0 /pﬂ2|x\adzdt§C(T).

Moreover, combining the above result with (3.37) and (3.38), we have

- 2 -
lull oo (0,505 ®)) S C(T), p>——= V1+Vi<p<2,

(3.68)

(3.69)

(3.70)

Ju@lali+ [ piiaf® <Cllal a1+ ol )+ Clel -

(3.71)
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and
||| Loo 0,75 100 (r)) < C(T),

llull Lo (0,522 (R)) < C(T).

which together with Lemma 3.7 yields |[ul|pe (0,7, m2(®)) < C(T). The proof of Lemma
3.10 is completed. 0

Proof. (Proof of Theorem 1.1.)  We study (1.2)-(1.4) with the initial data
replaced by (pg,u&bo). From Theorem 3.1, we know that there exists a unique solution
(p?,u%,0?%), such that Lemmas 3.1-3.9 are valid when we replace (p,u,b) by (p°,u’,b%).
With the uniform estimates for §, we let §—0" (take subsequence if necessary) to
get a solution to (1.2)-(1.4) still denoted by (p,u,b) which satisfies Lemmas 3.1-3.9 by
the lower semicontinuity of the norms. This yields the existence of the solutions as
in Theorem 3.1. The uniqueness of the solutions can be proved by the standard L?
energy method. Here we omit the details for brevity. Hence, the proof of Theorem 1.1
is completed. 0
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