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GLOBAL CLASSICAL SOLUTIONS TO 1D FULL COMPRESSIBLE
MICROPOLAR FLUIDS WITH THE NEUMANN/ROBIN BOUNDARY

CONDITIONS AND VACUUM∗

PEIXIN ZHANG† AND CHANGJIANG ZHU‡

Abstract. In this paper, we consider the initial boundary value problem for the one-dimensional
micropolar fluids for viscous compressible and heat-conducting fluids in a bounded domain with the
Neumann/Robin boundary conditions on temperature. There are few results until now about global
existence of regular solutions to the equations of hydrodynamics with the Robin boundary conditions
on temperature. By the analysis of the effect of boundary dissipation, we derive the global existence
of classical solution to the corresponding initial boundary value problem with large initial data and
vacuum.
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1. Introduction
In this paper we consider the one-dimensional flow of the non-isentropic compress-

ible micropolar fluid flow being thermodynamically perfect and polytropic. In Eulerian
coordinates, the motion of the fluid under consideration is given by the following system
of four equations [17,20]:

ρt+(ρu)x= 0,

ρut+ρuux+Px=µ1uxx,

jI(ρwt+ρuwx)+2ξw=µ2wxx,

(ρE)t+(ρuE)x+(Pu)x= (µ1uux)x+(µ2wwx)x+(κθx)x,

(1.1)

where t≥0 is time and x∈ [0,1] is the spatial coordinate. Here ρ=ρ(x,t),u=u(x,t),w=
w(x,t),P and θ denote the density, velocity, microrotation velocity, pressure and abso-
lute temperature, respectively. Here jI >0 denotes the microinertia density coefficient;
κ>0 is the coefficient of heat conduction; µ1 =λ+2µ, where λ and µ are viscosity coef-
ficients, they satisfy the conditions: µ>0,3λ+2µ≥0; µ2 = c0 +2cd, where c0 and cd are
coefficients of angular viscosity, they meet the conditions: cd>0,3c0 +2cd≥0; ξ >0 is
the dynamic microrotation viscosity (coupling coefficient). Then we deduce that µ1>0
and µ2>0. The total energy E=e+ 1

2 |u|
2 + 1

2 |w|
2, where e is the internal energy. The

pressure P and the internal energy e have the following expressions:

P =Aρθ, e= cvθ,

where A and cv are positive constants. For simplicity we let jI =A= cv = 1.
There is much literature on the well-posedness of the micropolar system. For the

case of one-dimensional compressible flow, Mujaković [20–22] studied the local-in-time
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existence and uniqueness, the global existence and regularity of the solutions to an
initial-boundary value problem wherein the boundary conditions for u,w are the Dirich-
let and for θ is the Neumann, and she also considered the non-homogeneous boundary
conditions in [25–27], wherein the boundary conditions for u,w are the Dirichlet and
for θ is nonzero. The large-time behavior of the solutions and the stabilization of solu-
tions to the Cauchy problem on the microploar fluids was also analyzed by Mujaković
in [18, 23, 24]. Recently, Duan [12] published global solutions for the one-dimensional
compressible micropolar fluid model with zero heat conductivity. But all the above re-
sults are free from vacuum. For the case with initial vacuum, Chen [1] proved the global
existence of strong solutions to the Cauchy problem. For three-dimensional model,
Mujaković and Dražić studied the local existence, global existence, uniqueness, and
large-time behavior of the spherical symmetry solutions [8–11,19]. Chen [2] and Chen-
Huang-Zhang [3] proved blowup criterions for strong solutions to the Cauchy problem.
The global weak solutions with discontinuous initial data and vacuum was established
by Chen-Xu-Zhang in [4]. Recently, Liu-Zhang [16] obtained the optimal time decay of
the three-dimensional compressible flows.

If the microrotation velocity w= 0, then the system (1.1) becomes the classical
Navier-Stokes system. There is a lot of literature to study the well-posedness of this
system. Wen-Zhu in [29, 30] obtained the global existence of classical solution to this
system with large initial data and vacuum, where viscosity coefficients are constant and
the coefficient of heat conduction is only a temperature-dependent function. Liang-Wu
[15] also obtained the same result for the case where the coefficient of heat conduction is
constant. Recently, Zhang-Zhu [31] proved the existence of this system with Nuemann
conditions for u and Robin conditions for θ.

In this paper, we consider the global classical solutions of (1.1) with initial vac-
uum and the viscosity coefficients, microviscosity coefficients and the coefficient of heat
conduction are constant or a function of temperature.

For simplicity, we rewrite the system (1.1) as follows:
ρt+(ρu)x= 0,

ρut+ρuux+Px=µ1uxx,

ρwt+ρuwx+2ξw=µ2wxx,

ρθt+ρuθx+ρθux=µ1u
2
x+µ2w

2
x+2ξw2 +(κθx)x.

(1.2)

The system satisfies the initial and boundary conditions:

(ρ,u,w,θ)(x,0) = (ρ0,u0,w0,θ0)(x), x∈ [0,1], (1.3)

and 
u(0,t) =u(1,t) = 0,

w(0,t) =w(1,t) = 0,

(θx−aθ)(0,t) = (θx+bθ)(1,t) = 0,

(1.4)

where a,b are nonnegative constants.

To begin with, we briefly review some notation which will be used throughout the
rest of the paper.

Notation:

(1) I= [0,1], ∂I={0,1}, QT = I× [0,T ] for T >0, and
∫
f(x)dx=

∫
I
f(x)dx.
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(2) For p∈ [1,∞], Lp=Lp(I) denotes the Lp space with the norm ‖·‖Lp . For k≥1
and p∈ [1,∞], W k,p=W k,p(I) denotes the Sobolev space, whose norm is denoted as
‖·‖Wk,p , Hk =W k,2(I).

In this paper we assume that

ρ0≥0,

∫
ρ0dx>0, (1.5)

and if κ is a function of θ, then it satisfies κ∈C3(R+) and0<κ1 (1+θq)≤κ(θ)≤κ2 (1+θq),

0≤κ′(θ)≤C
(
1+θq−1

)
, 0≤κ′′(θ)≤C

(
1+θq−2

)
, q≥2,

(1.6)

where C, κ1 and κ2 are positive constants.
Now we are in a position to state our main results. The first result is on the global

existence of classical solution of (1.2) with the κ=k(θ) for the Neumann boundary
conditions.

Theorem 1.1. If a= b= 0 in (1.4), in addition to (1.5)-(1.6), we assume that

ρ0≥0, ρ0∈H2, (
√
ρ0)x∈L∞, u0∈H1

0 ∩H3, w0∈H1
0 ∩H3, 0≤θ0∈H3, (1.7)

θ0x|x=0 =θ0x|x=1 = 0, (1.8)

and the following compatibility conditions
µ1u0xx− [P (ρ0,θ0)]x=

√
ρ0g1,

µ2w0xx−2ξw0 =
√
ρ0g2,

[κ(θ0)θ0x]x+µ1u
2
0x+µ2w

2
0x+2ξw2

0 =
√
ρ0g3

(1.9)

hold for some gi∈L2 and
√
ρ0gi∈H1

0 , i= 1,2,3. Then there exists a global classical
solution (ρ,u,w,θ) to (1.2)-(1.4) such that

ρ∈C([0,T ];H2), ρt∈C([0,T ];H1),
√
ρ∈W 1,∞(QT ),

(u,w)∈L∞(0,T ;H1
0 ∩H3), (

√
ρut,
√
ρwt)∈L∞(0,T ;L2),

(ρut,ρwt)∈L∞(0,T ;H1
0 ), (ut,wt)∈L2(0,T ;H1

0 ),
√
ρθt∈L∞(0,T ;L2), ρθt∈L∞(0,T ;H1),

θ∈L∞(0,T ;H3), θt∈L2(0,T ;H1),

(1.10)

for any T >0.

The second result is on the global existence of classical solution for fixed positive
constants a,b.

Theorem 1.2. In addition to (1.5)-(1.7), we assume that the initial data also satisfies

(θ0x−aθ0)|x=0 = 0, (θ0x+bθ0)|x=1 = 0, (1.11)

and the compatibility conditions (1.9). Then there exists a global classical solution
(ρ,u,w,θ) to (1.2)-(1.4) satisfying the regularities (1.10).

The third result is on the limit behavior of the solution as a,b→0+.
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Theorem 1.3. For given a,b>0, we assume that (ρa,b,ua,b,wa,b,θa,b) is the solution

as in Theorem 1.2 with the initial data replaced by (ρa,b0 ,ua,b0 ,wa,b0 ,θa,b0 ) satisfying∣∣∣(ρa,b0 − ρ̃0,u
a,b
0 − ũ0,w

a,b
0 − w̃0,θ

a,b
0 − θ̃0)

∣∣∣≤Cmax{a,b}

for some positive constant C independent of a, b, and spatial variables. Then we have

(ρa,b,ua,b,wa,b,θa,b)→ (ρ,u,w,θ) in L∞
(
0,T ;L2

)
,

as a,b→0+, where (ρ,u,w,θ) is the solution as Theorem 1.1 with initial data

(ρ̃0,ũ0,w̃0, θ̃0) for inf ρ̃0>0.

The following results are similar to Theorems 1.1-1.3 for the system (1.2) with the
coefficient of heat conduction κ being constant.

Theorem 1.4. If a= b= 0 in (1.4), in addition to (1.5), we assume that the initial
data satisfies (1.7)-(1.8) and the following compatibility conditions (1.9). Then there
exists a global classical solution (ρ,u,w,θ) to (1.2)-(1.4) satisfying (1.10).

Theorem 1.5. If a,b are positive constants in (1.4), in addition to (1.5), we assume
that the initial data satisfy (1.7), (1.11) and the following compatibility conditions (1.9).
Then there exists a global classical solution (ρ,u,w,θ) to (1.2)-(1.4) satisfying (1.10).

The last result is on the limit behavior of the solution as a,b→0+.

Theorem 1.6. For given a,b>0, we assume that (ρa,b,ua,b,wa,b,θa,b) is the solution

as in Theorem 1.5 with the initial data replaced by (ρa,b0 ,ua,b0 ,wa,b0 ,θa,b0 ) satisfying∣∣∣(ρa,b0 − ρ̃0,u
a,b
0 − ũ0,w

a,b
0 − w̃0,θ

a,b
0 − θ̃0)

∣∣∣≤Cmax{a,b}

for some positive constant C independent of a, b, and spatial variables. Then we have

(ρa,b,ua,b,wa,b,θa,b)→ (ρ,u,w,θ) in L∞
(
0,T ;L2

)
,

as a,b→0+, where (ρ,u,w,θ) is the solution as in Theorem 1.4 with initial data

(ρ̃0,ũ0,w̃0, θ̃0).

Remark 1.1. Theorem 1.6 suggests that the solution obtained in Theorem 1.5 con-
verges to the one in Theorem 1.4 as a,b→0+. Theorem 1.3 holds for the case with
nonvacuum, because the term

∫ ((
κ−κa,b

)
θa,bx
)
x
θ̄dx, which deduces a term ‖θ̄‖2L2 ,

cannot be dealt with by the Grönwall inequality. But in Theorem 1.6, the term∫ ((
κ−κa,b

)
θa,bx
)
x
θ̄dx is absent, because the coefficient of heat conduction is constant.

Then, we can obtain Theorem 1.6 with initial vacuum.

2. Preliminaries

In this section, we will recall some known facts and elementary inequalities which
will be used frequently in this paper.

Lemma 2.1 ( [29]). Let Ω = [a,b] (a<b) be a bounded domain in R, and ρ be a
nonnegative function such that

0<m≤
∫

Ω

ρdx≤M,
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for constants m>0 and M>0. Then, for any v∈H1(Ω), we have

‖v‖L∞(Ω)≤
M

m
‖vx‖L1(Ω) +

1

m

∣∣∣∣∫
Ω

ρvdx

∣∣∣∣ . (2.1)

Corollary 2.1 ( [29]). Consider the same conditions as in Lemma 2.1, and in
addition assume Ω = I and

‖ρv‖L1 ≤ c̄.

Then for any k>0, there exists a positive constant C=C(m,M,k,c̄) such that

‖vk‖L∞ ≤C
∥∥(vk)

x

∥∥
L2

+C, (2.2)

for any vk ∈H1.

Lemma 2.2 ( [29]). For any v∈H1
0 , we have

‖v‖L∞ ≤C‖vx‖L1 (2.3)

and for any v∈H1, we have

‖v‖L∞ ≤C (‖vx‖L1 +‖v‖L1) (2.4)

Lemma 2.3 (Calderón-Zygmund). Let Ω = [a,b] be bounded. Suppose 0≤f ∈L1(Ω)
satisfies

1

|Ω|

∫
Ω

fdx≤α0.

Then for any α>α0, there exists a sequence (non-overlapping) Ωj included in Ω such
that

f(x)≤α, a.e. x∈Ω\Ωj , and α≤ 1

|Ωj |

∫
Ωj

fdx≤2α.

Moreover, ∣∣∣∣∪jΩj

∣∣∣∣≤ α0|Ω|
α

,

where |Ω| denotes the Lebesgue measure of Ω.

Proof. The proof is classical, see, e.g., [ [14], Lemma 3.6, Chap. 3]. We omit the
details here.

Lemma 2.4 ( [28]). Assume X⊂E⊂Y are Banach spaces and X ↪→↪→E. Then the
following imbeddings are compact:

(i) {ϕ :ϕ∈Lq(0,T ;X), ϕt∈L1(0,T ;Y )} ↪→↪→Lq(0,T ;E), if 1≤ q≤∞,
(ii) {ϕ :ϕ∈L∞(0,T ;X), ϕt∈Lr(0,T ;Y )} ↪→↪→C([0,T ];E), if 1<r≤∞.
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3. Proof of Theorem 1.1
In this section, we get a global solution to (1.2)-(1.4) with initial density and initial

temperature having, respectively, a lower bound δ>0 by using some global a priori
estimates of the solutions based on the local existence. Theorem 1.1 will be obtained
after we do some global a priori estimates uniformly for δ and take δ→0+.

Denote ρδ0 =ρ0 +δ and θδ0 =θ0 +δ for δ∈ (0,1). Throughout this section, we denote
C to be a generic constant depending on ρ0,u0,w0,θ0,T and some other known constants
but independent of δ for any δ∈ (0,1).

For any given δ∈ (0,1), let uδ0, wδ0 be the solution to the following elliptic equations:
µ1u

δ
0xx−P δ0x=

√
ρ0g1,

µ2w
δ
0xx−2ξwδ0 =

√
ρ0g2,

uδ0|x=0,1 =wδ0|x=0,1 = 0,

θδx(0,t) =θδx(1,t) = 0.

(3.1)

Since ρδ0 =ρ0 +δ∈H2, θδ0 =θ0 +δ∈H3 and
√
ρ0g1,

√
ρ0g2∈H1

0 , by the elliptic theory,
(1.9)1, (1.9)2 and (3.1), we have uδ0,w

δ
0 ∈H1

0 ∩H3 and{
uδ0→u0, w

δ
0→w0, in H3 as δ→0+,

‖uδ0−u0‖H2 ≤Cδ, ‖wδ0−w0‖H2 ≤Cδ.
(3.2)

Before proving Theorem 1.1, we need the following auxiliary theorem to construct
a sequence of approximate solutions.

Theorem 3.1. Consider the same assumptions as in Theorem 1.1. Then for any
given δ∈ (0,1), there exists a global solution (ρ,u,w,θ) to (1.2)-(1.4) with initial data
replaced by (ρδ0,u

δ
0,w

δ
0,θ

δ
0), such that for any T >0,

ρ∈C([0,T ];H2), ρt∈C([0,T ];H1), ρtt∈L2(0,T ;L2), ρ≥ δ
C >0,

(u,w)∈C([0,T ];H1
0 ∩H3), (ut,wt)∈C([0,T ];H1

0 )∩L2(0,T ;H2),

(utt,wtt)∈L2(0,T ;L2), θ∈C([0,T ];H3), θ≥Cδ>0,

θt∈C([0,T ];H1)∩L2(0,T ;H2), θtt∈L2(0,T ;L2),

where Cδ is a constant depending on δ.

Proof. The local existence of the solutions as in Theorem 3.1 can be obtained
by the successive approximations as in [6]. We omit it here for brevity. Based on it,
Theorem 3.1 can be proved by the following global-in-time a priori estimates as follows.

In this and the next two sections, for the sake of simplicity, we denote by C the
generic positive constants, which may depend on γ,T,µ1,µ2,ξ,κ1,κ2, the initial data,
‖gi‖L2 ,‖(√ρ0gi)x‖L2 (i= 1,2,3), and the constants of the Sobolev inequalities, but not
depend on a,b,δ. We also sometimes use C(α) to emphasize the dependence on α.

For any given T ∈ (0,+∞), let (ρ,u,w,θ) be the solution to (1.2)-(1.4) as in Theorem
3.1. Then we have the following lemmas.

Lemma 3.1. Under the conditions of Theorem 3.1, it holds that for any 0≤ t≤T ,∫
ρdx=

∫
ρ0dx, (3.3)
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ρ
(
θ+u2 +w2

)
dx≤C

∫
ρ0E0dx. (3.4)

Here E0 =θ0 + 1
2u

2
0 + 1

2w
2
0.

Proof. Integrating (1.1)1 and (1.1)4 over I× [0,t], using (1.5) and the boundary
conditions (1.4), we have ∫

ρdx=

∫
ρ0dx,

and ∫
ρEdx=

∫
ρ0E0dx=

∫
ρ0

(
θ0 +

1

2
u2

0 +
1

2
w2

0

)
dx.

Then we have (3.4).

Lemma 3.2. Under the conditions of Theorem 3.1, it holds that for any (x,t)∈QT ,

0<ρ≤C and θ>0.

Proof. The proof of ρ is the same as Lemma 3.2 in [29]. We only need to prove
θ>0. By (1.2)4, we have

θt+uθx−
1

ρ
(κθx)x+

ρθ2

4µ1
=

1

ρ

(
√
µ1ux−

ρθ

2
√
µ1

)2

+
µ2

ρ
w2
x+

2ξ

ρ
w2≥0. (3.5)

Let

θ̄=
1

Kt+1
min
I
θ0

with K>0. Denote θ̃=θ− θ̄. We find that

θ̃x|x=0,1 =θx|x=0,1, θ̃|t=0≥0,

and

θ̃t+uθ̃x−
1

ρ
(κθ̃x)x−

Kmin
I
θ0

(Kt+1)2
+
ρθ̃2

4µ1
+
ρθ̃

2µ1
·

min
I
θ0

Kt+1
− ρ

4µ1

(
min
I
θ0

Kt+1

)2

=θt+uθx−
1

ρ
(κθx)x+

ρθ2

4µ1
≥0,

where we have used (3.5). This gives

θ̃t+uθ̃x−
1

ρ
(κθ̃x)x+ρθ̃

( θ̃

4µ1
+

1

2µ1
·

min
I
θ0

Kt+1

)

≥
min
I
θ0

(Kt+1)2

(
K+

ρmin
I
θ0

4µ1

)
>0.

Thus using the maximum principle for parabolic equations, we have θ̃≥0 implying that
θ≥ θ̄ >0.
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Lemma 3.3. Under the conditions of Theorem 3.1, there exists α∈ (0,1), such that∫
QT

(
u2
x

θα
+
w2
x

θα
+
w2

θα
+

(1+θq)θ2
x

θ1+α

)
dxdt≤C,

where C may depend on α.

Proof. Multiplying (1.2)4 by θ−α, integrating the resulting equation over QT , and
using integration by parts, we have∫ T

0

∫ (
µ1u

2
x

θα
+
µ2w

2
x

θα
+

2ξw2

θα
+
ακθ2

x

θ1+α

)
dxdt

=
1

1−α

∫
ρθ1−αdx

∣∣∣∣T
0

+

∫ T

0

∫
ρθ1−αuxdxdt

≤C+
µ1

2

∫ T

0

∫
u2
x

θα
dxdt+C

∫ T

0

∫
ρ2θ2−αdxdt

≤C+
µ1

2

∫ T

0

∫
u2
x

θα
dxdt+C

∫ T

0

‖θ‖1−αL∞ dt,

where we have used the Cauchy inequality, Lemmas 3.1 and 3.2.
Then we have∫ T

0

∫ (
µ1u

2
x

2θα
+
µ2w

2
x

θα
+

2ξw2

θα
+
ακθ2

x

θ1+α

)
dxdt≤C

∫ T

0

‖θ‖1−αL∞ dt+C. (3.6)

Now we estimate the right-hand side term of (3.6) as follows:∫ T

0

‖θ‖1−αL∞ dt≤C+C

∫ T

0

‖θ−αθx‖L2dt

≤C+C

∫ T

0

(∫
θ2
x

θ2α
dx

) 1
2

dt

≤C+C

∫ T

0

(∫
θ1−αθ2

x

θ1+α
dx

) 1
2

dt

≤C+
α

2

∫ T

0

∫
(1+θq)θ2

x

θ1+α
dxdt, (q≥1−α), (3.7)

where we have used Corollary 2.1, Lemma 3.1 and the Cauchy inequality. By (3.6) and
(3.7), we complete the proof.

Lemma 3.4. Under the conditions of Theorem 3.1, it holds that∫ T

0

‖θ‖q+1−α
L∞ dt≤C,

sup
0≤t≤T

∫ (
ρw2 +ρu2

)
dx+

∫
QT

(
u2
x+w2 +w2

x

)
dxdt≤C.

Proof. By Corollary 2.1 and Lemma 3.1, we have∫ T

0

‖θ‖q+1−α
L∞ dt=

∫ T

0

‖θ
q+1−α

2 ‖2L∞dt
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≤C+C

∫ T

0

∫
θq−1−αθ2

xdxdt

≤C+C

∫ T

0

∫
(1+θq)θ2

x

θ1+α
dxdt

≤C.

Multiplying (1.2)2 by u, integrating over I, and using integration by parts, we have

1

2

d

dt

∫
ρu2dx+µ1

∫
u2
x=

∫
Puxdx

≤ µ1

2

∫
u2
xdx+C

∫
ρ2θ2dx

≤C+
µ1

2

∫
u2
xdx+C‖θ‖L∞

≤C+C‖θ‖q−α+1
L∞ +

µ1

2

∫
u2
xdx,

where we have used the Cauchy inequality and Lemma 3.2. Then, we have

d

dt

∫
ρu2dx+µ1

∫
u2
x≤C+C‖θ‖q−α+1

L∞ .

Integrating it over [0,T ] and using the first inequality, we have the second inequality.
Multiplying (1.2)3 by w, integrating over I, using integration by parts and (1.2)1, we
have

1

2

d

dt

∫
ρw2dx+

∫ (
2ξw2 +µ2w

2
x

)
dx= 0.

Then we get the third inequality after integrating this inequality over [0,T ].

Lemma 3.5. Under the conditions of Theorem 3.1, it holds that

sup
0≤t≤T

∫ (
u2
x+w2

x+w2 +ρθ2(1+θq)
)
dx+

∫
QT

(
ρu2

t +ρw2
t +(1+θq)2θ2

x

)
dxdt≤C.

Proof. Multiplying (1.2)2 by ut, integrating over I, and using integration by parts,
Lemmas 2.2 and 3.2, and the Cauchy inequality, we have∫

ρu2
tdx+

µ1

2

d

dt

∫
u2
xdx

=
d

dt

∫
Puxdx−

∫
ρuuxutdx−

∫
Ptuxdx

≤ 1

2

∫
ρu2

tdx+
1

2

∫
ρu2u2

xdx+
d

dt

∫
Puxdx−

∫
Ptuxdx

≤ 1

2

∫
ρu2

tdx+C

(∫
u2
xdx

)2

+
d

dt

∫
Puxdx−

∫
Pt(ux−P )dx− 1

2

d

dt

∫
P 2dx,

which implies∫
ρu2

tdx+µ1
d

dt

∫
u2
x≤C

(∫
u2
xdx

)2

+2
d

dt

∫
Puxdx−

d

dt

∫
P 2dx−2

∫
Pt(ux−P )dx.

(3.8)
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We are going to estimate the last term of the right side of (3.8). Using (1.2), and
integration by parts, we have

−2

∫
Pt(ux−P )dx=−2

∫
(ρθ)t(ux−P )dx

=−2

∫ [
(κθx)x+µ1u

2
x+µ2w

2
x+2ξw2−(ρuθ)x−ρθux

]
(ux−P )dx

= 2

∫
κθx(uxx−Px)dx−2

∫ (
µ1u

2
x+µ2w

2
x+2ξw2

)
(ux−P )dx

−2

∫
ρuθ(uxx−Px)dx+2

∫
ρθux(ux−P )dx

,
4∑
i=1

Ii.

By (1.2), (1.4), (2.2)-(2.4), the Young inequality and W 1,1 ↪→L∞, we estimate Ii as
follows:

|I1|≤C
∣∣∣∣∫ κθx(ρut+ρuux)dx

∣∣∣∣≤ 1

8

∫
ρu2

tdx+C

∫
κ2θ2

xdx+C

∫
ρ2u2u2

xdx

≤ 1

8

∫
ρu2

tdx+C

∫
κ2θ2

xdx+C

(∫
u2
xdx

)2

,

|I2|≤C‖ux−P‖L∞

∫ (
u2
x+w2

x+w2
)
dx

≤C (‖ux−P‖L1 +‖uxx−Px‖L1)

∫ (
u2
x+w2

x+w2
)
dx

≤C (‖ux−P‖L1 +‖ρut+ρuux‖L1)

∫ (
u2
x+w2

x+w2
)
dx

≤ 1

8

∫
ρu2

tdx+C

(∫
u2
xdx

)2

+C

(∫
w2
xdx

)2

+C

(∫
w2dx

)2

+C,

|I3|≤C
∣∣∣∣∫ ρ2uutθdx

∣∣∣∣+C

∣∣∣∣∫ ρ2u2uxθdx

∣∣∣∣
≤ 1

8

∫
ρu2

tdx+C

∫
u2θ2dx+C

∫
ρ4u4dx+C

∫
θ2u2

xdx

≤ 1

8

∫
ρu2

tdx+C‖θ‖2L∞

∫
u2dx+C‖u‖2L∞

∫
ρu2dx+C‖θ‖2L∞

∫
u2
xdx

≤ 1

8

∫
ρu2

tdx+C
(
1+‖θ‖2L∞

)∫
u2
xdx,

|I4|≤C‖ux−P‖L∞

∣∣∣∣∫ ρθuxdx

∣∣∣∣
≤C (‖ux−P‖L1 +‖ρut+ρuux‖L1)

∣∣∣∣∫ ρθuxdx

∣∣∣∣
≤ 1

8

∫
ρu2

tdx+C (1+‖θ‖L∞)

∫
u2
xdx+C.
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Then, we have

−2

∫
Pt(ux−P )dx≤ 1

2

∫
ρu2

tdx+C

∫
κ2θ2

xdx+C
(
1+‖θ‖2L∞

)∫
u2
xdx

+C

(∫
u2
xdx

)2

+C

(∫
w2
xdx

)2

+C

(∫
w2dx

)2

+C. (3.9)

By (3.8) and (3.9), we have

1

2

∫
ρu2

tdx+µ1
d

dt

∫
u2
xdx

≤2
d

dt

∫
Puxdx−

d

dt

∫
P 2dx+C

(
1+‖θ‖2L∞

)∫
u2
xdx+C

∫
κ2θ2

xdx

+C

(∫
u2
xdx

)2

+C

(∫
w2
xdx

)2

+C

(∫
w2dx

)2

+C. (3.10)

Integrating (3.10) over (0,t), using the Cauchy inequality and Young inequality, by
Lemmas 3.2-3.4, we have∫ T

0

∫
ρu2

tdxds+µ1

∫
u2
xdx≤C

∫
ρθuxdx−

∫
ρ2θ2dx+C

∫ T

0

(
1+‖θ‖2L∞

)∫
u2
xdxds

+C

∫ T

0

(∫
u2
xdx

)2

ds+C

∫ T

0

(∫
w2
xdx

)2

ds

+C

∫ T

0

(∫
w2dx

)2

ds+C

∫ T

0

∫
κ2θ2

xdxds+C

≤C
∫ T

0

(
1+‖θ‖2L∞

)∫
u2
xdxds+C

∫ T

0

(∫
u2
xdx

)2

ds

+C

∫ T

0

(∫
w2
xdx

)2

ds+C

∫ T

0

(∫
w2dx

)2

ds

+C

∫ T

0

∫
κ2θ2

xdxds+C‖θ‖L∞ +C. (3.11)

Multiplying (1.2)3 by wt, integrating over I, using integration by parts, Lemmas 2.2
and 3.2, we have∫

ρw2
t dx+

1

2

d

dt

∫ (
µ2w

2
x+2ξw2

)
dx=−

∫
ρuwxwt

≤1

2

∫
ρw2

t dx+C‖u‖2L∞

∫
w2
xdx

≤1

2

∫
ρw2

t dx+C

(∫
u2
xdx

)2

+C

(∫
w2
xdx

)2

,

after integrating it over (0,t), we have∫ T

0

∫
ρw2

t dxdt+

∫ (
w2
x+w2

)
dx≤C+C

∫ T

0

(∫
u2
xdx

)2

dt+C

∫ T

0

(∫
w2
xdx

)2

dt.

(3.12)
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Multiplying (1.2)4 by
∫ θ

0
κ(τ)dτ , integrating over I, and using integration by parts, we

have

d

dt

∫
ρ

∫ θ

0

∫ y

0

κ(τ)dydτdx+

∫
κ2θ2

xdx

=µ1

∫
u2
x

∫ θ

0

κ(τ)dτdx+µ2

∫
w2
x

∫ θ

0

κ(τ)dτdx+2ξ

∫
w2

∫ θ

0

κ(τ)dτdx

−
∫
ρθux

∫ θ

0

κ(τ)dτdx

≤C‖κθ‖L∞

(∫
u2
xdx+

∫
w2
xdx+

∫
w2dx+

∫
ρθuxdx

)
≤C (‖κθx‖L2 +1)

(∫
u2
xdx+

∫
w2
xdx+

∫
w2dx+

∫
ρθuxdx

)
. (3.13)

Integrating (3.13) and using the Young inequality, we obtain that∫
ρθ2(1+θq)dx+

∫ T

0

∫
κ2θ2

xdxdt

≤C
∫ T

0

(∫
u2
xdx

)2

dt+C

∫ T

0

(∫
w2
xdx

)2

dt+C

∫ T

0

(∫
w2dx

)2

dt

+C

∫ T

0

‖θ‖2L∞

∫
u2
xdxdt+C. (3.14)

Using (3.11), (3.12), (3.14), Lemma 3.4 and the Grönwall inequality, we complete the
proof.

Lemma 3.6. Under the conditions of Theorem 3.1, it holds that

sup
0≤t≤T

∫ (
ρ2
x+ρ2

t

)
dx+

∫
QT

u2
xxdxdt≤C,∫

QT

w2
xxdxdt≤C.

Proof. The proof of the first inequality is the same as in the Lemma 3.6 in [29].
We prove the second. By (1.2)3 and the L2-estimates, we have∫

w2
xxdx≤C

∫
ρw2

t dx+C

(∫
w2
xdx

)2

+C

∫
w2dx≤C.

Integrating it over [0,t] and using Lemmas 3.4-3.5, we get the second inequality.

Lemma 3.7. Under the conditions of Theorem 3.1, it holds that

sup
0≤t≤T

∫ (
ρu2

t +ρw2
t +(1+θq)2θ2

x

)
dx+

∫
QT

(
u2
xt+w2

xt+w2
t +ρ(1+θq)θ2

t

)
dxdt≤C.

Proof. Differentiating (1.2)2 with respect to t, we have

ρutt+ρtut+ρtuux+ρutux+ρuuxt+Pxt=µ1uxxt. (3.15)
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Multiplying (3.15) by ut and integrating the resulting equation over I, we have

1

2

d

dt

∫
ρu2

tdx+µ1

∫
u2
xtdx

=−2

∫
ρuutuxtdx−

∫
ρtuuxutdx−

∫
ρu2

tuxdx+

∫
Ptuxtdx

≤2‖√ρut‖L2‖√ρu‖L∞‖uxt‖L2 +‖ut‖L∞‖u‖L∞‖ρt‖L2‖ux‖L2 +‖ux‖L∞

∫
ρu2

tdx

+‖θ‖L∞‖ρt‖L2‖uxt‖L2 +‖ρθt‖L2‖uxt‖L2

≤ µ1

2
‖uxt‖2L2 +C‖√ρut‖2L2 +C‖uxx‖2L2‖

√
ρut‖2L2 +C‖ρθt‖2L2 +‖θ‖2L∞ +C.

Here we have used (1.2)1 and Lemmas 2.2, 3.2, 3.5-3.6.
Using integration by parts, the Hölder inequality, the Cauchy inequality, the Sobolev

inequality, Lemmas 2.2, 3.2, 3.5 and 3.6, we have

d

dt

∫
ρu2

tdx+µ1

∫
u2
xtdx

≤C‖√ρut‖2L2 +C‖uxx‖2L2‖
√
ρut‖2L2 +C‖ρθt‖2L2 +‖θ‖2L∞ +C. (3.16)

Integrating (3.16) over (0,t), and using Lemmas 3.4-3.5, we have∫
ρu2

tdx+µ1

∫ T

0

∫
u2
xtdxdt

≤
∫
ρu2

tdx

∣∣∣∣
t=0

+C

∫ T

0

∫
u2
xxdx

∫
ρu2

tdxdt+C

∫ T

0

∫
ρθ2
t dxdt+‖θ‖2L∞ +C. (3.17)

Multiplying (1.2)2 by (
√
ρ)−1, taking t→0+, and using (3.1) and (3.2), we have

|ρu2
t (x,0)|≤

∣∣uδ0xx−P (ρδ0,θ
δ
0)x
∣∣√

ρδ0
+
√
ρδ0
∣∣uδ0uδ0x∣∣

=

∣∣√ρ0g1

∣∣√
ρδ0

+
√
ρδ0
∣∣uδ0uδ0x∣∣

≤|g1|+C,

which implies ∫
ρu2

t (x,0)dx≤C. (3.18)

Substituting (3.18) into (3.17), we have∫
ρu2

tdx+µ1

∫ T

0

∫
u2
xtdxdt

≤C
∫ T

0

∫
u2
xxdx

∫
ρu2

tdxdt+C

∫ T

0

∫
ρθ2
t dxdt+‖θ‖2L∞ +C. (3.19)

Differentiating (1.2)3 with respect to t, we have

ρwtt+ρtwt+ρtuwx+ρutwx+ρuwxt+2ξwt=µ2wxxt. (3.20)
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Multiplying (3.20) by wt and integrating the resulting equation over I, we have

1

2

d

dt

∫
ρw2

t dx+µ2

∫
w2
xtdx+2ξ

∫
w2
t dx

=−2

∫
ρuwtwxtdx−

∫
ρtuwxwtdx−

∫
ρutwxwtdx

≤2‖√ρwt‖L2‖√ρu‖L∞‖wxt‖L2 +‖wt‖L∞‖u‖L∞‖ρt‖L2‖wx‖L2

+‖wx‖L∞‖√ρut‖L2‖√ρwt‖L2

≤ µ2

2
‖wxt‖2L2 +C

(
‖wxx‖2L2 +1

)(
‖√ρwt‖2L2 +‖√ρwt‖2L2

)
+C.

Similar to (3.19), we have∫
ρw2

t dx+

∫ T

0

∫
w2
xtdxdt+

∫ T

0

∫
w2
t dxdt

≤C
∫ T

0

∫
w2
xxdx

∫
ρu2

tdxdt+C

∫ T

0

∫
w2
xxdx

∫
ρw2

t dxdt+C. (3.21)

Multiplying (1.2)4 by κθt, integrating the resulting equation over I, and using integra-
tion by parts, Lemmas 2.2, 3.2 and 3.5, and the Cauchy inequality, we have, for suitably
small ε>0,∫

ρκθ2
t dx+

1

2

d

dt

∫
κ2θ2

xdx

=

∫
κθtu

2
xdx+

∫
κθtw

2
xdx+

∫
κθtw

2dx−
∫
κρuθxθtdx−

∫
κρθuxθtdx

≤ 1

2

∫
ρκθ2

t dx+
d

dt

(∫
u2
x

∫ θ

0

κ(τ)dτdx+

∫
w2
x

∫ θ

0

κ(τ)dτdx+

∫
w2

∫ θ

0

κ(τ)dτdx

)

−2

∫
uxuxt

∫ θ

0

κ(τ)dτdx−2

∫
wxwxt

∫ θ

0

κ(τ)dτdx−2

∫
wwt

∫ θ

0

κ(τ)dτdx

+

∫
ρκ(θ2 +θ2

x)dx

≤ 1

2

∫
ρκθ2

t dx+
d

dt

(∫
u2
x

∫ θ

0

κ(τ)dτdx+

∫
w2
x

∫ θ

0

κ(τ)dτdx+

∫
w2

∫ θ

0

κ(τ)dτdx

)

+ε

∫
u2
xtdx+ε

∫
w2
xtdx+C

∫
(1+θq)2θ2

xdx+C. (3.22)

Integrating (3.22) over [0,T ], and using Lemmas 2.2, 3.5-3.6 and the Cauchy inequality,
we obtain ∫ T

0

∫
ρ(1+θq)θ2

t dxdt+

∫
(1+θq)2θ2

xdx

≤C

[∫
u2
x

∫ θ

0

κ(τ)dτdx+

∫
w2
x

∫ θ

0

κ(τ)dτdx+

∫
w2

∫ θ

0

κ(τ)dτdx

]T
0

+

∫
(1+θq)2θ2

xdx

∣∣∣∣
t=0

+Cε

∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C
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≤C‖(1+θq)θ‖L∞ +Cε

∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C

≤C‖(1+θq)θx‖L2 +Cε

∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C

≤ 1

2

∫
(1+θq)2θ2

xdx+Cε

∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C.

Then, we have ∫ T

0

∫
ρ(1+θq)θ2

t dxdt+

∫
(1+θq)2θ2

xdx

≤Cε
∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C. (3.23)

By (3.19), (3.21) and (3.23), choosing suitably small ε>0, using the Grönwall inequality
and Lemma 3.6, we complete the proof of Lemma 3.7.

With Corollary 2.1, Lemmas 3.1-3.7, one can easily derive the following estimates
of the solution (ρ,u,w,θ) in a similar manner as those obtained in [29]. More precisely,
we get the following proposition.

Proposition 3.1. Under the conditions of Theorem 3.1, it holds that

‖θ‖L∞(QT )≤C,

‖u‖W 1,∞(QT ) +‖w‖W 1,∞(QT ) + sup
0≤t≤T

∫ (
u2
xx+w2

xx

)
dx+

∫
QT

θxxdxdt≤C,

‖ρ‖W 1,∞(QT ) +‖ρt‖L∞(QT ) + sup
0≤t≤T

∫ (
ρ2
xx+ρ2

xt

)
dx+

∫
QT

(
ρ2
tt+u2

xxx

)
dxdt≤C.

Lemma 3.8. Under the conditions of Theorem 3.1, it holds that

sup
0≤t≤T

∫
ρθ2
t dx+

∫
QT

|[(1+θq)θx]t|2dxdt≤C.

Proof. Differentiating (1.2)4 with respect to t, we have

ρθtt+ρtθt+(ρuθx)t+(ρθux)t= 2µ1uxuxt+2µ2wxwxt+4ξwwt+(κθx)xt. (3.24)

Similar to [29], multiplying (3.24) by κθt, integrating over I, and using integration by
parts, (1.2)1, Proposition 3.1, Lemmas 2.1, 3.2, and the Hölder inequality, we have

d

dt

∫
ρκθ2

t dx+

∫
|[(1+θq)θx]t|2dx

≤C
∫
θ2
xxdx+C

(∫
ρθ2
t dx

)2

+C

(∫
u2
xtdx+

∫
w2
xtdx+

∫
w2
t dx

)
+C. (3.25)

Integrating (3.25) over [0,T ], using Proposition 3.1, we obtain∫
ρθ2
t dx+

∫ T

0

∫
|[(1+θq)θx]t|2dxdt≤

∫
ρκθ2

t dx

∣∣∣∣
t=0

+C

∫ T

0

(∫
ρθ2
t dx

)2

dt+C. (3.26)
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From [29], we have ∫
ρκθ2

t dx

∣∣∣∣
t=0

≤C
∫
g2

2dx+C

∫
θ2

0xxdx+C≤C. (3.27)

Substituting (3.27) into (3.26), using the Grönwall inequality and Proposition 3.1, we
complete this proof.

With the help of Lemmas 3.1-3.8 and Proposition 3.1, one can easily derive the
following estimates of the solution (ρ,u,w,θ) in a similar manner as those obtained
in [29].

Proposition 3.2. Under the conditions of Theorem 3.1, it holds that∫ T

0

‖θt‖L∞dt≤C,∫
QT

θ2
xtdxdt≤C,

‖θ‖W 1,∞(QT ) + sup
0≤t≤T

∫
θ2
xxdx+

∫
QT

θ2
xxxdxdt≤C,

‖(√ρ)x‖L∞(QT ) +‖(√ρ)t‖L∞(QT )≤C.

Lemma 3.9. Under the conditions of Theorem 3.1, it holds that

sup
0≤t≤T

∫
ρ2|(κθx)t|2dx+

∫
QT

ρ3θ2
ttdxdt≤C.

Proof. Multiplying (3.24) by ρ2(κθt)t, using integration by parts, Propositions
3.1-3.2 and the Cauchy inequality, we have

d

dt

∫
ρ2|(κθx)t|2dx+

∫
ρ3θ2

ttdx

≤C
∫
|(κθx)t|2dx+C

∫
θ2
xtdx+C

(∫
u2
xtdx+

∫
w2
xtdx+

∫
w2
t dx

)
+C‖θt‖L∞ +C. (3.28)

Integrating (3.28) on [0,T ], by (1.6), (1.8), Lemmas 3.7, 3.8, Propositions 3.1-3.2 and
the Young inequality, we have∫

ρ2|(κθx)t|2dx+

∫ T

0

∫
ρ3θ2

ttdxdt≤
∫
ρ2|(κθx)t|2dx

∣∣∣∣
t=0

+C.

By [29],
∫
ρ2|(κθx)t|2dx

∣∣
t=0
≤C. Then we complete the proof.

With the help of Lemmas 3.1-3.9, and Propositions 3.1-3.2, one can easily derive
the estimates of the solution (ρ,u,w,θ) in a similar manner as those obtained in [29].

Proposition 3.3. Under the conditions of Theorem 3.1, it holds that

sup
0≤t≤T

∫ (
θ2
xxx+ρ2θ2

xt

)
dx≤C,
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sup
0≤t≤T

∫
ρ2u2

xtdx+

∫
QT

ρ3u2
ttdxdt≤C,

sup
0≤t≤T

∫
u2
xxxdx≤C.

From all the above estimates, we get

‖(√ρ)x‖L∞ +‖(√ρ)t‖L∞ +‖ρ‖H2 +‖ρt‖H1 +‖u‖H3 +‖ρut‖H1 +‖√ρut‖L2 +‖θ‖H3

+‖√ρθt‖L2 +‖ρθt‖H1 +

∫
QT

(
u2
xt+ρ2

tt+θ2
t +θ2

xt+ρ3u2
tt+ρ3θ2

tt

)
dxdt≤C. (3.29)

Corollary 3.1. Under the conditions of Theorem 3.1, there exists a positive constant
Cδ depending on δ such that for any (x,t)∈QT , it holds that,{

ρ≥ δ
C >0,

θ≥Cδ>0.

Proof. The proof is the same as in the Corollary 3.9 in [29].

Then from (3.29), the above lemmas and corollary, we have

sup
0≤t≤T

(‖ρ‖H2 +‖ρt‖H1 +‖u‖H3 +‖ut‖H1 +‖w‖H3 +‖wt‖H1 +‖θ‖H3 +‖ρθt‖H1)

+

∫
QT

(
u2
xt+u2

xxt+w2
xt+w2

xxt+ρ2
tt+θ2

t +θ2
xt+θ2

xxt+u2
tt+w2

tt+θ2
tt

)
dxdt

≤C(δ). (3.30)

With (3.30), we complete the proof of Theorem 3.1.

Proof. (Proof of Theorem 1.1.) Consider (1.2)-(1.4) with initial data replaced by
(ρδ0,u

δ
0,w

δ
0,θ

δ
0). We obtain from Theorem 3.1 that there exists the solution (ρδ,uδ,wδ,θδ),

such that (3.29) and (3.30) are valid when we replace (ρ,u,w,θ) by (ρδ,uδ,wδ,θδ). With
the estimates uniform for δ, we take δ→0+ (take the subsequence if necessary) to get
a solution to (1.2)-(1.4) still denoted by (ρ,u,w,θ) which satisfies (3.29) by the lower
semicontinuity of the norms. This proves Theorem 1.1.

4. Proof of Theorem 1.2
In this section, we prove Theorem 1.2 by the same method as in Section 3.
Denote ρδ0 =ρ0 +δ and θδ0 =θ0 +δ for δ∈ (0,1). Throughout this section, we denote

C to be a generic constant depending on ρ0,u0,w0,θ0,T and some other known constants
but independent of δ for any δ∈ (0,1).

For any given δ∈ (0,1), let uδ0, wδ0 be the solution to the following elliptic equations:
µ1u

δ
0xx−P δ0x=

√
ρ0g1,

µ2w
δ
0xx−2ξwδ0 =

√
ρ0g2,

uδ0|x=0,1 = 0, wδ0|x=0,1 = 0.

(4.1)

Since ρδ0 =ρ0 +δ∈H2, θδ0 =θ0 +δ∈H3 and
√
ρ0g1,

√
ρ0g2∈H1

0 , by the elliptic theory,
(1.11) and (4.1), we have uδ0,w

δ
0 ∈H1

0 ∩H3 and{
uδ0→u0, w

δ
0→u0, in H3 as δ→0+,

‖uδ0−u0‖H2 ≤Cδ, ‖wδ0−w0‖H2 ≤Cδ.
(4.2)
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The boundary conditions of θδ is

(θδx−aθδ)(0,t) =−aδ, (θδx+bθδ)(1,t) = bδ, (4.3)

Before proving Theorem 1.2, we need the following auxiliary theorem to construct
a sequence of approximate solutions, which is the same as in Theorem 3.1.

Theorem 4.1. Consider the same assumptions as in Theorem 1.2. Then for any
given δ∈ (0,1), there exists a global solution (ρ,u,w,θ) to (1.2)-(1.4) with initial data
replaced by (ρδ0,u

δ
0,w

δ
0,θ

δ
0), such that for any T >0,

ρ∈C([0,T ];H2), ρt∈C([0,T ];H1), ρtt∈L2(0,T ;L2), ρ≥ δ
C >0,

(u,w)∈C([0,T ];H1
0 ∩H3), (ut,wt)∈C([0,T ];H1

0 )∩L2(0,T ;H2),

(utt,wtt)∈L2(0,T ;L2), θ∈C([0,T ];H3), θ≥Cδ>0,

θt∈C([0,T ];H1)∩L2(0,T ;H2), θtt∈L2(0,T ;L2),

where Cδ is a constant depending on δ.

For any given T ∈ (0,+∞), let (ρ,u,w,θ) be the solution to (1.2)-(1.4) as in Theorem
4.1. Then we have the following lemmas.

Lemma 4.1. Under the conditions of Theorem 4.1, it holds that for any 0≤ t≤T∫
ρdx=

∫
ρ0dx, (4.4)∫

ρ
(
θ+u2 +w2

)
dx+

∫ T

0

[aκ1(1+θq)θ(0,t)+bκ1(1+θq)θ(1,t)]dt≤C. (4.5)

Proof. Integrating (1.1)1 and (1.1)4 over I× [0,t], using (1.6) and the boundary
conditions (1.4), we have ∫

ρdx=

∫
ρ0dx,

and ∫
ρEdx=

∫
ρ0E0dx−

∫ t

0

[aκ(θ−δ)(0,s)+bκ(θ−δ)(1,s)]ds,

then we have ∫
ρEdx+

∫ T

0

[aκ1(1+θq)θ(0,t)+bκ1(1+θq)θ(1,t)]dt

≤
∫
ρ0E0dx+δ

∫ T

0

[aκ2(1+θq)(0,t)+bκ2(1+θq)(1,t)]dt.

Using the Young inequality to the last term in the above inequality, then we have (4.5).

Similar to Lemma 3.2, we give the following lemma.

Lemma 4.2. Under the conditions of Theorem 4.1, it holds that for any (x,t)∈QT ,

0<ρ≤C and θ>0.
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Lemma 4.3. Under the conditions of Theorem 4.1, there exists α∈ (0,1),∫
QT

(
u2
x

θα
+
w2
x

θα
+
w2

θα
+

(1+θq)θ2
x

θ1+α

)
dxdt≤C,

where C may depend on α.

Proof. Multiplying (1.2)4 by θ−α, integrating the resulting equation over QT , and
using integration by parts, we have∫ T

0

∫ (
µ1u

2
x

θα
+
µ2w

2
x

θα
+

2ξw2

θα
+
ακθ2

x

θ1+α

)
dxdt+

∫ T

0

κθx
θα

∣∣∣∣∣
1

0

dt

=
1

1−α

∫
ρθ1−αdx

∣∣∣∣T
0

+

∫ T

0

∫
ρθ1−αuxdxdt

≤C+
µ1

2

∫ T

0

∫
u2
x

θα
dxdt+C

∫ T

0

∫
ρ2θ2−αdxdt

≤C+
µ1

2

∫ T

0

∫
u2
x

θα
dxdt+C

∫ T

0

‖θ‖1−αL∞ dt, (4.6)

where we have used the Cauchy inequality, Lemmas 4.1 and 4.2. From (1.4), we have∫ T

0

κθx
θα

∣∣∣∣∣
1

0

dt=−
∫ T

0

[
bκ(θ−δ)

θα
(1,t)+

aκ(θ−δ)
θα

(0,t)

]
dt. (4.7)

From (4.6), (4.7) and the Young inequality, we have∫ T

0

∫ (
µ1u

2
x

θα
+
µ2w

2
x

θα
+

2ξw2

θα
+
ακθ2

x

θ1+α

)
dxdt+δ

∫ T

0

[
bκ

θα
(1,t)+

aκ

θα
(0,t)

]
dt

≤
∫ T

0

[
bκθ1−α(1,t)+aκθ1−α(0,t)

]
dt+

µ1

2

∫ T

0

∫
u2
x

θα
dxdt+C

∫ T

0

‖θ‖1−αL∞ dt+C

≤C
∫ T

0

[(1+θq)θ(0,t)+(1+θq)θ(1,t)]dt+
µ1

2

∫ T

0

∫
u2
x

θα
dxdt+C

∫ T

0

‖θ‖1−αL∞ dt+C.

(4.8)

Equations (4.8) and (4.5) yield∫ T

0

∫ (
µ1u

2
x

2θα
+
µ2w

2
x

θα
+

2ξw2

θα
+
ακθ2

x

θ1+α

)
dxdt≤C

∫ T

0

‖θ‖1−αL∞ dt+C.

The rest is the same as in Lemma 3.3. Then we complete the proof of this lemma.

Lemma 4.4. Under the conditions of Theorem 4.1, it holds that∫ T

0

‖θ‖q+1−α
L∞ dt≤C,

sup
0≤t≤T

∫
ρu2dx+

∫
QT

u2
xdxdt≤C,

sup
0≤t≤T

∫
ρw2dx+

∫
QT

(
w2 +w2

x

)
dxdt≤C.
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Proof. The proof of this is same as that of Lemma 3.4.

Lemma 4.5. Under the conditions of Theorem 4.1, it holds that

sup
0≤t≤T

∫ (
u2
x+w2

x+w2 +ρθ2(1+θq)
)
dx+

∫
QT

(
ρu2

t +ρw2
t +(1+θq)2θ2

x

)
dxdt≤C.

Proof. Similar to (3.8), we get∫
ρu2

tdx+µ1
d

dt

∫
u2
x≤C

(∫
u2
xdx

)2

+2
d

dt

∫
Puxdx−

d

dt

∫
P 2dx−2

∫
Pt(ux−P )dx.

Using (1.2) and integration by parts, we have

−2

∫
Pt(ux−P )dx=−2

∫
(ρθ)t(ux−P )dx

=−2

∫ [
(κθx)x+u2

x−(ρuθ)x−ρθux
]
(ux−P )dx

=−2κθx(ux−P )
∣∣1
0

+2

∫
κθx(uxx−Px)dx−2

∫
u2
x(ux−P )dx

−2

∫
ρuθ(uxx−Px)dx+2

∫
ρθux(ux−P )dx

,
5∑
i=1

Ji.

By (1.2), (1.4), (2.2)-(2.4) and the Young inequality, we estimate the right-hand side of
the first term of above equality as follows:

|J1|= 2|{κθx [ux−P ](1,t)−κθx [ux−P ](0,t)}|
= 2|{bκ(θ−δ)[ux−P ](1,t)+aκ(θ−δ)[ux−P ](0,t)}|
≤C(a+b)‖ux−P‖L∞‖(1+θq)(θ−δ)‖L∞

≤C(a+b)‖ux−P‖L∞ (‖κθx‖L2 +1)

≤C(a+b)(‖ux−P‖L1 +‖ρut+ρuux‖L1)(‖κθx‖L2 +1)

≤C(a+b)(‖κθx‖L2 +1)

(∫
uxdx+

∫
Pdx+

∫
ρutdx+

∫
ρuuxdx

)
≤C(a+b)(‖κθx‖L2 +1)

[(∫
u2
xdx

)2

+

∫
ρθ2dx+

∫
ρu2

tdx+‖u‖2L∞

∫
u2
xdx+1

]

≤ 1

10

∫
ρu2

tdx+C

(∫
u2
xdx

)2

+

∫
ρθ2dx+C(a+b)2

(
‖κθx‖2L2 +1

)
+C,

Then, combining Lemma 3.5, we get∫ T

0

∫
ρu2

tdxdt+µ1

∫
u2
xdx≤C

∫ T

0

(
1+‖θ‖2L∞

)∫
u2
xdxdt+C

∫ T

0

(∫
u2
xdx

)2

dt

+C

∫ T

0

∫
κ2θ2

xdxdt+C‖θ‖L∞ +C, (4.9)
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and ∫ T

0

∫
ρw2

t dxdt+

∫ (
µ2w

2
x+2ξw2

)
dx

≤C
∫ T

0

(∫
u2
xdx

)2

dt+C

∫ T

0

(∫
w2
xdx

)2

dt. (4.10)

Multiplying (1.2)4 by
∫ θ

0
κ(τ)dτ , integrating over I, and using integration by parts, we

have

d

dt

∫
ρ

∫ θ

0

∫ y

0

κ(τ)dydτdx+

∫
κ2θ2

xdx−

[
κθx

∫ θ

0

κ(τ)dτ

]1

0

=µ1

∫
u2
x

∫ θ

0

κ(τ)dτdx+µ2

∫
w2
x

∫ θ

0

κ(τ)dτdx+2ξ

∫
w2

∫ θ

0

κ(τ)dτdx

−
∫
ρθux

∫ θ

0

κ(τ)dτdx

≤C‖κθ‖L∞

(∫
u2
xdx+

∫
w2
xdx+

∫
w2dx+

∫
ρθuxdx

)
≤C (‖κθx‖L2 +1)

(∫
u2
xdx+

∫
w2
xdx+

∫
w2dx+

∫
ρθuxdx

)
. (4.11)

From (1.4), we have[
κθx

∫ θ

0

κ(τ)dτ

]1

0

=−b

(
κ(θ−δ)

∫ θ

0

κ(τ)dτ

)
(1,t)−a

(
κ(θ−δ)

∫ θ

0

κ(τ)dτ

)
(0,t).

Then, from (4.11), we get

d

dt

∫
ρθ

∫ θ

0

κ(τ)dτdx+

∫
κ2θ2

xdx+b

(
κθ

∫ θ

0

κ(τ)dτ

)
(1,t)+a

(
κθ

∫ θ

0

κ(τ)dτ

)
(0,t)

≤C (‖κθx‖L2 +1)

(∫
u2
xdx+

∫
w2
xdx+

∫
w2dx+

∫
ρθuxdx

)
+δb

(
κ

∫ θ

0

κ(τ)dτ

)
(1,t)+δa

(
κ

∫ θ

0

κ(τ)dτ

)
(0,t).

By (1.6), we can deduce that

d

dt

∫
ρθ

∫ θ

0

κ(τ)dτdx+

∫
κ2θ2

xdx+
b

q+1
κ2

1 (1+θq)
2
θ2(1,t)+

a

q+1
κ2

1 (1+θq)
2
θ2(0,t)

≤
∫
u2
x

∫ θ

0

κ(τ)dτdx−
∫
ρθux

∫ θ

0

κ(τ)dτdx+δbκ2
2 (1+θq)

2
θ(1,t)+δaκ2

2 (1+θq)
2
θ(0,t)

≤C (‖κθx‖L2 +1)

(∫
u2
xdx+

∫
w2
xdx+

∫
w2dx+

∫
ρθuxdx

)
+δbκ2

2 (1+θq)
2
θ(1,t)+δaκ2

2 (1+θq)
2
θ(0,t)

≤ 1

2
‖κθx‖2L2 +C

(∫
u2
xdx

)2

+C

(∫
w2
xdx

)2

+C

(∫
w2dx

)2

+C

∫
ρ2θ2u2

xdx
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+δbκ2
2 (1+θq)

2
θ(1,t)+δaκ2

2 (1+θq)
2
θ(0,t)+C

≤ 1

2
‖κθx‖2L2 +C

(∫
u2
xdx

)2

+C

(∫
w2
xdx

)2

+C

(∫
w2dx

)2

+C‖θ‖2L∞

∫
u2
xdx

+δbκ2
2 (1+θq)

2
θ(1,t)+δaκ2

2 (1+θq)
2
θ(0,t)+C. (4.12)

Using the Young inequality, we obtain from (4.12) that∫
ρθ2(1+θq)dx+

∫ T

0

∫
κ2θ2

xdxdt

≤C
∫ T

0

(∫
u2
xdx

)2

dt+C

∫ T

0

(∫
w2
xdx

)2

dt+C

∫ T

0

(∫
w2dx

)2

dt

+C

∫ T

0

‖θ‖2L∞

∫
u2
xdxdt+C. (4.13)

Using (4.9), (4.10), (4.13), Lemma 4.4 and the Grönwall inequality, we complete the
proof.

Lemma 4.6. Under the conditions of Theorem 4.1, it holds that

sup
0≤t≤T

∫ (
ρ2
x+ρ2

t

)
dx+

∫
QT

u2
xxdxdt≤C,∫

QT

w2
xxdxdt≤C.

Proof. The proof of this lemma is the same as in Lemma 3.6.

Lemma 4.7. Under the conditions of Theorem 4.1, it holds that

sup
0≤t≤T

∫ (
ρu2

t +ρw2
t +(1+θq)2θ2

x

)
dx+

∫
QT

(
u2
xt+w2

xt+w2
t +ρ(1+θq)θ2

t

)
dxdt≤C.

Proof. From Lemma 3.7, we have∫
ρu2

tdx+

∫ T

0

∫
u2
xtdxdt

≤C
∫ T

0

∫
u2
xxdx

∫
ρu2

tdxdt+C

∫ T

0

∫
ρθ2
t dxdt+‖θ‖2L∞ +C, (4.14)

and ∫
ρw2

t dx+

∫ T

0

∫
w2
xtdxdt+

∫ T

0

∫
w2
t dxdt

≤C
∫ T

0

∫
w2
xxdx

∫
ρu2

tdxdt+C

∫ T

0

∫
w2
xxdx

∫
ρw2

t dxdt+C. (4.15)

Multiplying (1.2)4 by κθt, integrating the resulting equation over I, and using integra-
tion by parts, Lemmas 2.2, 4.2 and 4.5, and the Cauchy inequality, we have, for suitably
small ε>0,∫

ρκθ2
t dx+

1

2

d

dt

∫
κ2θ2

xdx
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=κ2θxθt
∣∣1
0

+

∫
κθtu

2
xdx+

∫
κθtw

2
xdx+

∫
κθtw

2dx−
∫
κρuθxθtdx−

∫
κρθuxθtdx

≤ d

dt

(∫
u2
x

∫ θ

0

κ(τ)dτdx+

∫
w2
x

∫ θ

0

κ(τ)dτdx+

∫
w2

∫ θ

0

κ(τ)dτdx

)

+
1

2

∫
ρκθ2

t dx−2

∫
uxuxt

∫ θ

0

κ(τ)dτdx−2

∫
wxwxt

∫ θ

0

κ(τ)dτdx

−2

∫
wwt

∫ θ

0

κ(τ)dτdx+

∫
ρκ(θ2 +θ2

x)dx+κ2θxθt
∣∣1
0

≤ d

dt

(∫
u2
x

∫ θ

0

κ(τ)dτdx+

∫
w2
x

∫ θ

0

κ(τ)dτdx+

∫
w2

∫ θ

0

κ(τ)dτdx

)

+
1

2

∫
ρκθ2

t dx+ε

∫
u2
xtdx+ε

∫
w2
xtdx+C

∫
(1+θq)2θ2

xdx+κ2θxθt
∣∣1
0

+C. (4.16)

From (1.4), we have

κ2θxθt
∣∣1
0

=κ2θxθt(1,t)−κ2θxθt(0,t)

=−bκ2(θ−δ)θt(1,t)−aκ2(θ−δ)θt(0,t)
=−bκ2(θ−δ)θt(1,t)−aκ2(θ−δ)θt(0,t)+bδκ2θt(1,t)−aδκ2θt(0,t).

Integrating the above equality over (0,t), using the Young inequality, choosing δ>0
small suitably, we have

−
∫ t

0

κ2θxθt(x,s)
∣∣1
0
ds

≥Cb
[
θ2 +θq+2 +θ2q+2

]
(1,t)+Ca

[
θ2 +θq+2 +θ2q+2

]
(0,t)

−Cb
[
θ2 +θq+2 +θ2q+2

]
(1,0)−Ca

[
θ2 +θq+2 +θ2q+2

]
(0,0)−C

≥Cb
[
θ2 +θq+2 +θ2q+2

]
(1,t)+Ca

[
θ2 +θq+2 +θ2q+2

]
(0,t)−C. (4.17)

Integrating (4.16) over (0,t), and using Lemmas 2.2, 3.5-3.6, (4.17) and the Cauchy
inequality, we obtain∫ T

0

∫
ρ(1+θq)θ2

t dxdt+

∫
(1+θq)2θ2

xdx

+Cb
[
θ2 +θq+2 +θ2q+2

]
(1,T )+Ca

[
θ2 +θq+2 +θ2q+2

]
(0,T )

≤C

[∫
u2
x

∫ θ

0

κ(τ)dτdx+

∫
w2
x

∫ θ

0

κ(τ)dτdx+

∫
w2

∫ θ

0

κ(τ)dτdx

]T
0

+

∫
(1+θq)2θ2

xdx

∣∣∣∣
t=0

+Cε

∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C

≤C‖(1+θq)θ‖L∞ +Cε

∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C

≤C‖(1+θq)θx‖L2 +Cε

∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C

≤ 1

2

∫
(1+θq)2θ2

xdx+Cε

∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C.
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Because the third and fourth terms on the left-hand side are positive, then we have∫ T

0

∫
ρ(1+θq)θ2

t dxdt+

∫
(1+θq)2θ2

xdx

≤Cε
∫ T

0

∫
u2
xtdxdt+Cε

∫ T

0

∫
w2
xtdxdt+C. (4.18)

By (4.14), (4.15) and (4.18), choosing suitably small ε>0, using Grönwall inequality
and Lemma 3.6, we complete the proof of Lemma 4.7.

Like Proposition 3.1, we get the following proposition.

Proposition 4.1. Under the conditions of Theorem 4.1, it holds that

‖θ‖L∞(QT )≤C,

‖u‖W 1,∞(QT ) +‖w‖W 1,∞(QT ) + sup
0≤t≤T

∫ (
u2
xx+w2

xx

)
dx+

∫
QT

θxxdxdt≤C,

‖ρ‖W 1,∞(QT ) +‖ρt‖L∞(QT ) + sup
0≤t≤T

∫ (
ρ2
xx+ρ2

xt

)
dx+

∫
QT

(
ρ2
tt+u2

xxx

)
dxdt≤C.

Lemma 4.8. Under the conditions of Theorem 4.1, it holds that

sup
0≤t≤T

∫
ρθ2
t dx+

∫
QT

|[(1+θq)θx]t|2dxdt≤C.

Proof. Multiplying (3.24) by κθt, integrating over I, and using integration by
parts, (1.2)1, Proposition 4.1, Lemmas 2.1, 4.2, and the Hölder inequality, we have

d

dt

∫
ρκθ2

t dx+

∫
|[(1+θq)θx]t|2dx

≤ [(κθx)tκθt]
1
0 +C

∫
θ2
xxdx+C

(∫
ρθ2
t dx

)2

+C

(∫
u2
xtdx+

∫
w2
xtdx+

∫
w2
t dx

)
+C. (4.19)

The first term in the right-hand side can be estimated as follows:

[(κθx)tκθt]
1
0=κ[(κθx)tθt](1,t)−κ[(κθx)tθt](0,t)

=−bκ[(κ(θ−δ))tθt](1,t)−aκ [(κ(θ−δ))tθt](0,t)
=−b(κ′θ+κ)θ2

t (1,t)−a(κ′θ+κ)θ2
t (0,t)+bδκ′θ2

t (1,t)+aδκ′θ2
t (0,t). (4.20)

Then, from (4.19) and (4.20), we have

d

dt

∫
ρκθ2

t dx+

∫
|[(1+θq)θx]t|2dx+b(κ′θ+κ)θ2

t (1,t)+a(κ′θ+κ)θ2
t (0,t)

≤ bδκ′θ2
t (1,t)+aδκ′θ2

t (0,t)+C

∫
θ2
xxdx+C

(∫
ρθ2
t dx

)2

+C

(∫
u2
xtdx+

∫
w2
xtdx+

∫
w2
t dx

)
+C.
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Noticing that the third and the fourth term on the left-hand side of the above inequality
is nonnegative, by the Young inequality and Lemma 4.7, we have

d

dt

∫
ρκθ2

t dx+

∫
|[(1+θq)θx]t|2dx

≤C
∫
θ2
xxdx+C

(∫
ρθ2
t dx

)2

+C

(∫
u2
xtdx+

∫
w2
xtdx+

∫
w2
t dx

)
+C. (4.21)

Integrating (4.21) over [0,T ], using (4.20) and Proposition 4.1, we obtain∫
ρθ2
t dx+

∫ T

0

∫
|[(1+θq)θx]t|2dxdt≤

∫
ρκθ2

t dx

∣∣∣∣
t=0

+C

∫ T

0

(∫
ρθ2
t dx

)2

dt+C

≤C
∫ T

0

(∫
ρθ2
t dx

)2

dt+C. (4.22)

Using the Grönwall inequality and Proposition 4.1, we complete the proof.

Similar to Proposition 3.2, we have the following proposition.

Proposition 4.2. Under the conditions of Theorem 4.1, it holds that∫ T

0

‖θt‖L∞dt≤C,
∫
QT

θ2
xtdxdt≤C,

‖θ‖W 1,∞(QT ) + sup
0≤t≤T

∫
θ2
xxdx+

∫
QT

θ2
xxxdxdt≤C,

‖(√ρ)x‖L∞(QT ) +‖(√ρ)t‖L∞(QT )≤C.

Lemma 4.9. Under the conditions of Theorem 4.1, it holds that

sup
0≤t≤T

∫
ρ2|(κθx)t|2dx+

∫
QT

ρ3θ2
ttdxdt≤C.

Proof. Multiplying (3.24) by ρ2(κθt)t, using integration by parts, Propositions
4.1-4.2 and the Cauchy inequality, we have

d

dt

∫
ρ2|(κθx)t|2dx+

∫
ρ3θ2

ttdx

≤
[
ρ2(κθx)t(κθt)t

]1
0

+C

∫
|(κθx)t|2dx+C

∫
θ2
xtdx

+C

(∫
u2
xtdx+

∫
w2
xtdx+

∫
w2
t dx

)
+C‖θt‖L∞ +C. (4.23)

By (1.4), we have[
ρ2(κθx)t(κθt)t

]1
0
=−bρ2 [κ(θ−δ)]t (κθt)t (1,t)−aρ

2 [κ(θ−δ)]t (κθt)t (0,t)

,−bM(1,t)−aM(0,t),

where the function M(x,t) is defined as follows:

M(x,t) =ρ2
[
κκ′+(κ′)2θ

]
θ3
t +ρ2(κ2 +κκ′θ)θtθtt−δρ2(κ′)2θ3

t −δρ2κκ′θtθtt

,
d

dt

[
H(θ)θ2

t

]
+N(θ)θ3

t
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with H(θ) = 1
2ρ

2
[
κ2 +κκ′(θ−δ)

]
and

N(θ) =−1

2
ρ2
[
κκ′θt−(κ′)2(θ−δ)−κκ′′(θ−δ)

]
−2ρρt

[
κ2 +κκ′(θ−δ)

]
.

Then, from (4.23) and the definition of M , we have

d

dt

∫
ρ2|(κθx)t|2dx+

∫
ρ3θ2

ttdx+
d

dt

{
b
[
H(θ)θ2

t

]
(1,t)+a

[
H(θ)θ2

t

]
(0,t)

}
≤ bN(θ)θ3

t (1,t)+aN(θ)θ3
t (0,t)+C

∫
|(κθx)t|2dx

+C

∫
θ2
xtdx+C

(∫
u2
xtdx+

∫
w2
xtdx+

∫
w2
t dx

)
+C‖θt‖L∞ +C. (4.24)

Integrating (4.24) on [0,t], by (1.6), (1.11), Lemmas 4.7, 4.9, Propositions 4.1-4.2 and
the Young inequality, we have∫

ρ2|(κθx)t|2dx+

∫ T

0

∫
ρ3θ2

ttdxdt+
1

2
bρ2
[
κ2 +κκ′θ

]
θ2
t (1,t)+

1

2
aρ2
[
κ2 +κκ′θ

]
θ2
t (0,t)

≤C
∫ T

0

[
bN(θ)θ3

t (1,t)+aN(θ)θ3
t (0,t)

]
dt+

∫
ρ2|(κθx)t|2dx

∣∣∣∣
t=0

+b
[
H(θ)θ2

t

]
(1,0)+a

[
H(θ)θ2

t

]
(0,0)+

1

2
bδρ2κκ′θ2

t (1,t)+
1

2
aδρ2κκ′θ2

t (0,t)+C

≤C
∫ T

0

‖θt‖3L∞dt+

∫
ρ2|(κθx)t|2dx

∣∣∣∣
t=0

+
1

2
bδρ2κκ′θ2

t (1,t)+
1

2
aδρ2κκ′θ2

t (0,T )+C

≤
∫
ρ2|(κθx)t|2dx

∣∣∣∣
t=0

+
1

2
bδρ2κκ′θ2

t (1,t)+
1

2
aδρ2κκ′θ2

t (0,t)+C. (4.25)

Using the Young inequality, by (1.6), the Proposition 4.2, we deduce from (4.25) that∫
ρ2|(κθx)t|2dx+

∫ T

0

∫
ρ3θ2

ttdxdt≤
∫
ρ2|(κθx)t|2dx

∣∣∣∣
t=0

+C≤C.

Then we complete the proof.

Similar to Proposition 3.3, we get the following proposition.

Proposition 4.3. Under the conditions of Theorem 4.1, it holds that

sup
0≤t≤T

∫ (
θ2
xxx+ρ2θ2

xt

)
dx≤C,

sup
0≤t≤T

∫
ρ2u2

xtdx+

∫
QT

ρ3u2
ttdxdt≤C,

sup
0≤t≤T

∫
u2
xxxdx≤C.

From all the above estimates, we get

sup
0≤t≤T

(
‖(√ρ)

x
‖L∞ +‖(√ρ)

t
‖L∞ +‖ρ‖H2 +‖ρt‖H1 +‖u‖H3 +‖ρut‖H1 +‖

√
ρut‖L2

+‖θ‖H3 +‖
√
ρθt‖L2 +‖ρθt‖H1)+

∫
QT

(
u2
xt+ρ

2
tt+θ

2
t +θ

2
xt+ρ

3u2
tt+ρ

3θ2tt
)
dxdt≤C. (4.26)
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Corollary 4.1. Under the conditions of Theorem 4.1, there exists a positive constant
Cδ depending on δ such that for any (x,t)∈QT , it holds that,{

ρ≥ δ
C >0,

θ≥Cδ>0.

Then from (4.26), the above lemmas and corollaries, we have

‖ρ‖H2 +‖ρt‖H1 +‖u‖H3 +‖ut‖H1 +‖w‖H3 +‖wt‖H1 +‖θ‖H3 +‖ρθt‖H1

+

∫
QT

(
u2
xt+u2

xxt+w2
xt+w2

xxt+ρ2
tt+θ2

t +θ2
xt+θ2

xxt+u2
tt+w2

tt+θ2
tt

)
dxdt

≤C(δ). (4.27)

With (4.27), we complete the proof of Theorem 4.1.

Proof. (Proof of Theorem 1.2.) The proof is similar to that of Theorem 1.1.

5. Proof of Theorem 1.3
Assume that (ρa,b,ua,b,wa,b,θa,b) is the solution as in Theorem 1.2, and that

(ρ,u,w,θ) is the solution as in Theorem 1.1 and inf ρ̃0>0.
Denote ρ̄=ρ−ρa,b, ū=u−ua,b, w̄=w−wa,b, θ̄=θ−θa,b. Then we can obtain that

(ρ̄, ū,w̄, θ̄) satisfies the following system:

ρ̄t+(ρ̄u)x+(ρa,bū)x= 0,

ρūt+ ρ̄ua,bt +ρuūx+ρūua,bx + ρ̄ua,bua,bx +(ρθ̄+ ρ̄θa,b)x=µ1ūxx,

ρw̄t+ ρ̄wa,bt +ρuw̄x+ρūwa,bx + ρ̄ua,bwa,bx +2ξw̄=µ2w̄xx,

ρθ̄t+ ρ̄θa,bt +ρuθ̄x+ρūθa,bx + ρ̄ua,bθa,bx +ρθ̄ux+ρθa,būx+ ρ̄θa,bua,bx

=µ1ūx(ux+ua,bx )+µ2w̄x(wx+wa,bx )+2ξw̄(w+wa,b)+(κθ̄x)x+
((
κ−κa,b

)
θa,bx
)
x
.

(5.1)

Multiplying (5.1)1 by ρ̄, integrating over I, by (3.30) and (4.27), we have

1

2

d

dt

∫
|ρ̄|2dx=−1

2

∫
ρ̄2uxdx−

∫
ρa,bx ūρ̄dx−

∫
ρa,būxρ̄dx

≤C‖ux‖L∞‖ρ̄‖2L2 +‖ρa,bx ‖L2‖ū‖L∞‖ρ̄‖L2 +‖ρa,b‖L∞‖ūx‖L2‖ρ̄‖L2

≤ε1‖ūx‖2L2 +C(ε1)‖ρ̄‖2L2 , (5.2)

where we use the inequality ‖ū‖L∞ ≤C‖ūx‖L1 ≤C‖ūx‖L2 , which can be obtained by
(2.3) and the Hölder inequality.

Multiplying (5.1)2 by ū, integrating over I, by (3.30) and (4.27), we have

1

2

d

dt

∫
ρū2dx+µ1

∫
ū2
xdx

=−
∫
ρ̄ūua,bt dx−

∫
ρū2ua,bx dx−

∫
ρ̄ūua,bua,bx dx+

∫
ρθ̄ūxdx+

∫
ρ̄θa,būxdx

≤‖ρ̄‖L2‖ū‖L∞‖ua,bt ‖L2 +‖√ρū‖L2‖√ρ‖L∞‖ū‖L∞‖ua,bx ‖L2

+‖ρ̄‖L2‖ū‖L∞‖ua,b‖L∞‖ua,bx ‖L2 +‖√ρθ̄‖L2‖√ρ‖L∞‖ūx‖L2 +‖ρ̄‖L2‖θa,b‖L∞‖ūx‖L2

≤ε2‖ūx‖2L2 +C(ε2)
(
‖ρ̄‖2L2 +‖√ρū‖2L2 +‖√ρθ̄‖2L2

)
. (5.3)
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Multiplying (5.1)3 by w̄, integrating over I, by (3.30) and (4.27), we have

1

2

d

dt

∫
ρw̄2dx+µ2

∫
w̄2
xdx+2ξ

∫
w̄2dx

=−
∫
ρ̄w̄wa,bt dx−

∫
ρūw̄wa,bx dx−

∫
ρ̄w̄ua,bwa,bx dx

≤‖ρ̄‖L2‖w̄‖L∞‖wa,bt ‖L2 +‖√ρū‖L2‖√ρ‖L∞‖w̄‖L∞‖wa,bx ‖L2

+‖ρ̄‖L2‖w̄‖L∞‖ua,b‖L∞‖wa,bx ‖L2

≤ε2‖w̄x‖2L2 +C(ε2)
(
‖ρ̄‖2L2 +‖√ρū‖2L2

)
. (5.4)

Multiplying (5.1)4 by θ̄, integrating over I, by (3.30) and (4.27), we have

1

2

d

dt

∫
ρθ̄2dx+

∫
κθ̄2
xdx

=κθ̄xθ̄|10−
∫
ρ̄θ̄θa,bt dx−

∫
ρūθ̄θa,bx dx+

∫
ρ̄ua,bθ̄θa,bx dx−

∫
ρθ̄2uxdx

−
∫
ρθa,bθ̄ūxdx−

∫
ρ̄θa,bθ̄ua,bx dx+µ1

∫
ūx(ux+ua,bx )θ̄dx

+µ2

∫
w̄x(wx+wa,bx )θ̄dx+2ξ

∫
w̄(w+wa,b)θ̄dx+

∫ ((
κ−κa,b

)
θa,bx
)
x
θ̄dx

≤κθ̄θa,bx |10 +‖ρ̄‖L2‖θ̄‖L∞‖θa,bt ‖L2 +‖√ρū‖L2‖√ρθ̄‖L2‖θa,bx ‖L∞ +‖√ρθ̄‖2L2‖ux‖L∞

+‖ρ̄‖L2‖θ̄‖L∞‖ua,b‖L2‖θa,bx ‖L∞ +‖√ρθ̄‖L2‖ūx‖L2‖√ρ‖L∞‖θa,b‖L∞

+‖ρ̄‖L2‖θ̄‖L∞‖ua,bx ‖L2‖θa,b‖L∞ +C‖θ̄‖L∞‖ūx‖L2

(
‖ux‖L2 +‖ua,bx ‖L2

)
+C‖θ̄‖L∞‖w̄x‖L2

(
‖wx‖L2 +‖wa,bx ‖L2

)
+C‖θ̄‖L∞‖w̄‖L2

(
‖w‖L2 +‖wa,b‖L2

)
+Cmax{|κ′|,|(κa,b)′|}‖θ̄x‖L2‖θa,bx ‖L∞‖θ̄‖L2 +C

(
‖κ‖L∞ +‖κa,b‖L∞

)
‖θa,bxx ‖L2‖θ̄‖L2

≤ε3‖θ̄x‖2L2 +Cε3
(
‖ūx‖2L2 +‖w̄x‖2L2 +‖w̄‖2L2

)
+C‖θ̄‖2L2

+Cε3

(
‖θa,bt ‖2L2 +‖θa,bxt ‖L2 +1

)(
‖ρ̄‖2L2 +‖√ρū‖2L2 +‖√ρθ̄‖2L2

)
. (5.5)

Then, choosing suitably small ε1,ε2,ε3>0, we obtain from (5.2)-(5.5) that

d

dt

(
‖ρ̄‖2L2 +‖√ρū‖2L2 +‖√ρθ̄‖2L2

)
+

∫ (
ū2
x+ w̄2

x+ w̄2 +κθ̄2
x

)
dx

≤C
(
‖θa,bt ‖2L2 +‖θa,bxt ‖L2 +1

)(
‖ρ̄‖2L2 +‖√ρū‖2L2 +‖√ρθ̄‖2L2

)
+C‖√ρθ̄‖2L2 , (5.6)

where we have used that ρ is bounded away from zero since its initial data ρ̃0 is assumed
to be positive.

Using Grönwall inequality over (5.6), we complete the proof of Theorem 1.3.

6. Proof of Theorem 1.4
In terms of the local existence (Lemma 6.1), we can complete Theorem 1.4 by com-

bining the global a priori estimates with continuity arguments (cf. [6]). Therefore, in
this section we only need to achieve the global a priori estimates, and for this purpose
we assume that (ρ,u,w,θ) is the classical solution over [0,T ] for any T ∈ (0,∞). Ad-
ditionally, let C be a generic constant in this section and the next two sections which
depends only on T,µ1,µ2,ξ,κ,γ, the initial data, and ‖gi‖L2 ,‖(√ρ0gi)x‖L2 (i= 1,2,3),
but does not depend on a,b; we also use C(α) to emphasize that C relies upon α.

The first lemma is for the local well posedness of classical solutions.
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Lemma 6.1 (See [5–7]). Under the same assumptions given in Theorem 1.4, the
problem (1.2)-(1.4) has a unique classical solution (ρ,u,w,θ) over [0,T∗] for some (small)
time T∗>0 which satisfies the regularities (1.10).

For any given T ∈ (0,+∞), let (ρ,u,w,θ) be the solution to (1.2)-(1.4) as in Theorem
1.4. Then we have the following lemmas.

Lemma 6.2. Under the conditions of Theorem 1.4, it holds that for any 0≤ t≤T ,∫
ρdx=

∫
ρ0dx, (6.1)

∫
ρ

(
θ+

1

2
u2 +

1

2
w2

)
dx≤

∫
ρ0

(
θ0 +

1

2
u2

0 +
1

2
w2

0

)
dx,E0. (6.2)

Proof. The proof of this lemma is similar to that of Lemma 3.1.

Lemma 6.3. Under the conditions of Theorem 1.4, it holds that for any (x,t)∈QT ,

0≤ρ≤C and θ>0. (6.3)

Proof. The proof of this lemma is similar to that of Lemma 3.2.

Lemma 6.4. Given α> (γ−1)E0, there exists a sequence of (non-overlapping) intervals
Ωj in I such that for every t∈ [0,T ],

P (x,t)≤α, x∈ I \∪
j
Ωj and α≤ 1

|Ωj |

∫
Ωj

P (x,t)dx≤2α. (6.4)

Moreover, ∣∣∣∣∪jΩj

∣∣∣∣≤ (γ−1)E0
α

. (6.5)

Proof. The proof comes from P =ρθ and Lemmas 2.3, 6.2.

Lemma 6.5. Under the conditions of Theorem 1.4, it holds that,

sup
0≤t≤T

∫
ρ
(
u4 +w4 +θ2

)
dx+

∫ T

0

∫ (
µ1u

2u2
x+µ2w

2w2
x+κθ2

x+ξw4
)
dxdt≤C. (6.6)

Proof. Rewrite (1.1)4 as follows:

(ρE)t+(ρuE)x+(Pu)x=κExx−(µ1−κ)(uux)x−(µ2−κ)(wwx)x. (6.7)

Multiplying (6.7) by E, integrating by parts over I×(0,t), by (1.4), (6.1)-(6.3), (2.1)
and the Young inequality, it yields that∫

ρE2dx+κ

∫ T

0

∫
|Ex|2dxdt≤C+C

∫ T

0

∫ (
ρ2θ2u2 +u2u2

x+w2w2
x

)
dxdt.

On the other hand, we multiply (1.2)2 and (1.2)3 by u3 and w3, respectively, integrate
by parts over I×(0,t), to deduce that∫

ρu4dx+µ1

∫ T

0

∫
u2u2

xdxdt≤C+C

∫ T

0

∫
ρ2θ2u2dxdt,
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ρw4dx+µ2

∫ T

0

∫
w2w2

xdxdt+ξ

∫ T

0

∫
w4dxdt≤C.

From the last three inequalities, we have∫
ρ
(
u4 +w4 +θ2

)
dx+

∫ T

0

∫ (
µ1u

2u2
x+µ2w

2w2
x+κθ2

x+ξw4
)
dxdt

≤C+C

∫ T

0

∫
ρ2θ2u2dxdt

≤C+C

∫ T

0

∫
I\∪

j
Ωj

+

∫
∪
j
Ωj

ρ2θ2u2dxdt,C+A1 +A2, (6.8)

where the intervals Ωj are as in Lemma 6.4.
From (2.1), (6.1) and (6.2) that

max
x∈I

θ≤C
∫
|θx|dx+C

∫
ρθdx≤C+C

∫
|θx|dx. (6.9)

Together with (6.1), (6.2), (6.4), (6.9) and the Cauchy inequality, deduces

A1≤Cα
∫ T

0

∫
I\∪

j
Ωj

ρθu2dxdt≤CαE0
∫ T

0

‖θ‖L∞dt

≤ C
α

∫ T

0

∫
|θx|2dxdt+C(α). (6.10)

Next, we estimate A2.
If ρ≤ε≤1, ∀ x∈Ωj . Then, we have∫

Ωj

ρ2θ2u2dx≤ε‖θ‖2L∞

∫
Ωj

ρu2dx≤Cε
(

1+

∫
|θx|2dx

)∫
Ωj

ρu2dx. (6.11)

If there exists at least a x∗j ∈Ωj such that ρ(x∗j ,t)>ε, since ρ is uniformly continuous
in I× [0,T ], one has

|ρ(x,t)−ρ(x∗j ,t)|≤
ε

2
,

for all x∈U(x∗j ,δ) with δ independent of x∗j or t. On the other hand, by Lemma 6.4 we
may choose α so large as to

|Ωj |≤
∣∣∣∣∪jΩj

∣∣∣∣≤ (γ−1)E0
α

≤ε.

Then, for all x∈Ωj , ρ(x,t)≥ρ(x∗j ,t)− ε
2 ≥

ε
2 , from which we obtain

‖θ‖L∞(Ωj)≤C‖θx‖L1(Ωj) +C‖θ‖L1(Ωj)≤C‖θx‖L1(Ωj) +
C

ε

∫
Ωj

Pdx

≤Cε1/2‖θx‖L2(Ωj) +C(α,ε).

So, we have∫
Ωj

ρ2θ2u2dx≤C‖θ‖2L∞(Ωj)

∫
Ωj

ρu2dx≤
(
Cε‖θx‖2L2(Ωj) +C(α,ε)

)∫
Ωj

ρu2dx. (6.12)
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Combining (6.11) and (6.12), we have∫
Ωj

ρ2θ2u2dx≤
(
Cε

∫
|θx|2dx+C(α,ε)

)∫
Ωj

ρu2dx. (6.13)

Since Ωi∩Ωj =∅ for i 6= j, it satisfies from (6.13) that

A2≤
∫ T

0

(
Cε

∫
|θx|2dx+C(α,ε)

)∑
j

∫
Ωj

ρu2dxdt

=

∫ T

0

(
Cε

∫
|θx|2dx+C(α,ε)

)∫
∪
j
Ωj

ρu2dxdt

≤CE0ε
∫ T

0

∫
|θx|2dxdt+C(α,ε,E0,T ). (6.14)

By (6.11) and (6.14), choosing ε>0 small first and then α large, we have∫ T

0

∫
ρ2θ2u2dxdt≤C+

κ

2

∫ T

0

∫
|θx|2dxdt. (6.15)

Substituting (6.15) into (6.8), choosing ε>0 small enough, we get the desired (6.6).

Corollary 6.1. Under the conditions of Theorem 1.4, it holds that

sup
0≤t≤T

(
‖√ρu‖2L2 +‖√ρw‖2L2

)
+

∫ T

0

(
‖θ‖L∞ +‖ux‖2L2 +‖w‖2H1

)
dt≤C. (6.16)

Proof. It follows from (2.1), Lemma 6.2 and (6.6) that∫ T

0

‖θ‖L∞dt≤C
∫ T

0

∫
|θx|dxdt+C

∫ T

0

∫
ρθdxdt≤C

∫ T

0

∫
|θx|2dxdt+C≤C.

Multiplying (1.2)2 and (1.2)3 by u and w, respectively, integrating by parts, we have

sup
0≤t≤T

‖√ρu‖2L2 +µ1

∫ T

0

‖ux‖2L2 ≤C
∫ T

0

‖ρθ‖2L2dt≤C
∫ T

0

‖θ‖2L∞dt+C≤C

and

sup
0≤t≤T

‖√ρw‖2L2 +

∫ T

0

(
µ2‖wx‖2L2 +2ξ‖w‖2L2

)
dt≤C.

Then we complete the proof of Corollary 6.1.

Lemma 6.6. Under the conditions of Theorem 1.4, it holds that

sup
0≤t≤T

(
‖ux‖2L2 +‖w‖2H1

)
+

∫ T

0

(
‖√ρu̇‖2L2 +‖√ρẇ‖2L2 +‖ux‖2L∞

)
dt≤C. (6.17)

Proof. Multiplying (1.2)2 by u̇, where ḟ =∂tf+u∂xf , integrating over I×(0,t),
we have ∫ (µ1

2
|ux|2−Pux

)
(x,t)dx+

∫ T

0

∫
ρ|u̇|2dxdt
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=

∫ (µ1

2
|ux|2−Pux

)
(x,0)dx−

∫ T

0

∫
(Pt+(Pu)x)(µ1ux−P )dxdt

+

∫ T

0

∫
(Pt+(Pu)x)Pdxdt+

∫ T

0

∫ (
P |ux|2−

µ1

2
(ux)3

)
dxdt. (6.18)

Using (6.3), (6.6) and the Cauchy inequality, we get∫ (µ1

2
|ux|2−Pux

)
dx≥ µ1

4

∫
|ux|2dx−C

∫
ρ2θ2dx≥ µ1

4

∫
|ux|2dx−C. (6.19)

By (1.2)2, Lemma 6.2 and the Sobolev inequality W 1,1 ↪→L∞, it yields that

‖µ1ux−P‖L∞ ≤C (‖µ1ux−P‖L1 +‖µ1uxx−Px‖L1)≤C+C

∫
(|ux|+ρ|u̇|)dx. (6.20)

By (6.20), we have∫ T

0

∫ (
P |ux|2−

µ1

2
(ux)3

)
dxdt

=
1

2

∫ T

0

∫
P |ux|2dxdt+

1

2

∫ T

0

∫
(P −µ1ux)|ux|2dxdt

≤C
∫ T

0

(
‖θ‖L∞‖ux‖2L2

)
dt+C

∫ T

0

(
‖µ1ux−P‖L∞‖ux‖2L2

)
dt

≤ 1

6

∫ T

0

∫
ρ|u̇|2dxdt+C

∫ T

0

(
1+‖θ‖L∞ +‖ux‖2L2

)
‖ux‖2L2dt. (6.21)

Next, it follows from (1.4), (1.2), (6.3) and (6.6) and the Cauchy inequality, choosing
suitably small ε>0, we get∫ T

0

∫
(Pt+(Pu)x)(µ1ux−P )dxdt

=

∫ T

0

∫ (
κθxx+µ1u

2
x+µ2w

2
x+2ξw2−Pux

)
(µ1ux−P )dxdt

=κ

∫ T

0

∫
θxx (µ1ux−P )dxdt+

∫ T

0

∫ (
µ1u

2
x+µ2w

2
x+2ξw2−Pux

)
(µ1ux−P )dxdt

≤C(ε)

∫ T

0

∫
|θx|2dxdt+ε

∫ T

0

∫
|(µ1ux−P )x |

2dxdt

+C

∫ T

0

‖µ1ux−P‖L∞

∫ (
P 2 +u2

x+w2
x+w2

)
dxdt

≤ 1

6

∫ T

0

∫
ρ|u̇|2dxdt+C

∫ T

0

‖µ1ux−P‖L∞(1+‖ux‖2L2 +‖w‖2H1)dt+C. (6.22)

From (6.3) and (6.6), it yields that∫ T

0

∫
(Pt+(Pu)x)Pdxdt=

1

2

∫ T

0

d

dt

∫
P 2dxdt+

1

2

∫ T

0

∫
P 2uxdxdt

≤ 1

2

∫
P 2dx+C

∫ T

0

‖θ‖2L∞

(
‖ux‖2L2 +1

)
dt+C
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≤C
∫ T

0

‖θ‖2L∞

(
‖ux‖2L2 +1

)
dt+C. (6.23)

Taking (6.19) and (6.21)-(6.23) into (6.18), we deduce

sup
0≤t≤T

(
µ1‖ux‖2L2

)
+

∫ T

0

‖√ρu̇‖2L2dt

≤C
∫ T

0

(
‖ux‖2L2 +‖θ‖2L∞ +1

)(
‖ux‖2L2 +‖w‖2H1 +1

)
dt+C. (6.24)

Using the Grönwall inequality and (6.16), from (6.24) we can deduce that

sup
0≤t≤T

(
µ1‖ux‖2L2

)
+

∫ T

0

‖√ρu̇‖2L2dt≤C. (6.25)

Consequently, it yields from (6.16), (6.21) and (6.25) that∫ T

0

‖ux‖2L∞dt≤C
∫ T

0

(
‖µ1ux−P‖2L∞ +‖θ‖2L∞

)
dt≤C. (6.26)

Multiplying (1.2)3 by ẇ, integrating by parts, we have

1

2

d

dt

(
µ2‖wx‖2L2 +2ξ‖w‖2L2

)
+‖√ρẇ‖2L2

=−µ2

∫
uxw

2
xdx−2ξ

∫
wuwxdx

≤C
(
‖ux‖2L∞ +‖wx‖4L2 +‖u‖2L2 +‖wwx‖2L2

)
≤C

(
‖ux‖2L∞ +‖wx‖4L2 +‖ux‖2L2 +‖wwx‖2L2

)
. (6.27)

By (6.6), (6.16), (6.26) and the Grönwall inequality, we have from (6.27)

sup
0≤t≤T

(
µ2‖wx‖2L2 +2ξ‖w‖2L2

)
+

∫ T

0

‖√ρẇ‖2L2dt≤C. (6.28)

Combining (6.25), (6.26) and (6.28), we complete the proof of Lemma 6.6.

Lemma 6.7. Under the conditions of Theorem 1.4, it holds that

sup
0≤t≤T

(
‖√ρu̇‖2L2 +‖u‖W 1,∞ +‖√ρẇ‖2L2 +‖w‖W 1,∞ +‖θx‖2L2 +‖θ‖L∞

)
+

∫ T

0

(
‖u̇x‖2L2 +‖u̇‖2L∞ +‖ẇx‖2L2 +‖ẇ‖2L∞ +‖√ρθ̇‖2L2

)
dt≤C. (6.29)

Proof. Operating ∂t+∂x(u·) to (1.2)2, utilizing Pt+(Pu)x=ρθ̇, we calculate

(ρu̇)t+(ρuu̇)x−µ1u̇xx

=−µ1(|ux|2)x+(Pux)x−(Pt+(Pu)x)x

=−µ1(|ux|2)x+(Pux)x−(ρθ̇)x. (6.30)
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Multiplying (6.30) by u̇, using (1.9), (6.6), (6.16), (6.17) and integrating by parts, we
have

1

2
‖√ρu̇‖2L2 +µ1

∫ T

0

‖u̇x‖2L2dt

=
1

2
‖g1‖2L2 +

∫ T

0

∫ (
µ1|ux|2 +ρθ̇−Pux

)
u̇xdxdt

≤ µ1

2

∫ T

0

‖u̇x‖2L2dt+C

∫ T

0

∫ (
|ux|4 +ρ|θ̇|2 +ρ4θ4

)
dxdt+C

≤ µ1

2

∫ T

0

‖u̇x‖2L2dt+C

∫ T

0

∫
ρ|θ̇|2dxdt+C,

which implies

sup
0≤t≤T

‖√ρu̇‖2L2 +µ1

∫ T

0

‖u̇x‖2L2dt≤C
∫ T

0

∫
ρ|θ̇|2dxdt+C. (6.31)

Operating ∂t+∂x(u·) to (1.2)3, we calculate

(ρẇ)t+(ρuẇ)x−µ2ẇxx+2ξẇ=−µ2(uxwx)x−2ξuxw. (6.32)

Multiplying (6.32) by ẇ, using (1.9), (6.6), (6.16), (6.17) and the Poincaré inequality,
integrating by parts, we have

1

2
‖√ρẇ‖2L2 +

∫ T

0

(
µ2‖ẇx‖2L2 +2ξ‖ẇ‖2L2

)
dt

=
1

2
‖g2‖2L2 +

∫ T

0

∫
(µ2uxwxẇx−2ξuxwẇ)dxdt

≤ µ2

2

∫ T

0

‖ẇx‖2L2dt+C

∫ T

0

∫ (
u4
x+w4

x+w4
)
dxdt+C

≤ µ2

2

∫ T

0

‖ẇx‖2L2dt+C,

which implies

sup
0≤t≤T

‖√ρẇ‖2L2 +

∫ T

0

(
µ2‖ẇx‖2L2 +2ξ‖ẇ‖2L2

)
dt≤C. (6.33)

Multiplying (1.2)4 by θ̇, and integrating the resulting equation over I×(0,t), it gives

κ

2
‖θx‖2L2 +

∫ T

0

‖√ρθ̇‖2L2dt

≤ 1

2
‖g3‖2L2 +C

∫
θ
(
|ux|2 + |wx|2 +w2

)
dx+C

∫ T

0

∫ (
|ux||θx|2 +ρθ|ux||θ̇|

+θ|ux|3 +θ|ux||u̇x|+θ|ux||wx|2 +θ|wx||ẇx|+θ|w||ẇ|+θ|ux||w|2
)
dxdt+C.

(6.34)

From (6.17) and (2.1), we get∫
θ
(
|ux|2 + |wx|2 +w2

)
dx≤C‖θ‖L∞ ≤ κ

4
‖θx‖2L2 +C, (6.35)
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and then

C

∫ T

0

∫ (
|ux||θx|2 +ρθ|ux||θ̇|+θ|ux|3 +θ|ux||u̇x|+θ|ux||wx|2

+θ|wx||ẇx|+θ|w||ẇ|+θ|ux||w|2
)
dxdt

≤ 1

2

∫ T

0

‖√ρθ̇‖2L2dt+ε

∫ T

0

‖ẇx‖2L2dt+ε

∫ T

0

‖u̇x‖2L2dt

+C(ε)

∫ T

0

(‖ux‖L∞ +‖θ‖L∞)
(
‖θx‖2L2 +‖θ|ux|2‖L1

)
dt

≤ 1

2

∫ T

0

‖√ρθ̇‖2L2dt+ε

∫ T

0

‖ẇx‖2L2dt+ε

∫ T

0

‖u̇x‖2L2dt

+C(ε)

∫ T

0

(‖ux‖L∞ +‖θ‖L∞)
(
‖θx‖2L2 +1

)
dt. (6.36)

Combining (6.34)-(6.36), we have

‖θx‖2L2 +

∫ T

0

‖√ρθ̇‖2L2dt

≤ε
∫ T

0

‖u̇x‖2L2dt+ε

∫ T

0

‖ẇx‖2L2dt+C

∫ T

0

(‖ux‖L∞ +‖θ‖L∞)
(
‖θx‖2L2 +1

)
dt+C. (6.37)

From (6.31), (6.33) and (6.37), choosing ε>0 suitably small, we have

sup
0≤t≤T

(
‖θx‖2L2 +‖√ρu̇‖2L2 +‖√ρẇ‖2L2

)
+

∫ T

0

∫ (
ρ|θ̇|2 + |u̇x|2 + |ẇx|2

)
dxdt

≤C
∫ T

0

(‖ux‖L∞ +‖θ‖L∞)
(
‖θx‖2L2 +1

)
dt+C.

In terms of (6.16), (6.17) and the Grönwall inequality, we have

sup
0≤t≤T

(
‖θx‖2L2 +‖√ρu̇‖2L2 +‖√ρẇ‖2L2

)
+

∫ T

0

∫ (
ρ|θ̇|2 + |u̇x|2 + |ẇx|2

)
dxdt≤C. (6.38)

From (2.1), (6.4), (6.17), (6.20) and (6.38), we deduce

‖u‖W 1,∞ +‖w‖W 1,∞ +‖θ‖L∞

≤C
∫

(P + |ux|+ρ|u̇|+ρ|ẇ|+ |wx|+ |w|+ |θx|)dx≤C. (6.39)

By (2.1) and (6.38), we have∫ T

0

(
‖u̇‖2L∞ +‖ẇ‖2L∞

)
dt

≤C
∫ T

0

(
‖u̇x‖2L2 +‖ẇx‖2L2

)
dt+C

∫ T

0

(
‖√ρu̇‖2L2 +‖√ρu̇‖2L2

)
dt≤C. (6.40)

Combining (6.31), (6.33) and (6.38)-(6.40), we complete the proof of Lemma 6.7.
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Lemma 6.8. Under the conditions of Theorem 1.4, it holds that

sup
0≤t≤T

(
‖√ρθ̇‖2L2 +‖θxx‖2L2 +‖θx‖L∞

)
+

∫ T

0

(
‖θtx‖2L2 +‖θ̇x‖2L2 +‖θ̇‖2L∞

)
dt≤C. (6.41)

Proof. Operating ∂t+∂x(u·) to (1.2)4 and using direct calculation, we have

(ρθ̇)t+(ρuθ̇)x−κθ̇xx
=−κ(uxθx)x−(Pt+(Pu)x)ux+P |ux|2−Pu̇x+2µ1uxu̇x−µ1(ux)3

+2µ2wxẇx−µ2uxw
2
x+4ξwẇ−2ξuxw

2. (6.42)

Multiplying (6.42) by θ̇, using the initial compatibility conditions (1.9) and Pt+(Pu)x=
ρθ̇, we have∫

ρ|θ̇|2dx+κ

∫ T

0

∫
|θ̇x|2dxdt

≤C
∫ T

0

∫
|ux||θx||θ̇|dxdt+C

∫ T

0

∫ (
ρ|θ̇||ux|+P |ux|2 +P |u̇|+ |ux||u̇x|+ |ux|3

)
|θ̇|dxdt

+C

∫ T

0

∫ (
|wx||ẇx|+ |ux|w2

x+ |w||ẇ|+ |ux|w2
)
|θ̇|dxdt+C‖g3‖2L2 +C. (6.43)

From (6.29), we have∫ T

0

∫
|ux||θx||θ̇x|dxdt+

∫ T

0

∫
ρ|ux||θ̇|dxdt

≤ κ
8

∫ T

0

∫
|θ̇x|2dxdt+C

∫ T

0

(
‖ux‖2L∞ +1

)(
‖θx‖2L2 +‖√ρθ̇‖2L2

)
dt.

By (2.1), (6.6), (6.17) and (6.29), it yields∫ T

0

∫
(P |ux|2 + |ux|3)|θ̇|dxdt≤C

∫ T

0

‖θ̇‖L∞dt≤ κ
8

∫ T

0

∫
|θ̇x|2dxdt+C,

and ∫ T

0

∫
(P |u̇x|+ |ux||u̇x|)|θ̇|dxdt≤

κ

8

∫ T

0

‖θ̇‖2L∞dt+C

∫ T

0

‖u̇x‖2L2dt

≤ κ
8

∫ T

0

∫
|θ̇x|2dxdt+C.

Similarly, we have∫ T

0

∫ (
|wx||ẇx|+ |ux|w2

x+ |w||ẇ|+ |ux|w2
)
|θ̇|dxdt≤ κ

8

∫ T

0

∫
|θ̇x|2dxdt+C.

Taking the last four inequalities into account, from (6.43) we infer

sup
0≤t≤T

‖√ρθ̇‖2L2 +

∫ T

0

‖θ̇x‖2L2dt≤C. (6.44)
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From (1.2)4, (6.6), (6.29) and (6.44), we have∫
|θxx|2dx≤C

∫
ρ|θ̇|2dx+C≤C

and∫ T

0

∫
|θtx|2dxdt≤C

∫ T

0

∫
|θ̇x|2dxdt+C

∫ T

0

∫ (
|u|2|θxx|2 + |ux|2|θx|2

)
dxdt≤C.

Due to (2.1), we use (6.19) and the above inequalities to conclude

sup
0≤t≤T

‖θx‖L∞ +

∫ T

0

‖θ̇‖2L∞dt≤C.

The last three inequalities and (6.44) complete the proof of Lemma 6.8.

Lemma 6.9. Under the conditions of Theorem 1.4, it holds that

sup
0≤t≤T

(
‖ρx‖2L2 +‖uxx‖2L2 +‖wxx‖2L2

)
+

∫ T

0

(
‖utx‖2L2 +‖wtx‖2L2

)
dt≤C.

Proof. Differentiating (1.2)1 with respect to x yields

ρtx+ρxxu+ρxux+ρuxx= 0. (6.45)

Multiplying (6.45) by ρx, and using integration by parts, we infer∫
|ρx|2dx≤C+C

∫ T

0

(1+‖ux‖L∞)‖ρx‖2L2dt+

∫ T

0

∫
|uxx|2dxdt. (6.46)

By (1.2), (6.2) and (6.39), we have∫ (
|uxx|2 + |wxx|2

)
dx≤C

∫ (
ρ|u̇|2 +P 2

x +ρ|ẇ|2 + |w|2
)
dx≤C‖ρx‖2L2 +C. (6.47)

Combining (6.46) with (6.47) together, and using the Grönwall inequality, we have

sup
0≤t≤T

(
‖ρx‖2L2 +‖uxx‖2L2 +‖wxx‖2L2

)
≤C.

Then, together (6.29) and (6.39), it yields∫ T

0

∫
|utx|2dxdt≤C

∫ T

0

∫
|u̇x|2dxdt+C

∫ T

0

∫ (
|ux|4 + |u|2|uxx|2

)
dxdt≤C,

and∫ T

0

∫
|wtx|2dxdt≤C

∫ T

0

∫
|ẇx|2dxdt+C

∫ T

0

∫ (
|ux|2|wx|2 + |u|2|wxx|2

)
dxdt≤C.

Then we complete the proof of Lemma 6.9.

Lemma 6.10. Under the conditions of Theorem 1.4, it holds that

sup
0≤t≤T

(
‖ρx‖2L∞ +‖ρxx‖2L2

)
+

∫ T

0

(
‖ρtt‖2L2 +‖uxxx‖2L2 +‖wxxx‖2L2

)
dt≤C. (6.48)
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Proof. Differentiating (6.45) by x and multiplying it by 2ρxx gives rise to∫
|ρxx|2dx≤C

∫ T

0

∫ (
|ux||ρxx|2 + |ρx||ρxx||uxx|+ρ|ρxx||uxxx|

)
dxdt. (6.49)

By (6.9), we have

‖ρx‖L∞ ≤C (‖ρx‖L2 +‖ρxx‖L2)≤C (‖ρxx‖L2 +1) . (6.50)

By (6.3), (6.29), (6.39)-(6.41) and (6.50), we deduce from (1.2)2 that∫ T

0

∫
|uxxx|2dxdt

≤C
∫ T

0

∫ (
|Pxx|2 +(ρu̇)2

x

)
dxdt

≤C
∫ T

0

∫ (
|ρxx|2|θ|2 + |ρx|2|θx|2 + |ρ|2|θxx|2 + |ρx|2|u̇|2 + |ρ|2|u̇x|2

)
dxdt

≤C
∫ T

0

∫ (
|ρxx|2 + |θxx|2 + |u̇x|2

)
dxdt+C

∫ T

0

(
‖ρx‖2L∞ +‖u̇‖2L∞

)
dt

≤C
∫ T

0

∫
|ρxx|2dxdt+C, (6.51)

and ∫ T

0

∫
ρ|ρxx||uxxx|dxdt≤C

∫ T

0

‖ρxx‖L2‖uxxx‖L2dt≤C
∫ T

0

∫
|ρxx|2dxdt+C.

Then, by (6.49), we have∫
|ρxx|2dx≤C

∫ T

0

(1+‖ux‖L∞)‖ρxx‖2L2dt+C

∫ T

0

‖ρx‖L∞‖ρxx‖L2‖uxx‖L2dt+C

≤C
∫ T

0

(1+‖ux‖L∞)‖ρxx‖2L2dt+C. (6.52)

Combining (6.50)-(6.52) and (6.16), we have

‖ρx‖2L∞ +‖ρxx‖2L2 +C

∫ T

0

‖uxxx‖2L2dt≤C.

By (6.5), (6.6), (6.16), (6.17) and (1.2)3, we have∫ T

0

‖wxxx‖2L2dt≤C
∫ T

0

(‖(ρẇ)x‖L2 +‖wx‖L2)
2
dt≤C.

By (1.2), (6.17), (6.41) and (6.9), one has∫ T

0

∫
|ρtt|2dxdt≤C

∫ T

0

∫
(|ρx|+ |ρxx|+ |uxx|+ |θxx|+ |uxxx|)2

dt≤C.

Then the proof of this lemma is completed.
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The proof of the following lemma about ρ is the same as that of Lemma 3.10 in [29].

Lemma 6.11. Under the conditions of Theorem 1.4, it holds that

sup
0≤t≤T

(‖∂x
√
ρ‖L∞ +‖∂t

√
ρ‖L∞)≤C.

Lemma 6.12. Under the conditions of Theorem 1.4, it holds that

sup
0≤t≤T

(
‖ρθxt‖2L2 +‖θxxx‖2L2

)
+

∫ T

0

‖
√
ρ3θtt‖2L2dt≤C.

Proof. Differentiating (1.2)4 with respect to t and multiplying it by ρ2θtt, using
Lemmas 6.2-6.11, Corollary 6.1 and the Cauchy inequality, integrating by parts, we have

κ

2

d

dt

∫
ρ2|θxt|2dx+

∫
ρ3θ2

ttdx

≤C
∫
θ2
xtdx+C

∫
u2
xtdx+C

∫
w2
xtdx+C‖θt‖2L∞ +C. (6.53)

Integrating (6.53) on [0,t], by Lemmas 6.2-6.11, Corollary 6.1, the compatibility condi-
tions (1.9) and the Young inequality, we have∫

ρ2|θxt|2dx+

∫ T

0

∫
ρ3θ2

ttdxdt≤
∫
ρ2|θxt|2dx

∣∣∣∣
t=0

+C≤C. (6.54)

Differentiating (1.2)4 with respect to x, we have

(ρθt)x+(ρuθx)x+(ρθux)x= 2µ1uxuxx+2µ2wxwxx+4ξwwx+κθxxx.

From the above equation, by Lemmas 6.2-6.11, Corollary 6.1, (6.54) and the Young
inequality, we have ∫

|θxxx|2dx≤C
∫
ρ2|θxt|2dx+C≤C. (6.55)

Combining (6.54) and (6.55), we complete the proof.

The proof of the last lemma is similar to the one in [29].

Lemma 6.13. Under the conditions of Theorem 1.4, it holds that

sup
0≤t≤T

(
‖ρuxt‖2L2 +‖ρwxt‖2L2 +‖uxxx‖2L2 +‖wxxx‖2L2

)
+

∫ T

0

(
‖
√
ρ3utt‖2L2 +‖

√
ρ3wtt‖2L2

)
dt≤C.

Proof. (Proof of Theorem 1.4.) Collecting Lemmas 6.2-6.13 and Corollary 6.1,
we have

sup
0≤t≤T

(‖ρ‖H2 +‖ρt‖H1 +‖u‖H3 +‖ut‖H1 +‖w‖H3 +‖wt‖H1 +‖θ‖H3 +‖ρθt‖H1)

+

∫ T

0

∫ (
u2
xt+u2

xxt+w2
xt+w2

xxt+ρ2
tt+θ2

t +θ2
xt+θ2

xxt+u2
tt+θ2

tt

)
dxdt≤C. (6.56)

Then we complete the proof of Theorem 1.4.
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7. Proof of Theorem 1.5
Similar to the proof of Theorem 1.4, we prove the following Lemmas. The first

lemma is for the local well posedness of classical solutions.

Lemma 7.1 (See [5–7]). Under the same assumptions given in Theorem 1.5, the
problem (1.2)-(1.4) has a unique classical solution (ρ,u,w,θ) over [0,T∗] for some (small)
time T∗>0 which satisfies the regularities (1.10).

Lemma 7.2. Under the conditions of Theorem 1.5, it holds that for any 0≤ t≤T ,∫
ρdx=

∫
ρ0dx, (7.1)∫

ρ

(
θ+

1

2
u2 +

1

2
w2

)
dx+κ

∫ T

0

[aθ(0,t)+bθ(1,t)]dt

≤
∫
ρ0

(
θ0 +

1

2
u2

0 +
1

2
w2

0

)
dx,E0. (7.2)

Proof. Integrating (1.1)1 and (1.1)4 directly, and integrating by parts over I× [0,t],
we have ∫

ρdx=

∫
ρ0dx,

and∫
ρ

(
θ+

1

2
u2 +

1

2
w2

)
dx=

∫
ρ0

(
θ0 +

1

2
u2

0 +
1

2
w2

0

)
dx−κ

∫ T

0

[aθ(0,s)+bθ(1,s)]ds,

which implies (7.1) and (7.2).

Lemma 7.3 ( [13, 29]). Under the conditions of Theorem 1.5, it holds that for any
(x,t)∈QT ,

0≤ρ≤C and θ>0. (7.3)

Lemma 7.4. Given α> (γ−1)E0, there exists a sequence of (non-overlapping) intervals
Ωj in I such that for every t∈ [0,T ],

P (x,t)≤α, x∈ I \∪
j
Ωj and α≤ 1

|Ωj |

∫
Ωj

P (x,t)dx≤2α.

Moreover, ∣∣∣∣∪jΩj

∣∣∣∣≤ (γ−1)E0
α

.

Lemma 7.5. Under the conditions of Theorem 1.5, it holds that,

sup
0≤t≤T

∫
ρ
(
u4 +w4 +θ2

)
dx+

∫ T

0

∫ (
µ1u

2u2
x+µ2w

2w2
x+κθ2

x+ξw4
)
dxdt≤C. (7.4)
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Proof. Multiplying (6.7) by E, integrating by parts over I×(0,t), by (1.4), (7.1)-
(7.3), (2.1) and the Young inequality, it yields that∫

ρE2dx+κ

∫ T

0

∫
|Ex|2dxdt

≤C+κ

∫ T

0

ExE|10dt+C

∫ T

0

∫ (
ρ2θ2u2 +u2u2

x+w2w2
x

)
dxdt

≤C−aκ
∫ T

0

θ2(0,t)dt−bκ
∫ T

0

θ2(1,t)dt+C

∫ T

0

∫ (
ρ2θ2u2 +u2u2

x+w2w2
x

)
dxdt

≤C+C

∫ T

0

∫ (
ρ2θ2u2 +u2u2

x+w2w2
x

)
dxdt,

where we note the second and third terms in the second step are negative, so we omit it
in the next step. And the remaining proof of this lemma is the same as that in Lemma
6.4. Then, we complete the proof of this lemma.

Corollary 7.1. Under the conditions of Theorem 1.5, it holds that

sup
0≤t≤T

(
‖√ρu‖2L2 +‖√ρw‖2L2

)
+

∫ T

0

(
‖θ‖L∞ +‖ux‖2L2 +‖w‖2H1

)
dt≤C.

Proof. The proof is the same as that in Corollary 6.1.

Lemma 7.6. Under the conditions of Theorem 1.5, it holds that

sup
0≤t≤T

(
‖ux‖2L2 +‖w‖2H1

)
+

∫ T

0

(
‖√ρu̇‖2L2 +‖√ρẇ‖2L2 +‖ux‖2L∞

)
dt≤C.

Proof. Multiplying (1.2)2 by u̇, where ḟ =∂tf+u∂xf , integrating over I×(0,t),
we have ∫ (µ1

2
|ux|2−Pux

)
(x,t)dx+

∫ T

0

∫
ρ|u̇|2dxdt

=

∫ (µ1

2
|ux|2−Pux

)
(x,0)dx−

∫ T

0

∫
(Pt+(Pu)x)(µ1ux−P )dxdt

+

∫ T

0

∫
(Pt+(Pu)x)Pdxdt+

∫ T

0

∫ (
P |ux|2−

µ1

2
(ux)3

)
dxdt. (7.5)

By (1.1), (1.4), (7.3) and (7.4) and the Cauchy inequality, we get∫ T

0

∫
(Pt+(Pu)x)(µ1ux−P )dxdt

=

∫ T

0

∫ (
κθxx+µ1u

2
x+µ2w

2
x+2ξw2−Pux

)
(µ1ux−P )dxdt

=κ

∫ T

0

∫
θxx (µ1ux−P )dxdt+

∫ T

0

∫ (
µ1u

2
x+µ2w

2
x+2ξw2−Pux

)
(µ1ux−P )dxdt

≤κ
∫ T

0

θx (µ1ux−P )|10dt+C(ε)

∫ T

0

∫
|θx|2dxdt+ε

∫ T

0

∫
|(µ1ux−P )x |

2dxdt

+C

∫ T

0

‖µ1ux−P‖L∞

∫ (
P 2 +u2

x+w2
x+w2

)
dxdt,
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and ∣∣∣∣∣κ
∫ T

0

θx (µ1ux−P )|10dt

∣∣∣∣∣
≤C

∫ T

0

|{θx [µ1ux−P ](1,t)−θx [µ1ux−P ](0,t)}|dt

≤C
∫ T

0

|{bθ [µ1ux−P ](1,t)+aθ [µ1ux−P ](0,t)}|dt

≤C
∫ T

0

‖µ1ux−P‖L∞‖θ‖L∞dt

≤ 1

6

∫ T

0

∫
ρ|u̇|2dxdt+C

∫ T

0

‖θ‖2L∞dt+C

∫ T

0

‖ux‖2L2dt+C

≤ 1

6

∫ T

0

∫
ρ|u̇|2dxdt+C,

which implies∫ T

0

∫
(Pt+(Pu)x)(µ1ux−P )dxdt

≤ 1

6

∫ T

0

∫
ρ|u̇|2dxdt+C

∫ T

0

‖µ1ux−P‖L∞(1+‖ux‖2L2 +‖w‖2H1)dt+C.

The rest of the proof of this lemma is the same as that in Lemma 6.6.

Lemma 7.7. Under the conditions of Theorem 1.5, it holds that

sup
0≤t≤T

(
‖√ρu̇‖2L2 +‖u‖W 1,∞ +‖√ρẇ‖2L2 +‖w‖W 1,∞ +‖θx‖2L2 +‖θ‖L∞

)
+

∫ T

0

(
‖u̇x‖2L2 +‖u̇‖2L∞ +‖ẇx‖2L2 +‖ẇ‖2L∞ +‖√ρθ̇‖2L2

)
dt≤C.

Proof. Multiplying (1.2)4 by θ̇, and integrating the resulting equation over I×
(0,t), it gives

κ

2
‖θx‖2L2 +

∫ T

0

‖√ρθ̇‖2L2dt−κ
∫ T

0

θxθ̇|10dt

≤ 1

2
‖g3‖2L2 +C

∫
θ
(
|ux|2 + |wx|2 +w2

)
dx+C

∫ T

0

∫ (
|ux||θx|2 +ρθ|ux||θ̇|

+θ|ux|3 +θ|ux||u̇x|+θ|ux||wx|2 +θ|wx||ẇx|+θ|w||ẇ|+θ|ux||w|2
)
dxdt+C.

By (1.4), we have

κ

∫ T

0

θxθ̇|10dt=−
κ

2

∫ T

0

d

dt

(
aθ2(0,t)+bθ2(1,t)

)
dt

=−κ
2

(
aθ2(0,T )+bθ2(1,T )

)
+
κ

2

(
aθ2(0,0)+bθ2(1,0)

)
.

By Lemma 6.7, we have

‖θx‖2L2 +

∫ T

0

‖√ρθ̇‖2L2dt
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≤ε
∫ T

0

‖u̇x‖2L2dt+ε

∫ T

0

‖ẇx‖2L2dt+C

∫ T

0

(‖ux‖L∞ +‖θ‖L∞)
(
‖θx‖2L2 +1

)
dt+C.

The rest of the proof is the same as that in Lemma 6.7.

Lemma 7.8. Under the conditions of Theorem 1.5, it holds that

sup
0≤t≤T

(
‖√ρθ̇‖2L2 +‖θxx‖2L2 +‖θx‖L∞

)
+

∫ T

0

(
‖θtx‖2L2 +‖θ̇x‖2L2 +‖θ̇‖2L∞

)
dt≤C.

Proof. Multiplying (6.42) by θ̇, using the initial compatibility conditions (1.9) and
Pt+(Pu)x=ρθ̇, we have∫

ρ|θ̇|2dx+κ

∫ T

0

∫
|θ̇x|2dxdt

≤κ
∫ T

0

θ̇xθ̇|10dt−κ
∫ T

0

uxθxθ̇|10dt+C

∫ T

0

∫
|ux||θx||θ̇|dxdt

+C

∫ T

0

∫ (
ρ|θ̇||ux|+P |ux|2 +P |u̇|+ |ux||u̇x|+ |ux|3

)
|θ̇|dxdt

+C

∫ T

0

∫ (
|wx||ẇx|+ |ux|w2

x+ |w||ẇ|+ |ux|w2
)
|θ̇|dxdt+C‖g3‖2L2 +C.

Reminding that ḟ =ft+ufx, by (1.4), we obtain,

κ

∫ T

0

θ̇xθ̇|10dt−κ
∫ T

0

uxθxθ̇|10dt=κ

∫ T

0

θtxθt|10dt=
κ

2

∫ T

0

(|θt|2)xdt

=−κ
2

∫ T

0

(
aθ2
t (0,t)+bθ2

t (1,t)
)
dt≤0.

Thus we can omit this term. The rest of the proof is the same as that in Lemma 6.8.

The proof of the following lemma is the same as those in Lemmas 6.9-6.10.

Lemma 7.9. Under the conditions of Theorem 1.5, it holds that

sup
0≤t≤T

(
‖ρx‖2L2 +‖uxx‖2L2 +‖wxx‖2L2

)
+

∫ T

0

(
‖utx‖2L2 +‖wtx‖2L2

)
dt≤C.

sup
0≤t≤T

(
‖ρx‖2L∞ +‖ρxx‖2L2

)
+

∫ T

0

(
‖ρtt‖2L2 +‖uxxx‖2L2 +‖wxxx‖2L2

)
dt≤C.

sup
0≤t≤T

(‖∂x
√
ρ‖L∞ +‖∂t

√
ρ‖L∞)≤C.

Lemma 7.10. Under the conditions of Theorem 1.5, it holds that

sup
0≤t≤T

(
‖ρθxt‖2L2 +‖θxxx‖2L2

)
+

∫ T

0

‖
√
ρ3θtt‖2L2dt≤C.
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Proof. Differentiating (1.2)4 with respect to t and multiplying it by ρ2θtt, using
Lemmas 7.2-7.9, Corollary 7.1 and the Cauchy inequality, integrating by parts, we have

κ

2

d

dt

∫
ρ2|θxt|2dx+

∫
ρ3θ2

ttdx

≤κ
[
ρ2θxtθtt

]1
0

+C

∫
θ2
xtdx+C

∫
u2
xtdx+C

∫
w2
xtdx+C‖θt‖L∞ +C. (7.6)

By (1.4), we have

κ
[
ρ2θxtθtt

]1
0

=−bκρ2θtθtt(1,t)−aκρ2θtθtt(1,t)(0,t)

=−κ
2

d

dt

[
bρ2θ2

t (1,t)+aρ2θ2
t (0,t)

]
+bκρρtθ

2
t (1,t)+aκρρtθ

2
t (0,t).

Then, from (7.6) and Lemma 7.9, we have

d

dt

∫
ρ2|θxt|2dx+

∫
ρ3θ2

ttdx+
κ

2

d

dt

[
bρ2θ2

t (1,t)+aρ2θ2
t (0,t)

]
≤C

∫
θ2
xtdx+C

∫
u2
xtdx+C

∫
w2
xtdx+C‖θt‖2L∞ +C. (7.7)

Integrating (7.7) on [0,T ], by Lemmas 7.2-7.9, Corollary 7.1 and the Young inequality,
we have ∫

ρ2|θxt|2dx+

∫ T

0

∫
ρ3θ2

ttdxdt+
κ

2

[
bρ2θ2

t (1,T )+aρ2θ2
t (0,T )

]
≤
∫
ρ2|θxt|2dx

∣∣∣∣
t=0

+
κ

2

[
bρ2θ2

t (1,0)+aρ2θ2
t (0,0)

]
+C≤C.

The rest of the proof is the same as that in Lemma 6.7.

Lemma 7.11. Under the conditions of Theorem 1.5, it holds that

sup
0≤t≤T

(
‖ρuxt‖2L2 +‖ρwxt‖2L2 +‖uxxx‖2L2 +‖wxxx‖2L2

)
+

∫ T

0

(
‖
√
ρ3utt‖2L2 +‖

√
ρ3wtt‖2L2

)
dt≤C.

Proof. (Proof of Theorem 1.5.) Collecting Lemmas 7.2-7.11 and Corollary 7.1,
we have

sup
0≤t≤T

(‖ρ‖H2 +‖ρt‖H1 +‖u‖H3 +‖ut‖H1 +‖w‖H3 +‖wt‖H1 +‖θ‖H3 +‖ρθt‖H1)

+

∫ T

0

∫ (
u2
xt+u2

xxt+w2
xt+w2

xxt+ρ2
tt+θ2

t +θ2
xt+θ2

xxt+u2
tt+θ2

tt

)
dxdt≤C. (7.8)

Then we complete the proof of Theorem 1.5.

8. The proof of Theorem 1.6

Assume that (ρ,u,w,θ) is the solution as in Theorem 1.4, and that
(ρa,b,ua,b,wa,b,θa,b) is the solution as in Theorem 1.5.
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Denote ρ̄=ρ−ρa,b, ū=u−ua,b, w̄=w−wa,b, θ̄=θ−θa,b. Then we can obtain that
(ρ̄, ū,w̄, θ̄) satisfies the following system:

ρ̄t+(ρ̄u)x+(ρa,bū)x= 0,

ρūt+ ρ̄ua,bt +ρuūx+ρūua,bx + ρ̄ua,bua,bx +(ρθ̄+ ρ̄θa,b)x=µ1ūxx,

ρw̄t+ ρ̄wa,bt +ρuw̄x+ρūwa,bx + ρ̄ua,bwa,bx +2ξw̄=µ2w̄xx,

ρθ̄t+ ρ̄θa,bt +ρuθ̄x+ρūθa,bx + ρ̄ua,bθa,bx +ρθ̄ux+ρθa,būx+ ρ̄θa,bua,bx

=µ1ūx(ux+ua,bx )+µ2w̄x(wx+wa,bx )+2ξw̄(w+wa,b)+κθ̄xx.

(8.1)

Multiplying the first three equations of (8.1) by ρ̄, ū,w̄, respectively, integrating over
I, by (6.56) and (7.8), we have the same results as (5.2)-(5.4).

Multiplying (8.1)4 by θ̄, integrating over I, by (6.56) and (7.8), we have

1

2

d

dt

∫
ρθ̄2dx+

∫
κθ̄2
xdx

=κθ̄xθ̄|10−
∫
ρ̄θ̄θa,bt dx−

∫
ρūθ̄θa,bx dx+

∫
ρ̄ua,bθ̄θa,bx dx−

∫
ρθ̄2uxdx

−
∫
ρθa,bθ̄ūxdx−

∫
ρ̄θa,bθ̄ua,bx dx+µ1

∫
ūx(ux+ua,bx )θ̄dx

+µ2

∫
w̄x(wx+wa,bx )θ̄dx+2ξ

∫
w̄(w+wa,b)θ̄dx

≤κθ̄θa,bx |10 +‖ρ̄‖L2‖θ̄‖L∞‖θa,bt ‖L2 +‖√ρū‖L2‖√ρθ̄‖L2‖θa,bx ‖L∞ +‖√ρθ̄‖2L2‖ux‖L∞

+‖ρ̄‖L2‖θ̄‖L∞‖ua,b‖L2‖θa,bx ‖L∞ +‖√ρθ̄‖L2‖ūx‖L2‖√ρ‖L∞‖θa,b‖L∞

+‖ρ̄‖L2‖θ̄‖L∞‖ua,bx ‖L2‖θa,b‖L∞ +C‖θ̄‖L∞‖ūx‖L2

(
‖ux‖L2 +‖ua,bx ‖L2

)
+C‖θ̄‖L∞‖w̄x‖L2

(
‖wx‖L2 +‖wa,bx ‖L2

)
+C‖θ̄‖L∞‖w̄‖L2

(
‖w‖L2 +‖wa,b‖L2

)
≤ε3‖θ̄x‖2L2 +Cε3

(
‖ūx‖2L2 +‖w̄x‖2L2 +‖w̄‖2L2

)
+Cε3

(
‖θa,bt ‖2L2 +‖θa,bxt ‖L2 +1

)(
‖ρ̄‖2L2 +‖√ρū‖2L2 +‖√ρθ̄‖2L2

)
. (8.2)

Then, choosing suitably small ε1,ε2,ε3>0, we obtain from (5.2)-(5.4), (8.2) that

d

dt

(
‖ρ̄‖2L2 +‖√ρū‖2L2 +‖√ρθ̄‖2L2

)
+

∫ (
ū2
x+ w̄2

x+ w̄2 +κθ̄2
x

)
dx

≤C
(
‖θa,bt ‖2L2 +‖θa,bxt ‖L2 +1

)(
‖ρ̄‖2L2 +‖√ρū‖2L2 +‖√ρθ̄‖2L2

)
. (8.3)

Using Grönwall inequality over (8.3), we complete the proof of Theorem 1.6.
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[8] I. Dražić and N. Mujaković, 3-D flow of a compressible viscous micropolar fluid with spherical
symmetry: a local existence theorem, Bound. Value Probl., 2012:69, 2012. 1
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