
COMMUN. MATH. SCI. c© 2020 International Press

Vol. 18, No. 5, pp. 1383–1411

LOCAL WELL-POSEDNESS FOR
THE QUANTUM ZAKHAROV SYSTEM∗

YUNG-FU FANG† AND KUAN-HSIANG WANG‡

Abstract. We consider the quantum Zakharov system in spatial dimensions greater than 1. The
local well-posedness is obtained for initial data of the electric field and of the ion density lying in
some Sobolev spaces with certain regularities. For higher dimensions, the results cover the subcritical
region. We get major part of the subcritical region for lower dimensions. For the quantum Zakharov
system with initial data possessing the critical regularities, the local well-posedness is also proved for
spatial dimensions greater than 7. As the quantum parameter approaches zero, we prove the local
well-posedness for Zakharov system which improves the known result.
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1. Introduction
In this paper, we consider the quantum Zakharov system which reads as iEt+∆E−ε2∆2E=nE, x∈Rd;

ntt−∆n+ε2∆2n= ∆|E|2;
E(0) =E0, n(0) =n0, nt(0) =n1,

(1.1)

where E is the slowly varying envelope of the rapidly oscillating electric field and n is
the deviation of the ion density from its mean value. E is complex valued and n is
real valued, see [20]. Equation (1.1) describes the propagation of Langmuir waves in an
ionized plasma with quantum effect. The readers are referred to [20] for a more physical
background. The system (1.1) has the conservation of mass∫

|E(t)|2dx=

∫
|E(0)|2dx (1.2)

and the conservation of the Hamiltonian

1

2
‖∇E‖2L2 +

1

2
ε2‖∆E‖2L2 +

1

4

(
‖nt‖2Ḣ−1 +‖n‖2L2 +ε2‖∇n‖2L2

)
+

1

2

∫
Rd
n|E|2dx. (1.3)

In the absence of quantum effect, i.e. ε= 0, we have the classical Zakharov system, iEt+∆E=nE, x∈Rd;
ntt−∆n= ∆|E|2;
E(0) =E0, n(0) =n0, nt(0) =n1,

(1.4)

which also possesses the conservation of mass and the conservation of the Hamiltonian,
see [31]. The Zakharov system (1.4) has been extensively studied for the local well-
posedness (LWP) and global well-posedness (GWP) [1–4, 8, 11, 25, 27], for ill-posedness

∗Received: September 05, 2019; Accepted (in revised form): March 01, 2020. Communicated by
Weizhu Bao.
†Department of Mathematics, National Cheng Kung University, No. 1, Dasyue Rd., Tainan City

70101, Taiwan (yffang@mail.ncku.edu.tw). http://www.math.ncku.edu.tw/∼fang
‡Department of Applied Mathematics, National University of Kaohsiung, 700 Kaohsiung University

Rd., Nanzih District, Kaohsiung 811, Taiwan (khwang0511@gmail.com).

1383

mailto:yffang@mail.ncku.edu.tw
http://www.math.ncku.edu.tw/$\sim $fang
mailto:khwang0511@gmail.com


1384 LOCAL WELL-POSEDNESS FOR QUANTUM ZAKHAROV SYSTEM

[21], for blow-up [12,13], for scattering results [14,16,29], and for adiabatic limit of the
solution [26,28].

The works on (1.1) are less than those on (1.4). We list some known results for
(1.1). For dimension one, the system is studied for the LWP and GWP, see [7, 10],
and [22]. For dimensions d= 1,2,3, the GWP, the stability of solution, and the classical
limit is proved for (1.1), see [19]. In 2019, Fang-Nakanishi showed LWP, GWP, and
scattering for (1.1) with L2 data for 1≤d≤8, see [9].

For the sake of simplicity, we transform (1.1) into the first-order equations in time
t and denote

〈εD〉 :=
√

1−ε2∆, D :=
√
−∆, N :=n+ i(D〈εD〉)−1∂tn, n=Re(N ), (1.5)

where Re(N ) is the real part of N . Thus the quantum Zakharov system (1.1) becomes


iEt−(D〈εD〉)2E=Re(N )E, (t,x)∈R×Rd;
iNt−D〈εD〉N =D〈εD〉−1|E|2;

E(0) =E0, N (0) =N0, x∈Rd;
(1.6)

where N0 :=n0 + i(D〈εD〉)−1n1. The corresponding Hamiltonian becomes

1

2
‖D〈εD〉E‖2L2 +

1

4
‖〈εD〉N‖2L2 +

1

2

∫
Rd
Re(N )|E|2dx= constant. (1.7)

Ignoring the terms ∆E and D〈εD〉N , and replacing D〈εD〉−1 by I in system (1.6)
gives the corresponding system which is invariant under the dilation

E(t,x)→Eλ(t,x) =λ4E(λ4t,λx), N (t,x)→Nλ(t,x) =λ4N (λ4t,λx), (1.8)

see [11]. Since

‖Eλ(0, ·)‖Ḣk =λ4− d2 +k‖E0‖Ḣk and ‖Nλ(0, ·)‖Ḣ` =λ4− d2 +`‖N0‖Ḣ` ,

the system (1.6) is critical for

(k,`) =
(
(d−8)/2,(d−8)/2

)
. (1.9)

Throughout the paper, we set ε= 1, unless it is specified. We denote the region
RQZ,d by

{(k, `) : max{−`, `−2k,−2k}≤d/2, and−5/2<`−k<4} for d= 2,3; (1.10)

{(k, `) : max{−`, `−2k, |k|−2`−2}<4−d/2, k>−1, and−5/2<`−k<4} for d≥4.
(1.11)

Our main results are as follows.

Theorem 1.1 (LWP for QZ). Let d≥2. If (k, `)∈RQZ,d, then the quantum Zakharov
system (1.6) is locally well-posed for initial data (E0,N0)∈Hk(Rd)×H`(Rd). The so-
lution (E,N )∈C([0,T ];Hk(Rd))×C([0,T ];H`(Rd)).

Notice that (k, `) = (d−8
2 +σ, d−8

2 ) lies on the boundary of the region RQZ,d for the
LWP stated in Theorem 1.1, but not included.

Theorem 1.2 (LWP for the critical case). Let d≥8. If (k, `) = (d−8
2 +σ, d−8

2 ) with
0≤σ≤1, then the quantum Zakharov system (1.6) is locally well-posed for initial data
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(E0,N0)∈H
d−8
2 +σ(Rd)×H

d−8
2 (Rd). The solution (E,N )∈C([0,T ];H

d−8
2 +σ(Rd))×

C([0,T ];H
d−8
2 (Rd)).

We are also interested in the LWP of (1.4) and we improve the result in [11] for
d≥2.

Theorem 1.3 (LWP for Z). Let d≥2. If (k,`) satisfies

`−1<k≤ `+1 for all d,
`>d/2−2, 2k−(`+1)>d/2−2 for d≥4,
`≥0, 2k−(`+1)≥0 for d= 2,3,

(1.12)

then the system (1.6) with ε= 0 is locally well-posed for initial data (E0,N0)∈Hk(Rd)×
H`(Rd). The solution (E,N )∈C([0,T ];Hk(Rd))×C([0,T ];H`(Rd)).

The outline of the paper is as follows. In Section 1, we introduced the QZ system
and the main results. In Section 2, we define some notations and discuss some basic
estimates. In Sections 3–5, we discuss the multilinear estimates which is the key ingre-
dient. In Section 6, we prove the Theorem 1.1. In Section 7, we prove Theorem 1.2.
Finally, in Section 8, we show Theorem 1.3.

2. Notations and basic estimates
We denote the Fourier transform and its inverse transform of u(t,x) over the space

variable by Fu(t,ξ) and F−1u(t,ξ), the Fourier transform and its inverse transform of
u(t,x) over time and space variables by û(τ,ξ) and u∨(τ,ξ). Consider the 4th order
Schrödinger equation,

iEt−(D〈D〉)2E=F. (2.1)

We can obtain the solution formula

E(t,x) =U(t)E0(x)+U ∗RF (t,x), (2.2)

where U(t) :=eit(D〈D〉)
2

is the 4th order Schrödinger propagator and the Duhamel op-
erator is

U ∗RF (t,x) :=−i
∫ t

0

U(t−s)F (s,x)ds. (2.3)

Analogously for the 4th order wave equation,

iNt−D〈D〉N =G, (2.4)

we can obtain the solution formula

N (t,x) =W (t)N0(x)+W ∗RG(t,x), (2.5)

where W (t) :=eitD〈D〉 is the 4th order wave propagator and the Duhamel operator is

W ∗RG(t,x) :=−i
∫ t

0

W (t−s)G(s,x)ds. (2.6)

For s∈R, we denote by Hs(Rd) and Ḣs(Rd) the usual inhomogeneous and homo-
geneous Sobolev spaces equipped with the norms, respectively,

‖u‖Hs :=‖〈D〉su‖L2 =‖(1+ |ξ|2)
s
2Fu‖L2 and ‖u‖Ḣs :=‖Dsu‖L2 =‖|ξ|sFu‖L2 .

(2.7)
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Let us define some Bourgain spaces Xφ
s,α and Y φs , s,α∈R, with the norms

‖v‖Xφs,α :=
(∫ ∫

〈ξ〉2s〈τ+φ(ξ)〉2α|v̂(τ,ξ)|2dτdξ
) 1

2

(2.8)

and

‖v‖Y φs :=
(∫ (∫

〈ξ〉s〈τ+φ(ξ)〉−1|v̂(τ,ξ)|dτ
)2

dξ
) 1

2

. (2.9)

It is known that Xφ
s,α⊂C([0,T ];Hs) for α> 1

2 , see [11]. Xφ
s,α and Y φs are called 4th

order Schrödinger spaces if φ(ξ) := |ξ|2〈ξ〉2, and denoted by XS
s,α and Y Ss , while Xφ

s,α

and Y φs are called reduced wave spaces if φ(ξ) := |ξ|〈ξ〉, and denoted by XW
s,α and YWs .

We denote by I the arbitary time interval and LqIL
r
x=Lqt (I,L

r
x(Rd)). Especially, we

denote LqtL
r
x=Lqt (R,Lrx(Rd)) and Lqt,x=LqtL

q
x.

Let ψ be a cut-off function such that ψ(t) is 1 for |t|≤1, 0 for |t|>2, and ψT (t) =
ψ( tT ). Also let χS(τ) be the indicator function on the set S, that is 1 if τ ∈S, 0 if τ 6∈S.

Lemma 2.1 (Homogeneous estimates). Suppose T ≤1. We have the following:

(S1) ‖U(t)E0‖C([0,T ];Hk) =‖E0‖Hk .

(S2) If 0≤ b1, then ‖ψTU(t)E0‖XSk,b1 ≤T
1
2−b1‖ψ‖Hb1‖E0‖Hk .

(W1) ‖W (t)N0‖C([0,T ];H`) =‖N0‖H` .

(W2) If 0≤ b, then ‖ψTW (t)N0‖XW`,b ≤T
1
2−b‖ψ‖Hb‖N0‖H` .

Lemma 2.2 (Duhamel estimates). Suppose T ≤1.

(S1) If 0≤ c1,b1, and b1 +c1≤1, then

‖ψTU ∗RF‖XSk,b1 .T
1−b1−c1‖F‖XSk,−c1 +T

1
2−b1‖

(
χ{|τ+|ξ|2〈ξ〉2|≥T−1}F̂

)∨‖Y Sk .
(S2) If 0≤ c1< 1

2 , 0≤ b1,b1 +c1≤1, then ‖ψTU ∗RF‖XSk,b1 .T
1−b1−c1‖F‖XSk,−c1 .

(S3) If F ∈Y Sk , then ‖U ∗RF‖C([0,T ];Hk) .‖F‖Y Sk .

(W1) If 0≤ c,b, and b+c≤1 then

‖ψTW ∗RG‖XW`,b .T
1−b−c‖G‖XW`,−c +T

1
2−b‖

(
χ{|τ+|ξ|〈ξ〉|≥T−1}Ĝ

)∨‖YW` .

(W2) If 0≤ c< 1
2 , 0≤ b, and b+c≤1, then ‖ψTW ∗RG‖XW`,b .T

1−b−c‖G‖XW`,−c .

(W3) If G∈YW` , then ‖W ∗RG‖C([0,T ];H`) .‖G‖YW` .

We skip the proofs of Lemmas 2.1-2.2 and the readers are referred to [8, 11, 17]
and [18]. We recall the Strichartz estimates for the operators D〈D〉 and (D〈D〉)2. A
pair (q,r) is called Schrödinger admissible, for short S-admissible, if

2≤ q,r≤∞, (q,r,d) 6= (2,∞,2),
2

q
+
d

r
=
d

2
. (2.10)

A pair (q,r) is called biharmonic admissible, for short B-admissible, if

2≤ q,r≤∞, (q,r,d) 6= (2,∞,4),
4

q
+
d

r
=
d

2
, (2.11)
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see [30]. We also denote the notation ρ(r) := d
2 −

d
r .

Proposition 2.1 (Pausader [30]). Let E∈C([0,T ],H−4(Rd)) be a solution of (2.1).
For any B-admissible pairs (q1,r1) and (q2,r2), it satisfies

‖E‖Lq1
[0,T ]

L
r1
x
.‖E0‖L2

x
+‖F‖

L
q2
′

[0,T ]
L
r2
′

x
, (2.12)

where the constant depends only on q2 and r2. Besides, for any S-admissible pairs
(q1,r1) and (q2,r2), we have

‖〈D〉
2
q1E‖Lq1

[0,T ]
L
r1
x
.‖E0‖L2

x
+‖〈D〉−

2
q2 F‖

L
q2
′

[0,T ]
L
r2
′

x
, (2.13)

where the constant depends only on q2 and r2.

The proof is based on the work of Kenig-Ponce-Vega [24], or the works of Ben-Artzi-
Koch-Saut [6], Pausader [30], and Keel-Tao [23], together with some modifications. The
readers are also referred to [9] for the supplement. Now we can use the interpolation
between (2.12) and (2.13) to get the following.

Corollary 2.1. Assume that 0≤θ≤1,4≤ q̃≤∞ for d= 1, 2<q̃≤∞ for d= 2,4, and
2≤ q̃≤∞ for d= 3,d≥5. Then the following inequalities hold. For d= 1,2,3,

‖〈D〉
2
q̃ θU(t)E0‖LqILrx .‖E0‖L2

x
, (2.14)

where 1
q = θ

q̃ + d
8 (1−θ) and ρ(r) = d

2 (1−θ)+ 2
q̃ θ. For d≥4,

‖〈D〉θU(t)E0‖LqILrx .‖E0‖L2
x
, (2.15)

where 1
q = 1−θ

q̃ + θ
2 and ρ(r) = 4

q̃ (1−θ)+θ.

Proof. We first consider 1≤d≤3. Let the pair (q̃, r̃) be S-admissible. The
interpolation between (2.13) with (q̃, r̃) and (2.12) with ( 8

d ,∞) gives (2.14).
We next consider d≥4. Let the pairs (2,r1) be S-admissible and (q2,r2) be B-

admissible. The interpolation between (2.13) with (2,r1) and (2.12) with (q2,r2) gives
(2.15).

Invoking the above corollary, we can obtain a variant version of Strichartz estimate
for (2.1).

Lemma 2.3. Under the assumptions of Corollary 2.1, assume that β> 1
2 and 0≤ ã≤β.

Then the following inequalities hold. For d= 1,2,3,

‖(〈ξ〉
2
q̃ θ

ã
β 〈τ+ |ξ|2〈ξ〉2〉−ã|û|)∨‖LqILrx .‖u‖L2

t,x
, (2.16)

where

1

q
=

(
d

8
(1−θ)+

θ

q̃

)
ã

β
+

1

2

(
1− ã

β

)
and ρ(r) =

(
d

2
(1−θ)+

2

q̃
θ

)
ã

β
. (2.17)

For d≥4,

‖(〈ξ〉θ
ã
β 〈τ+ |ξ|2〈ξ〉2〉−ã|û|)∨‖LqILrx .‖u‖L2

t,x
, (2.18)
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where

1

q
=

(
1−θ
q̃

+
θ

2

)
ã

β
+

1

2

(
1− ã

β

)
and ρ(r) =

(
4

q̃
(1−θ)+θ

)
ã

β
. (2.19)

Proof. For 1≤d≤3, we first get the following estimate∥∥〈D〉 2q̃ θf∥∥
L
q1
I L

r1
x
.‖f‖XS0,β , (2.20)

where 1
q1

= d
8 (1−θ)+ θ

q̃ and ρ(r1) = d
2 (1−θ)+ 2

q̃ θ. Using Fourier transform and its in-

verse, we can rewrite f =F−1
τ U(t)Ft(U(−t)f). Invoking (2.14), we first compute

‖〈D〉
2
q̃ θf‖Lq1I Lr1x .

∫ ∥∥∥Ft(U(−t)f)(τ)
∥∥∥
L2
x

dτ

.
(∫
〈τ+ |ξ|2〈ξ〉2〉2β

∣∣∣f̂(τ,ξ)
∣∣∣2dξdτ) 1

2

=‖f‖XS0,β , (2.21)

where we use (2.14) and β> 1
2 . Invoking the interpolation between (2.20) and ‖f‖L2

IL
2
x
≤

‖f‖XS0,0 , we then obtain

∥∥〈D〉 2q̃ θ ãβ f‖LqILrx .‖f‖XS0,ã ,
where (2.17) holds.

For d≥4, we analogously get the following estimate∥∥〈D〉θf∥∥
L
q1
I L

r1
x
.‖f‖XS0,β , (2.22)

where 1
q1

= 1−θ
q̃ + θ

2 and ρ(r1) = 4
q̃ (1−θ)+θ. Invoking the interpolation between (2.22)

and ‖f‖L2
IL

2
x
≤‖f‖XS0,0 , we then obtain

∥∥〈D〉θ ãβ f‖LqtLrx .‖f‖XS0,ã ,
where (2.19) holds. Finally, we let f̂ = 〈τ+ |ξ|2〈ξ〉2〉−ã|û| and complete the proof.

Proposition 2.2 (Gustafson-Nakanishi-Tsai [15], Theorem 2.1, and [9]). Let N be a
solution of (2.4). If (qi,ri) are S-admissible for i= 1, 2, we have, with γi := (1−2/d)/qi,

∥∥∥( D〈D〉)−γ1N∥∥∥Lq1
[0,T ]

L
r1
x

.‖N0‖L2
x

+
∥∥∥( D〈D〉)γ2G∥∥∥Lq2′

[0,T ]
L
r2
′

x

, (2.23)

where the implicit constant depends only on d, q1, and q2.

Remark 2.1. For d≥2, invoking (2.23) and Plancherel Theorem, we have

‖W (t)N0‖Lq1I Lr1x =
∥∥∥( D〈D〉)−γ1W (t)

( D
〈D〉

)γ1
N0

∥∥∥
L
q1
I L

r1
x

.
∥∥∥( D〈D〉)γ1N0

∥∥∥
L2
x

.‖N0‖L2
x
.

(2.24)

We can also obtain a variant version of Strichartz estimate for (2.4).
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Lemma 2.4. For d≥2, let β0>
1
2 , 0≤a≤β0, 0<η≤1 for d= 2, and 0≤η≤1 for

d≥3. Then

‖(〈τ±|ξ|〈ξ〉〉−a|û|)∨‖LqILrx .‖u‖L2
t,x
, (2.25)

where

2

q
= 1−η a

β0
and ρ(r) = (1−η)

a

β0
. (2.26)

For the multilinear estimates, we state the following calculus lemma. Define [a]+ =
a if a>0, δ if a= 0, 0 if a<0, where δ is an arbitrary small number.

Lemma 2.5 ( [11] Lemma 4.2). Let 0≤a−≤a+, a+ +a−>
1
2 , and α= 2a−− [1−

2a+]+. Then the following estimate holds for all s∈R∫
R
〈y−s〉−2a+〈y+s〉−2a−dy≤ c〈s〉−α.

3. Multilinear estimates
For the local well-posedness of (1.6), we need to verify the following multilinear

estimates,

‖Re(N )E‖XSk,−c1 .‖N‖XW`,b‖E‖XSk,b1 , (3.1)

‖D〈D〉−1(E1Ē2)‖XW`,−c .‖E1‖XSk,b1 ‖E2‖XSk,b1 , (3.2)

‖Re(N )E‖Y Sk .‖N‖XW`,b‖E‖XSk,b1 , (3.3)

‖D〈D〉−1
(
E1Ē2

)
‖YW` .‖E1‖XSk,b1‖E2‖XSk,b1 , (3.4)

whose proof will be given in the next section. For estimate (3.1), it is sufficient to obtain

‖NE‖XSk,−c1 +‖N̄E‖XSk,−c1 .‖N‖XW`,b‖E‖XSk,b1 . (3.5)

For (3.3), it is sufficient to estimate the following inequality.

‖NE‖Y Sk +‖N̄E‖Y Sk .‖N‖XW`,b‖E‖XSk,b1 . (3.6)

The proofs for NE and N̄E are similar, thus we only discuss the case of NE. By the
duality argument, (3.5) and (3.2) are equivalent to

|〈NE,g〉|.‖N‖XW`,b‖E‖XSk,b1 ‖g‖XS−k,c1
and

|〈D〈D〉−1(E1Ē2),g〉|.‖E1‖XSk,b1‖E2‖XSk,b1 ‖g‖XW−`,c

respectively. Thus we know that (3.5) holds if and only if S.‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x

and (3.2) holds if and only if W .‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
for all u,u1,u2∈L2

t,x, where

S :=

∫
|û(τ,ξ)|
〈σ〉b

|û1(τ1,ξ1)|
〈σ1〉c1

|û2(τ2,ξ2)|
〈σ2〉b1

〈ξ1〉k

〈ξ2〉k
〈ξ〉−`dµ, (3.7)
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W :=

∫
|û(τ,ξ)|
〈σ〉c

|û1(τ1,ξ1)|
〈σ1〉b1

|û2(τ2,ξ2)|
〈σ2〉b1

|ξ|
〈ξ〉

〈ξ〉`

〈ξ1〉k〈ξ2〉k
dµ, (3.8)

ξ= ξ1−ξ2, τ = τ1−τ2, σ= τ+ |ξ|〈ξ〉, σj = τj+ |ξj |2〈ξj〉2, for j= 1,2, (3.9)

and dµ=dτ2dξ2dτ1dξ1, we denote

AS := 〈ξ1〉k〈ξ2〉−k〈ξ〉−` and AW := 〈ξ〉`〈ξ1〉−k〈ξ2〉−k. (3.10)

For (3.3) and (3.4), it is equivalent to prove∣∣∣∫ (∫ 〈ξ1〉k〈τ1 + |ξ1|2〈ξ1〉2〉−1|N̂E(τ1,ξ1)|dτ1
)
v̂1(ξ1)dξ1

∣∣∣.‖N‖XW`,b‖E‖XSk,b1 ‖v1‖L2
x

and ∣∣∣∫ (∫ 〈ξ〉`〈τ+ |ξ|〈ξ〉〉−1 |ξ|
〈ξ〉
|Ê1Ē2(τ,ξ)|dτ

)
v̂(ξ)dξ

∣∣∣.‖E1‖XSk,b1‖E2‖XSk,b1 ‖v‖L2
x

respectively. Analogously we need to obtain the estimates S̃.‖u‖L2
t,x
‖v1‖L2

x
‖u2‖L2

t,x

and W̃ .‖v‖L2
x
‖u1‖L2

t,x
‖u2‖L2

t,x
, where

S̃ :=

∫
|û(τ,ξ)|
〈σ〉b

|û1(τ1,ξ1)|
〈σ1〉a1

|û2(τ2,ξ2)|
〈σ2〉b1

AS dµ, (3.11)

W̃ :=

∫
|û(τ,ξ)|
〈σ〉a

|û1(τ1,ξ1)|
〈σ1〉b1

|û2(τ2,ξ2)|
〈σ2〉b1

|ξ|
〈ξ〉

AW dµ, (3.12)

dµ=dτ2dξ2dτ1dξ1, |û1|= 〈σ1〉a1−1|Fv1(ξ1)| in S̃, and |û|= 〈σ〉a−1|Fv(ξ)| in W̃ . We split
the space of (τ2,ξ2,τ1,ξ1) into three parts. Let

Ω1 :={2|ξ2|< |ξ1|}, Ω2 :={2|ξ1|< |ξ2|}, Ω3 :={1/2|ξ1|≤ |ξ2|≤2|ξ1|} (3.13)

On each of Ωj , j= 1,2,3, we can simplify the quantities AS and AW as follows:

k= 0, AS∼〈ξ〉−`, AW ∼〈ξ〉`;
k>0, on Ω1, AS∼〈ξ〉k−`〈ξ2〉−k, AW ∼〈ξ〉`−k〈ξ2〉−k;
k>0, on Ω2, AS. 〈ξ〉−`, AW ∼〈ξ〉`−k〈ξ1〉−k;
k>0, on Ω3, AS∼〈ξ〉−`, AW . 〈ξ〉`−2k;
k<0, on Ω1, AS. 〈ξ〉−`, AW . 〈ξ〉`−2k;
k<0, on Ω2, AS∼〈ξ〉−k−`〈ξ1〉k, AW . 〈ξ〉`−2k;
k<0, on Ω3, AS∼〈ξ〉−`, AW ∼〈ξ〉`〈ξ1〉−2k.

(3.14)

Correspondingly we split the integral as follows:

Sj :=

∫
Ωj

|û|
〈σ〉b

|û1|
〈σ1〉c1

|û2|
〈σ2〉b1

AS dµ, and Wj :=

∫
Ωj

|û|
〈σ〉c

|û1|
〈σ1〉b1

|û2|
〈σ2〉b1

|ξ|
〈ξ〉

AW dµ,

(3.15)

for j= 1,2,3. Also we define S̃j and W̃j accordingly, for j= 1,2,3,

S̃j :=

∫
Ωj

|û|
〈σ〉b

|û1|
〈σ1〉a1

|û2|
〈σ2〉b1

AS dµ, and W̃j :=

∫
Ωj

|û|
〈σ〉a

|û1|
〈σ1〉b1

|û2|
〈σ2〉b1

|ξ|
〈ξ〉

AW dµ.

(3.16)
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We decomposed the region Ωj into three parts for j= 1,2, as follows:

Ωj,σ := Ωj
∣∣
|σ|≥max{|σ1|,|σ2|}

, Ωj,σ1
:= Ωj

∣∣
|σ1|≥max{|σ|,|σ2|}

, Ωj,σ2
:= Ωj

∣∣
|σ2|≥max{|σ|,|σ1|}

.

(3.17)
We also split the integral Sj into three parts Sj,σ, Sj,σ1

, and Sj,σ2
with respect to the

regions Ωj,σ, Ωj,σ1
, Ωj,σ2

for j= 1,2. Thus Wj is split into three parts Wj,σ, Wj,σ1
, and

Wj,σ2
in the same fashion for j= 1,2. So are the integrals S̃j and W̃j . Since

max{〈σ〉,〈σ1〉,〈σ2〉}& |σ1−σ2−σ|+1 =
∣∣|ξ1|2〈ξ1〉2−|ξ2|2〈ξ2〉2−|ξ|〈ξ〉∣∣+1& 〈ξ〉4

(3.18)
on Ω1∪Ω2, thus we have the following inequality

max{〈ξ〉4,〈ξ1〉4,〈ξ2〉4}.max{〈σ〉,〈σ1〉,〈σ2〉}, (3.19)

which will be used frequently in the proof of multilinear estimates. The proofs of
Theorems 1.1 - 1.2 will be given in the later sections.

4. Multilinear estimates for the X-norm
We first pay attention to the integration region Ω3 since we shall not have any

inequality like (3.19) that is applicable. In fact, the multilinear estimates on Ω3 gives the
limit condition for (k,`). We denote n(r,r′) :=ρ(r)−ρ(r′) if 2≤ r′≤ r<∞, > d

2 −ρ(r′)
if r=∞.

Lemma 4.1. Let a,a1,a2≥0 and m∈R. For d= 2,3, let m≤ d
2 and one of the

following conditions is satisfied. (a) a,a2>
1
2 ,a1>

1
4 ; (b) a,a1>

1
2 ,a2>

1
4 ; (c) a1,a2>

1
2 ,a>

1
4 . Then we have∫

Ω3

|û(τ,ξ)|
〈σ〉a

|û1(τ1,ξ1)|
〈σ1〉a1

|û2(τ2,ξ2)|
〈σ2〉a2

〈ξ〉mdµ.‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
. (4.1)

For d≥4, let m≤4− d
2 and one of the following conditions is satisfied. (i) a,a2>

1
2 ,a1>

d
8 −

1
2 + m

4 ; (ii) a,a1>
1
2 ,a2>

d
8 −

1
2 + m

4 ; (iii) a1,a2>
1
2 ,a>

d
8 −

1
2 + m

4 . Then we
have (4.1).

Proof. Without loss of generality, we can assume that m≥0 for 2≤d≤7. Set
m=α1 +α2, by the Hölder inequality, we have

LHS of (4.1)

.
∫

Ω3

|û|
〈σ〉a

〈ξ1〉α1 |û1|
〈σ1〉a1

〈ξ2〉α2 |û2|
〈σ2〉a2

dµ

. ‖(〈σ〉−a|û|)∨‖LqtLrx‖(〈ξ1〉
α1〈σ1〉−a1 |û1|)∨‖Lq1t Lr1x ‖(〈ξ2〉

α2〈σ2〉−a2 |û2|)∨‖Lq2t Lr2x , (4.2)

where

1

q
+

1

q1
+

1

q2
= 1 and ρ(r)+ρ(r1)+ρ(r2) =

d

2
. (4.3)

Invoking Lemma 2.4, if (2.26) holds, we can obtain ‖(〈σ〉−a|û|)∨‖LqtLrx .‖u‖L2
t,x

pro-

vided that β0,a, and η satisfy the assumption in Lemma 2.4.
For last two norms in (4.2), invoking Lemma 2.3, if

2

qj
= 1−(1−γj(1−θj))

aj
βj
−αj , ρ(rj) = (2γj(1−θj))

aj
βj

+αj , αj = ζjθj
aj
βj
, (4.4)
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γ1 =γ2 =
d

4
for d= 2,3;γj =

2

q̃j
for d≥4,ζj =

2

q̃j
for d= 2,3;ζ1 = ζ2 = 1 for d≥4,

(4.5)

we can get

‖(〈ξj〉αj 〈σj〉−aj |ûj |)∨‖Lqjt L
rj
x
.‖uj‖L2

t,x
, for j= 1,2,

provided that βj ,aj ,θj , and q̃j satisfy the assumption in Lemma 2.3. Now we have

m=α1 +α2 = ζ1θ1
a1

β1
+ζ2θ2

a2

β2

{
< 2 if d= 2,

≤ 2 if d≥3.
(4.6)

Combining (4.3), (2.26), and (4.4) gives

1 =η
a

β0
+(1−γ1(1−θ1))

a1

β1
+(1−γ2(1−θ2))

a2

β2
−m (4.7)

and

d

2
= (1−η)

a

β0
+2γ1(1−θ1)

a1

β1
+2γ2(1−θ2)

a2

β2
+m. (4.8)

Then we add up (4.7) with (4.8) and add up 2×(4.7) with (4.8) to obtain

1+
d

2
=
a

β0
+(1+γ1(1−θ1))

a1

β1
+(1+γ2(1−θ2))

a2

β2
(4.9)

and

2+
d

2
= (1+η)

a

β0
+2

a1

β1
+2

a2

β2
−m. (4.10)

From (4.8) and (4.10), we have the conditions m≤ d
2 and m≤4− d

2 respectively. There-

fore, we obtain the limit conditions m≤ d
2 for d= 2,3, and m≤4− d

2 for d≥4.
From the equalities (4.9) and (4.10), we may get these conditions (a)−(c) and

(i)−(iii). For example, if a,a2>
1
2 , we may choose η= 1, and thus we get a1≥ (d4 −1+

m
2 )β1>

d
8 −

1
2 + m

4 by (4.10). However, such a condition is not enough when the equality
(4.9) holds for d= 3. More precisely, the lower bound is too small for d= 3. Since
d
8 −

1
2 + m

4 ≤
1
4 when d= 3, we assume that a1>

1
4 .

For d≥8, we have

LHS of (4.1).‖(〈ξ〉m〈σ〉−a|û|)∨‖LqtLrx‖(〈σ1〉−a1 |û1|)∨‖Lq1t Lr1x ‖(〈σ2〉−a2 |û2|)∨‖Lq2t Lr2x
(4.11)

with (4.3). Since m≤0, we apply Sobolev inequality and Lemma 2.4 to obtain

‖(〈ξ〉m〈σ〉−a|û|)∨‖LqtLrx .‖(〈ξ〉
m+n(r,r′)〈σ〉−a|û|)∨‖LqtLr′x .‖u‖L2

t,x
, (4.12)

where n(r,r′)≤−m, and (q,r′) satisfies (2.26) provided that β0>
1
2 ,0≤a≤β0, and 0≤

η≤1 . Invoking Lemma 2.3, if (4.4) with θ1 =θ2 = 0 holds, we can get

‖(〈σj〉−aj |ûj |)∨‖Lqjt L
rj
x
.‖uj‖L2

t,x
, j= 1,2,
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provided that βj>
1
2 , 0≤aj≤βj , and 2≤ q̃j≤∞. Combining all needed conditions, we

need to verify that the following system holds.
1 =η a

β0
+
(

1− 2
q̃1

)
a1
β1

+
(

1− 2
q̃2

)
a2
β2
,

ρ(r) = d
2 −

4
q̃1
a1
β1
− 4
q̃2
a2
β2
< d

2 ,

−m≥ρ(r)−(1−η) aβ0
≥0.

(4.13)

From the system (4.13), we have

−m≥ d
2

+2−(1+η)
a

β0
−2

a1

β1
−2

a2

β2
≥0 (4.14)

which implies the conditions (i)−(iii). Under the assumptions in Lemma 4.1, we can
choose the appropriate parameters to verify the Equations (4.9), (4.10), and (4.13).

Remark 4.1. For d≥4, from the Equations (4.10) and (4.14), we have to choose all
parameters a,a1,a2>

1
2 when m= 4− d

2 . That is, we have to choose b1,b,c1>
1
2 when the

integral S3 in (3.15) with `= d
2 −4 is derived from Lemma 4.1. However, the condition

b1 +c1>1 so that the corresponding Duhamel estimate does not hold. In order to obtain
LWP on boundary, we apply the method used in [9]. However, we only obtain the result
on some parts of the boundary.

Next we deal with the multilinear estimates on Ω3 for the wave case with k<0.
Note when d≥4, we obtain the conditions −`,`−2k≤4− d

2 by Lemma 4.1, so k≥0 for
d≥8. We split Ω3 into two parts: (i) Ω3∪{|ξ2|≤2|ξ|} and (ii) Ω3∩{|ξ2|>2|ξ|}. For
the case (i), we have 〈ξ〉`〈ξ1〉−k〈ξ2〉−k∼〈ξ〉`−2k, and thus we may estimate it by Lemma
4.1. Hence, we only need to consider the case of (ii).

Lemma 4.2. For 4≤d≤7, let `−2k≤4− d
2 and −1≤k<0. If b1>

1
2 , c>

d
8 −

1
2 + `−2k

4

and c> −k2 , we have∫
Ω3∩{|ξ2|>2|ξ|}

|û(τ,ξ)|
〈σ〉c

|û1(τ1,ξ1)|
〈σ1〉b1

|û2(τ2,ξ2)|
〈σ2〉b1

〈ξ〉`〈ξ1〉−2kdµ.‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
.

(4.15)

Proof. For `≥0, we have 〈ξ〉`〈ξ1〉−2k. 〈ξ1〉`−2k. Moreover, the proof of this case
is the same as Lemma 4.1. Thus, we may obtain that (4.15) holds if `−2k≤4− d

2 ,b1>
1
2 ,c>

d
8 −

1
2 + `−2k

4 .
For `<0, set α1 +α2 =−2k. Thus, by the Hölder inequality, we have

LHS of (4.23)∼
∫

Ω3∩{|ξ2|>2|ξ|}

|û|
〈σ〉c

〈ξ1〉α1 |û1|
〈σ1〉b1

〈ξ2〉α2 |û2|
〈σ2〉b1

〈ξ〉`dµ

.‖
(
〈ξ〉`〈σ〉−c|û|

)∨‖LqtLrx‖(〈ξ1〉α1〈σ1〉−b1 |û1|
)∨‖Lq1t Lr1x ‖(〈ξ2〉α2〈σ2〉−b1 |û2|

)∨‖Lq2t Lr2x
(4.16)

with (4.3). Since `<0, we apply Sobolev inequality and Lemma 2.4 to obtain

‖(〈ξ〉`〈σ〉−c|û|)∨‖LqtLrx .‖(〈ξ〉
`+n(r,r′)〈σ〉−c|û|)∨‖LqtLr′x .‖u‖L2

t,x
, (4.17)

where n(r,r′)≤−` and (q,r′) satisfies (2.26) provided β0>
1
2 ,0≤ c≤β0, and 0≤η≤1.

Invoking Lemma 2.3, if (4.4) with β1 =β2 = b1 holds, we can get

‖(〈ξj〉αj 〈σj〉−b1 |ûj |)∨‖Lqjt L
rj
x
.‖uj‖L2

t,x
, j= 1,2,
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provided θj and q̃j satisfty the assumptions in Lemma 2.3. Combining all needed con-
ditions, we have that the following system holds.

1 =η c
β0

+ 2
q̃1

(1−θ1)+ 2
q̃2

(1−θ2)−2k,

−2k=θ1 +θ2,
−`≥ d

2 −2k−2−(1+η) c
β0
≥0.

(4.18)

From the last inequality in (4.18), we get the condition c> −k2 when −`≥ d
2 −2. Under

the assumptions, we can choose the appropriate parameters to verify the system (4.18).

Remark 4.2. For d= 2,3, we may omit the term 〈ξ〉` in (4.15) as `<0. Then we
obtain the corresponding estimate by the argument in the proof of Lemma 4.1, see
Lemma 4.6.

Lemma 4.3. Let a,a1,a2≥0 and m∈R. For d= 2,3, let a,a1,a2≥ m
4 and one of

the following conditions is satisfied. (a) a,a2>
1
2 ,a1>

d
8 ; (b) a,a1>

1
2 ,a2>

d
8 ; (c) a,a2>

1
2 ,a>

d
8 . Then we have∫

Ωj

|û(τ,ξ)|
〈σ〉a

|û1(τ1,ξ1)|
〈σ1〉a1

|û2(τ2,ξ2)|
〈σ2〉a2

〈ξ〉mdµ.‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
for j= 1,2,

(4.19)
where Ω1, and Ω2 are given in (3.13).

For d≥4, let m≤4− d
2 and one of the following conditions is satisfied. (i) a,a2>

1
2 ,a1>

d
8 −

1
2 + m

4 ; (ii) a,a1>
1
2 ,a2>

d
8 −

1
2 + m

4 ; (iii) a1,a2>
1
2 ,a>

d
8 −

1
2 + m

4 . Then we
have (4.19).

Proof. We only prove the case of Ω1, while the case of Ω2 is analogous. The case
of Ω1,σ2

is symmetric to Ω1,σ1
for all d, so we skip the proof. Without loss of generality,

we assume that m≥0 for 2≤d≤7.

For d= 2,3, on Ω1,σ, invoking (3.18) and the condition a≥ m
4 , we obtain∫

Ω1,σ

|û|
〈σ〉a

|û1|
〈σ1〉a1

|û2|
〈σ2〉a2

〈ξ〉mdµ.‖u‖L2
t,x
‖(〈σ1〉−a1 |û1|)∨‖Lq1t Lr1x ‖(〈σ2〉−a2 |û2|)∨‖Lq2t Lr2x ,

(4.20)
where q= 2, q1, q2, r= 2, r1, and r2 satisfy (4.3). Invoking Lemma 2.3, if (4.4) with
q̃1 = q̃2 =∞ holds, we have

‖(〈σj〉−aj |ûj |)∨‖Lqjt L
rj
x
.‖uj‖L2

tL
2
x
, j= 1,2,

provided that βj>
1
2 , 0≤aj≤βj , and 0≤θj≤1. For the conditions (a) and (c), we

choose β1 = 4a1
d ,β2 =a2,θ1 = 1, and θ2 = 0 which satisfy (4.3). For the condition (b), we

choose β1 =a1,β2 = 4a2
d ,θ1 = 0, and θ2 = 1 which satisfy (4.3).

On Ω1,σ1
, invoking (3.18) and a1≥ m

4 , for the conditions (a) and (c), we have∫
Ω1,σ1

|û(τ,ξ)|
〈σ〉a

|û1(τ1,ξ1)|
〈σ1〉a1

|û2(τ2,ξ2)|
〈σ2〉a2

〈ξ〉mdµ

.
∥∥∥( |û|〈σ〉a)∨∥∥∥LqtLrx‖u1‖L2

t,x

∥∥∥( |û2|
〈σ2〉a2

)∨∥∥∥
L
q2
t L

r2
x

, (4.21)
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where q= 8
4−d ,q2 = 8

d ,ρ(r) = 0, and ρ(r2) = d
2 . Invoking Lemma 2.4 with β0 = 4a

d and
η= 1 and Lemma 2.3 with β=a2 and θ= 0, we obtain

RHS of (4.21).‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
.

For the condition (b), we first consider the case 0<m≤2. By the Hölder inequality, we
have∫

Ω1,σ1

|û||û1||û2|
〈σ〉a〈σ1〉a1〈σ2〉a2

〈ξ〉m.
∥∥∥[ |û|〈σ〉a ]∨∥∥∥LqtLrx

∥∥∥[ |û1|
〈σ1〉a1−

m
4

]∨∥∥∥
L
q1
t L

r1
x

∥∥∥[ |û2|
〈σ2〉a2

]∨∥∥∥
L
q2
t L

r2
x

(4.22)
with (4.3). Invoking Lemma 2.4 with β0 =a and η= d

2 −1+2δ, if 2
q =ρ(r) = 1−η, we

have

‖(〈σ〉−a|û|)∨‖LqtLrx .‖u‖L2
t,x
.

For the remaining two terms, we can set two quantities A1 = 1− m
2 +δ and A2 = m

2 −2δ

so that 0<A1,A2≤1. Invoking Lemma 2.3, if θ= 4
d−

1+δ
1−δ , q̃=∞,

2

qj
= 1−

(
1− d(1−θ)

4

)
Aj , and ρ(rj) =

d(1−θ)
2

Aj ,

for j= 1,2, we obtain

‖(〈σ1〉−(a1−m4 )|û1|)∨‖Lq1t Lr1x .‖u1‖L2
t,x

and ‖(〈σ2〉−a2 |û2|)∨‖Lq2t Lr2x .‖u2‖L2
t,x
.

It is easy to verify the condition (4.3). For m>2, since a> 1
2 , a1≥ m

4 , and a2>
1
2 , we

have ∫
Ω1,σ1

|û|
〈σ〉a

|û1|
〈σ1〉a1

|û2|
〈σ2〉a2

〈ξ〉mdµ.‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
,

where the argument is analogous to that of the part (a).
For 4≤d≤7. On Ω1,σ and Ω1,σ1

, by the Hölder inequality, we always obtain

LHS of (4.19).‖(〈σ〉−ã0 |û|)∨‖LqtLrx‖(〈σ1〉−ã1 |û1|)∨‖Lq1t Lr1x ‖(〈σ2〉−ã2 |û2|)∨‖Lq2t Lr2x
(4.23)

with (4.3), where ã2 =a2 on Ω1,σ∪Ω1,σ1
,

ã0 =

{
a−m

4
on Ω1,σ,

a on Ω1,σ1
,

ã1 =

{
a1 on Ω1,σ,

a1−
m

4
on Ω1,σ1 .

(4.24)

To estimate the RHS of (4.23) is similar to the RHS of (4.2). Thus, we obtain that
the following system holds when we assume that (2.26) and (4.4) hold and satisfy the
condition (4.3). 

d

2
+1 =

ã0

β0
+

(
1+

2

q̃1

)
ã1

β1
+

(
1+

2

q̃2

)
ã2

β2
,

d

2
+2 =

(
1+

2

q̃0

)
ã0

β0
+2

ã1

β1
+2

ã2

β2
,

(4.25)

where βj>
1
2 ,0≤ ãj≤βj , and 2≤ q̃j≤∞ (q̃j>2 for d= 4,j= 1,2) for j= 0,1,2.
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The conditions (i) and (ii) are symmetric on the case Ω1,σ and the conditions (ii)
and (iii) are similar on the case Ω1,σ1 , so we consider only the first one respectively.

We may take
a−m4
β0

+ a1
β1

= d
4 , a2β2

= 1 for the conditions (i), (iii) on Ω1,σ and
a1−m4
β1

+ a2
β2

=
d
4 +δ, a

β0
= 1 for the conditions (i), (ii) on Ω1,σ1 . Then we may choose the appropriate

parameters so that (4.25) holds.
Finally, the proof of the case d≥8 is the same as Lemma 4.1, so we complete the

proof.

Lemma 4.4. Let a,a1,a2≥0,m∈R and m1≥0. For d≥4, let m1≥m+ d
2 −4,

a,a1,a2≥ m
4 , and one of the following conditions holds. (i) a,a2>

1
2 ,a1>

d
8 −

1
2 + m−m1

4 ;

(ii) a1,a2>
1
2 ,a>

d
8 −

1
2 + m−m1

4 . Then, we can derive∫
Ωj

|û(τ,ξ)|
〈σ〉a

|û1(τ1,ξ1)|
〈σ1〉a1

|û2(τ2,ξ2)|
〈σ2〉a2

〈ξ〉m

〈ξj+(−1)jξ〉m1
dµ.‖u‖L2

t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
, (4.26)

for j= 1,2. Note ξj+(−1)jξ= ξ2 if j= 1 and ξj+(−1)jξ= ξ1 if j= 2.

Proof. We only prove the case for j= 1, while the other case j= 2 is analogous.
Without loss of generality, we assume that m≥0. For (4.26) with j= 1, we split the
integral into three parts depending on the dominants of {σ, σ1, σ2}. For each of the
dominanted regions, by the Hölder inequality, we have

LHS of (4.26).‖( |û|
〈σ〉ã

)∨‖LqtLrx‖(
|û1|
〈σ1〉ã1

)∨‖Lq1t Lr1x ‖(
|û2|

〈ξ2〉m1〈σ2〉ã2
)∨‖Lq2t Lr2x (4.27)

with (4.3), where

ã=

{
a−m

4
on Ω1,σ,

a otherwise,
ã1 =

{
a1−

m

4
on Ω1,σ1

,

a1 otherwise,
ã2 =

{
a2−

m

4
on Ω1,σ2

,

a2 otherwise.
(4.28)

Invoking Lemma 2.4, if (q,r) satisfies (2.26), we get ‖(〈σ〉−ã|û|)∨‖LqtLrx .‖u‖L2
t,x

provided that β0>
1
2 , 0≤ ã≤β0, and 0≤η≤1. Invoking Lemma 2.3, if (4.4) with θ1 = 0

holds for j= 1, we can get ‖(〈σ1〉−ã1 |û1|)∨‖Lq1t Lr1x .‖u1‖L2
t,x

provided that β1, ã1, q̃1 sat-

isfy the assumptions in Lemma 2.3. For the remaining norms, invoke Sobolev inequality
and Lemma 2.3, then we can derive

‖(〈ξ2〉−m1〈σ2〉−ã2 |û2|)∨‖Lq2t Lr2x .‖(〈ξ2〉−m1+n(r2,r
′
2)〈σ2〉−ã2 |û2|)∨‖

L
q2
t L

r′2
x

.‖u2‖L2
t,x

provided that β2, ã2,θ2, q̃2 satisfy the assumption in Lemma 2.3, (q2,r
′
2) satisfies (4.4)

and n(r2,r
′
2)−m1≤θ2

ã2
β2

.

Combining all needed conditions, we have that the following system holds.
1 =η ã

β0
+
(

1− 2
q̃1

)
ã1
β1

+
(

1− 2(1−θ2)
q̃2

−θ2

)
ã2
β2
,

ρ(r2) = d
2 −(1−η) ãβ0

− 4
q̃1
ã1
β1
< d

2 ,

m1 +θ2
ã2
β2
≥ρ(r2)−

(
4
q̃2

(1−θ2)+θ2

)
ã2
β2
≥0.

(4.29)

From the above system, we have

m1≥
d

2
+2−(1+η)

ã

β0
−2

ã1

β1
−2

ã2

β2
≥−θ2

ã2

β2
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which implies the conditions described in Lemma 4.4.

Remark 4.3. For d= 2,3, we may omit the term 〈ξj+(−1)jξ〉m1 in (4.26), and then
treat the corresponding estimate by Lemma 4.3.

We have to choose both b1 and c1 bigger than 1
2 when we derive the multilinear

estimate on Ω1 for the Schrödinger case with |k|−`>2 by Lemma 4.4. However, the
condition b1 +c1>1 such that the Duhamel estimate will not hold. Thus, we try to
relax the conditions of b1 so that we may obtain a larger LWP region.

Lemma 4.5. Let |k|−`≥2 and −`≤ d
2 for d= 2,3, −`≤4− d

2 for d≥4.

(a) For k≥0, if b,c1>
1
2 , c1≥ k−`

4 >b1>
k−`−1

4 , b1>
d
8 −

1
2−

`
4 , and b> k−`−1

4 , then

∫
Ω1

|û(τ,ξ)|
〈σ〉b

|û1(τ1,ξ1)|
〈σ1〉c1

|û2(τ2,ξ2)|
〈σ2〉b1

〈ξ1〉k−`

〈ξ2〉k
dµ.‖u‖L2

t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
. (4.30)

(b) For k<0, if b,b1>
1
2 , b1≥ −k−`4 >c1>

−k−`−1
4 , c1>

d
8 −

1
2−

`
4 , and b> −k−`−1

4 ,
then ∫

Ω2

|û(τ,ξ)|
〈σ〉b

|û1(τ1,ξ1)|
〈σ1〉c1

|û2(τ2,ξ2)|
〈σ2〉b1

〈ξ1〉k

〈ξ2〉k+`
dµ.‖u‖L2

t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
. (4.31)

Proof. First we consider the case of d= 2,3. For the part (a), on Ω1,σ2
, we have∫

Ω1,σ2

|û|
〈σ〉b

|û1|
〈σ1〉c1

|û2|
〈σ2〉b1

〈ξ1〉k−`

〈ξ2〉k
dµ

.
∥∥∥( |û|〈σ〉b)∨∥∥∥LqtLrx

∥∥∥( 〈ξ1〉k−`−4b1 |û1|
〈σ1〉c1

)∨∥∥∥
L
q1
t L

r1
x

∥∥∥( |û2|
〈ξ2〉k

)∨∥∥∥
L2
tL

r2
x

,

where q, q1, q2 = 2, r, r1, and r2 satisfy (4.3) and 0<k−`−4b1<1. Invoke Lemma 2.4
with β0 = b and η=k−`−4b1, if 2

q =ρ(r) = 1−(k−`−4b1), then

‖(〈σ〉−b|û|)∨‖LqtLrx .‖u‖L2
t,x
.

Invoke Lemma 2.3, if (4.4) with β1 = c1,θ1 = 1, and q̃1 = 2
k−`−4b1

holds for j= 1, then we
obtain

‖(〈ξ1〉k−`−4b1〈σ1〉−c1 |û1|)∨‖Lq1t Lr1x .‖u1‖L2
t,x
.

One may check that 1
q + 1

q1
= 1

2 and we now have ρ(r2) = d
2 −1. By the conditions k−`≥

2 and −`≤ d
2 , we have k≥2− d

2 ≥ρ(r2). Invoke Sobolev inequality, then we derive

‖(〈ξ2〉−k|û2|)∨‖L2
tL

r2
x
.‖u2‖L2

t,x
.

On Ω1,σ, by the conditions b> 1
2 and b> k−`−1

4 , we have∫
Ω1,σ

|û||û1||û2|〈ξ1〉k−`

〈〈σ〉bσ1〉c1〈σ2〉b1〈ξ2〉k
.‖u‖L2

t,x

∥∥∥( 〈ξ1〉m1 |û1|
〈σ1〉c1

)∨∥∥∥
L
q1
t L

r1
x

∥∥∥( |û2|
〈ξ2〉k〈σ2〉b1

)∨∥∥∥
L
q2
t L

r2
x

,

where q= 2, q1, q2, r= 2, r1, and r2 satisfy (4.3) and m1 = 0 for k−`= 2, m1 =k−
`−2−4δ for 2<k−`<3, m1 = 1−4δ for k−`≥3. Invoke Lemma 2.3, if (4.4) with



1398 LOCAL WELL-POSEDNESS FOR QUANTUM ZAKHAROV SYSTEM

β1 = c1,θ1 = 3
2−

2
d for k−`= 2, θ1 = 1 for k−`>2, and q̃1 = 2

m1
holds for j= 1, then we

obtain

‖(〈ξ1〉m1〈σ1〉−c1 |û1|)∨‖Lq1t Lr1x .‖u1‖L2
t,x
.

For the remaining terms, we can choose the suitable parameters β2,θ2, and q̃2 so that
(q2,r

′
2) satisfy (4.4). Then invoking Sobolev inequality and Lemma 2.3, we have

‖(〈ξ2〉−k〈σ2〉−b1 |û2|)∨‖Lq2t Lr2x .‖(〈ξ2〉−k+n(r2,r
′
2)〈σ2〉−b1 |û2|)∨‖

L
q2
t L

r′2
x

.‖u2‖L2
t,x
.

For the region Ω1,σ1
, it is similar to the proof in Lemma 4.4, so we omit the proof. The

argument for the case k<0 and (4.31) is analogous to that of k≥0 and (4.30), thus we
omit the proof. Also the proof for the case d≥4 is similar to that of the case d= 2,3.
Again we skip the proof.

We now apply Lemmata 4.1-4.4 to obtain the multilinear estimates (3.1) and (3.2).
By the limited conditions in Lemmata 4.1-4.4, we divide the region of LWP in Theorem
1.1 into several subregions. For d= 2,3, we set

D1 :=
{

(k,`) : max{−`, `−2k,−2k}≤d/2, max{|k|−`, `−k}<2
}
,

D2 :=
{

(k,`) : `≥−d/2, 2≤k−`<5/2
}
,

D3 :=
{

(k,`) : `−2k≤d/2, −4<k−`≤−2
}
,

D4 :=
{

(k,`) : max{`, 2k}≥−3/2, k+`≤−2
}
.

(4.32)

Note RQZ,2 =D1∪D2∪D3 and RQZ,3 =D1∪D2∪D3∪D4. For d≥4, we set

D5 :=
{

(k,`) : max{−`, `−2k}<4−d/2, k>−1, max{|k|−`, `−k}<2
}
,

D6 :=
{

(k,`) : k−2`<6−d/2, 2≤k−`<5/2
}
,

D7 :=
{

(k,`) : `−2k<4−d/2, −4<k−`≤−2
}
.

D8 :=
{

(k,`) : k>−1, 2≤−k−`<`+6−d/2
}
,

(4.33)

Note RQZ,d=D5∪D6∪D7∪D8 for d≥4, which is given in (1.11). Also note that the
subregion D8 =∅ for d≥6.

Lemma 4.6. For d= 2,3, we have that the multilinear estimates (3.1) and (3.2) hold
provided

b1,b>1/2,c1≥ (|k|−`)/4,c≥ (`−k)/4,c1,c>d/8 for (k,`)∈D1,

b,c1>1/2,c1≥ (k−`)/4>b1> (k−`−1)/4,b1>d/8,c>1/4 for (k,`)∈D2,

b1>1/2,b1,c≥ (`−k)/4,b,c1≥0 for (k,`)∈D3,

b1,b>1/2,c>3/8,b1≥ (−k−`)/4>c1>3/8 for (k,`)∈D4.

Proof. By (3.15), we have S=S1 +S2 +S3 and W =W1 +W2 +W3. For (k,`)∈D1,
we treat S1 by Lemma 4.3(a) with m=k−`, S2 by Lemma 4.3(a) with m=−`, and
S3 by Lemma 4.1(a) with m=−`. For W1−W3, we separate into two cases: k≥0 and
k<0. For k≥0, we treat W1 and W2 by Lemma 4.3(c) with m= `−k, and W3 by
Lemma 4.1(c) with m= `−2k. Thus, for k≥0, we obtain the estimates (3.1) and (3.2)
provided −`,`−2k≤ d

2 ,b1,b>
1
2 ,c1≥

k−`
4 ,c1,c>

d
8 ,c≥

`−k
4 .

For k<0, we treat W1 and W2 by Lemma 4.3(c) with m= `−2k. For W3, we have
AW . 〈ξ1〉`−2k for `≥0 and AW . 〈ξ1〉−2k for `<0. We may obtain the corresponding
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inequality for W3 by the same argument in the proof of Lemma 4.1. Thus, for k<0, we
assume that −`,`−2k,−2k≤ d

2 ,b1,b>
1
2 ,c1≥

−k−`
4 ,c1,c>

d
8 .

For D2, we invoke Lemmata 4.5(a), 4.3(b) and 4.1(b) to treat S1,S2 and S3, re-
spectively. Therefore, we have that the estimate (3.1) holds provided b,c1>

1
2 ,c1≥

k−`
4 >

b1>
k−`−1

4 ,b1>
d
8 . For W1−W3, we have AW .1. Thus, by c> 1

4 ,b1>
d
8 , and the Hölder

inequality, we obtain

W .‖(〈σ〉−( 1
4 +δ)|û|)∨‖LqtLrx‖(〈σ1〉−( d8 +δ)|û1|)∨‖Lq1t Lr1x ‖(〈σ2〉−( d8 +δ)|û2|)∨‖Lq1t Lr1x ,

where q= 4
d−1 ,q1 = 8

5−d ,ρ(r) = d−2
2 and ρ(r1) = 1

2 . Then invoke Lemma 2.4 with β0 =
1
2 +2δ,η= 3−d to process the first norm and Lemma 2.3 with β= d+8δ

2d ,θ= 1− 4
d2 , q̃=∞

to process the last two norms, so we have W .‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
.

For D3, we have the fact that `≥2+k≥4− d
2 >

d
2 , and thus AS. 〈ξ〉−( d2 +). There-

fore, by b1>
1
2 ,b,c1≥0, the Hölder inequality and Sobolev inequality, we obtain

S.‖(〈ξ〉−( d2 +)|û|)∨‖L2
tL
∞
x
‖u1‖L2

tL
2
x
‖(〈σ2〉−( 1

2 +)|û2|)∨‖L∞t L2
x
.‖u‖L2

t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
.

Invoke Lemma 4.3(c) to process W1 and W2 and Lemma 4.1(c) to process W3. Thus,
we obtain W .‖u‖L2

t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
provided b1>

1
2 and b1,c≥ `−k

4 .

For (k,`)∈D4, we apply Lemmata 4.3(a), 4.1(a) and 4.5(b) to treat S1,S3

and S2 respectively. Thus, S.‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
provided b1,b>

1
2 ,b1≥

−k−`
4 >c1>

3
8 . Then apply Lemmata 4.3(c) and 4.1(c) to obtain W1 +W2 +W3 .

‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
provided −2k≤ 3

2 , b1>
1
2 , and c> 3

8 .

Lemma 4.7. For d≥4, we have that the multilinear estimates (3.1) and (3.2) hold
provided

b1,b>1/2,c1≥ (|k|−`)/4,c1>d/8−1/2−`/4,c≥ (`−k)/4,

c>d/8−1/2+(`−2k)/4,c>−k/2,c,c1≥0 for (k,`)∈D5,

b,c1>1/2,c1≥ (k−`)/4>b1> (k−`−1)/4,b1>d/8−1/2−`/4,c≥0 for (k,`)∈D6,

b1>1/2,b1,c≥ (`−k)/4,c>d/8−1/2+(`−2k)/4,b,c1≥0 for (k,`)∈D7,

b1,b>1/2,b1≥ (−k−`)/4>c1>d/8−1/2−`/4,c>−k/2 for (k,`)∈D8.

Proof. For (k,`)∈D5, we separate into two cases: k≥0 and k<0. For k≥0,
we treat S1 by Lemma 4.4(i) with m=k−` and m1 =k, S2 by Lemma 4.3(i) with
m=−`, and S3 by Lemma 4.1(i) with m=−`. For W1−W3, we treat W1 and W2 by
Lemma 4.4(ii) with m= `−k and m1 =k, and W3 by Lemma 4.1(iii) with m= `−2k.
Thus, we assume that −`,`−2k≤4− d

2 ,b,b1>
1
2 ,c1≥

k−`
4 ,c1>

d
8 −

1
2−

`
4 ,c≥

`−k
4 ,c> d

8 −
1
2 + `−2k

4 ,c1,c≥0.
For k<0, we treat S1 by Lemma 4.3(i) with m=−`, S2 by Lemma 4.4(i) with

m=−k−` and m1 =−k, and S3 by Lemma 4.1(i) with m=−`. For W1−W3, we
treat W1 and W2 by Lemma 4.3(iii) with m= `−2k. For W3, we separate into two
subregions: U1 = Ω3∩{|ξ2|≤2|ξ|} and U2 = Ω3∩{|ξ2|>2|ξ|}. For U1, we have AW .
〈ξ〉`−2k, and then the corresponding integral be treated by Lemma 4.1(iii) with m=
`−2k. For U2, we have AW ∼〈ξ〉`〈ξ1〉−2k, and then the corresponding integral be
treated by Lemma 4.2. Thus, we assume that −`,`−2k≤4− d

2 ,k>−1;b,b1>
1
2 ,c1≥

−k−`
4 ,c1>

d
8 −

1
2−

`
4 ,c>

−k
2 ,c>

d
8 −

1
2 + `−2k

4 ,c1,c≥0.
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For D6, we apply Lemmata 4.5(i), 4.3(ii) and 4.1(ii) to treat S1,S2 and S3 respec-
tively. Thus, we get −`≤4− d

2 ,b,c1>
1
2 ,c1≥

k−`
4 >b1>

k−`−1
4 ,b> k−`−1

4 ,b1>
d
8 −

1
2−

`
4 .

For W1, we have AW . 〈ξ2〉−
d
2 . Thus, by b1>

1
4 ,c≥0 and the Hölder inequality, we

obtain

W1 .‖u|‖L2
tL

2
x
‖(〈σ1〉−( 1

4 +δ)|û1|)∨‖L4
tL

r1
x
‖(〈ξ〉−

d
2

2 〈σ2〉−( 1
4 +δ)|û2|)∨‖L4

tL
r2
x
,

where ρ(r1) = 2δ and ρ(r2) = d
2 −2δ. Then invoke Lemma 2.3 with β= 1+4δ

2+4δ ,θ= 0, q̃=
1+2δ
δ to process the second norm, and treat the last norm by the Sobolev inequality, and

thus we have W1 .‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
. The estimates of W2 and W3 are similar as

W1, so we obtain W .‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
.

For D7, we have the fact that `> d
2 , so AS. 〈ξ2〉−( d2 +δ) on Ω1∪Ω2, . 〈ξ〉−( d2 +δ) on

Ω3. For S1 and S2, by b1>
1
2 ,b,c1≥0, the Hölder inequality and Sobolev inequality, we

obtain

S1 +S2 .‖u‖L2
tL

2
x
‖u1‖L2

tL
2
x
‖( |û2|
〈ξ2〉

d
2 +δ〈σ2〉

1
2 +δ

)∨‖L∞t L∞x .‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
.

The estimate of S3 is similar as S1, so we have S.‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
. For

W1−W3, invoke Lemma 4.4(ii) and 4.1(iii) respectively, and thus we obtain W .
‖u‖L2

t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
provided `−2k≤4− d

2 ,b1>
1
2 ,b1,c≥

`−k
4 ,c> d

8 −
1
2−

`−2k
4 .

For (k,`)∈D8, the estimates for S1,S3,W1−W3 are the same as the estimates in
D5. Moreover, the estimate of S2 is dealt with Lemma 4.5(b), so we assume that
b1,b>

1
2 ,b1≥

−k−`
4 >c1>

d
8 −

1
2−

`
4 and c> −k2 .

5. Multilinear estimates for Y-norm

We have to choose c1≥ 1
2 when we derive the multilinear estimates on Ω1 for the

Schrödinger case with k−`≥2. The situation for c in the multilinear estimates for the
wave case with `−k≥2 is analogous. Thus, we need to verify the estimates (3.3) and
(3.4).

Lemma 5.1. Let 2≤k−`≤4 and −`≤ d
2 for d= 2,3, −`<4− d

2 for d≥4. If b> 1
2 ,

b≥ k−`
4 >b1>

k−`−1
4 , and b1>

d
8 for d= 2,3, b1>

d
8 −

1
2−

`
4 for d≥4, then the estimate

(3.3) holds.

Proof. We first consider the integral (3.11) on Ω1. By b> 1
2 , (3.18), and the

Cauchy-Schwarz inequality, we obtain

S̃1,σ1 .
∫

Ω1,σ1

|û(τ,ξ)|
〈σ〉b

|Fv1(ξ1)|
〈σ1〉a1

|û2(τ2,ξ2)|
〈σ2〉b1

〈ξ〉m

〈ξ2〉k
dµ

.‖u‖L2
t,x
M

1
2

(∫
〈σ〉−2b|Fv1(ξ+ξ2)û2(σ2−|ξ2|2〈ξ2〉2)|2dν

) 1
2

.‖u‖L2
t,x
M

1
2 ‖v1‖L2

x
‖u2‖L2

t,x
, (5.1)

where m=k−`−4(1−a1), dν=dσ2dξ2dσdξ, and

M := sup
σ,ξ∈Ω1,σ1

∫
Ω1,σ1

〈ξ〉2m〈ξ2〉−2k〈σ1〉−2a1〈σ2〉−2b1dσ2dξ2. (5.2)
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To estimate the above supremum, we apply Lemma 2.5, if a1 +b1>
1
2 , then

M . sup
σ,ξ∈Ω1,σ1

〈ξ〉2m
∫
|ξ2|≤|ξ|

〈ξ2〉−2k〈σ+ |ξ|〈ξ〉−|ξ|2〈ξ〉2 + |ξ+ξ2|2〈ξ+ξ2〉2〉−α(a1,b1)dξ2

.sup
ξ
〈ξ〉2m

∫
|ξ2|≤|ξ|

(1+ |ξ2|2)−kdξ2

.sup
ξ
〈ξ〉2m+[d−2k]+ <∞, (5.3)

where α(a1,b1) = 2min{a1,b1}− [1−2max{a1,b1}]+≥0 and 2m+[d−2k]+≤0. One
may verify the conditions a1 +b1>

1
2 and 2m+[d−2k]+≤0 under the assumptions in

Lemma 5.1.
For the subregion Ω1,σ, we may treat the corresponding integral S̃1,σ as in the proof

of Lemma 4.4 with a1<
1
2 since we assume that −`<4− d

2 . So in the subregion Ω1,σ2 ,

we may treat the corresponding integral S̃1,σ2
with a1<

1
2 by the proof of Lemma 4.5.

Therefore, we have

S̃1,σ+ S̃1,σ2 .‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
.‖u‖L2

t,x
‖v1‖L2

x
‖u2‖L2

t,x
.

For S̃2 and S̃3, we have the same argument as S̃1,σ. Thus, by Lemmata 4.1 and 4.3
respectively, we can take a1<

1
2 so that the following inequality

S̃j.‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
.‖u‖L2

t,x
‖v1‖L2

x
‖u2‖L2

t,x

still holds for j= 2,3. We complete the proof.

Lemma 5.2. Let 2≤ `−k≤4 and `−2k≤ d
2 for d= 2,3, `−2k<4− d

2 for d≥4. If

b1>
1
2 , b1≥ `−2k

4 + d
8 for k< d

2 , b1>
`−k

4 for k= d
2 , and b1≥ `−k

4 + d
8 for k> d

2 , then the
estimate (3.4) holds.

Proof. For W̃3, invoke Lemma 4.1(c) with m= `−2k, a= d
8 , and a1 =a2 = b1 for

d= 2,3, and Lemma 4.1(iii) with m= `−2k, a= d
8 −

1
2 + `−2k

4 +δ, and a1 =a2 = b1 for
d≥4, then we have

W̃3 .‖u‖L2
t,x
‖u1‖L2

t,x
‖u2‖L2

t,x
.‖v‖L2

x
‖u1‖L2

t,x
‖u2‖L2

t,x
.

Note that we can take a< 1
2 for d≥4 since `−2k<4− d

2 .

For the integral W̃1, by the Cauchy-Schwarz inequality, we have

W̃1 .
∫

Ω1

|v̂(ξ)|
〈σ〉

|û1(τ1,ξ1)|
〈σ1〉b1

|û2(τ2,ξ2)|
〈σ2〉b1

〈ξ〉`−k

〈ξ2〉k
dµ

. ‖v‖L2M
1
2

(∫
Ω1

|û1(σ−|ξ|〈ξ〉+σ2−|ξ2|2〈ξ2〉2,ξ+ξ2)û2(σ2−|ξ2|2〈ξ2〉2,ξ2)|2dν
) 1

2

. ‖v‖L2
x
M

1
2 ‖u1‖L2‖u2‖L2

where dν=dσ2dξ2dσdξ and

M := sup
ξ∈Ω1

∫
Ω1

〈ξ〉2(`−k)〈ξ2〉−2k

〈σ〉2〈σ−|ξ|〈ξ〉+σ2−|ξ2|2〈ξ2〉2 + |ξ+ξ2|2〈ξ+ξ2〉2〉2b1〈σ2〉2b1
dσ2dξ2dσ.
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To estimate the above supremum, we apply Lemma 2.5 twice to obtain

M . sup
ξ∈Ω1

〈ξ〉2(`−k)

∫
1

〈ξ2〉2k

∫
1

〈σ〉2〈σ−|ξ|〈ξ〉−|ξ2|2〈ξ2〉2 + |ξ+ξ2|2〈ξ+ξ2〉2〉2b1
dσdξ2

.sup
ξ
〈ξ〉2(`−k)

∫
〈ξ2〉−2k〈|ξ+ξ2|2〈ξ+ξ2〉2−|ξ|〈ξ〉−|ξ2|2〈ξ2〉2〉−2µdξ2

.sup
ξ
〈ξ〉2(`−k)−8µ+[d−2k]+ <∞, (5.4)

where µ := min{b1,1} and 2(`−k)−8µ+[d−2k]+≤0. One may check the condition
2(`−k)−8µ+[d−2k]+≤0 easily, so we skip this step.

For the integral W̃2, through the same argument, we can obtain

W̃2 .
∫

Ω2

|v̂(ξ)|
〈σ〉

|û1(τ1,ξ1)|
〈σ1〉b1

|û2(τ2,ξ2)|
〈σ2〉b1

〈ξ〉`−k

〈ξ1〉k
dµ.‖v‖L2

x
‖u1‖L2

t,x
‖u2‖L2

t,x
.

6. Proof of the main Theorem
Following the solution formulae (2.2) and (2.5), we can construct the iteration map

Λ(E,N ) :=
(
Φ(E,N ),Ψ(E)

)
, (6.1)

where

Φ(E,N ) :=ψ1(t)U(t)E0 +ψT (t)U ∗R
(
Re(N )E

)
,

Ψ(E) :=ψ1(t)W (t)N0 +ψT (t)W ∗R
(
D〈D〉−1|E|2

)
.

(6.2)

We want to find a fixed point in a set B of an appropriate Banach space. We choose

B :={(E,N ) : ‖E‖XSk,b1 ≤M1, ‖N‖XW`,b ≤M2},

where M1 = 2‖ψ‖Hb1 ‖E0‖Hk +1 and M2 = 2‖ψ‖Hb‖N0‖H` +1.

Proof. (Proof of Theorem 1.1 for d=2, 3.) For (k,`)∈D1, we can choose

c1 = max{d8 +δ, |k|−`4 }, c= max{d8 +δ, `−k4 }, b1>
1
2 , and b> 1

2 such that b1 +c1<1 and
b+c<1. Invoking Lemmata 2.1(S2), 2.2(S2), and 4.6, we can derive

‖Φ(E,N )‖XSk,b1 .‖ψ‖Hb1‖E0‖Hk +T 1−b1−c1‖Re(N )E‖XSk,−c1
.M1/2+T 1−b1−c1M2M1. (6.3)

Invoking Lemmata 2.1(W2), 2.2(W2), and 4.6, we can obtain

‖Ψ(E)‖XW`,b .‖ψ‖Hb1‖N0‖H` +T 1−b−c‖D〈D〉−1|E|2‖XSk,−c1
.M2/2+T 1−b−cM2

1 . (6.4)

Also with the aid of Lemmata 2.2(S2), 2.2(W2), and 4.6, we can estimate the differences

‖Φ(E1,N1)−Φ(E2,N2)‖XSk,b1 .T
1−b1−c1

(
M1 +M2

)(
‖N1−N2‖XW`,b +‖E1−E2‖XSk,b1

)
(6.5)
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and

‖Ψ(E1)−Ψ(E2)‖XW`,b .T
1−b−cM1‖E1−E2‖XSk,b1 . (6.6)

Hence Λ is a contraction map on B if we choose T sufficiently small such that

T 1−b1−c1
(
M1 +M2

)
�1, T 1−b−cM2

1 /M2�1, and T 1−b−cM1�1. (6.7)

For (k,`)∈D2, we can choose b= c1 = max{ 1
2 +δ, k−`4 }, c= 1

4 +δ, and b1 = 3
8 +δ such

that b1 +c1<1 and b+c<1. Invoking Lemmata 2.1(S2), 2.2(S1), 4.6, and 5.1, we can
derive

‖Φ(E,N )‖XSk,b1 . ‖ψ‖Hb1 ‖E0‖Hk +T 1−b1−c1‖Re(N )E‖XSk,−c1 +T
1
2−b1‖Re(N )E‖Y Sk

. M1/2+T 1−b1−c1M2M1.

Invoking Lemmata 2.1(W2), 2.2(W2), and 4.6, we can obtain (6.4). Also with the aid
of Lemmata 2.2(S1), 2.2(W2), 4.6, and 5.1, we can estimate the differences

‖Φ(E1,N1)−Φ(E2,N2)‖XSk,b1
. T 1−b1−c1

(
‖N1−N2‖XW`,b‖E1‖XSk,b1 +‖N2‖XW`,b‖E1−E2‖XSk,b1

)
+T

1
2−b1

(
‖Re(N1)(E1−E2)‖Y Sk +‖Re(N1−N2)E2‖Y Sk

)
. T 1−b1−c1

(
M1 +M2

)(
‖N1−N2‖XW`,b +‖E1−E2‖XSk,b1

)
and (6.6) holds. Hence Λ is a contraction map on B if we choose T such that (6.7)
holds.

For (k,`)∈D3, we choose b= c1 = 0, c= `−k
4 , and b1 = max{ `−2k

4 + d
8 ,

1
2 +δ} for k< d

2 ,
`−k

4 +δ for k= d
2 , `−k

4 for k> d
2 . Thus we have b1 +c1<1 and b+c<1. Invoking Lem-

mata 2.1(S2), 2.2(S2), and 4.6, we derive (6.3). Invoking Lemmata 2.1(W2), 2.2(W1),
4.6, and 5.2, we obtain

‖Ψ(E)‖XW`,b . ‖ψ‖Hb1 ‖N0‖H` +T 1−b−c‖D〈D〉−1|E|2‖XSk,−c1 +T
1
2−b‖D〈D〉−1|E|2‖YW`

. M2/2+T 1−b−cM2
1 .

With the aid of Lemmata 2.2(S2), 2.2(W1), 4.6, and 5.2, we estimate the differences to
get (6.5) and

‖Ψ(E1)−Ψ(E2)‖XW`,b
. T 1−b−c

(
‖E1−E2‖XSk,b1 ‖E1‖XSk,b1 +‖E2‖XSk,b1‖E1−E2‖XSk,b1

)
+

T
1
2−b
(
‖D〈D〉−1E1(Ē1− Ē2)‖YW` +‖D〈D〉−1(E1−E2)Ē2‖YW`

)
. T 1−b−cM1‖E1−E2‖XSk,b1 .

Hence Λ is a contraction map on B if we choose T sufficiently small such that (6.7)
holds.

For (k,`)∈D4, we can choose b1 = max{ 1
2 +δ, −`−k4 }, c= c1 = 3

8 +δ, and b= 1
2 +δ

such that b1 +c1<1 and b+c<1. The remaining argument here is the same with that
of the case for D1.

Since Xφ
p,q⊂C([0,T ];Hp) for q> 1

2 and Lemma 2.2 (S3), (W3) for q≤ 1
2 , then we

have (E,N )∈C([0,T ];Hk)×C([0,T ];H`). The continuity of the solution map can be
shown in the standard way by using the same estimates on difference.
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Proof. (Proof of Theorem 1.1 for d≥4.) For (k,`)∈D5, we can choose

c1 = max{ |k|−`4 , d8 −
1
2−

`
4 +δ, δ}< 1

2 , c= max{ `−k4 , d8 −
1
2 + `−2k

4 +δ,−k2 +δ, δ}< 1
2 , b1>

1
2 , and b> 1

2 . For (k,`)∈D6, we can choose b1 = max{k−`−1
4 +δ, d8 −

1
2−

`
4 +δ}, c1 =

max{k−`4 , 1
2 +δ}, b= max{k−`4 , 1

2 +δ}, and c= 1
8 . map on B if we choose T sufficiently

small such that (6.7) holds. For (k,`)∈D7, we can choose b1 = max{ 1
2 +δ, `−2k

4 + d
8}

for k< d
2 , max{ 1

2 +δ, `−k4 +δ} for k= d
2 , max{ 1

2 +δ, `−k4 } for k> d
2 , c= max{ `−k4 , d8 −

1
2 + `−2k

4 +δ}, c1>0, and b= 0. For (k,`)∈D8, we can choose c1 = d
8 −

1
2−

`
4 +δ< 1

2 ,

b1 = max{−`−k4 , 1
2 +δ}, c= −k2 +δ< 1

2 <b.
Here we obtain b1 +c1<1 and b+c<1 for all (k,`)∈RQZ,d. Thus, we can derive that
Λ is a contraction map on B if we choose T sufficiently small such that (6.7) holds.

7. Critical cases for quantum Zakharov system
In this section, we fill up some boundary of the region of LWP for (1.6) which is not

included in the statement of Theorem 1.1. The method for Theorem 1.1 fails, due to the
fact that the related estimates can no longer provide any power of T for the boundary
case. Two cases are particularly of interest. At the mass level, the system (1.6) in R8

is critical, see (1.9). At the energy level, (1.6) in R10 is critical in the energy space. It
worth mentioning that the corresponding homogenized system which can be regarded
as a high frequency limit of (1.6), does not have ground states for d= 10. The readers
are also referred to [5] and [9] for more discussion.

Proof. (Proof of Theorem 1.2.) First we list some B-admissible pairs like
(2, 2d

d−4 ), (4, 2d
d−2 ), (8, 2d

d−1 ), and (∞,2); S-admissible pairs like (2, 2d
d−2 ), (4, 2d

d−1 ), and
(∞,2), see (2.10) and (2.11). We denote some function spaces as follows.

S :=L∞I L
2∩L2

IB
1
2d
d−2 ,2

, W :=L∞I L
2∩L2

IL
2d
d−2 ,

S̃ :=L2
IL

2d
d−4 ∩L4

IL
2d
d−2 , W̃ :=L∞I L

2 +L4
IL

2d
d−2 ,

where the time interval I= [0,T ] and Bsp,q(Rd) is the usual Besov space. Analogous
with (6.1), we set the iteration map as follows.

Λ(E,N ) =
(
〈D〉ζ+σΦ(E,N ), 〈D〉ζΨ(E)

)
,

where ζ= d−8
2 , 0≤σ≤1, Φ(E,N ), and Ψ(E) are defined in (6.2). We also denote

Ψ(E) = Ψ(E,E) and skip the index I in the later discussion. Invoking Sobolev inequality
and interpolation, we have

‖E‖
L2L

2d
d−4

.‖〈D〉E‖
L2L

2d
d−2

and ‖E‖
L4L

2d
d−2

.‖E‖1/2L∞L2‖〈D〉E‖1/2
L2L

2d
d−2

,

which implies that

‖E‖S̃.‖E‖S and ‖N‖
W̃

.‖N‖L∞L2 .‖N‖W . (7.1)

Now we want to derive the Duhamel estimate for (2.3). Invoking Strichartz estimate
(2.13) and Sobolev inequality, we obtain

‖〈D〉ζ+σU ∗R
(
NE

)
‖S. ‖〈D〉ζ+σU ∗R

(
NE

)
‖L∞L2 +‖〈D〉ζ+σ+ 2

2U ∗R
(
NE

)
‖
L2L

2d
d−2

. ‖〈D〉ζ+σ− 2
2

(
NE

)
‖
L2′L

( 2d
d−2

)′
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For ζ+σ−1≥0, we split the wave N =N1 +N2 to proceed with the estimate

‖〈D〉ζ+σ−1NE‖
L2L

2d
d+2

+‖N〈D〉ζ+σ−1E‖
L2L

2d
d+2

. ‖〈D〉ζ+σ−1N1‖
L∞L

2d
d−2+2σ

‖E‖
L2L

2d
4−2σ

+‖N1‖
L∞L

2d
d−2ζ
‖〈D〉ζ+σ−1E‖

L2L
2d
d−6

+‖〈D〉ζ+σ−1N2‖
L4L

2d
d−4+2σ

‖E‖
L4L

2d
6−2σ

+‖N2‖
L4L

2d
6
‖〈D〉ζ+σ−1E‖

L4L
2d
d−4

.
(
‖〈D〉ζN1‖L∞L2 +‖〈D〉ζN2‖

L4L
2d
d−2

)
‖〈D〉ζ+σE‖S̃ ,

which holds for all decompositions, N =N1 +N2. Thus we have

‖〈D〉ζ+σU ∗R
(
Re(N )E

)
‖S.‖〈D〉ζN‖

L∞L2+L4L
2d
d−2
‖〈D〉ζ+σE‖S̃

.‖〈D〉ζN‖
W̃
‖〈D〉ζ+σE‖S̃ . (7.2)

For ζ+σ−1<0, we again split the wave N =N1 +N2 to proceed with the estimate

‖〈D〉ζ+σ−1
(
Re(N )E

)
‖
L2L

2d
d+2

. ‖NE‖
L2L

2d
12−2σ

.
(
‖〈D〉ζN1‖L∞L2 +‖〈D〉ζN2‖

L4L
2d
d−2

)
‖〈D〉ζ+σE‖S̃ ,

which holds for all decompositions, N =N1 +N2. Thus we have

‖〈D〉ζ+σU ∗R
(
Re(N )E

)
‖S. ‖〈D〉ζN‖W̃ ‖〈D〉

ζ+σE‖S̃ . (7.3)

Next we want to derive the Duhamel estimate for (2.6). Invoking Strichartz estimate
(2.23) and Sobolev inequality, we obtain

‖〈D〉ζW ∗R
( D
〈D〉
|E|2

)
‖W . ‖

(
D〈D〉−1)γ2〈D〉ζD〈D〉−1|E|2‖L∞′L2′

. ‖〈D〉ζE‖
L2L

2d
d−4
‖E‖

L2L
2d
4

. ‖〈D〉ζ+σE‖2
S̃
.

Combining the above estimates, we get

‖〈D〉ζ+σU ∗R
(
Re(N )E

)
‖S̃+‖〈D〉ζW ∗R

( D
〈D〉
|E|2

)
‖
W̃

.‖〈D〉ζ+σU ∗R
(
Re(N )E

)
‖S+‖〈D〉ζW ∗R

( D
〈D〉
|E|2

)
‖W

.
(
‖〈D〉ζ+σE‖S̃+‖〈D〉ζN‖

W̃

)2

. (7.4)

For the homogeneous estimates, we can apply (7.1), (2.12) and (2.23) to obtain

‖〈D〉ζ+σU(t)E0‖S̃.‖〈D〉
ζ+σU(t)E0‖S.‖E0‖Hζ+σ

and

‖〈D〉ζW (t)N0‖W̃ .‖〈D〉ζW (t)N0‖W .‖N0‖Hζ .

Invoking the domination convergence theorem, we have

lim
T→+0

‖〈D〉ζ+σU(t)E0‖S̃ = 0.
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As for the free solution of wave, the situation is more subtle. For any ε>0, there is a
function g∈Hζ+ 1

2 such that ‖N0−g‖Hζ <ε. Invoking Sobolev inequality and Strichartz
estimate (2.23), we have

‖〈D〉ζW (t)g‖
L4L

2d
d−2

.‖〈D〉ζ+ 1
2W (t)g‖

L4L
2d
d−1

.‖g‖
Hζ+

1
2
<∞

which gives

lim
T→+0

‖〈D〉ζW (t)g‖
L4L

2d
d−2

= 0.

Hence we can estimate

‖〈D〉ζW (t)N0‖W̃ . ‖N0−g‖Hζ +‖〈D〉ζW (t)g‖
L4L

2d
d−2

. (7.5)

Taking the limsup of the above estimate, we get

limsup
T→+0

‖〈D〉ζW (t)N0‖W̃ ≤ε for all ε>0.

Thus we can conclude that

lim
T→+0

‖〈D〉ζW (t)N0‖W̃ = 0.

Finally we can proceed with the iteration argument. Given δ>0, we can choose a
sufficiently small T ∗>0 such that

‖〈D〉ζ+σU(t)E0‖S̃+‖〈D〉ζW (t)N0‖W̃ ≤ δ/2 for all T <T ∗. (7.6)

We choose ‖(E0,N0)‖Hζ+σ×Hζ ≤M/2 for some M>0 and define

XM ={(〈D〉ζ+σE,〈D〉ζN )∈S×W : ‖(〈D〉ζ+σE,〈D〉ζN )‖S×W ≤M}.
(7.7)

X̃δ ={(〈D〉ζ+σE,〈D〉ζN )∈ S̃×W̃ : (7.6)holds and ‖(〈D〉ζ+σE,〈D〉ζN )‖
S̃×W̃ ≤ δ}.

(7.8)

Note Xδ⊂ X̃δ. Since

‖Λ
(
〈D〉ζ+σE, 〈D〉ζN

)
‖
S̃×W̃ . ‖〈D〉ζ+σΦ(E,N )‖S̃+‖〈D〉ζΨ(E)‖

W̃
. δ,

provided that 1
2 +Cδ≤1. We can compute

‖Λ
(
〈D〉ζ+σE, 〈D〉ζN

)
‖
S̃×W̃ . ‖〈D〉ζ+σΦ(E,N )‖S̃+‖〈D〉ζΨ(E)‖

W̃
. δ,

provided that Cδ≤1/2. Then we can compute

‖Λ
(
〈D〉ζ+σE, 〈D〉N

)
‖S×W . ‖〈D〉ζ+σΦ(E,N )‖S+‖〈D〉ζΨ(E)‖W .M,

provided that Cδ2≤M/2. We can also compute the difference

‖Λ
(
〈D〉ζ+σE, 〈D〉ζN

)
−Λ
(
〈D〉ζ+σE′, 〈D〉ζN ′

)
‖S×W

.
(
‖〈D〉ζ+σ(E−E′)‖S̃+‖〈D〉ζ(N −N ′)‖

W̃

)
·(

‖〈D〉ζ+σE‖S̃+‖〈D〉ζ+σE′‖S̃+‖〈D〉ζN‖
W̃

)
.

1

2

(
‖〈D〉ζ+σ(E−E′)‖S+‖〈D〉ζ(N −N ′)‖W

)
,

provided that Cδ≤ 1
2 . Therefore Λ is a contraction on XM .
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8. The improved result for Zakharov system
In the section, we only consider the improved region of local well-posedness for

Zakharov system. Let s,α∈R, we define the Bourgain spaces XS0
s,α, XW0

s,α and YW0
s with

the norms

‖v‖
X
S0
s,α

:=‖〈ξ〉s〈τ+ |ξ|2〉αv̂(τ,ξ)‖L2
τ,ξ
, ‖v‖

X
W0
s,α

:=‖〈ξ〉s〈τ+ |ξ|〉αv̂(τ,ξ)‖L2
τ,ξ
, (8.1)

and

‖v‖
Y
W0
s

:=‖〈ξ〉s〈τ+ |ξ|〉−1v̂(τ,ξ)‖L2
ξL

1
τ
. (8.2)

The homogeneous estimates are given in [11]. For the multilinear estimates, we state
the following lemma.

Lemma 8.1 ( [11], Lemma 3.1). For d≥2, let β> 1
2 , 0≤ ã≤β0, and 0<η≤1. Define

q and r by 2
q = 1−η ãβ and ρ(r) = (1−η) ãβ . Then

‖(〈τ+ |ξ|2〉−ã|û|)∨‖LqtLrx .‖u‖L2
t,x
. (8.3)

The corresponding multilinear estimates are as follows.

‖NE‖
X
S0
k,−c1

+‖N̄E‖
X
S0
k,−c1

.‖N‖
X
W0
`,b

‖E‖
X
S0
k,b1

. (8.4)

‖D(E1Ē2)‖
X
W0
`,−c

.‖E1‖XS0k,b1
‖E2‖XS0k,b1

. (8.5)

‖D
(
E1Ē2

)
‖
Y
W0
`

.‖E1‖XS0k,b1
‖E2‖XS0k,b1

. (8.6)

The proofs for NE and N̄E are similar, thus we only discuss the case of NE. By the
duality argument, we need to obtain the estimates S0 +W0 .‖u‖L2

t,x
‖u1‖L2

t,x
‖u2‖L2

t,x

and W̃0 .‖v‖L2
x
‖u1‖L2

t,x
‖u2‖L2

t,x
, where

S0 :=

∫
|û(τ,ξ)|
〈σ〉b

|û1|
〈σ1〉c1

|û2|
〈σ2〉b1

AS dµ, W0 :=

∫
|û(τ,ξ)|
〈σ〉c

|û1|
〈σ1〉b1

|û2|
〈σ2〉b1

|ξ|AW dµ,

and

W̃0 :=

∫
|Fv(ξ)|
〈σ〉

|û1(τ1,ξ1)|
〈σ1〉b1

|û2(τ2,ξ2)|
〈σ2〉b1

|ξ|AW dµ,

dµ=dτ2dξ2dτ1dξ1,ξ= ξ1−ξ2,τ = τ1−τ2,σ= τ+ |ξ|, and σi= τi+ |ξi|2, i= 1,2.

Lemma 8.2. Let 0<`−k<1 and let 2k≥ `+1 for d= 2,3 and 2k>`+ d
2 −1 for d≥4.

If b1>
1
2 ,b,c1≥0, and b> d

4 −
`
2 , then the estimate (8.4) holds.

Proof. For the subregion 2|ξ2|≤ |ξ1|, by k−`<0,c1≥0 and the Hölder inequality,
we have

S0 .‖(〈σ〉−b|û|)∨‖LqtL2
x
‖u1‖L2

t,x
‖(〈ξ2〉−`〈σ2〉−b1 |û2|)∨‖Lq2t L∞x , (8.7)

where 1
q + 1

q2
= 1

2 . Note that `>1 for d= 2,3 and `> d
2 −1 for d≥4, thus we can choose

η∈ (0,1] such that `> d
2 −1+η. Then invoking Sobolev inequality and Lemma 8.1 with

β= b1, if q2 = 2
1−η , we obtain

‖(〈ξ2〉−`〈σ2〉−b1 |û2|)∨‖Lq2t L∞x .‖(〈σ2〉−b1 |û2|)∨‖Lq2t Lr2x .‖u2‖L2
t,x
,
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where ρ(r2) = 1−η. Now we have q= 2
η <∞. By Sobolev inequality, if b≥ 1−η

2 , we have

‖(〈σ〉−b|û|)∨‖LqtL2
x
.‖u‖L2

t,x
.

For any b> d
4 −

`
2 , we can choose suitable η so that b≥ 1−η

2 .
For the subregion 2|ξ2|> |ξ1|, by c1≥0 and the Hölder inequality, we have

S0 .‖(〈ξ〉−`〈σ〉−b|û|)∨‖LqtLrx‖u1‖L2
t,x
‖(〈σ2〉−b1 |û2|)∨‖Lq2t Lr2x , (8.8)

where 1
q + 1

q2
= 1

2 and ρ(r)+ρ(r2) = d
2 . Invoke Lemma 8.1 with β= b1, if 2

q2
=ρ(r2) =

1−η1 for 0<η1≤1, then ‖(〈σ2〉−b1 |û2|)∨‖Lq2t Lr2x .‖u2‖L2
t,x
. We now have 1

q = η1
2 and

ρ(r) = d
2 −1+η1. By Sobolev inequality, if b= 1−η1

2 and `≥ρ(r) or `> d
2 for η1 = 1, then

‖(〈ξ〉−`〈σ〉−b|û|)∨‖LqtLrx .‖u‖L2
t,x
.

Lemma 8.3. Let 0<`−k<1 and let 2k≥ `+1 for d= 2,3 and 2k>`+ d
2 −1 for d≥4.

If b1,c≥ `−k+1
2 , then the estimate (8.5) holds.

Proof. We split the integration region into three subregions Ω1,Ω2 and Ω3 which
are defined in (3.13). For Ω3, we have

W0 .‖(〈ξ〉−m〈σ〉−c|û|)∨‖LqtLrx‖(〈σ1〉−b1 |û1|)∨‖Lq1t Lr1x ‖(〈σ2〉−b1 |û2|)∨‖Lq1t Lr1x ,

where m= 2k−`+1, 1
q + 2

q1
= 1 and ρ(r)+2ρ(r1) = d

2 . Invoking Lemma 8.1 with β= b1,

if 2
q1

=ρ(r1) = 1−η for 0<η≤1, we obtain ‖(〈σj〉−b1 |ûj |)∨‖Lq1t Lr1x .‖uj‖L2
t,x

for j= 1,2.

Now q=η−1 and ρ(r) = d
2 −2+2η. Let η≤ 1

2 so that q≥2 and r<∞. Invoking Sobolev
inequality, if m≥ρ(r) and c≥ 1

2−
1
q , then ‖(〈ξ〉−m〈σ〉−c|û|)∨‖LqtLrx .‖u‖L2

t,x
. Since 2k≥

`+1 for d= 2,3 and 2k>`+ d
2 −1 for d≥4, we can choose η so that m≥ρ(r).

The two remaining subregions Ω1 and Ω2 are symmetric and we consider only the
first one. For Ω1, we again split the integral into three parts depending on the dominants
of {σ, σ1, σ2}. On Ω1,σ, we have the inequality 〈ξ〉2 . 〈σ〉. By 2c≥ `−k+1, we have∫

Ω1,σ

|û|
〈σ〉c

|û1|
〈σ1〉b1

|û2|
〈σ2〉b1

|ξ|〈ξ〉`

〈ξ1〉k〈ξ2〉k
.‖u‖L2

t,x

∥∥∥( |û1|
〈σ1〉b1

)∨∥∥∥
L
q1
t L

r1
x

∥∥∥( 〈ξ2〉−k|û2|
〈σ2〉b1

)∨∥∥∥
L
q2
t L

r2
x

,

where 1
q1

+ 1
q2

= 1 and ρ(r1)+ρ(r2) = d
2 . Invoke Lemma 8.1, if 2

q1
=ρ(r1) = 1−η for

0<η<1, then ‖(〈σ1〉−b1 |û1|)∨‖Lq1t Lr1x .‖u1‖L2
t,x

. Now 1
q2

= η
2 and ρ(r2) = d

2 −1+η< d
2 .

Invoke Sobolev inequality and Lemma 8.1, if k≥ρ(r2)−η, then

‖(〈ξ2〉−k〈σ2〉−b1 |û2|)∨‖Lq2t Lr2x .‖(〈σ2〉−b1 |û2|)∨‖
L
q2
t L

r′2
x

.‖u2‖L2
t,x
,

where ρ(r′2) =η.
On Ω1,σ1 , we have 〈ξ〉2 . 〈σ1〉 and 2b1≥ `−k+1, so∫

Ω1,σ1

|û|
〈σ〉c

|û1|
〈σ1〉b1

|û2|
〈σ2〉b1

|ξ|〈ξ〉`

〈ξ1〉k〈ξ2〉k
.
∥∥∥( |û|〈σ〉c)∨∥∥∥LqtL2

x

‖u1‖L2
t,x

∥∥∥( 〈ξ2〉−k|û2|
〈σ2〉b1

)∨∥∥∥
L
q2
t L
∞
x

,

where 1
q + 1

q2
= 1

2 . Invoke Sobolev inequality and Lemma 8.1, if k> d
2 −1+η and 2

q2
=

1−η for some 0<η≤1, then we get

‖(〈ξ2〉−k〈σ2〉−b1 |û2|)∨‖Lq2t L∞x .‖(〈σ2〉−b1 |û2|)∨‖Lq2t Lr2x .‖u2‖L2
t,x
,
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where ρ(r2) = 1−η. Now 2
q =η. By Sobolev inequality, we have ‖(〈σ〉−c|û|)∨‖LqtL2

x
.

‖u‖L2
tL

2
x
. Since k> d

2 −1, we can choose η small enough such that k> d
2 −1+η.

Finally we estimate the integral over Ω1,σ2
.∫

Ω1,σ2

|û|
〈σ〉c

|û1|
〈σ1〉b1

|û2|
〈σ2〉b1

|ξ|〈ξ〉`

〈ξ1〉k〈ξ2〉k
dµ

.
∥∥∥( |û|〈σ〉c)∨∥∥∥LqtL2

x

∥∥∥( |û1|
〈σ1〉b1

)∨∥∥∥
L
q1
t L

r1
x

‖(〈ξ2〉−k|û2|)∨‖L2
tL

r2
x
, (8.9)

where 1
q + 1

q1
= 1

2 and ρ(r1)+ρ(r2) = d
2 . Invoke Lemma 8.1, if 2

q1
=ρ(r1) = 1−η for some

0<η<1, then ‖(〈σ1〉−b1 |û1|)∨‖Lq1t Lr1x .‖u1‖L2
t,x

. Now 2
q =η and ρ(r2) = d

2 −1+η< d
2 .

By Sobolev inequality, if k≥ρ(r2), then we have ‖(〈σ〉−c|û|)∨‖LqtL2
x
.‖u‖L2

t,x
and

‖(〈ξ2〉−k|û2|)∨‖L2
tL

r2
x
.‖u2‖L2

t,x
. Since k> d

2 −1, we can choose η small enough such

that k> d
2 −1+η.

Next we apply the argument in Lemma 5.2 to obtain the estimate (8.6).

Lemma 8.4. Let 0<`−k<1 and let 2k≥ `+1 for d= 2,3 and 2k>`+ d
2 −1 for d≥4.

If b1≥ `−2k+1
2 + d

4 for k< d
2 , b1>

`−k+1
2 for k= d

2 , and b1≥ `−k+1
2 for k> d

2 , then the
estimate (8.6) holds.

Proof. We split the region into three subregions Ω1,Ω2 and Ω3 which are defined
in (3.13).

The proof of the case Ω3 is the same as Lemma 8.3, so we have, if a≥ 1
2−η and

2k−`−1≥ d
2 −2+2η for some 0<η≤ 1

2 ,

W̃0 .‖〈σ〉a−1|Fv|‖L2
σ,ξ
‖u1‖L2

t,x
‖u2‖L2

t,x
.

We can choose a= 1
2−η<

1
2 , and then W̃0 .‖v‖L2

x
‖u1‖L2

t,x
‖u2‖L2

t,x
.

The subregions Ω1 and Ω2 are symmetric and we consider only the first one. For Ω1,
the proof is similar as Lemma 5.2. Therefore, we have W̃1 .‖v‖L2

x
M

1
2 ‖u1‖L2‖u2‖L2 ,

where

M := sup
ξ∈Ω1

∫
Ω1

|ξ|2〈ξ〉2(`−k)〈ξ2〉−2k

〈σ〉2〈σ−|ξ|+σ2−|ξ2|2 + |ξ+ξ2|2〉2b1〈σ2〉2b1
dσ2dξ2dσ.

To estimate the above supremum, we apply Lemma 2.5 twice to obtain

M . sup
ξ
〈ξ〉2(`−k+1)−4µ+[d−2k]+ <∞, (8.10)

where µ := min{b1,1} and 2(`−k+1)−4µ+[d−2k]+≤0.

Proof. (Proof of Theorem 1.3.) The proof is the same as the proof of Theorem
1.1, so we only show that these parameters we choose satisfy all needed lemmata and
conditions. Let b1 = `−2k+1

2 + d
4 for k< d

2 , `−k+1
2 +δ for k= d

2 , `−k+1
2 for k> d

2 . Let

c1 = 0,b= max{d4 −
`
2 +δ,0} and c= `−k+1

2 . Clearly, (b1,c1,b,c) satisfies Lemmata 8.2-
8.4. Following we check that b1 +c1<1 and b+c<1.

By 2k≥ `+1 for d= 3 and 2k>`+ d
2 −1 for d≥4, we have b1≤ d

4 <1 for d= 3 and

b1<
4−d

4 + d
4 = 1 for d≥4. Thus, b1<1 as k< d

2 . For k≥ d
2 , we have b1<1 since `−1<k.

This shows that b1 +c1<1.
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It is easy to obtain that k> d
2 −1 for d≥2, so d

4 −
`
2 + `−k+1

2 <1. This implies that
b+c<1.
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