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SUPPRESSION OF BLOW UP BY MIXING IN GENERALIZED
KELLER-SEGEL SYSTEM WITH FRACTIONAL DISSIPATION*

BINBIN SHIT AND WEIKE WANGH#

Abstract. In this paper, we consider the Cauchy problem for a generalized parabolic-elliptic
Keller-Segel equation with a fractional dissipation and an additional mixing effect of advection by an
incompressible flow. Under a suitable mixing condition on the advection, we study well-posedness of
solution with large initial data. We establish the global L°° estimate of the solution through nonlinear
maximum principle, and obtain the global existence of classical solution.
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1. Introduction
We consider the following generalized parabolic-elliptic Keller-Segel system on torus
T with fractional dissipation and the additional mixing effect of advection by an in-

compressible flow
Orp+u-Vp+(—A)2p+V-(pB(p)) =0, t>0,x€TY, (11)
p(0,2) = po(@).

Here p(t,z) is the unknown function of ¢ and z, 0 <a <2, T¢ is the periodic box with
dimension d>2. The quantity p denotes the density of microorganisms, u is a given
divergence-free vector field which is an ambient flow. The nonlocal operator (—A)? is

known as the Laplacian of the order 5, which is given by
(—A)% g(x)=F1(|¢]*0(€))(x), z€R?, (1.2)

where
M) =F(o()= [ olz)e™Sar,

and F and F~! are Fourier transformation and its inverse transformation. The linear
vector operator B is called attractive kernel, which could be formally represented as

_d+2-8

B(p)=V((-A)" 7 p)=VK=p, (1.3)
where

VKNf#, Bel2,d+1), zeR% (1.4)

In this paper, we consider the tours T¢ and §€ [2,d], the definitions of (—A)% and B
are different from those in (1.2) and (1.3). The fractional Laplacian operator needs
a kernel representation, the details can be found in Section 2. We pose the following
assumptions on the attractive kernel B (see [25,28])
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1414 GENERALIZED KELLER-SEGEL SYSTEM

(1) when S=d, the B(p) is written as

B(p)=V(-A)"'(p-7), (1.5)

where 7 is the mean value of py over T¢, with the following definition

1
y dz.
P ‘Td|Adp0(x> xz

(2) When 2<p<d, K is a periodic convolution kernel, which is smooth away from
the origin, and VK ~ —ﬁ near x =0, and we denote

B(p)=VK xp. (1.6)

Without advection, the Equation (1.1) is the generalized Keller-Segel system with
fractional dissipation

Oip+(=A)Ep+V-(pB(p) =0, p(0,2)=po(z), z€Q, (1.7)

where  is R? or T?, and the Equation (1.7) describes many physical processes involving
diffusion and interaction of particles (see [5,8]). In one space dimension, the equation
admits global-in-time smooth solutions for large initial data, while the solutions may
blow up in finite time for large initial data. Specifically, when av=2,3=d, the Equation
(1.7) is called classical attractive-type Keller-Segel system. In one space dimension,
the equation admits large data global-in-time smooth solution (see [24,34] ). In high
dimensions, there are global-in-time smooth solutions when the initial data is small,
while the solutions may exhibit finite-time blowup for large data (see [6, 14,28, 33,
35]). When 0<a<2,8=d, the Equation (1.7) is a classical Keller-Segel system with
fractional dissipation, which has been studied by many people. For d=1 and 0 <a <1,
the solution of Equation (1.7) is global if ||p0||Lé <C(a), and the solution of Equation
(1.7) is global if 1 << 2 (see [7]). While d > 2, the solution of Equation (1.7) would blow
up in finite time with large data (see [4,25,29,30]). In the case of 0<a<2,8€[2,d+
1),d>2, the Equation (1.7) is called a generalized Keller-Segel system with fractional
dissipation, the solution of Equation (1.7) always blows up in finite time when the initial
data is large (see [4,25,30]).

Recently, the chemotactic models with other mechanisms have been extensively
studied, and some interesting results have been obtained. For example, Burczak, Be-
linchén (see [9]) and Tello, Winkler (see [36]) proved that a logistic source could prevent
the singularity of the solution. A more interesting problem is the chemotactic process
taking place in fluid, the agent involved in chemotaxis is also advected by the ambient
flow. The problem of chemotaxis in fluid flow has been studied (see [17,18,31,32]). For
the possible effects resulting from the interaction of chemotaxis and fluid transport pro-
cess, many people get interested in the suppression of blow up in the chemotactic model
by fluid effect. Kiselev, Xu (see [28]) and Hopf, Rodrigo (see [25]) obtained the global
solution of the Equation (1.1) by the mixing effect of fluid. Bedrossian and He (see [2])
showed that the shear flow was dissipation enhancing for the Keller-Segel system. In
this paper, we continue to study the mixing effect of fluid to chemotactic model.

Mixing was studied by Constantin, Kiselev, Ryzhik, and Zlatos (see [11]) as the
fluid effect. In order to describe the mixing effect, Constantin et al. considered the
following heat equation with advection

o (t,x) + Au- Vo (t,x) — Mg (t,2) =0, ¢*(0,2)=¢o(z), (1.8)
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and they defined the relaxation enhancing flow. Namely, for every 7>0,6 >0, there
exists a positive constant Ay = A(r,6), such that for any A> Ay and any ¢g(z) € L?

19 (7,) |2 <lloll 2,

then incompressible flow u is called relaxation enhancing flow. Here ¢ (t,x) is the so-
lution of (1.8), ¢ is the average of ¢y and ¢=0. The authors provided a necessary and
sufficient condition for the relaxation enhancing flow. Notice that if there is no dissipa-
tion term in (1.8), the L? norm is conserved, namely ||¢*|| 12 = ||¢o| 2. The result in [11]
means that combination of mixing and dissipation produces a significantly stronger dis-
sipative effect than dissipation alone. Specifically, for a fixed time 7, ||¢?(7,")||z: is
large enough in some sense when A is large enough. So the mixing term is enhancing
for the dissipation, it can be useful in the model describing a physical situation which
involves fast unitary dynamics with dissipation (see [27,28]). We will briefly introduce
relaxation enhancing flow and weakly mixing (see, Definition 2.1) in Section 2.3, the
reader can refer to [11] for more details.

For the Equation (1.1), mixing effect is included in chemotactic model, and our
main concern is whether mixing can suppress the blowup phenomenon in finite time.
When a=2,8=d,d=2,3, Kiselev and Xu (see [28]) established the L? estimate of the
solution in the case of weakly mixing, and obtained the global smooth solution by
L2criterion. Namely, the blowup solution of Keller-Segel system was prevented. For
0<a<2,8€(2,d+1),d>2, Hopf and Rodrigo proved that there exists L? estimate of
the solution by relaxation enhancing flow, and also got the global smooth solution if
a>max{B— £%,1} (see [25], Theorem 4.5). In particular, for classical Keller-Segel system
with fractional dissipation, when o > %,d =2,3, the solution of (1.1) was globally smooth.
For the smaller lower bounds on « and higher dimension d, we require the LP(p>2)
estimate of the solution instead of the L? estimate. Hopf and Rodrigo only considered
the case a=2,8=d, with d>4 (see [25], Theorem 4.6), they got the L?(2<p<o0)
estimate of the solution by relaxation enhancing flow, and obtained the global smooth
solution by LP-criterion.

At the same time, Hopf and Rodrigo thought that the LP(p>2) estimate of the
solution for Equation (1.1) is hard to achieve in the case of 0 < a<2,8€[2,d+1),d > 2.
So it is not obvious to extend the result to the generalized Keller-Segel system with
fractional dissipation of any strength o and in any dimension d > 2 by energy method.

In this paper, we consider the generalized Keller-Segel system with fractional dissi-
pation and weakly mixing in the case of any 0 < < 2,5 € [2,d],d >2 and for convenience,
we consider T?=[—1,1)¢. In order to get L estimate of the solution to Equation (1.1),
we introduce a nonlinear maximum principle on T? (see Appendix). Due to mixing
effect, we obtain the LP(p=o00) estimate of the solution through nonlinear maximum
principle, then we get the global classical solution by L*°-criterion. We believe that the
range of a and d are more general in our results, as compared to other results in [25,28].
Due to technical difficulties, we don’t consider the case of d< 8 <d—+1.

Let us now state our main result.

THEOREM 1.1. Let 0<a<2,8€(2,d],d>2, for any initial data py>0,po € H3(T4)N
L>(T%), there exists a smooth incompressible flow u, such that the unique solution
p(t,x) of Equation (1.1) is global in time, and we have

p(t,x) € C(RT; H3(TY)).

REMARK 1.1. The smooth incompressible flow u is weakly mixing (see Definition 2.1),
and the result is still open for the general relaxation enhancing flow (see [11,25]).
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REMARK 1.2. The result can seen as an extension of Kiselev et al. (see [28]) and Hopf
et al. (see [25]). For the case of d< 8 <d+1, we need some new ideas.

REMARK 1.3. If pg(z) is a constant, then the solution of Equation (1.1) obviously has
global existence, so we discuss only the case where pg(x) is not constant in this paper.

In the following, we briefly state our main ideas of the proof. Firstly, we establish
the L*-criterion of solution to Equation (1.1). Namely, we can get the higher order
energy estimate of the solution if the L* norm of solution is uniformly bounded, thus
there is a global classical solution for the Equation (1.1). Next, we obtain the L*
estimate of the solution to Equation (1.1). According to the L' norm conservation of
the solution and nonlinear maximum principle, we can get the local L> estimate of
the solution, it follows that the local L? estimate of the solution is small by mixing
effect. Combining with the local L? and L> estimate of the solution, we deduce that
the local L? (p> g) estimate of the solution is controlled by its initial data. Using the
nonlinear maximum principle again, the local L* norm is estimated by the initial data.
Repeating the above process, we extend the local LP and L estimate of the solution
to all time. Thus, we get the uniform L* estimate. In the details of the proof, we will
discuss S=d and S € [2,d) respectively, due to the different properties of B(p). When
B=d, the attractive kernel is written as B(p) =V ((—A)~!(p—p)). While 2< 3 < d, the
attractive kernel can be expressed by B(p)=VK *p. So, some different techniques are
required to deal with the two cases.

This paper is organized as follows. In Section 2, we introduce the properties of the
nonlocal operator and the functional space. We give the local well-posedness and basic
properties for the generalized Keller-Segel system with fractional dissipation and weakly
mixing. The mixing effect of the solution is also introduced in this section. In Section
3, we establish the L estimate of the solution to Equation (1.1) when 8 =d with d > 2,
and we give the proof of Theorem 1.1 by L°°-criterion. In Section 4, we finish the
proof of Theorem 1.1 through a similar method in the case of € [2,d),d > 2. Because
of different properties of B(p), we introduce some different techniques to complete the
proof. In the Appendix, we prove a nonlinear maximum principle on the periodic box.

Throughout the paper, C stands for universal constants that may change from line
to line.

2. Preliminaries
In what follows, we provide some auxiliary results and notations.

2.1. Nonlocal operator. The fractional Laplacian is a nonlocal operator and
it has the following kernel representation on T¢ (see [9,10])
2 f(@)—f(y)
—A)2 f(zx)=Caa P.V/ dy, 2.1
( ) ( ) [e] kg{j Ta |x—y+k|d+a ( )
where
o (4t
Ca,d =~ ( 2a) P
72 |I(=5)]
and
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Recall that we denote by

0SS <A, <K

el
2

the eigenvalue of the operator —A on T%, then the eigenvalue of operator (—A)? is as

follows (see [15])

=3
2

0<AZ <AZ < <A

Sl

<., (2.2)
The following results are two important lemmas, see [1,13,26] for the details.

LeEMMA 2.1 (Positivity Lemma).  Suppose 0<a<2,Q=R%T¢ and f,(-A)% f€LP,
where p>2. Then

2 [ AVE 12 P=2p(_A\S
p/ﬂ(( A) Ifl)d:cS/QIf\ F(—A)% fde.

LEMMA 2.2.  Suppose 0<a<2,Q=R4 T and f€S(Q). Then

/ (=A% f(x)dz=0.
Q

2.2. Functional spaces and inequalities. We write LP(T%) for the usual
Lebesgue space

LP(T4) = {f measurable s.t./ |f(z)|Pdx < oo} ,
Td

the norm for the LP space is denoted as || -||z», it means

£z =( [ l7a2)"

with natural adjustment when p=o00. The homogeneous Sobolev norm || -|| 4,
11 =125 flZ = Y IkPIF(R)P,
kezZa\ {0}

and the non-homogeneous Sobolev norm ||- || g7+,

111 = 1F 12 + 111

For some standard inequalities, we can refer to [19,22]. The following inequality is
a Sobolev embedding for the fractional derivative (see [3]).

LeEMMA 2.3 (Homogeneous Sobolev embedding).  Suppose 0< g < % <1 and define
q € (p,00) via

ISHN]
Y=
Q| =

Then for all f € C>(T4) with zero mean

1£llze <CN(=2)% fl Lo
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2.3. Mixing effect. Given an incompressible vector field v which is Lipschitz in
spatial variables, if we defined the trajectories map by (see [11,28])

d

%(I)t(x)zu(t,q)t(l‘))’ (I)O(x):l‘

Then define a unitary operator U* acting on L?(T%) as follows
U'f(z)=f(®7 " (x)), feL*(T?),
for simplicity, we denote
U=U", (2.3)

and
Q={feLQ(’JI‘d)|/Tdf(m)dxzo,fyéo}.

Next, we give the definition of weakly mixing (see [28]).

DEFINITION 2.1. The incompressible flow u is called weakly mizing, if uw=u(t,x)
is smooth and the spectrum of the operator U is purely continuous on G, where U be
defined in (2.3) with u.

REMARK 2.1.  If u is weakly mixing, for any f € L?(T%) and f is not constant, we
can get f—fe€g, then f—f is not an eigenfunction of U. So U has no nontrivial
eigenfunction on G, where f is mean value of f.

REMARK 2.2.  The incompressible flow u is called relaxation enhancing (see [11]) if
the operator U has no eigenfunctions in H' other than a constant function. Obviously,
the weakly mixing is relaxation enhancing flow.

Let us denote w(¢,x) is the unique solution of the equation
Ow+u-Vw=0, w(0,z)=po(z), (2.4)
there is the following lemma,

LEMMA 2.4.  Suppose that 0<a <2, u(t,z) is a smooth divergence-free vector field
for each t>0. Let w(t,x) be the solution of (2./). Then for every t >0, and for every
po € H?, we have

()l s <E@lleoll 75 »

where
¢
F(t)=exp </ D(s)ds) )

0
and

2a4+d+2

D(t) <Cl(=A) "+ ult,)] L2
Proof. We can refer to [25,28]. 0

REMARK 2.3. For the examples of relaxation enhancing flow and weakly mixing, we
can refer to [11,20,21,25,28].
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2.4. Local well-posedness of (1.1). We provide a local existence of the
solution to (1.1) and some basic properties.

THEOREM 2.1. Let 0<a<2,8€[2,d+1),d>2, po€ H*(T?) be a non-negative initial
data, then there exist lifespan time T =T(pg,a) >0 and unique non-negative solution
p(t,z) of (1.1), such that

p(t,x) € C([0,T]; H*(T)),
and

o, )z =lpollr:-
Furthermore, under the restriction a>1, the solution is smooth.

Proof.  The proof of Theorem 2.1 is standard and it is similar to the one in [1,29].
O

3. Proof of Theorem 1.1 (8=d,d>2)

In this section, we consider the classical Keller-Segel system with fractional dissi-
pation and weakly mixing. We establish the L*°-criterion, and get the L°° estimate of
the solution.

3.1. L*°-criterion. We show that to get the global classical solution of (1.1),
we only need to have certain control of spatial L> norm of the solution.

ProproOSITION 3.1.  Suppose that 0<a<2,8=d,d>2, for any initial data pg>0,po €
H3(T4)NL>®(T?). Then the following criterion holds: either the local solution to (1.1)
extends to a global classical solution or there exists T* € (0,00), such that

i [lp(t, )1 =oo.

Proof. We only need to derive a priori bounds on higher order derivatives in
terms of L>° norm of the solution. Assume p(t,z) is the solution of Equation (1.1), and
llp(t,-)||z is bound. Let us multiply both sides of (1.1) by (=A)3p and integrate over
T4, to obtain

1d

R 2. . — 3
3 2ol + / V(A pds

+ [ o o-appies [ V- eBE)-aFpe=0. (31
Td Td
We use step-by-step integration and the incompressibility of v to obtain

<CllullesllplFs- (3-2)

/ u-Vp(—A)>pdx
Td

And the third term of the left-hand side of (3.1) is equal to

(—A)% p(—A)pdz=|pll 00 5 - (3.3)
Td H
For the fourth term of the left-hand side of (3.1), we split it into two pieces

V- (0B (p) (—A) pdz = / Vo (V=) (o= D)~ A) i~ / o= D)~ pdz.
(3.4)

Td
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Integrating by parts, the second term of the right-hand side of (3.4) is expressed as
follows

3
[ oto=p a7z Y [ D> o—p)D% i
1=0
where [=0,1,2.3 and D denotes any partial derivative. By Holder’s inequality, one has

> [, DD (=)D pdr < 2ol +D)lol
1=0,3

and
2
> / D'pD* ! (p—p)D*pdz <2 Dpl 1 | Dl ol s
T
For any 1< ¢{, < oo, we deduce by interpolation inequality that

1
ol Ly < IIPH IIPHLoo ; (3.5)

combining with the Gagliardo-Nirenberg inequality, then there exist 1<¢q},q} < oo, such
that

1Dplzs <Clloll% " ol s (36)
and
1020l < CllollL 1ol (37)
where
6—d(1- ) 12-d(2— )
S S

Due to ||p||r: conservation and the fact tha ||p||L« is bounded, according to (3.5), (3.6)
and (3.7), we obtain

0 (4 6146 6146
1Dl s llD?pll zallpll s < Cllpll 3 ol 22 ol " % < Cllpll " .

Therefore, we have

/Td p(p=0)(=2)*pdx < C(llpllL= +p)llpll3s +Clloll " o2 (3.8)

Integrating by parts the first term of the right-hand side of (3.4), we get terms that
can be estimated similarly to the second term of the right-hand side of (3.4). The only
exceptional terms that appear which have different structure (see [28]) are

/ (ailaizaiSVp) ’ (V(_A)_1p>ailaizai3pd$7
Td
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while these can be reduced to

/ (p—7)(0:,0:y s, )
Td

and according to the estimation as before, we get

Ve (V(=A)p)(—=A) pda < C(|lp]l = +D) ol 35 + Clipll 7 2. (3.9)

Thus, we deduce by (3.8) and (3.9) that
/Td V-(pB(p)(—=A)*pdz < C(llpll L +) Il Fs + Cliol 5t 4o (3.10)
Combining (3.1), (3.2), (3.3) and (3.10), we have

— 0146
||p|| < =2llpl% a5 +Cllulles +llpllze +)pllFs +Cllol gy . (3.11)

By Gaghardo—Nlrenberg inequality, for any 1 < ¢} < oo, we obtain

0
Il 72 < Clloll 27 ol Gy (3.12)
where
2d 4 6-d
0=52——

2d :

a3
We denote

4 112-2d+20
— 3

2d 4 6—d

a3

)

SRS

y=

according to (3.5) and (3.12), we get

1-0
ol < Clioll 7ol g < Callol

L% jigam
thus, we have
~lpllse 5 <=Ci ol s < —Cllplys- (3.13)
According to (3.11) and (3.13), one has

d _
Z el < =Cllol s +Clllulles + ol +2) 17 +Clloll " (3.14)

As ||ullgs, ||pllz= are bounded, and we choose ¢35, such that
2<1+601+602<7,

then we know that ||p|| ;s is bounded. Because ||p||z2 bound is obvious, by the definition
of ||p|l g3, we imply that ||p(¢,-)||gs is bounded. Namely, there exists a constant Cys =
C(llpllz=;llpoll3), such that

ot ) s < Chrs.
This completes the proof of Proposition 3.1. 0

REMARK 3.1.  Particularly, if ||p||p= is bounded only in [0,7], then ||p(t, )| g is
bounded in [0,7].
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3.2. L*>° estimate of p. We establish the L*° estimate of the solution to
Equation (1.1). The important technique we use is the nonlinear maximum principle on
periodic box, the details can be found in the Appendix. A useful lemma is as follows:

LEMMA 3.1. Let 0<a<2,86=d,d>2, p(t,x) is the local solution of Equation (1.1)
with initial data po(z) >0. If p€ LP(T?), 1<p<oo, and we denote

A1) = p(t,7) =maxp(t, ).

reTd
Then we have
p(t) <C(d.p)llpllLe, (3.15)
or
d . _ S+ 5
lloll 5

Proof. For any fixed ¢>0, using the vanishing of a derivative at the point of
maximum, we see that

8tp(tvft):%ﬁ(t)a (U'Vpxt’jt):u'vﬁ(t)zov

and

(V- (pB(p))) (t.7¢) = = (p(1))* +p(t),
if we denote
(~8)% p(t,2)],_, = (~A)F5(0),
we deduce that by (1.1) the evolution of p follows
d o ~
%pﬂ—A)fp—ﬁHp:o. (3.17)

According to the nonlinear maximum principle (see Lemma ), if p satisfies

p(t) <C(d,p)lpllzr,
we finish the proof of (3.15). If not, p must satisfy
. p(t) T
@NEF0 zc<a7d,p>%. (318)
Pl e

Thus, we deduce by (3.17) and (3.18) that

d _ P

% )

ol o
so we have

S1+EF

%7
oIl 2



B. SHI AND W. WANG 1423

we finish the proof of (3.16). This completes the proof of Lemma 3.1. |
First, we need the local L2, LP(p> g) and L estimates of the solution.

LEMMA 3.2. Let 0<a<2,8=d,d>2, p(t,x) is the local solution of Equation (1.1)
with initial data po(x) >0. Suppose that ||po||z2 = Bo, |lpollrr <Cp, |lpollr~ < Cs. Then
there exists a time 1 >0, for any 0<t <y, such that

—_ _9o\ 1
||p(t,-)—p||L2SQ(Bg—p2)27 Hp(tv')HLPSQCW ||p(t7')||L°° <2C,

where p is the mean-value of py and p> g.

Proof. According to the proof of Lemma 3.1, one has

d._. o - o

S5 5 (_A)S

G P=P —P—(=8)2p,
due to p>0,(=A)2 5 >0, we get
p<pe. (3.19)
If we define

. 1 T
To=minq ——
0 20007 )

where T is defined in Theorem 2.1. Because ||po||r~ < Cs, by solving the differential
inequality in (3.19), for any 0 <t <7y, we have

Let us multiply both sides of (1.1) by |p|?~2p and integrate over T¢, to obtain that
1d
——loll% -Vplp|P~2pd
Sailoli ot [ e VoloP~pdo
+ [ ARl Fpdat [ T-(B)IPde=0, (321)
for any 0<t <7y, we deduce by the standard energy estimate, (3.20) and (3.21) that
4 I < =20pl% 117, 5 +2(p—1)(Coc +) Il (3.22)
dtpr_ P Ji p oo T PPl Le- .

And let us multiply both sides of (1.1) by p—p and integrate over T%, to obtain that

3aplo—plit [ wVoto—pda
+ / (—=A)% p(p— )+ / V-(0B(p)(p-p)dz=0.  (3.23)

and for any 0<t <7y, we obtain

d, o
Zilo=7l%: < =2lpl 5 +2(Coc +7) =717z (3.24)
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We denote

. In2
T1 :mln{To,M}’ (325)

due to ||po —pl|%: = B3 — 9 |lpol|Lr < Cp, by solving the differential inequality in (3.22)
and (3.24), for any 0<t <y, we get

() l[zr <2Cy,

and

1

lp(t,) =Pl 2 <2(Bf = %)=
According to (3.20) and the definition of 71, for any 0 <t <7y, we obtain
ot )lLee <2C.
This completes the proof of Lemma 3.2. O

REMARK 3.2.  If there exists 0 <7’ <7y, such that fOT ||p(t’)||il
then ||p(7’,-) —p||L2 is obviously small. If not, we need an approximation to p(t,x). We
also get the local L? estimate of the solution only dependent on L estimate of the
solution.

%dt is large enough,

Next, we give an approximation lemma.

LEMMA 3.3. Let 0<a<2,=d,d>2, suppose that the vector field u(t,x) is smooth
incompressible flow. Let p(t,x),w(t,x) be the local solution of Equation (1.1) and (2.4)
respectively with po € H>(T4)NL>®(T9),po >0. Then for every t € [0,T], we have

d _
allp—wll%z <—lel% 5 +E*®)llpoll? s +llolZallo—2l 2

+OUIVollzz +llpll=)llp =7l 2 llpoll o=
where F'(t) be defined in Lemma 2.4, and F(t) € L72.[0,00).
Proof. By (1.1) and (2.4), we obtain the equation
(=) 41V (p—) +(~2) p+ V- (pB(p) =0. (3.26)
Let us multiply both sides of (3.26) by p—w and integrate over T%, then
s lo—wlit [ wVio-w)p-wid
5 g lP—wllze Tdu p—w)(p—w)dz
+ [ A Elp-widnt [ V(B p—wde=0.  (321)

For the second term of the left-hand side of (3.27), according to the incompressibility
of u, we easily get

/Tdu-V(p—w)(p—w)da;:O. (3.28)

The third term of the left-hand side of (3.27) can be estimated as

/nrd(_A)%p(p_w)dm:/Td(_A)%/’Pdm—/ (A pwdz,

Td
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then we deduce by Lemma 2.1 and Holder’s inequality that

< _ 2
Ad(—A) 2pp=lpl e
and

[ 8B pade= [ (8)Ep(=)Reda <ol s s

Td

so we get

2 o(p— 2 - a .
82 plo=wnde = Ll 5 = ol s - (329)

The fourth term of the left-hand side of (3.27) can be estimated as
TdV-(pB(p))(p—w)dﬂf: TrdV-(pB(p))pdﬂc— TdV(pB’(p))wd%- (3.30)

For the first term of the right-hand side of (3.30), we get
[ V- oB)pds =5 [ o=pdo< S Iolalo—7l (3.31)

and for the second term of the right-hand side of (3.30), by Hoélder’s inequality and
Poincaré’s inequality, we obtain that

V-(pB(p)eda= | V- (V=) (=)o

<|IV-(pV(=2)" (o =Pl wll =

<C(IVo- (V(=A)" (p=2)ler +lo(p=D)ll 1) wl|
<C(IVplle2llp=pll2 +lIpllzellp=pllL2)lwl =

<C(IVpllz +pllz=)llp =2l 2 lwll Lo - (3.32)

Therefore, we deduce by (3.30), (3.31) and (3.32) that

Td

1 _ _
V- (pB(p))(p—w)dz < SllplLalo=7ll2 + CIVoll L2 + ol L) lo =Pl 2 ]l s

Td
(3.33)
Combining (3.27), (3.28), (3.29) and (3.33), one has
1d 1 _
o —wlZa <ol + ol Il 5 + o3l — 22
+C(IVpllez +lelize)llp =2l 2 llwll oo (3.34)

For the the second term of the right-hand side of (3.34), Young’s inequality yields that

1 1
ol ol < 3 ol g + 2 ol g (3.35)
thus, we deduce by (3.34) and (3.35) that

1d 1 1 1 _
5o lo—wlZe <=1l + 5wl +5llelall o=l 22

+C(IVpllze +lelle)llp=pll 2 lwll oo
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By Lemma 2.4, we have

d _
Zilo=wliz <=lloll s +F2Ollooll s +lollZsllo =7l
+C(IVollze +lelli)llp=pllz2 ol o

This completes the proof of Lemma 3.3. 0

Now, we establish global L>° estimate of the solution to Equation (1.1) in the case
of weakly mixing.

PROPOSITION 3.2 (Global L™ estimate).  Let 0<a<2,6=d,d>2, suppose p(t,z)
is the solution of Equation (1.1) with initial data po>0,po € H*>(T?)NL>(T9). Then
there exist weakly mizing u and a positive constant Cr~, such that

lo(t, Mz~ < Cre, e [0,+00).

Before starting the proof of Proposition 3.2, we need one auxiliary result (see [11,
15,28]). On T%, we denote by 0< A <AJ <---<\? <--- the eigenvalues of (—A)?% and

by e1,ea2,---,e,,--- the corresponding orthogonal eigenvectors. Let us denote by Py the
orthogonal projection on the subspace spanned by the first IV eigenvectors ej,es,- - ,en
and

S={6€ 1?0l 2 =1}.

The following lemma is an extension of the well-known RAGE theorem (see [11,16,28]).

LEMMA 3.4. Let U be a unitary operator with purely continuous spectrum defined
on L*(T%). Let KCS be a compact set. Then for every N and o >0, there exists
T.=T(N,0,K,U) such that for oll T >T. and every ¢ € K, we have

1 T
T/ | PNU¢||32dt <o.
0

REMARK 3.3.  We denote x=x(|z| <R) as a cutoff function, if we have y instead of
Py, then the RAGE theorem tells us that any state in continuous spectrum space will
“infinitely often leave” the ball of radius R. This is indeed what we expect physically.

Let us consider the equation

{atpuAu.wu(—A)‘z’pAW-(p“‘B<p“‘>>=0’ OTETT g g

p(0,2)=po(x).

Here A is the coupling constant regulating strength of the fluid flow that we assume to
be large and Au is weakly mixing.
We are ready to give the proof of the Proposition 3.2.

Proof. (Proof of Proposition 3.2.) As py€ H?(T%)NL>(T?), without loss
of generality, we assume that there exist positive constants By, E,Cy and Cy >
2C(d,p)(E +p) such that

llpollz=Bo, |lpo—>pllr <E, |pollre <Csx, (3.37)
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where p> 4, and C(d,p) be as defined in Lemma 5.1. We denote

so we choose IV, such that

2

o 800 _ B? 1 2. B2-p?
)\ﬁZmaX{%(Cooer),(l B- 2)7_1+(Coo+p),7_11n 2 ) (3.38)

where 71 is defined in (3.25). Define the compact set K C .S by

K={¢eS|[sl%5 <A} (3.39)

H2 —

Let Ut is the unitary operator associated with weakly mixing flow u in the Definition
2.1. Fixo= W’ then we get T, =T.(N,o,K,U), which is the time provided by Lemma
3.4. We proceed to impose the first condition on Ag= A¢(Te,po,m1). For any A> Ay,
we define 7 as follows

c
T:ZSTM

where 7 be defined in (3.25). As ||po||L2 = Bo, then for the solution p(t,z) of Equation
(3.36), we deduce by Lemma 3.2 and (3.37) that

o™t ) = Pllze <2(BE—7%)7, o™ (t )L~ <2Ce, 0<t<r. (3.40)
Next, we consider the equation
w4+ Au-Vwr =0, w?(0,2)=po(x),
according to the definition of U?, one has
wA(t,2) =p=U"(po(x) = D).

Let (po—7p)/llpo —Pll2 € K, we obtain by the Lemma 3.4 and the definition of 7 that

/ | Py (e —7)|[2adt = = / | PN U (py— ) 2.t
:HPOPHLZ/ ||PNUAt (100 ) ||L2dt
T 0 llpo—pll L2
_ =112 T
:HPO p||L2/ ||PNUAt (PO ) ||L2dAt
llpo— 7l 12
llpo — p||L2/ (po—p)
= | Py Usiﬂ dsv
T. 0 lpo—plr2 "

<ollpo—pll7= < (Bo ). (3.41)

— 100
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Since (po—7)/|lpo —PllL2 € K, by the definition of K in (3.39), one has

ooll2, 5 <ARllpo — 7132 <A (BE —77). (3.42)

For any fixed p* €[1,00), according to (3.5) and (3.40), there exists a positive constant
C=C(p*), such that

o™ (8, )l er <O, te[0,71],

and we deduce by (3.14) and (3.40) that |p?(t,-)||zs is bounded for any ¢€[0,74].
Namely, there is a positive constant C; =C(A), such that

o™ (t, ) ls < Clys,  tE[0,71],

by Gagliardo-Nirenberg inequality, we obtain

IV o |2 <Clip 12 [0211%, < Ca,  te 0,7, (3.43)
where
1_1_ 1
00_? :Csl p1
2 d  pr

Combining (3.37), (3.40), (3.42), (3.43) and Lemma 3.3, for any 0 <t <7y, we get

1

d 2 . o
allp“‘—w“‘lliz (A2 (B —7°) +C(B—7°) +C(Cy+205) Coo (B2 —7%)
SAZF(AD(B2 —72) 4+ C(1+4 C4Coo +2C2) (B2 — )% (3.44)

As F(t) is a locally bounded function, then there is a Ay > Ap, when A > A;, we have

/ AZF(A)?(B2 5%+ C(1+ CyCoo+2C% ) (B2 — )2 dt
O

2_ =2
<>\ (Bg—7p°)
- A
<B§—*

— 100

T. .
/ F(t)?dt+C(14+CyCo +2C2 ) (B —p*)2 T
0

Therefore, we integrate from 0 to ¢ on both sides of (3.44), where 0 <t <7, we obtain

BQ—ﬁ2
o (t) = (1) 72 < =55 (3.45)

so we deduce by [[w?(t,) —p||%2 =||po —p||2. = B —p* that

81 121

o5 B P <o () Pl < 3 (B3 -77), 0<t<r (3.46)

Furthermore, by the estimates (3.41) and (3.45), we get

/ 1Py (0 (t,) — )22
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/||PN t)—p)2adt+ 2 /nPN (£,) —wA (b, )) 22 dt

(3.47)

- 25
For ||pA(t,-)||2%, we have

oA ()12 s =l (t) 712, 5
> (|(1=Pn) (o (t,) = P)% s
=(~A)% (I~ Px)(p™ (1)~ P)[3
S AEIT—Py) (o™ (8) — D) 13,
and
1= Pa) (02 () = D)2 = 210 ()~ )22 — 1P (™ (£,) — 5) 2.

Thus, we deduce by (3.46) and (3.47) that

1 /7 1 (7 a .
=it g > < [ AR Pa) o) =) e

_27/ 167 ()~ D)ot — /nPN )~ )3t

a 1 o3
> zooAfV( —7%). (3.48)
According to (3.24), we obtain
d _ _ _
%HPA —lI72 <=2lp*1% 5 +2(Coc +)lIp* — I3, (3.49)

we integrate from 0 to 7 on both sides of (3.49), to get
A Ta ! A
10 )=l <=2 [ 16" gt [ 2O e+ ol

Combining (3.37), (3.38), (3.40) and (3.48), we have

_ _ L[r T _ _
o4 =l < (B3 ) =27 (3 [ 10412 gt + [ 8(Co4 (5 -

73 _ _
<= TR (B )7 +8(Cou +7) (B — %)+ (B~ 7°)

< (—mov F8(Co 7)) (B~ 7) 7+ (B )
N ]

We define
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where |-] is downward rectification. Then there exists a Ay > Ay, when A > As, using
the same argument k times, we get

1 e
o (k) =pllze < (1= GART) % (B —°)* < B (3.50)

We deduce by (3.20), (3.50) and interpolation inequality that

1—2
P

I (k) ~plle < 0 =l a0~ < B,
so we have
o™ (k7. )|e < E+5, (3.51)
and according to ||po —p|/» < F and Lemma 3.2, for any 0 <t <k7, one has
lo*(t,) [ L» < 2(E+7).

We denote

() = p (£,7) = max p (t,),
reTd

then by nonlinear maximum principle, if ¢ € [0,k7] and p(t) satisfies (3.15), then we have

p(t) <Cdp)llp(t,) | Lr <2C(d,p)(E+p) < Coc. (3.52)
If not, then p(t) >2C(d,p)(E+7p), and p(t) satisfies (3.16), so we have
d
a’
where C3=C(a,d,p)/(2(E+7))T. We set

<P p—Capt T, te0kr], (3.53)

My =max{z|2® —z— Cyz' T =0},
and we denote
Cre =max{2C(d,p)(E+p), Mo, || pol| L=},

as a> %, then

po
14+—>2.
+ d

Solving the differential inequality of (3.53), we deduce that
p(t) <Cpe, (3.54)
for any t € [0,k7], combining with (3.52) and (3.54), we have
lp™ (t )L < Croe.

For the solution p(t,z) of Equation (1.1), by the same argument as above, we deduce
that for any n € Z™, one has

Hp(nkT, ) ”Lp <E+Dp,
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then by the similarity with (3.51) and (3.54), for any ¢t >0, we have
ot )| Lo < Cree.

This completes the proof of Proposition 3.2. ]

REMARK 3.4. Without loss of generality, we can assume Cys, =Cp~ for the complete-
ness of proof.

Let us prove the Theorem 1.1 briefly.

Proof. (Proof of Theorem 1.1.) According to Proposition 3.2, for the solution
p of Equation (1.1), we have

[p(t, )|z <CrLe 0<t <00,

then ||p||gs is uniformly bounded by the L*-criterion. Namely, we deduce by ||p||z2
estimate of the solution and solving different inequality (3.14) that

lolls < Cis.
By using standard continuation argument, we have

p(t,x) € C(RY; H(T)).
This completes the proof of Theorem 1.1. ]
REMARK 3.5. In fact, for any k>2, po € H*(T?)NL>®(T?), we can get

p(t,z) € C(RT; H*(T?)).

4. Proof of Theorem 1.1 (S €(2,d),d>2)

In this section, we consider the generalized Keller-Segel system with fractional diffu-
sion and weakly mixing in the case of 3 € [2,d),d >2. As the proof is similar to Theorem
1.1, so we only deal with the details that are different.

4.1. L*-criterion. We get the global classical solution of Equation (1.1) if
L™ estimate of the solution is a global bound.

PrOPOSITION 4.1. Suppose that 0<a<2,8€(2,d),d>2, for any initial data po>
0,p0 € H3(T?)NL>(T?). Then the following criterion holds: either the local solution to
(1.1) extends to a global classical solution or there exists T* € (0,00), such that

lim [lp(t.)] £~ =oc.
Proof. For the fourth term of (3.1), we deduce that
|- 0B @) 8 pto= [ T (0K )~
= Vp~VK*p(—A)3pdx+/ pAK % p(—A)pdr.  (4.1)
Td Td

Integrating by parts the first term of the right-hand side of (4.1), we obtain

3
/Vp~VK*p(—A)3pdx~Z/ DY(Vp)-D* Y (VK % p)D?pd. (4.2)
T 1=/ T¢
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According to the definition of periodic convolution kernel K in Section 1, we know that
VK € L}(T%),AK € L*(T?), then there exists a constant Co >0, one has

IVK|: <Co, ||AK]r<Ch.
When [=0,1, according to the definition of K in (1.6), we deduce by Young’s and
Holder’s inequality that

Td Vp-D*(VK %p)D?pdz < || Dpl| or [| D*(VE #p) || s [ pll 175

<[1Dpllper [AK *Dpl| ol pll 172
<C|DpllLer [1D?pl s llpll g2,

and
/dD(VP)'DQ(VK*p)D3pde 1D?pllLa || D* (VK 5 p) || Lox [| ] s
T
<[|D?pl|a |AK % Dpl| o1 [|pll g5
<C||Dpllze [|D?pll Lallpll 3
where
11 1
poq 2

By Gagliardo-Nirenberg inequality, for 1<g;,qs < 0o, one has

1-0 1-6 1+601+06 1+60:1+06
IDpllzen |1 D2 pllzallpll s < Cllollpa ol e ol 5" 77 < Clipll a7,

where
1 _1_ 1 1_2_ 1
p1 d a1 g d g2
=T33 =13 1
2 d aq 2 d g

Then for [ =2, we get

» D*(Vp)- D(VK xp)D? pdx < | AK * pl < | plls < Collpllz< llolI s,

and when [ =3, we obtain

D?’(Vp)-(VK*p)D?’pdx:—%/ (D?p)?AK * pdz.

Td Td

Therefore, we have
y Vp-VE #p(=A) pdz <C(|pll 5t %2 + Il o llpl e )- (4.3)

For the second term of the right-hand side of (4.1), we get

3
/ pAK*p(—A)gpdeZ/ D'pD3* Y AK % p)D3pdz. (4.4)
T =0T
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when [ =1,2, similar to above, we obtain

2
> N D'pD*  (AK #p) D pda < C||p| 1,7+,
=1

if [=0, for 2 < py < o0, we deduce that

[ oD BK <) D < ol | AK < D*pl 12
T

< Collpllz=llpl%s
<Cllpl%s,

and when [ =3, we get

D2 p(AK 5 p)DP pde < | AK 5 pl| oo lpl g < Clpl o,
T

so we have

[ AR p =) s < CUE 7+ o). (4.5)
Thus, we deduce by (4.3) and (4.5) that

[ 5 (0B(0)) (=)o < (ol + o). (46)

Combining (3.1), (3.2), (3.3) and (4.6), we have

d
ol <=2l g +Clllulles + Dllpl s +Cllollgs" . (4.7)

According to (3.13) and for 1 <py < oo, one has
Mol g < =Ci ol < =Clipl - (4.8)
where

%+1272d+2a
2d
241 6—d

V= ; 1<po<oo.

By (4.7) and (4.8), we have

d
SNl <=Cllpl s +Clulles + DllpllFs + Cllpllgs" (4.9)

we can choose pg, such that
v>max{2,14+6; +605}.

By the differential inequality (4.9), the conclusion can easily be deduced. This completes
the proof of Proposition 4.1. ]
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4.2. L*>° estimate of p. = We obtain the L* estimate of the solution by weakly
mixing. The same idea from Section 3 is employed.

LEMMA 4.1. Let 0<a<2,8€[2,d),d>2, p(t,x) is the local solution of Equation (1.1)
with initial data po(x)>0. If p€ LP(T4), 1<p<oo, and we denote

ﬁ(t) :p(taft) = maxp(t,x).
zeTd

Then we have

p(t) <C(d,p)llpllzr, (4.10)

or

d _ 5 1422

—p<Cop~—C(a,d,p) (4.11)

-
ol

Proof. Let us denote by T; the point such that

p(t) = p(t,T¢) =maxp(t,z),
reTd

then for a fixed ¢t >0, for a derivative at the point of maximum, we see that
(V- (pB(p))) (¢, %) =Vp-VEK % p(t,Ty) + pAK * p(t,Ty). (4.12)
For the first term of the right-hand side in (4.12), one has
Vp-VKx*p(t,z;)=0, (4.13)

and for the second term of the right-hand side of (4.12), we deduce by Young’s inequality
that

PAK % p(t,T) <[ pAK * p|| Lo
<|lpll Lo [|AK # pl| o
<|pli=<lAK| 1 =p* | AK]| 1. (4.14)

Thus, combining (1.1), (4.12), (4.13) and (4.14), we imply that the evolution of p follows

d .
P (=2)Fp—Cop* <0. (4.15)

According to the nonlinear maximum principle, one has

p(t) <C(d,p)lplLr,

if not, we have

do_ . i
%PSCOP - C(a,d,p) = (4.16)
ol
This completes the proof of Lemma 4.1. ]

We give the local L%, LP(p> g) and L*° estimates of the solution.
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LEMMA 4.2. Let 0<a<2,8€(2,d),d>2, p(t,x) is the local solution of Equation (1.1)
with initial data po(x) > 0. Suppose that ||pol| 2 = Bo, ||pollr < Cp, ||polle < Cos. Then
there exists a time 11 >0, for any 0<t <7y, such that

— _92\ 1
lp(t,) =pllze <2(B3 =*)2, ot )llee <2C,,  llolt, )]l <2Ce,

where p is the mean-value of py and p> g.
Proof. As ||po|lr~ < Cs, we define

1
To—min{2COCOO,T},

then for any 0 <t <7y, we get
ot )|L= <2C, 0<t<Ty. (4.17)

When 0<t <7, the fourth term of the left-hand side of (3.21) can be estimated as
| T0B@Il iz~ [ V@Ko
:/ Vp-VK*p|p|p_2pdm+/ |p|P AK * pdz
T T4
1
:_7/ |p|”AK*pd:r+/ |plP AK * pda:
P Jrd Td

p—1
STHAK*pHmHﬂHip

< 2COCoo(p_ 1)

) 1ol70- (4.18)

So we have

d p

1P, < =2]l[p]2 1%, 5 +2CoCoc(p—1)llpll70- (4.19)
For any 0<t <1y, the fourth term of the left-hand side of (3.23) can be estimated as

V(pB(p))(p—p)dz= / V(K p)(p-p)dr

1

5 [ o-pPAKpdss [ pAK(p-p)(p-p)da
Td Td

Td

S%HAKHU||pHLooHP—ﬁH%2+||AKHL1||pHLocHP—ﬁ||%2
<3CCocllp— 72 (4.20)
We deduce by (3.23) and (4.20) that
L0113 < —2lpl1% 5 +6CoCucllo—7l%. (4.21)
22 llp =772 < =2llpll% 4 +6CoCocllp—7lIZ2

We denote

In2 In2
P - } (4.22)

n mm{”” 200Co(p—1)"3CoCou
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for any 0 <t <71, we deduce by (4.17) and (4.21) that

1

p(t,) =pllce <2(B5 =p°)%,  |lo(t,)llLr <2C,.
According to (4.17) and the definition of 7, for any 0 <t <7, we have
lo(t, )|~ <2C, 0<t<m.
This completes the proof of Lemma 4.2. O

Next, we give an approximation lemma.
LEMMA 4.3. Let 0<a<2,8€(2,d),d>2, suppose that the vector field u(t,x) is smooth
incompressible flow. Let p(t,x),w(t,x) be the local solution of Equations (1.1) and (2.4)
respectively with po € H3(T4)NL>(T9),po >0. Then for every t€[0,T], we have
d
Zlo=wliz <=llollf s +F@2llooll% g +Collollr<llollZ:
+2Co([Vol ez llpllz= + llpllZ2)llpoll o<,
where F'(t) be as defined in Lemma 2./, and F(t) € LS.[0,00).

Proof.  The fourth term of the left-hand side of (3.27) can be estimated as
TdV-(pB(p))(p—w)dx= |- 0K o)

V- (pVK xp)pdx — / V- (pVK *p)wdz
Td

1

= / 02 AK x pdx — /V (pV K * p)wdz

2 Jpa
§§IIAK*pIILw||P||LzH\V'(PVK*/))IILIHwHLw

1
<SIAK ol llolZz + (IVoll 21V 5 pll 2 + |l 2 |AK 5 pll p2) ] <

0
< 5 lellellplzz+ColllVall Lz lloll 2 + o) lwl e, (4.23)

where ||VK]||p1,||AK] L1 is bounded since 5 € [2,d). By Young’s inequality and (4.23),
one has

C
V- (pB(p))(p—w)dz < f\\pllm Nz +Co(IVpllzzllpllzz +llplZ2) Il oo -

Td
(4.24)
Combining (3.27), (3.28), (3.29), (3.35), (4.24) and Lemma 2.4, we have
d
Zlo—=wlliz <=lollf s +F®*llpolG 5 +Collollo=lollZ:
+2Co(IVol 2 llpll = + lloll72)llpoll o
This completes the proof of Lemma 4.3. ]

Next, we establish the global L* estimate of the solution.

PROPOSITION 4.2 (Global L™ estimate). Let 0<a<2,8€[2,d),d>2, suppose p(t,x)
is the solution of Equation (1.1) with initial data po>0,po € H*>(T)NL>(T9). Then
there exist weakly mixing u and a positive constant Cp, such that

p(t, )l <Cre, t€[0,+00].
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Proof. According to the proof of Proposition 3.2. O

REMARK 4.1. According to Proposition 4.1 and 4.2, we can finish the proof of Theorem
1.1 when g€ 2,d),d > 2.
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Appendix. Nonlinear maximum principle. In this section, we recall nonlinear
maximum principle on T¢, the main idea of its proof comes from [9,12,23].

LEMMA 5.1. Let f€S(T%) and denote by T the point such that

f (@) =max f(z),

z€eTe

and f(x)>0, then we have the following
f@)F

(7A)%f(f)ZC(a,d,p) 23
11l o

)

or

f@) <C(d.p)|flr-

Proof. We take R >0 a positive number and define

Nl(R):{)\EB(O,R)U(@*JC@*/\)>@}'

and

M = min |T—y],
yeoaTe

where OT? represents the boundary of the periodic box T¢. Without loss of generality,
we assume that M > i. If

R< M, (5.1)
then, we have

If we denote

then
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and
T p
It = [ r-npanz [ - vpaz (FE) v

thus, we obtain

[N2(R )|<2”Jz|x)”> : (5.2)

According to the definition of (2.1), we have

f@) - fE=N)

e d\
|)\|d+o¢

f@-1@=N

|)\|d+o¢

(—A)2 f(T) > CuqP.V.
Td

>CoaP.V. /
Ni(R)

) N

>Cad

We deduce by (5.2), the definition of N;(R) and Na(R) that

2||f||Lp)p

N1<R>|=B<0,R>—N2<R>|2wde‘< @)

where wy is the volume per sphere, then we get

(—A)% f(z) zca,d;;z(z)a (wde— <2”f”” >p> . (5.3)

f(@)
' =2(%5 )

GO G )

By (5.3) and (5.4), we have

(_A)%f(f)zca@gza (w R - (”Hm) ) 2RZO‘ (2%2;)

d

We take R such that

thus

__ Caa® L <> @)
2(2) " 2= ()55 s
~Cloty !PT

17115

If R does not fulfill (5.1), then

=

(@)
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so we conclude that

2
s
M ()

Il fllee <C(d,p)|| fllLr-

This completes the proof of Lemma 5.1. O

REMARK 5.1. For the case of R?, we can refer to [23].
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