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INVISCID LIMIT TO THE SHOCK WAVES FOR THE FRACTAL
BURGERS EQUATION*

SONA AKOPIANT, MOON-JIN KANG#, AND ALEXIS VASSEURS#

Abstract. We show the vanishing viscosity limit to entropy shocks for the fractal Burgers equation
in one space dimension. More precisely, we quantify the rate of convergence of the inviscid limit in
L? for large initial perturbations around the entropy shock on any bounded time interval. This is the
first result on the inviscid limit to entropy shock for the fractal Burgers equation with the quantified
convergence, for large initial perturbations.
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1. Introduction
We consider the Burgers equation with the fractional Laplacian in one space dimen-
sion:

2
D+ 0y (“2> =AYy, >0, z€R, (1.1)

where a denotes the fractional power of the Laplacian in one dimension, and the frac-
tional Laplacian can be written as a singular integral operator:

o u(y) —u(z
A®/2 () = c PV, Ré/_)xlia)dy. (1.2)

The Equation (1.1) is sometimes called the fractal Burgers equation. It has been ex-
tensively used as a toy model for the study of the fractal (anomalous) diffusion for a
variety of physical phenomena where shock creation is an important ingredient. This
includes the growth of molecular interfaces, traffic jams and the mass distribution for
the large scale structure of the universe (see for example, Biler et al. [3] for a discussion
of this model).

For 0 < <1, the well-posedness theory of (1.1) has been established in Alibaud [1]
and in Kiselev-Nazarov-Shterenberg [19] for a different class of initial data and with
further analysis about finite time blowup for v < 1 and analyticity for « >1 (see Chan-
Czubak [4] for a=1). In the case of 1 < a < 2, which is the focus of our work, prior to [19]
was the work of Droniou-Gallouet-Vovelle [10], where the authors used a semi-group
approach to obtain existence, uniqueness, smoothness and boundedness of solutions to
(1.1) as well as their derivatives. Concerning time-asymptotic stability to rarefaction
waves, we refer to Alibaud-Imbert-Karch [2] and Karch-Miao-Xu [18].
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In this article, we study the vanishing viscosity limit (¢ —0) of the scaled equation

{ Opte + Oy (g) :gAg/QuE, t>0, zeR, (1.3)

ue (2,0) =up(z),

in the case of 1 << 2.
Note that for a solution u to the Equation (1.1), u.(x,t):=u(x/e”,t/e?) solves the
scaled Equation (1.3), where
1
=——, ae(L,2).
g a—1 @€ (1,2)
We aim to quantify the vanishing viscosity limit (¢ —0) of (1.3) with a general initial
datum towards entropy shock waves of the (inviscid) Burgers equation:

u2
Oru+ 0y <2> =0. (1.4)
We are particularly interested in the case where the initial datum carries too much
entropy for the structure of the layer to be preserved in the inviscid limit.

It is well known that for any constants u_ and uy with u_ >wy, the Equation (1.4)
admits the entropy shock wave So(x —ot) connecting the two end states uy as follows
(for example, see [21]):

u_ ifz<ot

uy if x>0t (1.5)

So(x—at):{

where the velocity o is determined by the Rankine-Hugoniot condition:

Alu_)—A 2
o= Alu-) = A(uy) (u+)’ where A(u):= “
U_ — Uy 2

Note that the condition u_ > u4 ensures that the shock wave (1.5) is an entropy solution
to (1.4).

On the other hand, we refer to Chmaj [5] for the existence of shock layer to the
fractal Burgers Equation (1.1) in the case of 1 <« < 2. That is, the following was proved:
for any u_ >w., there exists a travelling wave S;(z —ot) as a smooth solution to

_ ! ﬁ /7 04/2
{ O'Sl+(2) _Af Sl, (16)

lim§_>:|:oo Sl (f) =U4.
However, the rate of convergence of the shock layer to the two end states ui is not

known.
We now present our main result.

THEOREM 1.1.  Assume 1<a<2 in the Equation (1.3). For any constants u_ and
Uy with u— >uy, let ug be the initial datum such that

ug € L (R), up — S € L*(R) and (du()) € L*(R),
dx i

where (%u0>+ denotes the positive part of d%uo.

For any T' >0, there exists a constant C(T) >0 such that the following holds:
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For any solution u. to (1.3), there exists a Lipschitz continuous shift t €[0,T]— X (t)
with X:(0)=0 such that for all t<T,

[[ue (- + X (t),t) = So (- —ot) || L2 (m) < [l — SollL2®) + C(T) (). (1.7)
Here,

o10= (520457 (51 (V8) ) o (o5 () 4 (1)) e

where S1 denotes the viscous shock satisfying (1.6).

REMARK 1.1. Note that the shift X, depends both on ¢ and the initial value ug. The
shift cannot be reduced to the actual velocity of the shock, since at the limit € goes to
zero, the contraction in L? without extra shift is false (see Leger [20]). The shift X,
will be constructed as a solution to the ODE (2.17). In the sentences following (2.17),
we will justify the existence and uniqueness of the Lipschitz continuous solution X.. In
what follows, we drop the e-dependence of the shift X, for simplicity.

REMARK 1.2.  Since limg,+,51(§) =u4+ and 1<a <2, note that (for example, by
choosing § =e~5/?)

P(e)—0 ase—0.

Therefore, Theorem 1.1 provides an explicit rate of convergence for the inviscid limit to
the shock.

If the shock layer S; approaches the end states uy exponentially fast as in the case
of the classical Laplacian, i.e., « =2 (for example, see [16]), then there exist constants
go and C' >0 such that

’(/J(E)SC&‘m, Ve < go. (1.8)
Indeed, by choosing
§=¢ @DED
there exists €5 >0 such that for all 0 <e <ey,
6P < Voeh = e?a%l,

‘Sl (\/;5) —ui‘ SCe_Ci\/g<< (1)a_1 1 (1.9)

=g2a-1,
0

REMARK 1.3. From a special layer study, one can see that the optimal rate of con-
vergence is ¢%/2. Indeed, if we consider the shock layer Si(z—ot) in (1.6), then
S1((x—ot)/eP) is a shock layer of (1.3) as a travelling wave solution of (1.3) with
initial datum S (z/¢?). In this case, the rate of convergence is of order £%/2, since

\//R S (“’;ft) — So(z—ot)

Therefore, if the shock layer S; approaches the end states exponentially fast, the rate of

2d$=\/E'B/|Sl(l‘>—50($)|2d$205[3/2. (1.10)

convergence £22T in (1.8) is slightly worse than the optimal rate £8/2 above, because

1 1
P2 3D gD,
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Note that such a layer study is the special case of small initial perturbations such as
l[wo — Sol| 2y = O(e/?).

In the case where g is the same initial data as the one of (1.4), i.e, no initial perturba-
tion, we refer to the result of Droniou [9] on the convergence of solution to (1.3) towards
entropy solution to (1.4).

However, those studies collapse in the case of large initial perturbation as

lluo — Soll L2y > 772

In this situation, there is too much entropy for the asymptotic limit of the layer structure
to be true. So, the physical layer may be destroyed. Therefore, Theorem 1.1 is the first
result on the inviscid limit to the entropy shock even for large initial perturbation,
although the rate of convergence is not optimal.

2. Proof of Theorem 1.1
We prove Theorem 1.1 for the case of a conservation law with a strictly convex flux:
given a strictly convex flux A, consider

{&ug—i-@IA(ug):aAg/zuE, t>0, zeR. (2.1)

ue(2,0) =ug(x),

Although the existence issue of the shock layer of (2.1) is still open for general convex
fluxes, we provide the proof of Theorem 1.1 in the general setting.

We also mention that Droniou-Gallouet-Vovelle [10] proved the global existence and
uniqueness of smooth solutions to (2.1) with the L*>-bounded initial data in the case of
1<a<?2, and

e || oo () < ol oo (m).
which will be used in our proof.

2.1. Ideas and useful lemmas. Contrary to the proof of the result [6] for
the case of the (local) Laplacian operator, i.e., a =2, the nonlocality of the fractional
Laplacian leads us to first study on the convergence of the solution u. towards the shock
layer (of width ) of (2.1). Once we prove it, the desired result (1.7) would be obtained
by using the obvious convergence from the shock layer to the inviscid shock as in (1.10).

Without loss of generality, we only deal with the stationary shock wave Sy, i.e.,
o=0. We first see from (1.6) that the (stationary) shock layer S; of (1.1) is a solution
to

(A(S1)) =A3"%81,
{ limg, 400 S1(%) = Ut (2:2)

Then, Se(x):=S;(x/e?) is the associated shock layer of (2.1) as a solution to

{ (A(S.)) =03/, (2:3)

limg, 400 Se(x) =ug.

In our analysis, we will use the monotonicity property of the shock layer, which is proved
in the following lemma.

LEMMA 2.1.  If Si(x) is a smooth shock layer of (2.2), then S1(x) <0 for all z.
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Proof. First, we take the derivative of both sides of (2.2) to get
A" (S1)|S1P+A'(S1)SY = A/2s]. (2.4)
Multiplying both sides of (2.4) by (S7)+ and using S7'1s/-0=((S7)+)’, we have

A+ a0 (L) a2

We integrate both sides over R to get

[arsosy s [acs) (“52)*’)01 [s0.a0(s1)a

Note that using (1.2) and anti-symmetry, and the fact that f=f, — f_ where f; and
f— denote respectively the positive and negative parts of a function f, we have

S1(x) = 51(y)

Jisiacrzshan == [ (s =t W dsdy
By JCAREBCINEILERTE P
B NCARCELARE
Y RCAHCECIRE G REEL RO P
B A RS O Y 1 C T RO DR

Moreover, since

[arsosyorars [acs) (“SQ)”)dw:; [ sosn s,

we have
5 [ 4SS dr <o
Therefore, using the strict convexity of the flux A, we have
(S1)+(z)=0, for a.e. z€R,
which completes the proof. 0
The following lemma will be used in the proof of Proposition 2.1.

LEMMA 2.2, If uc(z,t) is a solution of (2.1) with ||(Ozuo)+ | L2r) <00, then

1Oz e (+,0))+ | L2(r) < [|(Ozu0)+ || L2 (R)-

Proof. Let v:=0,u. and v;:=v1,>¢. Following the proof of [6, Lemma 3.2], we
differentiate (2.1) with respect to x, multiply by (9, (uc))+ and integrate in x to get

/(3tv)v+dx+/8m [A’(ug)v]mrdx:s/(Ag/%)udx.
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Then, using the same estimates as in (2.5), we have

/ (O)v, da+ / 0, [A' (u2)v] v do = / (A2, dz <0.

Moreover, since

1d
/(3tv)v+dx:/8t(v+)v+dx:5@ (vy)%de,
and
/89,; [A'(ug)v]erdm:/A”(ug)|v\20+dx+/A’(x)((“)xv)mrdx
2
:/A"(us)(v+)3dx+/A'(x)am((”;) )dx
_ % / A" (u2) ()P da,
we find that
d 2 d 2 " 3
&H(amus('»t)ﬁ”p(mza (v4)°dz<— | A"(uc)(v4)’dz <0,
which completes the proof. ]
2.2. Evolution of the relative entropy. Let ¢ be a smooth nondecreasing

function such that
0if =<0,
“0(:”){ 1if 2> 1. (2.6)
To localize the layer, we consider a parametrized function ¢g, § >0, defined by

ps(z) ¢=<P(§)-

The parameter § will be determined as a function of € at the end of the proof.
For fixed £,6 >0 and X € C*([0,7T]), we will consider the evolution of

) [ () Bt XD S, o

eb 2

Although the above functional is based on the L?-norm, we take advantage of the relative
entropy method to get the convergence of H'(t) as in [6].

The relative entropy method was introduced in the studies by Dafermos [7] and
Diperna [8] of L2-stability and uniqueness of Lipschitz solutions to hyperbolic conserva-
tion laws endowed with a convex entropy. Recently, this method was extensively used
in studying the contraction and inviscid limit for large initial perturbations of viscous
(or inviscid) shock waves (see [6,11-17,20,22-27]).

To use the relative entropy method, in particular we consider the quadratic entropy

()= (2.8)
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where we note from the theory of conservation laws that any function is an entropy of
the scalar conservation law (2.1).

In the general theory, for a strictly convex entropy 7, we define the associated
relative entropy function by

n(ulv) =n(u) —n(v) —7n'(v)(u—0). (2.9)
Likewise, we define the relative functional of the strictly convex flux A by
A(ulv) :==A(u) — A(v) — A’ (v)(u—0). (2.10)

Let F(-,-) be the flux of the relative entropy defined by
F(u,v):=G(u) = G(v) —7'(v)(A(uw) — A(v)), (211)

where G is the entropy flux of 1, i.e., G'=n'A’.
Since, for the quadratic entropy (2.8), the associated relative entropy is

2
u—v
(uo) =0 (212
the function #(t) in (2.7) can be rewritten as
x
()= [ (5 ntueta+ X0.015.0)
For simplification of our presentation, we use a change of variable as follows:
Ve (z,t) i=ue (x4 X (¢),1). (2.13)
Then, it follows from (2.1) that v. satisfies
Dyve — X (1)Dpve + 0, A(v.) =AY 0, (2.14)
We now present the following lemma.
LEMMA 2.3.  The function H(t) defined by (2.7) satisfies
o T .
o= [ & () o (afontelsu@) 10 - Flosat .0
ol ' ; A(ve(2,1)[S:(2))
—5 | We(2,t) = 5 . X(t)——————F—-]d
[T A (5) o) - scasite) (K - LB ) g,
+5/ 3 ('J) (ve (2,t) — Se () A2 (ve (,t) — Se(x))dx
= H,+Hy+P (2.15)

we have
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Note from the definition (2.9) that

On(ve(z,t)]S: () = (77/(175) 717'(55))@1)5(9:,75) *77"(55)(”5 —8:)0rSc ().

To get a nice quadratic structure from the above right-hand side, we use (2.2) and (2.14)
so that

0w (,0)[S(2)) = (' (0:) =1 (52)) (X (1) — 0, A(v2) + 225 )

" (S2) (v = 5) (—(A(S))' + %78, )

X(0) (' (ve) =11 (52)) D0
— (' (ve) =1 (52)) 0 A(ve) + 1" (Se) (ve — S ) (A(S:))’
(

e (0 (02) = (S2) A2 20— (82 (v — S2) A28, ).

Since a straightforward computation together with the definitions (2.10) and (2.11)
yields the identity

=02 F(ve,82) =1 (S2) SLA(ve|S2) = = (0 (ve) =1 (S2)) 0 Av2) +1"' (2 ) (v — S2 ) (A(S2))
(which also appears in the proof of [16, Lemma 2.1]), we have
(v (,t)[S:(2)) :X(t) (1 (v) =1 (S2)) Dwve

— 0. F(ve,S:) —n" (Se)SLA(v:|S:)
e (0 (v) =1 (82)) A 20 —(S2) (v — 52) AS/2S.)

We now use the quadratic entropy (2.8) to obtain

Oin(ve(z,t)]Se(2)) = X (t) (ve — S2)Dyve — Dy F(ve,S2) — SLA(ve|Se)
+e(ve—8)AY? (v~ S:).

Therefore, using (2.12) and
_ g2
(’UE — Sg)amvg :am <UE256|> + (/UE - 55)6m567

we complete the proof. ]

REMARK 2.1. Contrary to [6, Lemma 2.1], we have a new hyperbolic part Hs in (2.15),
because we are considering the viscous layer.

2.3. Estimate on the first hyperbolic part, H;. Here, we estimate the
first part Hy of H'(t) in (2.15) by following the strategy in [6, Section 3]. For this, we
consider the normalized relative entropy flux f(-,-), given by

fluv):= : (2.16)

With such an f, we have the following properties.
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LEMMA 2.4. For any L>0, there exists a constant A >0 such that for any u,v with
lul,|v] <L,

0<0uf(u,v) <A,

% Sa'uf(uav)~

For the proof of the above lemma, we refer to [20].
We now define the shift X as a solution to the ODE

{X(f):f(vs<07t)ﬂss(0))7

X(0)=0. (2.17)

where, recall from (2.13), that v.(0,t) =u-(X(¢),t). As mentioned before, since, for
any € >0, the Equation (2.1) with L*° initial datum admits a unique smooth solution,
the Cauchy-Lipschitz theorem together with Lemma 2.4 implies the existence and
uniqueness of the solution X to the ODE (2.17).

We now present a bound on H; in (2.15). In what follows, C' denotes a positive
constant which may change from line to line, but which is independent of .

ProrosiTiON 2.1. Let ¢ be a smooth nondecreasing function satisfying (2.6).
Under the same hypotheses as in Theorem 1.1, there exists a positive constant C =
C(|luo |l oo (r),u+) such that for any ,6 >0,

= (Zﬁl ) 0 (0= ()22 X (1) = F(ve(,1),52(2)) ) dw < V3T,

— 00

Proof. First of all, we separate H, into two parts:

o= | " (s (=5)) 0r (we 018 () X 0) ~ Foc 1)), 52(0))

—00

oo 2\ 2 .
[ (05(5)) 00 (n(0e @IS @)X () = Flo-(0:1).5.(0))
= HE )+ HE(1).
For HE, by an integration by parts together with (2.16), (2.12) and (2.17), we have
Hi(t)
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Notice that since [uc||zo®)<|uollz®) by the maximum principle, and [S;|<
max{|u_|,|uy[}, there is a constant C'= C(||ugl| L (r),u+) such that

[[ve = Sell oo (0,71 xR) < C- (2.18)
To control h(z,t), we first separate it into two parts:

h(z,t) = (f (ve(0,1),5:(0)) — f (ve (,1),5:(0))) + (f (ve (1), 5:(0)) — f (ve (2,1), 5c (7))

=:hy =:ha

To estimate hi, using Lemma 2.2, we observe that for any x <0,

X(t) X(¢)

Oyue(y,t)dy S/ (Oyue)+(yt)dy < || (Dwuo) ¢ || 2@ V/|2]-

z+X (t)

0l0.0) 0. (e) = |

4+ X (t)

Then, since f is increasing with respect to the first variable by Lemma 2.4, we have

hy < f (v (@) + | Do) 2y VI, S(0)) = F(ve(a,),5.(0))
<AV )z]]] (Bau0) 4 || L2(w)-

Using Lemma 2.4 and Lemma 2.1, we have

ha < —(S:(0) = S:(x)) <0 Vz<0.

Therefore, we have

05 [ o(-55)e (55) Vi <oVEE [ pleael ol

<CVdeP,
where the last inequality is obtained by the definition of ¢ as
0 0
| etmadzaVilies [ ¢ (—a)da=pl1) = p(0)=1.
Likewise, using the same method as above, we have

HE@t)<CoVéeh.

Hence, we complete the proof. 0

2.4. Estimate on the second hyperbolic part, Hs. Here we find a bound
for convergence of the second part Hs in (2.15). For this, we consider a specific choice
of the monotone function ¢ satisfying (2.6), defined by

0 if <0,
22 if 0<z<1/2,
PE)=0 1 oo 1)2if 1/2<2<1, (2.19)

1 if x>1.
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PROPOSITION 2.2. Let ¢ be the function defined by (2.19). Under the same hypotheses
as in Theorem 1.1, there exists a positive constant C such that for any 6 >4,

o= [~ (1) et - sonstio (K- 0B )

Ve (1) —
e <<;>3/2+ (81 (\/g) _u+)—|—(u_—51 (—ﬁ))) :

Proof.  Since v, and S, are bounded as mentioned in (2.18), using the definition
(2.10) of A(:]), and (2.17) with Lemma 2.4, we observe that there exists a positive
constant C'=C(||uo|| g (w),u+) such that for all z€R and ¢t <T,

A(v.|S.) = //A”S+st — 8))tdsdt <||A"|| o lve — S,
and
(o)<

Therefore, using (2.18), we have

H2<C/ 2 (”;') 15! (2)| da.

Note that, since S.(z) =75 (ze=?),

stc/ 2 (J2]) |} ()] .

— 00

We now separate the right-hand side into two parts:

/_ " (121, (@) dz = /| s @)+ / £ (aD) 1S3 @)l da.

|@|>

For any ¢ >4, since
|z < NS

we use (2.19) to get

T
/ w?(\xl)lSi(x)\dxg||S;HLN(R)/ i <§|) "
Vs j2l< V3
4 1 3/2
¢ 4
= oo P < - )
il /|x|§ﬁ|x| dx_C<5>

Using Lemma 2.1, we have

/ ¢§(|x|)\51(w)ldw§/ |Si<x>|dx:f/ 8)(z)dz
2| >/ z|>v/3§ |z|>V/8

= (51 (V8) —uy ) + (u =81 (-v0)).

Hence we complete the proof. ]
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2.5. Estimate on the parabolic part, P.
PROPOSITION 2.3. Let ¢ be a smooth nondecreasing function satisfying (2.6). Under
the same hypotheses as in Theorem 1.1, there exists a positive constant C' such that for
any § >0,

P=c [ () tuto) - 5N A2 0 - Sc(aas < (}5)

Proof. For simplicity, here we set
we(x,t) :=ve(x,t) — S ().

First, using (1.2) and anti-symmetry, we have

P=c / (' |> (=
=[] (5 e R
] (et ()i
which can be rewritten into
:"//M (|x> wel@t) = (hﬁ) e, ﬂw <LZ|>ME(T$t_)y§Uf§y’t)dydz
£ () (B ()t

:S.Pl +P2

A 2w, (z,t)dz

Since

+g// [%<|w| 0o () — 05 ('%')we(y,t)} [805 (lefl) <P5<y)}ws(y,t)dydx7

2 5 5 |z —y[lte
Pii// D )= os () e #o(8)- <pé(w)}ws(y’t)dd
2— 2 Ps 6'6 We (T, Ps EB We Y, |.Z'—y|1+a yaxr

2

€ 121\ (] welz, t)we(y,t)

o3 [ [ (5) oo (5)] i e
we have

. ('y'ﬂ |<x,t>wg<y,t> e,

B _y|1+a
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which gives

res ()

Using (2.18), we have

o (|y|>} wew e (wt) o

eB |x_y|l+a

Since

//M[ (m) Z ('fﬁﬂ e e
_ (&ﬂ) 1+a//RXR [90 (;:L) —¢ (;Zﬂ)] 2 P ;5_1€_5|1+a dydz
(1)) el

using = ﬁ, we have

ree(s) L 2R

=:J

Now, it remains to show that J is integrable on R xR. To this end, we separate the
integral into several parts:

‘.L‘<1 \y|<2 |a:\<1 |y\>2
|z[>1,|y|>1 1<|z|<2,|y|<1 |z]>2,|y|<1

=L+L+Is+1,+1s.

Using the smoothness of ¢ and the boundedness of {|z|<1,|y| <2}, we have

1
I1§C// T dyde,
lzl<1,lyl<2 1T —yl*

which together with 1 <a <2 implies I; < co.
For I, observe that |z —y|>|y|—|z| > |y|—1> ‘—gl for any z,y with |z| <1,|y| >2, and
o(y) = p(x)| <2[[¢lloc 2. Thus, we have

1
|z|<1J|y|>2 |y|

Since ¢(|z])=¢(ly|) =1 for all |z|,|y| >1 by (2.6), we have I3=0.
We use the same estimate as in I; to have Iy < oo.
Note that Js5 =J, by symmetry.
Hence we complete the proof. ]
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2.6. Conclusion. It follows from Lemma 2.3 and Propositions 2.1, 2.2, 2.3 that
for any § >4 and >0,

Wt <C (x/@+ ((1;)

2

T () )+ o () (3) )
<o (VA (s () ) o (w51 (v8) () ).

=:E(g,0)
This, together with (2.7), implies
_ 2
(|2|>6¢8} 2
<H(0)4+CTE(e,0).
Moreover, since (2.18) yields
|ue(z+X(t),t) = Se(2) 1
/ 5 dxgiHvs_SE”%w([O,T]xR) dr < Coe”,
{lz|<oeP} {lz|<oeP}
we have
e X(t),t) = Se
/|u (z+ ()2) (z) d </| 0 il dz+CT (6" + E(e,9)).
R
Therefore,
lue(-4+X(t),t) = Sell 2 ) < |luo — SellL2@) +C(T)4/deP + E(e,9).
Then, using
e —P0|lL2(R) =€ 1 =00l L2(R)>
15 = Sol 772181 = Sol
we have

[Jue (- + X (£),8) = Soll L2y < llue (- + X (),) = Sell L2 @) + 1|9 = Soll L2 ()

<|Juo — Sel| 2wy + C(T)\/ 0P + E(e,8) + CeP/?

< ||U0_SO||L2(R)+||S€_SO||L2(R)+C(T) ( (586+E(€,(5)+€ﬁ/2>
<||luo — Soll 2wy +C(T) ( deh +E(5,§)+65/2> .

Therefore, for some constant C(T),

llue (- +X(2),t) = SollL2(ry < |luo — Soll 2wy +C(T)Y(e),

W(e):= nf (V 58B+E(€,5)+65/Q> '

This completes the proof.

where



SONA AKOPIA, MOON-JIN KANG, AND ALEXIS VASSEUR 1491

REFERENCES

[1] N. Alibaud, Entropy formulation for fractal conservation laws, J. Evol. Egs., 7:145-175, 2007. 1
[2] N. Alibaud, C. Imbert, and G. Karch, Asymptotic properties of entropy solutions to fractal Burg-
ers equation, SIAM J. Math. Anal., 42:354-376, 2010. 1
[3] P. Biler, T. Funaki, and W. Woyczynski, Fractal Burgers equations, J. Diff. Eqgs., 148:9-46, 1998.
1
[4] C.H. Chan and M. Czubak, Regularity of solutions for the critical N-dimensional Burgers equa-
tion, Ann. Inst. H. Poincaré Anal. Non Linéaire, 27:471-501, 2010. 1
[5] A. Chmaj, Existence of travelling waves in the fractional Burgers equation, Bull. Aus. Math.
Soc., 97:102-109, 2018. 1
[6] K. Choi and A. Vasseur, Short-time stability of scalar viscous shocks in the inviscid limit by the
relative entropy method, SIAM J. Math. Anal., 47:1405-1418, 2015. 2.1, 2.1, 2.2, 2.1, 2.3
[7] C.M. Dafermos, The second law of thermodynamics and stability, Arch. Ration. Mech. Anal.,
70(2):167-179, 1979. 2.2
[8] R.J. DiPerna, Uniqueness of solutions to hyperbolic conservation laws, Indiana Univ. Math. J.,
28(1):137-188, 1979. 2.2
[9] J. Droniou, Vanishing non-local regularization of a scalar conservation law, Electron. J. Diff.
Eqs., 117:1-20, 2003. 1.3
[10] J. Droniou, T. Gallouet, and J. Vovelle, Global solution and smoothing effect for a non-local
reqularization of a hyperbolic equation, J. Evol. Eqs., 3:499-521, 2002. 1, 2
[11] M.-J. Kang, L2-type contraction for shocks of scalar viscous conservation laws with strictly convex
fluz, arXiv preprint, arXiv:1901.02969. 2.2
[12] M.-J. Kang, Non-contraction of intermediate admissible discontinuities for 3-D planar isentropic
magnetohydrodynamics, Kinet. Relat. Models, 11(1):107-118, 2018. 2.2
[13] M.-J. Kang and A. Vasseur, Contraction property for large perturbations of shocks of the
barotropic Navier-Stokes system, J. Eur. Math. Soc., to appear, arXiv:1712.07348 . 2.2
[14] M.-J. Kang and A. Vasseur, Uniqueness and stability of entropy shocks to the isentropic Euler
system in a class of inviscid limits from a large family of Navier-Stokes systems, arXiv
preprint, arXiv:1902.01792v1. 2.2
[15] M.-J. Kang and A. Vasseur, Criteria on contractions for entropic discontinuities of systems of
conservation laws, Arch. Ration. Mech. Anal., 222(1):343-391, 2016. 2.2
[16] M.-J. Kang and A. Vasseur, L2-contraction for shock waves of scalar viscous conservation laws,
Ann. Inst. H. Poincaré Anal. Non Linéaire, 34(1):139-156, 2017. 1.2, 2.2, 2.2
[17] M.-J. Kang, A. Vasseur, and Y. Wang, L2-contraction for planar shock waves of multi-
dimensional scalar viscous conservation laws, J. Diff. Eqs., 267:2737-2791, 2019. 2.2
[18] G. Karch, C. Miao, and X. Xu, On convergence of solutions of fractal Burgers equation toward
rarefaction waves, STAM J. Math. Anal., 39:1536-1549, 2008. 1
. Kiselev, F. Nazarov, and R. Shterenberg, Blow up and reqularity for fractal Burgers equation,
Dyn. Partial Diff. Eqgs., 5:211-240, 2008. 1
. Leger, L? stability estimates for shock solutions of scalar conservation laws using the relative
entropy method, Arch. Ration. Mech. Anal., 199(3):761-778, 2011. 1.1, 2.2, 2.3

[19] A
N

[21] D. Serre, Systems of Conservation Laws I, II, Cambridge University Press, Cambridge, 2000. 1
D
D

20]

. Serre and A. Vasseur, L2-type contraction for systems of conservation laws, J. Ec. Polytech.
Math., 1:1-28, 2014. 2.2
. Serre and A. Vasseur, About the relative entropy method for hyperbolic systems of conservation
laws, in C.M. da Fonseca, D. Van Huynh, S. Kirkland and V.K. Tuan (eds.), A Panorama
of Mathematics: Pure and Applied, Contemp. Math., Amer. Math. Soc., Providence, RI,
658:237-248, 2016. 2.2
[24] D. Serre and A. Vasseur, The relative entropy method for the stability of intermediate shock
waves; the rich case, Discrete Contin. Dyn. Syst., 36(8):4569-4577, 2016. 2.2
[25] A. Vasseur, Recent results on hydrodynamic limits, in C. Dafermos and M. Pokorny, Handbook of
Differential Equations: Evolutionary Equations, Elsevier/North-Holland, Amsterdam, 323—
376, 2008. 2.2
[26] A. Vasseur, Relative entropy and contraction for extremal shocks of conservation laws up to a
shift, in V.D. Radulescu, A. Sequeira and V.A. Solonnikov (eds.), Recent Advances in Partial
Differential Equations and Applications, Contemp. Math., Amer. Math. Soc., Providence, RI,
666:385-404, 2016. 2.2
[27] A. Vasseur and Y. Wang, The inviscid limit to a contact discontinuity for the compressible Navier-
Stokes-Fourier system using the relative entropy method, STAM J. Math. Anal., 47(6):4350
4359, 2015. 2.2

(22]

(23]


http://dx.doi.org/doi:10.1007/s00028-006-0253-z
https://doi.org/10.1137/090753449
https://doi.org/10.1006/jdeq.1998.3458
https://doi.org/10.1016/j.anihpc.2009.11.008
https://doi.org/10.1017/S0004972717000740
https://doi.org/10.1137/140961523
https://link.springer.com/article/10.1007%2FBF00250353
http://www.iumj.indiana.edu/docs/28011/28011.asp
https://mathscinet.ams.org/mathscinet-getitem?mr=2022065
https://link.springer.com/article/10.1007%2Fs00028-003-0503-1
https://arxiv.org/abs/1901.02969
http://www.aimsciences.org/article/doi/10.3934/krm.2018006
https://arxiv.org/abs/1712.07348
https://arxiv.org/abs/1902.01792v1
https://link.springer.com/article/10.1007%2Fs00205-016-1003-1
https://www.sciencedirect.com/science/article/abs/pii/S0294144915000943
https://doi.org/10.1016/j.jde.2019.03.030
https://doi.org/10.1137/070681776
https://dx.doi.org/10.4310/DPDE.2008.v5.n3.a2
https://link.springer.com/article/10.1007%2Fs00205-010-0341-7
https://mathscinet.ams.org/mathscinet-getitem?mr=1775057
https://doi.org/10.5802/jep.1
https://mathscinet.ams.org/mathscinet-getitem?mr=3475284
https://www.aimsciences.org/article/doi/10.3934/dcds.2016.36.4569
https://doi.org/10.1016/S1874-5717(08)00007-8
https://doi.org/10.1016/S1874-5717(08)00007-8
http://dx.doi.org/10.1090/conm/666
https://doi.org/10.1137/15M1023439
https://doi.org/10.1137/15M1023439

