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ON A NONLOCAL DIFFERENTIAL EQUATION DESCRIBING
ROOTS OF POLYNOMIALS UNDER DIFFERENTIATION*
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Abstract. In this work we study the nonlocal transport equation derived recently by Steinerberger
[Proc. Amer. Math. Soc., 147(11):4733-4744, 2019]. When this equation is considered on the real
line, it describes how the distribution of roots of a polynomial behaves under iterated differentiation
of the function. This equation can also be seen as a nonlocal fast diffusion equation. In particular,
we study the well-posedness of the equation, establish some qualitative properties of the solution and
give conditions ensuring the global existence of both weak and strong solutions. Finally, we present
a link between the equation obtained by Steinerberger and a one-dimensional model of the surface
quasi-geostrophic equation used by Chae et al. [Adv. Math., 194(1):203-223, 2005].
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1. Introduction and main results
In this paper, we consider the following one-dimensional nonlinear transport equa-
tion

Oyu+ Oy arctan (fiu) =0 (x,t) on Sx 0,77, (1.1)

where

1 u(y,t)
H =—pvVv. | —————
u(@,t) 27Tp v /Stan (Lgy) 4y,

is the periodic Hilbert transform and S is the one-dimensional circle (or, equivalently,
the interval [—m,n] with periodic boundary conditions). The previous equation needs
to be supplemented with the initial data

u(z,0) =ug(x). (1.2)

This equation (when posed on the real line R) has been derived by S. Steinerberger
[33] when studying how the distribution of roots behaves under iterated differentia-
tion. Besides the derivation of Equation (1.1), Steinerberger also found certain explicit
solutions. Furthermore, Steinerberger obtained that the arcsine distribution

C
ﬁlma’

is a steady state when considering the equation only in the interval (—1,1). We observe
that this steady state is not smooth because the derivative blows up at the boundary
of its support. Whether such singularities occur in the evolution problem (1.1) is an
interesting open question.

The purpose of this work is to study the properties of the transport Equation
(1.1) and, in particular, to obtain global-in-time results that exclude the formation in

U(x)= (1.3)
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1644 ON A NONLOCAL DIFFERENTIAL EQUATION

finite time of such singularities. The study of nonlocal and nonlinear one-dimensional
equations is a wide research area with a large literature. For other similar equations
and related results we refer to [5, 6, 9, 13, 14, 24, 15, 16, 25, 27, 30, 26].

In this paper we prove the following results: first we establish the local existence
of smooth solution emanating from smooth initial data together with some qualitative
properties of such solutions. Even if this is a rather basic result, the nonlinearity of the
equation makes it non-trivial.

THEOREM 1.1. Let 0<ug€ H2(S) be the initial data. Then there exists a time
0<T <oo, T=T(||ug|| gz, ming ug(x)) and a unique positive classical solution to (1.1)

0<uecC(0,T),H%S)).

Furthermore, this solution verifies the following properties:
[}

0+ [ Dluts)ds = ol (1.4

2 2
/ / t) log (u(m,t)2 + (Hu(x,t))2 ) dedy,
% sin ( u(y,1)* + (Hu(y1))
lu(®)llzr = l[uollzr,
if uo(x) is even, u(z,t) is even for all t>0,

where

o Mazimum principle: max,u(x,t) <max,ug(z),
o Minimum principle: ming uo(z) <ming u(z,t).

REMARK 1.1. We remark that, for an arbitrary u(z,t), we are not able to give a sign
to D[u(t)] (compare with [1, 19]). In other words, we are not able to show whether the
L? norm decays.

Before stating the rest of our results, we observe that, in the case where the domain
is a re-scaled torus or the whole real line, there is a one-parameter family of scale
invariant transformations for this equation. Indeed, if u(z,t) is a solution to (1.1), then

ux(x,t) =\ u( Az, \' ") Va R, (1.5)

is also a solution. In other words, the previous scaling is invariant for the equation.

In addition, under certain restrictions in the Wiener spaces A® (see (1.7) for the
definition), we can ensure that the solution is global. Although this size constraint
may be seen as very restrictive, we think it is neeeded in order that the solution re-
mains smooth. In particular, we observe the fact that the solution approaching the
homogeneous steady state in the space

L>(0,T;A")

excludes two main scenarios. On the one hand, due to the size restriction and the
decay, the solution cannot vanish. On the other hand the derivative of the solution
cannot blow up. In other words, even if we cannot prove it (and so far this remains an
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open question), we somehow expect finite time singularity for certain vanishing initial
data with large initial slope. The precise statement of the theorem is

THEOREM 1.2.  Let 0 <ug€ H?(S) be the initial data and denote

1
<u0>:§/§uo(x)dx.
There exists 0<C such that if
[t — (uo)|| 4x <c
(uo)

where the Wiener space A' is defined in (1.7), then the solution (from Theorem 1.1) is
global and satisfies

lu(t) = (uod | as < lluo — {uo)| e~

for certain 0 <((ug)) small enough.
REMARK 1.2. The explicit lower bound 0.13 < C is obtained as a byproduct.
We observe that the
L®(0,00; A1)
norm is also invariant by the scaling

uy(z,t)= %u()\x,/\zt).

This scaling corresponds to the scaling of the Equation (1.5) when ao=—1. As a con-
sequence, Alis a (scaling) critical space which makes Theorem 1.2 a global existence
result in a critical space.

Finally, we study the existence of weak solutions i.e. solutions that satisfy the
equation in the following sense:

_/OTA“(x’S)at¢(m’s) arctan (HU(“)> O p(,5)dwds = / uo () (x,0)da,

U(:L’,S) S

for all test functions ¢ € C*°(Sx [0,T)).
In that regards, we prove the global existence of weak solution for initial data
satisfying certain size conditions in a critical space:

THEOREM 1.3. Let 0<ug€ A°(S) be the initial data and denote

(uo) = % /Suo(a?)d:v-

There exists 0<C such that if

0= (wodlLge _ s

(uo)

where the Wiener space A° is defined in (1.7), then there ewists a unique global weak
solution

ueC([0,T],AYNL'(0,T; AY), YO < T < 00
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and this solution satisfies

[u(t) = (uo)llco < [luo — (uo) [l aoe ™"

for certain 0 < §({ug)) small enough.
REMARK 1.3. The explicit lower bound 0.24 <C is obtained as a byproduct.
We observe that the

L>(0,00; A%)
norm is also invariant by the scaling
up(x,t) =u(Az, \t).

This scaling corresponds to the scaling of the Equation (1.5) when «=0. As a conse-
quence, A" is a (scaling) critical space. Thus, Theorem 1.3 is a global existence result
in a critical space.

REMARK 1.4. Similar results can be proved for the nonlocal fast diffusion equation
(see also [32, 31, 3])

3ﬂt+31<}{u)0,n1€P$

u?n

The rest of the paper is devoted to the proofs of the results (Sections 2-4) and the
link between (1.1) and the equation

Org+Ag=0,(gHy), (1.6)

(see Section 5). We would like to remark that (1.6) was proposed as a one-dimensional
model of the 2D surface quasi-geostrophic equation by Chae, Cérdoba, Cérdoba and
Fontelos [7] (see also the papers by Matsuno [29] and Baker, Li and Morlet [2]). Tt is
well-known that the solutions of (1.6) blow up in finite time for certain vanishing initial
data [5]. The (so far formal) link between (1.1) and (1.6) suggests the possible occurence
of finite time blow up for (1.1) for solutions corresponding to vanishing initial data. To
the best of the author’s knowledge, this question is still open and should be the object
of a future study elsewhere.

Notation. We denote

_ _1 w(@) —u(z—y)
Au—H@xu(x)—Mp.v./SsirP(y/Z)dy.

We define the (homogeneous) L2-based Sobolev spaces

= {u(x) = a(n)e™ with » |n[**|a(n)|? <oo},

nez neEZ

with norm ||| ;. = ||[A®u|| 2. The standard non-homogeneous Sobolev spaces are then

H° = {u(x) = Zﬂ(n)emz with Z(l—!— [n)?*)|a(n)|? < oo} .

nez nez
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Similarly, we recall the definition of the (homogeneous) Wiener spaces

Asz{u(x)zz (n)e™™* with Z|n| |@(n <oo} (1.7)
nez nez
As = ||/F\u|| ¢1. The standard non-homogeneous Wiener spaces are then

= {u(m) = Za(n)eim with Z(l—!— In|®)|a(n)| < oo} :

nez nez

with norm

2. Proof of Theorem 1.1

Well-posedness. The existence will follow using the energy method [28, Chapter
3] once the appropriate a priori estimates are obtained. We define the energy

1

min, u(x,t)

é(t)= + [lu() ]| 2 (2.1)

We have to prove an inequality of the type

dem<cnremy,

for certain C' and p.
To estimate the first term in the energy we use a pointwise argument (see [12, 10,
21, 4] for more details). The solution has at least a minimum:
m(t) =minu(z,t) =u(z,,t).
x

Because of the positivity of the initial data, we have that m(0)>0. Following the
argument in [12, 21, 4], we have that

d _ ___ m®Auzt)
am(t)_atu(gtvt)_ m(t)Q—‘r(Hu(@t,t))Q .e..
Then,
%minwi(x,t) - _at:l((j)tét) =C mt]){g <C(Ew)” (2.2)

For the sake of brevity we only provide with the estimates for the higher order terms
(the lower order terms being easier). We take two derivatives of the equation and test
against 92u. We find that

|| ()”%{2:_/(821‘AU+UA82 u)02u e +/uAu(2u82u+2Hu8 Au)@ﬁudw
i +(Huy (w2 (P
+/(3 e Audpu+ Hud2u) /Hu@ u( 2ua2u+2HuA8 w)o2u u, n
s u?+(Hu)? (Hu)?)?
=L+ L+I3+14+R,

with

2 2,192
11:_/(aajuAu—i—uAalc w)0su d.
s *+(Hu)?
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/uAu(2u82u+2Hu8 - Auw)0%u
12 = d.’l?
s (u?+ (Hu)?)?

[ (0xAudpu+ Hudu)02u
L _/ u? 4 (Hu)? dz,

/Hué) U 2u5‘2u+2HuA6 u)0?u 4
X,
+ (Hu)?)?

and R being either lower order terms or terms akin to I and I4. Using that

1
u?+(Hu)?||,

1
u2

1

L M(t)?

(t)27

together with Holder and Sobolev inequalities and interpolation between Sobolev spaces,

we obtain that
Lo.t. <C(E(1))®|lu(t)] rr2.

We recall the Cérdoba-Cérdoba inequality [11]

1
6A6 > SA(6%),

uANO2ud3u 1 U 2 12
DAY B s T v
/Su2+(Hu)2dx_ Q/SHam <u2+(Hu)2> (Ozu)*dx

uAO2udu 1 U
_ _Trr < - H - 2, \2
[ it = 10 (s ) @B

and we have that

a2l 1 W\
i [0 (G ) s

el lellas |, 1@l lwllas |, IOl lullollull i

to find that

Thus,

I

IN

m(t)? 2 m(t)? m(t)*
<O(1+&())%ul®)]|z2-

Similarly, using
[H fll Lo + N fllzee <20 fllao < Clfll a2,
together with Holder inequality and the Sobolev embedding we have that
L Clu(t)llg=€(t)°.
We observe that I, can be estimated as before and we find that

I+ I, <C(A+E(1)%[ut) || a2

(2.3)
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Finally, we observe that an integration by parts allows us to write

Or Aua u82 (0%u)?
Ig—/S /8 <u2 )2> 9 dx.

From here it is possible to conclude that

L<O+E®) lult)|lme-
Then, we obtain that

%Hu(t)l\%m <CA+E®)) u(t)] - (2.4)

Thus, collecting (2.2), (2.3) and (2.4), we conclude the desired inequality

d

Lem=ciem)”.

Once the energy € is bounded, we would like to remark that, besides remaining in H?,
the solution is positive.

From here we only have to appropriately mollify the equation as in [28, Chapter 3]
to obtain approximate problems having local-in-time existence. In particular, being

Je(x)
the periodic heat kernel at time t =€, we define
. HJ xu®
atu +je*8xarctan (W) =0 (I,t) on S X [OyT] (25)

To ensure a common lifespan for these approximate problems we just invoke the
previous energy estimates. The final step is to obtain that the sequence of approximating
problems u¢ is Cauchy in the low order norm

L>(0,T;L%)

(see [28, Chapter 3] for further details). This concludes with the existence part. The
uniqueness follows from a standard contradiction argument together with the smooth-
ness and positivity of the approximate solutions.

An identity for the evolution of the L? norm. We test (1.1) against u. We
find that

Ld ol _/_ u?Au n uHuO,u de
2 dt L7 Jo w2+ (Hu)? ' w?+(Hu)?

We compute

‘D[u(t)}:—%/SHuaxlog (v + (Hu)?)dax
u0zu+ HulAu
= — H D ———
/S b u?+ (Hu)?
__/ ud uHu B u?Au
N 2+ (Hu)? u?+(Hu)?

dx

+ Audzx
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__/ ud uHu B u?Au dx
- 24+ (Hu)? w2+ (Hu)2 ™™
As a consequence,

1d

gaIIU(t)HE:*@[U(t)]-

Furthermore,

Dlu(t)] zl/Aulog (u2+(Hu)2) dx

—)
/ / sin y/2 log( (z)? +(Hu(x))2)dg;dy
u() —u(y) ) ,
_87/1).\/ /gﬁbg(u(w) + (Hu(z))?) dedy

(
u(y) ~ ulx) : 2
/ /S sin((z —y)/2)2 5 1og (u(y)*+ (Hu(y))?) dady.

Then, we have identity (1.4).

Propagation of the L' norm. Once the solution remains positive, the L' norm
is preserved due to the divergence form of the equation.

Propagation of the even symmetry. This is a straightforward consequence of
the fact that the Hilbert transform H maps even functions into odd functions.

Maximum principle. We define

M (t) =maxu(z,t) = u(Zy,t)

x

Then (see [18, 21, 4] for more details) we have that

th( t) = 0wu(Ty,t) a.e.,
Then
MO et =
We observe that
Au(zT) > 0.
Thus, using 0 < M (t), we obtain that
M(t) < M(0).

Minimum principle. With the previous definition for m(t), we have that

d m(t)Au(z,)
" 0+ ()

Thus, using Au(z,,t) <0, we find that

=0.

0<m(0) <mf(t).
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3. Proof of Theorem 1.2
The proof of this theorem follows the approach in [20]. We define the new variable

v(x,t) =u(x,t) — (ug).

This variable quantifies the difference between the steady state us = (ug) and u. The
idea of the theorem is first to linearize around the stady state (ug). Secondly, we obtain
an inequality of the form

dyoon O (o0l [0l
alol + 0 < (100e ) 1

with F(0) =0 and F continuous. We observe that this inequality guarantees v(t) — 0 in
A for small enough [Jvgl| 41 /(uo)-
In what follows we assume that

V|| 1
ol 2
(ug) 2

so that
vl 7

= <1.
(uo) =llvll g 1—r

Since we have the following Poincaré-type inequality

el ie < loll - YO < s <1,

we observe that
Hu| |Hv [[v]] a0 [[v]] 42
— — | < < <1
u w |7 (uo) —[lvllao ™ (uo) —[[v]| 4

As a consequence, we can expand the nonlinearity as a power series

Hu (=)™ (Hu than
wean (T) = 32 0T

nez+u{o}

L (Hu\> (Au  Hudyu
Ou== 3, (1) <u> <u‘ 2 )

neZ+u{0}

SO

In the new variable, this latter equation reads

O = —ngz;(—l)n <U_f<zo>)2n (v+A<1;0> B (v}f](izq;)2>

(st i)

We recall the following Taylor series

e oy g 2 U <<u>>




1652 ON A NONLOCAL DIFFERENTIAL EQUATION

"(L+n) (<5o>)n'

o=ty 2" (7).

1
(PR AR D e

ne€zZ+t

We define

meZ+t
Hvoy,v  Hvozv m Y "
2= Tt gy 2 U0 ()
Av m( U "
® = fuy 2 (7D (7r)

Using the previous Taylor series together with the previous definitions, we find that

atv+’;”> = ()r(e)™ (<2”> +63)

{uo nezt
+ 2{: 652-—6534—652 (3.1)

nezZt
We take a derivative of (3.1) to obtain that

040, U+Aa Al Z (=) 2n(6,)* 10,6, (Av+63>
{wo) =, (uo)

TS erer(tiae)

neZt
30 ()20 (6" 0,818+ Y (-1)"(61)" .6
neZ+ nez+
—0;63+0,6, (3.2)

We want to estimate
o]l 4 = 10z0] 40
To do that we first observe that A° is an algebra, thus,

m 2n
i <l < (1o B 5~ (leley™) ",
183710 <1651 _< o)+ tua) 2=\ fue)

ez+

Summing up the series, we find the estimate

2n
st (e )"
1S e < { oy = Jolae
Similarly,

2n—1
”62n 1HAO<( llvll.a0 ) "

(uo) = [|v]|a0
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HG?HAO < HUHAOHUHAl + ”UHAOH'UHA'l Z (1+m)<“UHAO> < (<HU”A0HUHA1

fuo)? wy 2 fuo) o) ~ ol 0)?
[[0]l 41 [ollao \™ vl o llv] a0
6340 < <
A= (uo) m§+ {uo) (uo) ((wo) — [[v]| a0)
[[v]] Az l[vll x llv]l a0
0261l 40 <
A= (uo) = [[ollao * (uo) = [[v]la0)?
2 ) 2
N 1 Y P R
((uo) = [|v] 40) ((uo) = [[v[l a0)
2
”6163HA0 < HUHA?H’UHAO HUHAl

(uo)({uo) = [[v]la0) = ((uo) —|v]| 40)?
We obtain that

1”1}” +||U||A'2<||U||A2 ZQn T In=lro, N 2 1
dt Al <u0> - <UO> 1—7r 1—r (1-7‘)2 1—r

nezZt
r\2" r
¥ (%) ()
nez+
r 2n—1 r 7‘2 r
2
+Z n(l—r) {1—7‘ (1—7”)2} (1—r)2
neZt
r\2" r r2
=¥ () ( )
= 1—r 1-7r)2 (1-r)3
r r r r?
3.3
a2 () ) (33)
Using
2
z _ 2n
1—z2722 ’
nezZt
we find

vl 42 _ [lvll4e

e {(1< Y )

2
L. } (3.4)
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Finally, we can simplify the previous expression and find that

2L , . (1;)2
F=—= o (ot g )+ e
(1_(1rr> )

We observe that F is a continuous function in a neighborhood of r=0 and satisfies
F(0)=0. Thus, there exists 0<C such that F(C)<1. We finally observe that if
l|lvol| 41/ (uo) <C this condition propagates in time and ensures the following bound

-5
lo)l 4 <llvoll 41",

for small enough 0 <d < 1. This last inequality together with a close inspection of the

energy estimates in Theorem 1.1 lead to the following inequality

d
Tl <Cluo)ullfe,

and then we conclude the global bound for the H? norm using Gronwall’s inequality.

4. Proof of Theorem 1.3

In this section we prove the existence of global weak solutions for certain initial
data satisfying appropriate size restriction in the space A°. We emphasize that this
space is scale invariant with respect to the scaling of the equation. First we obtain a
priori estimates, then we consider a vanishing viscosity approximation and prove the
convergence of the approximate solutions.

A priori estimates. Following the previous ideas, the first nonlinear term in (3.1)
contributes with

N O U VI
2 (e <<U0>+<U0> 0" () )

nezt mezZt A0
2n
< Z < l[v]].a0 ) ( [[v]]ix )
=5 (o) = [[v]l a0 (uo) —[[v]l a0

[Vl 42 1
S((uO>|Av||Ao> 1_( o1l 40 )2_1

(wo)—=llvll 40

( (K )2
<< [l 4x > o) =[[vT a0
~ \(uo) = [|v]| a0 1_( o1l 40 )2

Gao)= ol a0

The second nonlinear term in (3.1) can be estimated as

n on [ HvOpv  Hv0,v ey (U m
> (1) (&) <<UO>2 P 2 (U )(<u0>> )

nezZ+t meZ+t

A0
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<> <<u0>11”f5||m)2n (<<|7,|;|>f°|||5|”f§>2>

neZ+

loll o \?
(Lot y (i)
=\ 1

ug) — ||v]| 40)? _( o]l 4o )2
{wo) =1l 10

Finally, we find that

1 n( v \"
||63||A0= A’U@n;;r(_l) (<’LLO>> 10
[Ere vl a0\ "
=) 2 ( <uo>>

neZt

1 1
<l (<uO>||v|Ao - <uO>>’

| HvOpv  HvOyv o n v
||62||A0H< T T S (s >( <UO>>

n)
nezZ+t

Polaslvlis . lollasliolli "
ST T (w)? Z(””)<<uo>>

neZt

A0

=
N
[=)

l[v]l a0 [v]] 42
= ((uo) —[|v]| a0)?
We define

_ vllao

(uo)

Collecting the previous estimates, we find that

i”””A”ZlLLf;l < IIZILI(]f;l {(1_‘98)2+1f8+((1;)2> k( S()g

[ )
()

T—s
Using the hypotheses on C , we conclude that
s< C
implies
d
ol a0 +llvl 4 <0,
and that, thanks to a Poincaré-type inequality, leads to

[[v(®)]] 40 < HU0||A06_6t.



1656 ON A NONLOCAL DIFFERENTIAL EQUATION

Furthermore, the solution also enjoys the following parabolic gain of regularity

t t t
/ ()| 2g0.0ds < / ()] s dssuplju(s)llz: < / ()] s ds ool o2
0 0 s 0

Approximated solutions. To construct the approximate solutions, we consider
the following vanishing viscosity approximated problem

Huf 9 e
Oyu® + Oy arctan e =ediu (x,t) on Sx (0,77, (4.1)
with a mollified initial data
u®(x,0) =M xup(x).

The corresponding approximate solution exists globally and remains smooth.

Compactness. Fix 0<T <oco. We have that u® is uniformly bounded in
L>=(0,T;A°)NL2(0,T; H®S).

This implies weak-* convergence

u® —u,
in
L>([0,T] xS),
and weak convergence
u® —u,

in

L*(0,T; H*5(S)).
Furthermore, O;u¢ is uniformly bounded in

L*(0,T; H?).

A standard application of Aubin-Lions Theorem [34] ensures the strong convergence
(after maybe taking a subsequence)

u® —u, Hu®* — Hu
in
L*(0,T;L?).
Taking another subsequence if necessary, we obtain that
u®(z,t) > u(x,t) a.ein Sx[0,T]
In particular, we conclude the lower bound

minug(z) <u(x,t) a.e in Sx[0,7].



GRANERO-BELINCHON 1657

Using that dyu€ is uniformly bounded in
L'(0,T;A°),

another application of Aubin-Lions compactness lemma (see [17] for further details),
allows us to also ensure that

u® —u, Hu®* — Hu
n
L"(0,T; A°YNLI(0,T;A%5), 1 <r<oo,1<g<?2.

To conclude that the solution u is in fact a C([0,77], A°) function, we invoke Fatou lemma
as in [17] to obtain that, for a small enough 0,

t t
Jul0)Lao+6 [ Jate)vds <imigt (1o +0 [ (9L ) < Clao)
0 0
This in particular implies that
ue L>(0,T;A%).

Now we use the fundamental theorem of calculus to obtain

IIU(tz)*U(tl)HAOS/ 2||3tU(5)||A0d8,

ty
from where the continuity in time follows.

Passing to the limit. The other terms being linear, we only have to take into

consideration the convergence of
H
> —arctan <u)> Oy pdxds.
u

T 15
J:/ /(arctan(Hu
o Js u®
T €
="
“Jo Js| u® U

Using the lower bounds for u and u® together with Holder inequality, we conclude that

We have that

|0z p|dxds.

J—0.

This concludes the proof of the existence of a global weak solution wu.

Uniqueness. The uniqueness of the solution follows from a standard contradiction
argument once the control of
t
[ utlLads
0

is ensured.
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5. Link between (1.1) and (1.6)
We now look for a solution of (1.1) having the following form

u(a,t) = (ug) +e 3T O (a,8),
§=0

(here € can be thought as the displacement from the homogeneous state (ug)). The idea
is to truncate the series up to certain order, say, two,

flat)=cfO )+ fD(x,1),

and see what f solves. In this way we will obtain that (up to O(e?)), f solves (1.6). A
similar approach has been used in the study of free boundary problems for incompress-
ible fluids (see [8, 22, 23] and the references therein). First, we observe that (1.1) can
be equivalently written as

ulu—Hudyu

Oru+ 1 (Hu)? =0 (x,t) on Sx[0,T]. (5.1)

Thus,
Aru ((uo)? +2(u— (uo)) (uo) + (u— (up))* + (Hu)?) + uAu— Hudu=0.
Forcing the previous ansatz and matching the powers of ¢, we find that f(©) solves

(0)
Y L A
(uo)

Similarly, f™) solves
O (uo)® + 200 F (o) + (uo) AT + FONTO — H [ O 0, 1O =0.
Thus, substituting (ug)d; f(*) by —Af(©) we find that f solves

O+ Af — B, (H [ ) = O(?).
(o)~ Tuo)

Thus, neglecting the O(g?) terms we find that

(uo)

g(x,t)=

solves (1.6).
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