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NON-DEGENERATE STATIONARY SOLUTION FOR
OUTFLOW PROBLEM ON THE 1-D VISCOUS HEAT-CONDUCTING

GAS WITH RADIATION∗

KWANG-IL CHOE† , HAKHO HONG‡ , AND JONGSUNG KIM§

Abstract. This paper studies the asymptotic behavior of the solution to the initial boundary value
problem of a one-dimensional compressible viscous heat-conducting gas with radiation. We consider
an outflow problem, where the gas blows out the region through the boundary, of the general gases
including ideal polytropic gas. First, we give the necessary and sufficient conditions for an existence of
the non-degenerate stationary solution. In addition, using the energy method, it proves the asymptotic
stability of the solutions under the assumption that the initial perturbation and the boundary data
in the Sobolev space is small. We also demonstrate the convergence rate for the exponential and
logarithmic decay of the solver. Note that it is the result of the outflow problem of the viscous heat-
conducting gas with radiation in the half line.
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1. Introduction and main result
The equations describing the one-dimensional motion of a compressible viscous heat-

conducting gas with radiation in Eulerian coordinates, can be written in the following
form (see [25])

ρt+(ρu)x= 0,

(ρu)t+(ρu2 +p)x=µuxx,

[ρ(e+ u2

2 )]t+[ρu(e+ u2

2 )+pu]x+qx=κθxx+µ(uux)x,

−qxx+q+(θ4)x= 0,

(1.1)

where the unknown functions are the densities ρ(x,t)>0, the velocities u(x,t), the
temperatures θ(x,t)>0, and the radiation heat flux q(x,t). Also, p=p(ρ,θ) and e=
e(ρ,θ) are the pressure and internal energy respectively, while µ>0 denotes the viscosity
and κ>0 denotes the heat-conductivity.

We consider the system (1.1) on [0,∞) replenished with the initial data, the far
field conditions and the boundary condition.{

(ρ,u,θ) |t=0= (ρ0,u0,θ0)(x), x∈ [0,∞),

limx→+∞(ρ,u,θ,q)(x,t) = (ρ+,u+,θ+,0),
(1.2)

u |x=0=u−, θ |x=0=θ−, q |x=0= 0, (1.3)

where ρ+>0, u±, θ±>0 are constants.
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We are interested in the large-time behavior of the solutions for the initial-boundary
value problem (1.1)-(1.3) in the case of u−<0, that is, outflow problem.

Throughout this paper, we assume that

pρ(ρ,θ)>0, eθ(ρ,θ)>0. (1.4)

Notation: Throughout this paper, O(1), c or C represents a generic constant and
Ci(·,·) or ci(·,·)(i∈Z+) denotes general constants relating only to quantities indicated
in parentheses. General Sobolev space with norm ‖·‖k denoted by Hk :=Hk(0,∞) and
‖·‖0 =‖·‖ denote the usual L2−norm.

Now, we state the main results of this paper. The stationary solution (ρ̂, û, θ̂, q̂)(x)
of the system (1.1)-(1.3) must satisfy the following equations:

(ρ̂û)x= 0, x>0,

(ρ̂û2 + p̂)x=µûxx,

[ρ̂û(ê+
û2

2
)+ p̂û]x+qx=κθ̂xx+µ(ûûx)x,

− q̂xx+ q̂+(θ̂4)x= 0,

(û, θ̂, q̂)(0) = (u−,θ−,0), lim
x→∞

(ρ̂, û, θ̂, q̂)(x) = (ρ+,u+,θ+,0),

(1.5)

where p̂=p(ρ̂, θ̂), ê=e(ρ̂, θ̂).
The sound speed and the Mach number are defined, respectively, by

c(v,θ) =

√
∂p(ρ,s)

∂ρ
=
√
−v2p̃v(v,s), M(v,u,θ) =

|u|
c(v,θ)

, (1.6)

where s is the entropy.

Then, we first state the result for the following existence and the properties of
solutions (ρ̂, û, θ̂, q̂)(x) to the system (1.5):

Theorem 1.1 (Existence of non-degenerate stationary solution). Let u−<0, ρ+>
0, θ±>0. Following equation is a necessary condition for existence of the solution to
the system (1.5).

ρ̂û=ρ+u+ = ρ̂(0)u−, ∀x>0. (1.7)

If u+≥0, then solution of system (1.5) does not exist.
For the case M+≡M(v+,u+,θ+) 6= 1, if u+<0 and (1.4) hold, then there exists

a positive constant δ0 and a local manifold M⊂Mδ0 :={(u,θ)∈R2
+ |0< |(u−u+,θ−

θ+)|≤ δ0} such that if (u−,θ−)∈M, then the system (1.5) has a unique smooth solution

(ρ̂, û, θ̂, q̂)(x) satisfying

|∂kx(ρ̂−ρ+,û−u+, θ̂−θ+, q̂)|≤Cδexp(−ĉx), k= 0,1,2, (1.8)

where δ= |(u−−u+,θ−−θ+)| and C,ĉ are positive constants independent of x,δ.

Remark 1.1. Equation (1.8) denotes that for M+ 6= 1, the solution of (1.5) con-
verges to the spatial asymptotic state with an exponential decay rate, this is called
non-degenerate stationary solution. For the case M+ = 1, the solution of the system
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(1.5) may converge with an algebraic decay rate, this is called degenerate stationary
solution. The case will be pursued by the authors in the future.

Next, we state the result for the stability of the non-degenerate stationary solutions
for the outflow problem (1.1)-(1.4).

Theorem 1.2 (Asymptotic stability of non-degenerate stationary solution). Let

u±<0,ρ±>0,θ±>0. Suppose that there exists the solution (ρ̂, û, θ̂, q̂)(x) to the system
(1.5) satisfying (1.8). In addition, suppose that the initial data (ρ0,u0,θ0) satisfies

(ρ0− ρ̂,u0− û,θ0− θ̂)∈H1(0,∞), u0(0) =u−, θ0(0) =θ−. (1.9)

If there exists a proper positive constant ε0, such that

‖(ρ0− ρ̂,u0− û,θ0− θ̂)‖1 +δ≤ε0, (1.10)

where δ= |(u−−u+,θ−−θ+)|, then the system (1.1)-(1.4) has a unique solution
(ρ,u,θ,q)(x,t) that satisfies the following conditions:

(ρ− ρ̂,u− û,θ− θ̂,q,qx)∈C([0,∞);H1(0,∞)),

ρx∈L2(0,∞;L2(0,∞)), (ux,θx,q,qx)∈L2(0,∞;H1(0,∞)).

The solution (ρ,u,θ,q)(x,t) tends time-asymptotically from the stationary solution

(ρ̂, û, θ̂, q̂)(x) in the sense that

lim
t→∞

sup
x∈(0,∞)

|(ρ,u,θ,q)(x,t)−(ρ̂, û, θ̂, q̂)(x)|= 0.

The next theorem shows the convergence rate of the non-degenerate stationary
solutions to the system (1.1)-(1.4) for M+>1.

Theorem 1.3 (Convergence rate of non-degenerate stationary solution). Let ρ±>

0,u±<0,θ±>0. In the case of M+>1 suppose that there exists the solution (ρ̂, û, θ̂)(x)
to the system (1.5) satisfying (1.8). Assume (1.9) and (1.10). Then, we have the
following property:

(1) (exponential decay) If (ρ0− ρ̂,u0− û,θ0− θ̂)∈L2
ς,exp(0,h∞), there is a proper con-

stant β>0 depending on ς such that the solution (ρ,u,θ,q)(x,t) to the system (1.1)-(1.4)
satisfies the following condition.

sup
x∈(0,∞)

|(ρ,u,θ,q)(x,t)−(ρ̂, û, θ̂, q̂)(x)|≤Ce−βt.

(2) (algebraic decay) If (ρ0− ρ̂,u0− û,θ0− θ̂)∈L2
ς (0,∞), then the solution (ρ,u,θ,q)(x,t)

to the system (1.1)-(1.4) satisfies the following condition

sup
x∈(0,∞)

|(ρ,u,θ,q)(x,t)−(ρ̂, û, θ̂, q̂)(x)|≤C(1+ t)−
ς
2 ,

where ς >0 and

L2
ς,exp(0,∞) :={f ∈L2,loc(0,∞);

∫ ∞
0

eςxf2(x)dx<∞},

L2
ς (0,∞) :={f ∈L2,loc(0,∞);

∫ ∞
0

(1+x)ςf2(x)dx<∞}.
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Related results: When the radiation effect is involved, the mathematical study of
this field starts from Hamer’s work [5]. The model considered in [5] can be understood
as Burgers equation coupled with an elliptic equation:{

wt+f(w)x+qx= 0,

−qxx+q+wx= 0,
(1.11)

where w is a scalar unknown function. It is the simplest possible model and the third-
order approximation of the compressible Euler system with radiation (see Appendix A
in [3]): 

ρt+(ρu)x= 0,

(ρu)t+(ρu2 +p)x= 0,

[ρ(e+ u2

2 )]t+[ρu(e+ u2

2 )+pu]x+qx= 0,

−qxx+q+(θ4)x= 0.

(1.12)

For the Hamer’s model (1.11), Kawashima-Nishibata [8] proved asymptotic stability
of shock profiles. Kawashima-Tanaka [11] showed the stability of rarefaction waves.
Then this result was extended to multi-D cases by Gao-Ruan-Zhu in [3,4,22]. Recently,
Ohnawa [19] has extended the result in [8] to continuous shock cases. On the other
hand, there are also some results on the nonlinear stability of elementary waves for the
Euler system with radiation (1.12). In [12] the authors proved the global existence of
shock profiles for the Euler-Poison system, and Lattanzio-Mascia-Serre [14] extended
the proof to a general hyperbolic-elliptic system. Lin-Coulombel-Goudon studied the
stability of shock profiles under the zero mass perturbation assumption in [13]. Then
Nguyen-Plaza-Zumbrun removed the zero mass perturbation assumption by using a
Green function method in [18]. The stability of a single “viscous contact wave” is
studied in [21, 26] and the stability of a rarefaction wave is considered in [15]. Xie [27]
proved the stability for the combination of viscous contact wave with rarefaction waves.
Also, for the system (1.1) of compressible viscous heat-conducting gas with radiation,
there are a few mathematical results for the stability toward elementary waves. Wang-
Xie [25] proved the stability of a single viscous contact wave and Hong [6] showed the
stability of the combination of contact discontinuity with rarefaction waves. However,
to the best of our knowledge, there is little known about the stability of nonlinear
wave patterns for the initial boundary value problem in half line on the system (1.1)
of compressible viscous heat-conducting gas with radiation, which is of interest in this
paper.

Here, we briefly review some main difficulties of our problem, compared to the
Cauchy problem of the system (1.1) or the outflow problem to the compressible Navier-
Stokes equations. As we know, the Cauchy problem of the system (1.1) can be reduced
into a more simple system in Lagrangian coordinates, which is not applicable for the
outflow problem of the system (1.1). This brings some difficulties in our analysis be-
cause the system in Eulerian coordinates is more complicated than one in Lagrangian
coordinates. On the other hand, when omitting the radiation effect, the system (1.1)
reduces to the classical compressible Navier-Stokes equations. For the outflow problem
of compressible Navier-Stokes equations, there have been many mathematical studies
about the existence, stability and convergence rate of the stationary solutions, please
refer to [2,7,9,10,16,17,20,23,24] and the references therein. Compared to the Navier-
Stokes equations, system (1.5) is more general and more complex for the radiation effect
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is taken into account. For instance, in order to obtain the existence of stationary solu-
tions, they in [10] considered 2×2 system of autonomous ordinary differential equations,
but we have to introduce the new variable to deduce the stationary equations to a 4×4
system of autonomous ordinary differential equations, and examine dynamics around
an equilibrium by applying the manifold theory (Section 2). Next, to deduce our results
desired for the stability of the stationary solutions by the elementary energy method,
it is sufficient to deduce certain uniform (with respect to the time t) a priori estimates

on the perturbations (ϕ,ψ,ζ,ω) around stationary solutions (ρ̂, û, θ̂, q̂). In the first step
of a priori estimates, comparing with the Navier-Stokes equations, the main difficulty
is to control the energy form (3.5) so that we get the uniform estimate for L2−norm

of the perturbations, which is not trivial due to control of the new term −ζ
(
qx
θ −

q̂x
θ̂

)
(see (3.13) in Section 3). Last, the main point in proof of the convergence rate for the
stationary solutions is how to get the lower estimate on the term −wxG1 in weighted
energy form (4.3). For this, in the case of the ideal polytropic gas, they in [10] essentially
utilize the expression p=Rρθ, e=R(γ−1)−1θ on the pressure p and the inertial energy
e as the function for independent variables (v,θ), where γ>1 denotes the adiabatic
exponent and R is gas constant, which is not applicable for the general gas case (see
Section 4).

This paper consists of the following. In Section 2, we prove the existence of the
non-degenerate stationary solutions. Section 3 is devoted to showing the stability result
(Theorem 1.2) of the non-degenerate stationary solutions. In Section 4, for the super-
sonic case, the convergence rate mentioned in Theorem 1.3 is obtained by a time- and
space-weighted energy method.

2. The existence of non-degenerate stationary solutions

2.1. Reformulation of stationary problem. Integrating the first, second
and third equations of (1.5) over [x,∞) yields

ρ̂û=ρ+u+, x>0,

ρ̂û2 + p̂=µûx+ρ+u
2
+ +p+,

ρ̂û(ê+
û2

2
)+ p̂û+ q̂=κθ̂x+µûûx+ρ+u+(e+ +

u2
+

2
)+p+u+,

q̂x− Ê−(θ̂4−θ4
+) = 0,

(2.1)

where p+ =p(v+,θ+), e+ =e(v+,θ+), Ê(x) =−
∫∞
x
q̂(y)dy.

Integration of the first equation of (1.5) over [0,x) is as following.

ρ̂û= ρ̂(0)u−, x>0. (2.2)

By (2.1) and (2.2), (1.7) holds.
We set û= u+

v+
v̂ (v̂= ρ̂−1, v+ =ρ−1

+ ), û1 = ûx. Then, we have from (2.1)
v̂x= u+

µv+
(v̂−v+)+ v+

µu+
(p(v̂, θ̂)−p+),

θ̂x= u+

κv+
(e(v̂, θ̂)−e+)− u3

+

2κv3+
(v̂−v+)2 + u+

κv+
p+(v̂−v+)+ 1

κ q̂,

q̂x= Ê+(θ̂4−θ4
+),

Êx= q̂.

(2.3)

Also, we have from (1.5)

(v̂, θ̂, q̂)(0) = (v−,θ−,0) with v−=
u−
u+

v+, (v̂, θ̂, q̂,Ê)(∞) = (v+,θ+,0,0). (2.4)
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To discuss the solvability of the system (2.3), (2.4) near the infinity asymptotic
state (v+,θ+,0,0), we need to introduce the stationary perturbation variables given by

(ṽ, θ̃, q̃,Ẽ) := (v̂, θ̂, q̂,Ê)−(v+,θ+,0,0).

Then, the system (2.3), (2.4) is transformed into the vector equations for (ṽ, θ̃, q̃,Ẽ)

d

dx


ṽ

θ̃
q̃

Ẽ

=J+


ṽ

θ̃
q̃

Ẽ

+


g1(ṽ, θ̃)

g2(ṽ, θ̃)

g3(θ̃)
0

 , x>0

(ṽ, θ̃, q̃)(0) = (v−−v+,θ−−θ+,0), (ṽ, θ̃, q̃,Ẽ)(∞) = (0,0,0,0),

(2.5)

where J+ is the Jacobian matrix at an equilibrium point (0,0,0,0) defined by

J+ =


v+
µu+

(
u2
+

v2+
+p+

v

)
v+
µu+

p+
θ 0 0

u+

κv+
(e+
v +p+) u+

κv+
e+
θ

1
κ 0

0 4θ3
+ 0 1

0 0 1 0

≡

a11 a12 0 0
a21 a22 a23 0
0 a32 0 1
0 0 1 0

 (2.6)

and gi(i= 1,·· · ,4) are nonlinear terms that

g1(ṽ, θ̃) =
v+

µu+
(p̂−p+−p+

v ṽ−p+
θ θ̃) =O(ṽ2 + θ̃2),

g2(ṽ, θ̃) =
u+

κv+
(ê−e+−e+

v ṽ−e+
θ θ̃)−

u3
+

2κv3
+

ṽ2 =O(ṽ2 + θ̃2),

g3(θ̃) = (θ̃+θ+)4−θ4
+−4θ3

+θ̃=O(θ̃2),

where p+
v =pv(v+,θ+), e+

v =ev(v+,θ+) and so on.

2.2. Proof of Theorem 1.1. By (2.6), we have

J+−λI=


a11−λ a12 0 0
a21 a22−λ a23 0
0 a32 −λ 1
0 0 1 −λ


and the characteristic determinant of J+ is

|J+−λI|= (−λ)

∣∣∣∣∣∣
a11−λ a12 0
a21 a22−λ a23

0 a32 −λ

∣∣∣∣∣∣−
∣∣∣∣∣∣
a11−λ a12 0
a21 a22−λ a23

0 0 1

∣∣∣∣∣∣
= (λ2−1)

∣∣∣∣a11−λ a12

a21 a22−λ

∣∣∣∣+a23λ

∣∣∣∣a11−λ a12

0 a32

∣∣∣∣.
Assume that u+<0 and (1.4). Then, the eigenvalues λi(i= 1,·· · ,4) of J+ must be

satisfied

λ4 +b1λ
3 +b2λ

2 +b3λ+b4 = 0, (2.7)
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where

b1 =−(a11 +a22) =− v+

µu+

(
u2

+

v2
+

+p+
v

)
− u+

κv+
e+
θ ,

b2 =a11a22−a12a21−1−a23a32

=
1

µκ

(
u2

+

v2
+

+p+
v

)
e+
θ −

1

µκ

(
e+
v +p+

)
p+
θ −1−

4θ3
+

κ
,

b3 =a11 +a22 +a23a32a11 =−b1 +
4θ3

+

κ

v+

µu+

(
u2

+

v2
+

+p+
v

)
,

b4 =−(a11a22−a21a12) =− 1

µκ

(
u2

+

v2
+

+p+
v

)
e+
θ +

1

µκ

(
e+
v +p+

)
p+
θ .

(2.8)

Using (1.6), we have

M+>1(<1)�

(
u2

+

v2
+

+ p̃v(v+,s+)

)
>0(<0). (2.9)

Noticing that

p̃v(v+,s+) =p+
v −

θ+(p+
θ )2

e+
θ

, e+
v =θ+p

+
θ −p

+, (2.10)

we have

a11a22−a12a21≡
v2

+

µκ

(
u2

+

v2
+

+p+
v

)
e+
θ −

v2
+

µκ

(
e+
v +p+

)
p+
θ

=
v2

+

µκ

(
u2

+

v2
+

+ p̃v(v+,s+)

)
e+
θ ,

a11 =
v+

µu+

(
u2

+

v2
+

+ p̃v(v+,s+)+
θ+(p+

θ )2

e+
θ

)
.

(2.11)

From Vieta’s formula, the roots of the system (2.7) have the following properties:

λ1 +λ2 +λ3 +λ4 =−b1,
λ1λ2 +λ1λ3 +λ1λ4 +λ2λ3 +λ2λ4 +λ3λ4 = b2,

λ1λ2λ3 +λ1λ2λ4 +λ1λ3λ4 +λ2λ3λ4 =−b3,
λ1λ2λ3λ4 = b4.

(2.12)

For the case M+>1: Using (1.4), (2.4)-(2.11) and u+<0, we obtain from (2.8)

b1>0, b3<0, b4<0,

which implies together with (2.12)

λ1λ2λ3λ4<0,

λ1λ2(λ3 +λ4)+(λ1 +λ2)λ3λ4>0,

λ1 +λ2 +λ3 +λ4<0.

(2.13)

The first inequality of (2.13) implies (2.7) doesn’t have any zero real root and we
can assume λ1λ2>0,λ3λ4<0 without the loss of generality. Also, using the second and
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third inequalities of (2.13), we have λ1 +λ2<0. So, without the loss of generality, we
can assume

Reλ1<0, Reλ2<0, λ3<0 and λ4>0.

For the case M+<1: Using (1.4), (2.4)-(2.11) and u+<0, we obtain from (2.8)

b2<0, b4>0,

which implies together with (2.12)

λ1λ2λ3λ4>0,

λ1λ2 +λ3λ4 +(λ1 +λ2)(λ3 +λ4)<0.
(2.14)

Using (2.14), we deduce that (2.7) doesn’t have any zero real root and the following
possible cases:

(1) λ1λ2>0, λ3λ4>0, (λ1 +λ2)(λ3 +λ4)<0,

(2) λ1λ2<0, λ3λ4<0.
(2.15)

Therefore, we can assume from (2.15), without the loss of generality,

Reλ1<0, Reλ2<0, λ3>0 and λ4>0.

Now, we stand in position for the proof of Theorem 1.1. We will only discuss the
case of M+<1 because the case of M+>1 is similar and more easy.

In order to make the manifold theory directly applicable, we need to reduce the
system (2.5) to block diagonal form. By Jordan theorem in linear algebra, there is a
real nonsingular matrix Q= (qij)4×4 such that

Q−1J+Q= diag(B,A), (2.16)

where A is a 2×2 matrix having eigenvalues with positive real part, and B is a 2×2
matrix having eigenvalues with negative real part. Therefore, the linear transformation

Ṽ

Θ̃

Q̃

Ξ̃

=Q−1


ṽ

θ̃
q̃

Ẽ


applied to the system (2.5) yields the equivalent boundary value problem

d

dx


Ṽ

Θ̃

Q̃

Ξ̃

= diag(B,A)


Ṽ

Θ̃

Q̃

Ξ̃

+


H1(Ṽ ,Θ̃,Q̃,Ξ̃)

H2(Ṽ ,Θ̃,Q̃,Ξ̃)

H3(Ṽ ,Θ̃,Q̃,Ξ̃)

H4(Ṽ ,Θ̃,Q̃,Ξ̃)

, x>0, (2.17)

q11Ṽ (0)+q12Θ̃(0)+q13Q̃(0)+q14Ξ̃(0) =v−−v+,

q21Ṽ (0)+q22Θ̃(0)+q23Q̃(0)+q24Ξ̃(0) =θ−−θ+, (2.18)

q31Q̃(0)+q32Θ̃(0)+q33Q̃(0)+q34Ξ̃(0) = 0,
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(Ṽ ,Θ̃,Q̃,Ξ̃)(∞) = (0,0,0,0), (2.19)

where Hi(i= 1,·· · ,4) are defined by


H1(Ṽ ,Θ̃,Q̃,Ξ̃)

H2(Ṽ ,Θ̃,Q̃,Ξ̃)

H3(Ṽ ,Θ̃,Q̃,Ξ̃)

H4(Ṽ ,Θ̃,Q̃,Ξ̃)

=Q−1


g1(ṽ, θ̃)

g2(ṽ, θ̃)

g1(ṽ, θ̃)

g3(θ̃)
0

.

For the sake of technique only, it is convenient to introduce an undetermined pa-
rameter Ẽ0 := Ẽ(0), simultaneously add the auxiliary boundary condition q41Ṽ (0)+

q42Θ̃(0)+q43Q̃(0)+q44Ξ̃(0) = Ẽ0 which is combined with (2.18) and described very suc-
cinctly as 

Ṽ (0)

Θ̃(0)

Q̃(0)

Ξ̃(0)

=Q−1


v−−v+

θ−−θ+

0

Ẽ0

 . (2.20)

Since the previous argument proceeds inductively to yield the fact that J+ has two neg-
ative eigenvalues λi(i= 1,2) as well as two eigenvalues with positive real part. By virtue
of the manifold theory in [1], there exist a C∞ local stable manifold W s

loc(0,0,0,0) corre-
sponding to λi(i= 1,2) and a C∞ local unstable manifold Wu

loc(0,0,0,0) corresponding
to λi(i= 3,4). More specifically, W s

loc(0,0,0,0) can locally be represented by a graph

over the (Ṽ ,Θ̃) variables, i.e.,

W s
loc(0,0,0,0) ={(Ṽ ,Θ̃,Q̃,Ξ̃)∈R4 | ∃C∞ functions hs

Q̃
and hs

Ξ̃

s.t. Q̃=hs
Q̃

(Ṽ ,Θ̃), Ξ̃ =hs
Ξ̃

(Ṽ ,Θ̃) with hs
Q̃

(0,0) =Dhs
Q̃

(0,0) = 0,

hs
Ξ̃

(0,0) =Dhs
Ξ̃

(0,0) = 0, for |(Ṽ ,Θ̃)| sufficiently small}.

Furthermore, if (Ṽ (0),Θ̃(0),Q̃(0),Ξ̃(0)) is located on the stable manifold
W s
loc(0,0,0,0), then the problem (2.17), (2.19) and (2.20) has a unique smooth solution

(Ṽ ,Θ̃,Q̃,Ξ̃) which approaches the origin (0,0,0,0) at an exponential rate asymptotically
as x→∞, i.e.,

|∂kx(Ṽ ,Θ̃,Q̃,Ξ̃)(ξ)|≤C(|Ṽ (0)|+ |Θ̃(0)|)e−cx, for k= 0,1,2,·· · . (2.21)

Next we assert that if

(Ṽ (0),Θ̃(0),Q̃(0),Ξ̃(0))∈{(Ṽ ,Θ̃,Q̃,Ξ̃)∈R4 | Q̃=hs
Q̃

(Ṽ ,Θ̃), Ξ̃ =hs
Ξ̃

(Ṽ ,Θ̃)},

the original stationary problem (1.5) with |v−−v+|+ |θ−−θ+|�1 is equivalent to the

boundary value problem (2.17), (2.19) and (2.20) with |Ṽ (0)|+ |Θ̃(0)|�1. It suffices to

show that (Ṽ (0),Θ̃(0)) depends locally and only on the original data (v−−v+,θ−−θ+)
in a continuous differentiable way. In fact, by premultiplying both sides of the equality
(2.16) by Q and using (2.6), we immediately deduce that J+Q=Qdiag(B,A) including
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the following algebraic equations:
a11q11 +a12q21 +a14q41 = b11q11 +b21q12,

a21q11 +a22q21 = b11q21 +b21q22,

a11q12 +a12q22 +a14q42 = b12q11 +b22q12,

a21q12 +a22q22 = b12q21 +b22q22,

(2.22)

and

q31 = b11q41 +b21q42, q32 = b12q41 +b22q42 (2.23)

according to the definition of matrix multiplication, where B=

(
b11 b12

b21 b22

)
.

Using (2.22) and (2.23), we show that the matrix Q̂=

(
q11 q12

q21 q22

)
is nonsingular.

If the matrix Q̂ is singular, then we know that there exists a real number β such
that

q11 =βq12 and q21 =βq22. (2.24)

Substituting (2.24) into (2.22) yields
a11q11 +a12q21 +a14q41 =β1q12,

a21q11 +a22q21 =β1q22,

a11q12 +a12q22 +a14q42 =β2q12,

a21q12 +a22q22 =β2q22

(2.25)

with β1 = b11β+b21 and β2 = b12β+b22.
By (2.24), (2.25)2 and (2.25)4, we obtain

β1 =ββ2. (2.26)

Using (2.24), (2.26), (2.25)1 and (2.25)3 yields

q41 =βq42. (2.27)

Also, by (2.27), (2.26) and (2.23), we get

q31 =βq32. (2.28)

By (2.24), (2.27) and (2.28), we obtain the fact that the vector (q11,q21,q31,q41)
is parallel to the vector (q12,q22,q32,q42), which is impossible since the matrix Q is
nonsingular. Therefore, the matrix Q̂ is nonsingular.

Notice that

(Ṽ (0),Θ̃(0),Q̃(0),Ξ̃(0))∈{(Ṽ ,Θ̃,Q̃,Ξ̃)∈R4 | Q̃=hs
Q̃

(Ṽ ,Θ̃), Ξ̃ =hs
Ξ̃

(Ṽ ,Θ̃)},

therefore the first and second equations in (2.18) can be rewritten as

q11Ṽ (0)+q12Θ̃(0)+q13h
s
Q̃

(Ṽ (0),Θ̃(0))+q14h
s
Ξ̃

(Ṽ (0),Θ̃(0)) =v−−v+,

q21Ṽ (0)+q22Θ̃(0)+q23h
s
Q̃

(Ṽ (0),Θ̃(0))+q24h
s
Ξ̃

(Ṽ (0),Θ̃(0)) =θ−−θ+.
(2.29)
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Because the matrix

(
q11 q12

q21 q22

)
is nonsingular, by using the implicit function theorem,

one easily solves the Equation (2.29) for (Ṽ (0),Θ̃(0)) to obtain a unique C1 function of
(v−−v+,θ−−θ+) in a neighborhood of the origin (0,0). Thus, by using the differential
mean value theorem, we have

c(|v−−v+|+ |θ−−θ+|)≤|Ṽ (0)|+ |Θ̃(0)|≤C(|v−−v+|+ |θ−−θ+|), (2.30)

if |v−−v+|+ |θ−−θ+|�1. This implies the assertion mentioned at the beginning of
this paragraph holds. In addition, from (2.30), it follows that the condition (2.21) is
also equivalent to (1.8). By combining the information as above, we complete the proof
of Theorem 1.1.

3. Asymptotic stability of stationary solutions
We rewrite (1.1) and (1.5) as

ρt+(ρu)x= 0, t>0, x>0,

ρ(ut+uux)+px=µuxx,

ρ(et+uex)+pux+qx=κθxx+µu2
x,

ρθ(st+usx)+qx=κθxx+µu2
x, s=s(ρ,θ),

−qxx+q+(θ4)x= 0

(3.1)

and 

(ρ̂û)x= 0, x>0, t>0,

ρ̂ûûx+ p̂x= +µûxx, p̂=p(ρ̂, θ̂),

ρ̂ûêx+ p̂ûx+ q̂x=κθ̂xx+µû2
x, ê=e(ρ̂, θ̂),

ρ̂θ̂ûŝx+ q̂x=κθ̂xx+µû2
x, ŝ=s(ρ̂, θ̂),

−q̂xx+ q̂+(θ̂4)x= 0.

(3.2)

Perturbation (ϕ,ψ,ζ,ω) and the solution space X(I) is as following, respectively.

(ϕ,ψ,ζ,ω)(x,t) =(ρ,u,θ,q)(x,t)−(ρ̂, û, θ̂, q̂)(x)

X(I) ={(ϕ,ψ,ζ,ω) | (ϕ,ψ,ζ,ω,ωx)∈C(I;H1),

ϕx∈L2(I;L2), (ψx,ζx,ω,ωx)∈L2(I;H1)}

for any interval I⊂ [0,∞).
Local existence of the stationary solution to the system (1.1)-(1.4) can be established

by the standard iteration argument and hence will be skipped in the paper. To prove
Theorem 1.2, a crucial step is to show the following a priori estimate.

Proposition 3.1 (A priori estimate). Suppose that (ρ,u,θ,q) is the solution of the
system (1.1)-(1.4) satisfying (φ,ψ,ζ,χ)∈X([0,T ]). Then, there is a suitable positive
constant ε1 that satisfies

sup
0≤t≤T

‖(ϕ,ψ,ζ,ω,ωx)(t)‖1≤ε1 and δ= |(u−−u+,θ−−θ+)|≤ε1, (3.3)

for any t∈ [0,T ], it that

‖(ϕ,ψ,ζ,ω,ωx)(t)‖21 +

∫ t

0

(
‖ϕx(τ)‖2 +‖(ψx,ζx,ω,ωx)(τ)‖21

)
dτ
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+

∫ t

0

|(ϕ,ϕx)(0,τ)|2dτ ≤C‖(ϕ,ψ,ζ)(0)‖21, (3.4)

In the remainder of this section, we will prove Proposition 3.1.

3.1. Energy form. Let

E : = (e− ê)− θ̂(s− ŝ)+
ψ2

2
+ p̂

(
1

ρ
− 1

ρ̂

)
= (e− θ̂s)+

ψ2

2
+ p̂(v− v̂)−(ê− θ̂ŝ), (3.5)

from (3.1) and (3.2),

(ρE)t+(ρuE)x=ρEt+(ρu)Ex

=ρ
(

(et+uex)− θ̂(st+usx)
)
−ρusθ̂x+ρψ(ut+uux−ψûx− ûûx)

+ρp̂vt+ρu(p̂(v− v̂))x−ρu
(
ê− θ̂ŝ

)
x

=

(
1− θ̂

θ

)
(κθxx+µu2

x)−pux−

(
1− θ̂

θ

)
qx−ρusθ̂x

+µψψxx+µρψûxx(v− v̂)−ρψ2ûx−ρψ
(
px
ρ
− p̂x
ρ̂

)
+ρψχ

+ p̂ux+ρu(p̂x(v− v̂)− p̂v̂x)−ρu
(
êx− θ̂xŝ− θ̂ŝx

)
. (3.6)

Using the calculation results in the literature [2], the Equation (3.6) can be written
as

(ρE)t+(ρuE)x+µ
θ̂

θ
ψ2
x+κ

θ̂

θ2
ζ2
x = ∆1x+∆2 +∆3−ζ

(
qx
θ
− q̂x
θ̂

)
, (3.7)

where

∆1 =µψψx+κ
ζζx
θ
−(p− p̂)ψ,

∆2 =κ
θ̂xζζx
θ2
−(κθ̂xx+µû2

x)
ζ2

θθ̂
+2µ

ζ

θ
ψxûx+µρψûxx(v− v̂)−ρψ2ûx,

∆3 =−(p− p̂)ûx−ρψp̂x(v− v̂)+ρu
(
p̂x(v− v̂)− θ̂x(s− ŝ)

)
+ ρ̂ûŝxζ.

3.2. The proof of Proposition 3.1. We prove Proposition 3.1 by the following
five steps.

Step 1: Energy estimate.
For notational simplicity, we introduce A.B if A≤C0B holds uniformly on the

constant C0 independently of t,x,T,ε1.
Due to the assumptions of Proposition 3.1, it is easy to check that

(ϕ2 +ψ2 +ζ2).E(x,t). (ϕ2 +ψ2 +ζ2). (3.8)

from (3.8), u−<0 and (ψ,ζ) |x=0= 0, we have

∆1 |x=0= 0, −(ρuE) |x=0&ϕ
2(0,t). (3.9)
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Using the last equations in (3.1) yields

4θ3ζx=ωxx−ω−4θ̂x

(
θ3− θ̂3

)
. (3.10)

Noticing that

−ζ
(
qx
θ
− q̂x
θ̂

)
=−ζ

θ
ωx+ q̂x

ζ2

θθ̂
, (3.11)

and using (3.10), (1.8), (3.3) and the inequality

|f(x)|≤ |f(0)|+
√
x‖fx‖, ∀f ∈H1(0,∞), (3.12)

we have

−
∫ ∞

0

ζ

(
qx
θ
− q̂x
θ̂

)
dx=

∫ ∞
0

ζx
ω

θ
dx+

∫ ∞
0

ζω

(
1

θ

)
x

dx+

∫ ∞
0

q̂x
ζ2

θθ̂
dx

=

∫ ∞
0

ωωxx
4θ4

dx−
∫ ∞

0

ω2

4θ4
dx−

∫ ∞
0

θ̂xω

(
1− θ

3

θ̂3

)
dx

−
∫ ∞

0

ζ
ωζx
θ2

dx−
∫ ∞

0

θ̂x
ωζ

θ2
dx+

∫ ∞
0

q̂x
ζ2

θθ̂
dx

≤−
∫ ∞

0

ω2
x

4θ4
dx−

∫ ∞
0

ω2

4θ4
dx+C0

∫ ∞
0

|ω|
(
|ωx||ζx|+ |ωx||θ̂x|+ |θ̂x||ζ|

)
dx

+C0ε1

∫ ∞
0

|ω||ζx|dx+C0

∫ ∞
0

(
|θ̂x||ω||ζ|+ |q̂x||ζ|2

)
dx

≤−
∫ ∞

0

ω2
x

4θ4
dx−

∫ ∞
0

ω2

4θ4
dx+C0ε1

∫ ∞
0

(|ωx|+ |ω|)|ζx|dx+C0δ

∫ ∞
0

|ωx||ω|dx

+C0δ

∫ ∞
0

ω2
xdx+C0δ

∫ ∞
0

xexp(−ĉx)(‖ωx‖‖ζx‖+‖ζx‖2)dx

≤−
∫ ∞

0

ω2
x

4θ4
dx−

∫ ∞
0

ω2

4θ4
dx+C0(ε1 +δ)

(
‖ωx‖2 +‖ω‖2 +‖ζx‖2

)
. (3.13)

After integrating (3.7) for (x,t), using (3.8), (3.9) and (3.13) yields

‖(ϕ,ψ,ζ)(t)‖2 +

∫ t

0

‖(ψx,ζx,ω,ωx)(τ)‖2dτ+

∫ t

0

|ϕ(0,τ)|2dτ

.‖(ϕ,ψ,ζ)(0)‖2 +
3∑
k=2

∫ t

0

∫ ∞
0

|∆k|dxdτ. (3.14)

Using (1.8) and (3.12) yields

|∆2|. δ|(ψx,ζx)|2 +δ|(ϕ,ψ,ζ)|2 exp(−ĉx)

. δ|(ψx,ζx)|2 +δ|ϕ(0,τ)|2 +δ‖(ϕx,ψx,ζx)‖2xexp(−ĉx). (3.15)

By (3.15), we have∫ t

0

∫ ∞
0

|∆2|dxdτ . δ
∫ t

0

‖(ϕx,ψx,ζx)(τ)‖2dτ+δ

∫ t

0

|ϕ(0,τ)|2dτ. (3.16)
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Let us estimate ∆3.
From ρ2θρ(ρ,s) =ps(ρ,s) and p̂x=pρ(ρ̂, ŝ)ρ̂x+ps(ρ̂, ŝ)ŝx, ûρ̂x=−ûxρ̂,

−ρψp̂x(v− v̂)+ρup̂x(v− v̂) =− û
ρ̂
p̂x (ρ− ρ̂)

=pρ(ρ̂, ŝ)(ρ− ρ̂)ûx−θρ(ρ̂, ŝ)ρ̂ûŝx (ρ− ρ̂) . (3.17)

By using (3.17) and θ̂v =−ρ̂2θ̂ρ=−p̂s,

∆3 =−(p− p̂)ûx+ p̂ρ(ρ− ρ̂)ûx+ ρ̂ûŝxθ̂ρ(ρ̂−ρ)

− ρ̂û
(
θ̂v v̂x+ θ̂sŝx

)
(s− ŝ)+ ρ̂ûŝx(θ− θ̂)+(ρ̂û−ρu)θ̂x(s− ŝ)

=− ûx (p− p̂− p̂ρ(ρ− ρ̂)− p̂s(s− ŝ))

+ ρ̂ûŝx

(
θ− θ̂− θ̂ρ(ρ− ρ̂)− θ̂s(s− ŝ)

)
+(ρ̂û−ρu)θ̂x(s− ŝ), (3.18)

where p̂s=ps(ρ̂, ŝ), θ̂s=θs(ρ̂, ŝ), p̂ρ=pρ(ρ̂, ŝ) and θ̂ρ=θρ(ρ̂, ŝ).
Using (3.18), by the same methods as in (3.16), we have∫ t

0

∫ ∞
0

|∆3|dxdτ . δ
∫ t

0

∫ ∞
0

(
|ϕ|2 + |ψ|2 + |ζ|2

)
exp(−ĉx)dxdτ

. δ
∫ t

0

‖(ϕx,ψx,ζx)(τ)‖2dτ+δ

∫ t

0

|ϕ(0,τ)|2dτ.

By the estimations for ∆k(k= 2,3) and (3.14), we have

‖(ϕ,ψ,ζ)(t)‖2 +

∫ t

0

‖(ψx,ζx,ω,ωx)(τ)‖2dτ+

∫ t

0

|ϕ(0,τ)|2dτ

.‖(ϕ,ψ,ζ)(0)‖2 +δ

∫ t

0

‖ϕx(τ)‖2dτ. (3.19)

Step 2: Estimation of ‖ϕx(t)‖.
Using the calculation results in the literature [2], we have(

µϕ2
x

2ρ3
+
ϕxψ

ρ

)
t

+

(
µuϕ2

x

2ρ3
− ϕt
ρ
ψ

)
x

+
pρ
ρ2
ϕ2
x=

3∑
k=1

fk,

f3 :=−ϕx
ρ2

(
pθζx+ ρ̂x (pρ− p̂ρ)+ θ̂x (pθ− p̂θ)

)
.

(3.20)

By using ψi(0,t) = 0, u(0,t) =u−<0 and (1.8), we have∫ ∞
0

(
µuϕ2

x

2ρ3
− ϕt
ρ
ψ

)
x

dx=− µu−
2ρ3(0,t)

ϕ2
x(0,t)&ϕ2

x(0,t),

|f1|. δexp(−ĉx)
(
ϕ2
x+ψ2

x+ϕ2 +ψ2
)
,

|f2|. δexp(−ĉx)
(
ϕ2
x+ψ2

x+ϕ2 +ψ2
)

+εϕ2
x+ε−1ψ2

x,

|f3|. δexp(−ĉx)
(
ϕ2 +ζ2

)
+εϕ2

x+ε−1ζ2
x, ∀ε>0.

(3.21)

After integrating (3.20) for (x,t) and using pρ(ρ,θ)>0 and (3.21), by the same
arguments as in step 1, we have

‖ϕx(t)‖2 +

∫ t

0

‖ϕx(τ)‖2dτ+

∫ t

0

|ϕx(0,τ)|2dτ
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.
(
‖ϕx(0)‖2 +‖ψ(t)‖2

)
+

∫ t

0

‖(ψx,ζx)(τ)‖2dτ. (3.22)

By (3.22) and (3.19), we get

‖ϕx(t)‖2 +

∫ t

0

‖ϕx‖2dτ+

∫ t

0

|ϕx(0,τ)|2dτ .‖(ϕ,ψ,ζ,ϕx)(0)‖2. (3.23)

Step 3: Estimation for ‖ψx(t)‖. Subtracting the second equation in (3.2) from the
second equation in (3.1) and multiplying it by −ψxxρ−1 yields(

ψ2
x

2

)
t

−(ψtψx)x+ρ−1µψ2
xx=f4,

f4 =uψxψxx+ρ−1(p− p̂)xψxx+ρ−1(ρ̂û−ρu)ûxψxx.

(3.24)

By using (1.8) and ψ |x=0= 0, we have∫ ∞
0

(ψtψx)xdx= 0,

|f4|. (ε+δ)ψ2
xx+ε−1|(ϕx,ψx,ζx)|2 +δexp(−ĉx)|(ϕ,ψ,ζ)|2, ∀ε>0.

(3.25)

After integrating (3.24) for (x,t), using (3.25), we have

‖ψx(t)‖2 +

∫ t

0

‖ψxx‖2dτ .‖ψx(0)‖2 +

∫ t

0

‖(ϕx,ψx,ζx)‖2dτ+

∫ t

0

ϕ2(0,τ)dτ.

Step 4: Estimation for ‖ζx(t)‖.
Also, subtracting (3.2)3 from (3.1)3 and using et=eθ(ρ,θ)θt−eρ(ρ,θ)(ρu)x, we have

ρeθ(ρ,θ)ζt+ρuζx−κζxx+ωx=ρeρ(ρ,θ)(ρu− ρ̂û)x

+(ûρ̂−ρu)êx−(pux− p̂ûx)+µ(u2
x− û2

x).

Multiplying it by − ζxx
ρeθ(ρ,θ) yields(

ζ2
x

2

)
t

−(ζtζx)x+
κζ2
xx

ρeθ(ρ,θ)
=

ωxζxx
ρeθ(ρ,θ)

+f5, (3.26)

where

f5 =
ζxx

ρeθ(ρ,θ)
(ρuζx+(pux− p̂ûx)−ρeρ(ρ,θ)(ρu− ρ̂û)x)

− ζxx
ρeθ(ρ,θ)

(
(ûρ̂−ρu)êx+µ(u2

x− û2
x)
)
.

By using (1.8) and ζ |x=0= 0, we have∫ ∞
0

(ζtζx)xdx= 0,

|f5|. (ε+δ)ζ2
xx+ε−1|(ϕx,ψx,ζx)|2 +δexp(−ĉx)|(ϕ,ψ,ζ)|2, ∀ε>0.

(3.27)

Noticing that

−ωxx+ω+4θ3ζx+4(θ2 +θθ̂+ θ̂2)ζθ̂x= 0
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due to (3.1)5 and (3.2)5, we have

ζx=
ωxx
4θ3
− ω

4θ3
−ζθ̂x

(θ2 +θθ̂+ θ̂2)

θ3
. (3.28)

Therefore, using (3.28) yields∫ ∞
0

ωxζxx
ρeθ(ρ,θ)

dx=−
∫ ∞

0

ζx

(
ωx

ρeθ(ρ,θ)

)
x

dx

=−
∫ ∞

0

ω2
xx

4θ3ρeθ(ρ,θ)
dx−

∫ ∞
0

ωxxωx
4θ3

(
1

ρeθ(ρ,θ)

)
x

dx

−
∫ ∞

0

( ω

4θ3

)
x

ωx
ρeθ(ρ,θ)

dx−
∫ ∞

0

(
ζθ̂x

(θ2 +θθ̂+ θ̂2)

θ3

)
x

ωx
ρeθ(ρ,θ)

dx

=−
∫ ∞

0

ω2
xx

4θ3ρeθ(ρ,θ)
dx+I1 +I2 +I3. (3.29)

After integrating (3.26) for (x,t), using (3.29), (3.27) and eθ(ρ,θ)>0, we have

‖ζx(t)‖2 +

∫ t

0

‖(ζxx,ωxx)‖2dτ

.‖ζx(0)‖2 +

∫ t

0

‖(ϕx,ψx,ζx)‖2dτ+

∫ t

0

ϕ2(0,τ)dτ+
3∑
j=1

∫ t

0

|Ij |dτ. (3.30)

We estimate Ij(j= 1,2,3). Using (3.3), (1.8) and (3.12), we have

|I1|.
∫ ∞

0

|ωxx||ωx|(|ϕx|+ |ζx|+ |ρ̂x|+ |θ̂x|)dx

.ε1

∫ ∞
0

|ωxx|(|ϕx|+ |ζx|)dx+δ

∫ ∞
0

|ωxx||ωx|dx

. (ε1 +δ)‖(ωxx,ϕx,ζx,ωx)‖2. (3.31)

Also, by the same lines as in (3.31), we have

|I2|.
∫ ∞

0

[|ωx|2 + |ω|(|ζx|+ |θ̂x|)|ωx|]dx

.‖ωx‖2 +ε1‖(ζx,ωx)‖2 +δ‖(ωx,ω)‖2 (3.32)

and

|I3|.
∫ ∞

0

[|ζx||θ̂x|+ |ζ||θ̂xx|+ |ζ||θ̂x|(|ζx|+ |θ̂x|)]|ωx|dx. δ‖(ζx,ωx)‖2. (3.33)

Substituting (3.31)-(3.33) into (3.30) yields

‖ζx(t)‖2 +

∫ t

0

‖(ζxx,ωxx)‖2dτ

.‖ζx(0)‖2 +

∫ t

0

‖(ϕx,ψx,ζx,ω,ωx)‖2dτ+

∫ t

0

ϕ2(0,τ)dτ. (3.34)
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The proof of Proposition 3.1: By (3.19), (3.23), (3.30) and (3.34), we get

‖(ϕ,ψ,ζ)(t)‖21 +

∫ t

0

(
‖ϕx‖2 +‖(ψx,ζx,ω,ωx)‖21

)
dτ+

∫ t

0

|(ϕ,ϕx)(0,τ)|2dτ

.‖(ϕ,ψ,ζ)(0)‖21. (3.35)

Noticing that

−ωxx+ω=−4θ3ζx−4θ̂x

(
θ3− θ̂3

)
,

it is easy to check that∫ ∞
0

(
ω2
x+ω2

)
dx.

∫ ∞
0

(
|ζx|+ |ζ||θ̂x|

)
|ω|dx.‖ζx‖‖ω‖,∫ ∞

0

(
ω2
xx+ω2

x

)
dx.

∫ ∞
0

(
|ζx|+ |ζ||θ̂x|

)
|ωxx|dx.‖ζx‖‖ωxx‖.

(3.36)

By (3.35) and (3.36), we get (3.4) which completes the proof of Proposition 3.1.

4. Convergence rate of the stationary solutions
In this section, we show the convergence rate stated in Theorem 1.3 by using a time-

and space-weighted energy method.
The a priori estimate obtained in the weighted Sobolev space Xν(0,T ) defined by

Xν(0,T ) :={(ϕ,ψ,ζ,ω)∈X(0,T ) |
√
ν(ϕ,ψ,ζ,ω)∈C([0,T ];L2(0,∞))}.

For the weight function ν(x) := (1+x)α or ν(x) =eαx, we use the following notation

|f |2,ν :=

(∫ ∞
0

ν(x)f2(x)dx

) 1
2

, ‖f‖a,α := |f |2,(1+x)α , ‖f‖e,α := |f |2,eαx .

For proof of Theorem 1.3, we show the following weighted norm estimates.

Proposition 4.1. Suppose that the same assumptions as in Theorem 1.3 hold.

(1) (Exponential Decay) Suppose that (ρ,u,θ,q) is the solution to the outflow problem
(1.1)-(1.4) satisfying (ϕ,ψ,ζ,ω)∈Xeςx(0,T ) for certain positive constants ς >0 and T >
0. Then there are frown positive constants ε1,α(<ς),β(�α) such that

if sup
t∈[0,T ]

‖(ϕ,ψ,ζ,ω,ωx)(t)‖1 +δ≤ε1,

then the following weighted estimates are satisfied:

eβt
(
‖(ϕ,ψ,ζ,ω,ωx)(t)‖21 +‖(ϕ,ψ,ζ)(t)‖2e,α

)
≤C

(
‖(ϕ,ψ,ζ)(0)‖21 +‖(ϕ,ψ,ζ)(0)‖2e,α

)
,

(4.1)

where C is a positive constant independent of t,x,T,ε1.

(2) (Algebraic Decay) Suppose that (ρ,u,θ,q) is the solution to the outflow problem
(1.1)-(1.4) satisfying (ϕ,ψ,ζ,ω)∈X(1+x)ς (0,T ) for certain positive constants ς >0 and
T >0. Then there exist positive constants ε1 such that

if sup
t∈[0,T ]

‖(ϕ,ψ,ζ,ω,ωx)(t)‖1 +δ≤ε1,
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then the following weighted estimates are satisfied:

(1+ t)ς‖(ϕ,ψ,ζ,ω,ωx)(t)‖21≤C
(
‖(ϕ,ψ,ζ)(0)‖21 +‖(ϕ,ψ,ζ)(0)‖2a,ς

)
, (4.2)

where C is a positive constant independent of t,x,T,ε1.

In the remainder of this section, we will prove Proposition 4.1. As in Section 3, we
denote A.B if A≤C0B holds uniformly on the constant C0 independent of t,x,T,ε1.

Step 1: Weighted energy estimates.
Suppose that η(t) and ν(x) is the weight function like (1+ t)β (or eβt) and (1+x)α

(or eαx, α≤ ĉ
2 , where ĉ is the positive number in (1.8)) respectively.

Setting w(x,t) =η(t)ν(x), from (3.7), we have

(wρE)t+{w(ρuE −∆1)}x−wxG1 +w
(
µθ−1θ̂ψ2

x+κθ−2θ̂ζ2
x

)
=wtρE −wxG2 +w(∆2 +∆3)−wζ

(
θqx− θ̂q̂x

)
, (4.3)

where

G1 =ρuE+(p− p̂)ψ, G2 =µψψx+κζζxθ
−1.

Using (3.9) yields ∫ ∞
0

{w(ρuE −∆1)}xdx&η(t)ϕ2(0,t). (4.4)

Using the calculation results from [2], we obtain

−
∫ ∞

0

wxG
1dx&η(t)|(φ,ψ,ζ)|22,νx (4.5)

It is easy to check that∫ ∞
0

|wxG2|dx.η(t)
(
ε|(ψ,ζ)|22,νx +ε−1|(ψx,ζx)|22,νx

)
, ∀ε>0,∫ ∞

0

|wtρE|dx.η′(t)|(ϕ,ψ,ζ)|22,ν .
(4.6)

By (3.11), we get

−wζ
(
qx
θ
− q̂x
θ̂

)
=−η(t)

νζ

θ
ωx+ q̂x

ζ2

θθ̂
η(t)ν. (4.7)

Using (4.7), we have

−
∫ ∞

0

wζ

(
qx
θ
− q̂x
θ̂

)
dx

=η(t)

∫ ∞
0

ζx
ω

θ
νdx+η(t)

∫ ∞
0

ζω

(
1

θ

)
x

νdx

+η(t)

∫ ∞
0

ζω

θ
νxdx+η(t)

∫ ∞
0

q̂x
ζ2

θθ̂
νdx. (4.8)
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We estimate the right-hand side in (4.8). Using (3.10), (1.8), (3.3) and (3.12), we
have ∫ ∞

0

ζx
ω

θ
νdx=

∫ ∞
0

ωωxx
4θ4

νdx−
∫ ∞

0

ω2

4θ4
νdx−

∫ ∞
0

θ̂xω

(
1− θ

3

θ̂3

)
νdx

≤−
∫ ∞

0

ω2
x

4θ4
νdx−

∫ ∞
0

ω2

4θ4
νdx+C0

∫ ∞
0

|ωx||ω|νxdx

+C0

∫ ∞
0

|ω||ωx|
(
|ζx|+ |θ̂x|

)
νdx+C0

∫ ∞
0

|θ̂x||ω||ζ|νdx

≤−
∫ ∞

0

ω2
x

4θ4
νdx−

∫ ∞
0

ω2

4θ4
νdx+C0|(ω,ωx)|22,νx

+C0(ε1 +δ)|(ω,ωx,ζx)|22,ν +C0δ

∫ ∞
0

xexp(−ĉx)ν(x)‖ωx‖‖ζx‖dx

≤−
∫ ∞

0

ω2
x

4θ4
νdx−

∫ ∞
0

ω2

4θ4
νdx+C0|(ω,ωx)|22,νx +C0(ε1 +δ)|(ω,ωx,ζx)|22,ν , (4.9)

where we used the fact that if ν(x) = (1+x)α, then∫ ∞
0

xexp(−ĉx)ν(x)dx≤
∫ ∞

0

xexp(−ĉx)(1+x)αdx<∞

and if ν(x) =eαx, α≤ ĉ
2 , then∫ ∞

0

xexp(−ĉx)ν(x)dx≤
∫ ∞

0

xexp(αx− ĉx)dx<∞.

Also, we have∫ ∞
0

ζω

(
1

θ

)
x

νdx+

∫ ∞
0

ζω

θ
νxdx+

∫ ∞
0

q̂x
ζ2

θθ̂
νdx

.
∫ ∞

0

|ζ||ω|(|ζx|+ |θ̂x|)νdx+

∫ ∞
0

|ζ||ω|νxdx+

∫ ∞
0

|q̂x|ζ2νdx

.(ε1 +δ)|(ω,ωx,ζx)|22,ν + |(ω,ζx)|22,νx . (4.10)

Integrating (4.3) for x,t and using (4.4), (4.5), (4.6), (4.8)-(4.10), we have

η(t)|Φ(t)|22,ν +

∫ t

0

η(τ)
(
|Φ(τ)|22,νx + |(ψx,ζx,ω,ωx)(τ)|22,ν + |ϕ(0,τ)|2

)
dτ

.|Φ(0)|22,ν +

∫ t

0

(
η′(τ)|Φ(τ)|22,ν +η(τ)|(ψx,ζx,ω,ωx)(τ)|22,νx

)
dτ

+

∫ t

0

η(τ)

∫ ∞
0

ν (|∆2|+ |∆3|)dxdτ, (4.11)

where Φ = (ϕ,ψ,ζ).
Using (3.15) and (3.18), it is easy to check that∫ ∞

0

ν(|∆2|+ |∆3|)dx. δ‖(ϕx,ψx,ζx)(t)‖2 +δ|ϕ(0,t)|2. (4.12)
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By (4.11), (4.12) and ‖·‖. | · |2,ν , we have

η(t)|Φ(t)|22,ν +

∫ t

0

η(τ)
(
|Φ(τ)|22,νx + |(ψx,ζx,ω,ωx)(τ)|22,ν + |ϕ(0,τ)|2

)
dτ

.|Φ(0)|22,ν +

∫ t

0

(
η′|Φ|22,ν +η|(ψx,ζx,ω,ωx)|22,νx

)
dτ+δ

∫ t

0

η(τ)‖ϕx‖2dτ. (4.13)

Setting ν= 1 in (4.13), we get

η(t)‖Φ(t)‖2 +

∫ t

0

η(τ)
(
‖(ψx,ζx,ω,ωx)(τ)‖2 + |ϕ(0,τ)|2

)
dτ

.‖Φ(0)‖2 +δ

∫ t

0

η(τ)‖ϕx(τ)‖2dτ+

∫ t

0

η′(τ)‖Φ(τ)‖2dτ. (4.14)

Step 2: Weighted estimation of ‖ϕx(t)‖.
By (3.20), we have(

η(
µϕ2

x

2ρ3
+
ϕxψ

ρ
)

)
t

+

(
η(
µuϕ2

x

2ρ3
− ϕt
ρ
ψ)

)
x

+
ηpρ(ρ,θ)

ρ2
ϕ2
x=G3, (4.15)

where

G3 =η(t)(f1 +f2 +f3)+η′(t)

(
µϕ2

x

2ρ3
+
ϕxψ

ρ

)
=:G3

1 +G3
2.

Using (3.21) and the assumptions of Proposition 4.1 yields∫ ∞
0

|G3
1|dx. (δ+ε)η(t)‖ϕx‖2 +δη(t)ϕ2(0,t)+Cεη(t)‖(ψx,ζx)‖2,∫ ∞

0

|G3
2|dx.η′(t)‖(ϕx,ψ)‖2, ∀ε>0.

(4.16)

Integrating (4.15) for (x,t), and using (3.21) and (4.16), we obtain

η(t)‖ϕx(t)‖2 +

∫ t

0

η(τ)‖ϕx(τ)‖2dτ+

∫ t

0

η(τ)ϕ2
x(0,τ)dτ

.‖ϕx(0)‖2 +η(t)‖ψ(t)‖2 +

∫ t

0

η(τ)‖(ψx,ζx)(τ)‖2dτ

+δ

∫ t

0

η(τ)|ϕ(0,τ)|2dτ+

∫ t

0

η′(τ)‖(ϕx,ψ)(τ)‖2dτ. (4.17)

By (4.14) and (4.17), we obtain

η(t)‖ϕx(t)‖2 +

∫ t

0

η(τ)
(
‖ϕx(τ)‖2 +ϕ2

x(0,τ)
)
dτ

.‖(Φ,ϕx)(0)‖2 +

∫ t

0

(η′(τ)
(
‖Φ(τ)‖2 +‖ϕx(τ)‖2

)
dτ, (4.18)

where Φ = (ϕ,ψ,ζ).

Step 3: Weighted estimation for ‖ψx(t)‖.
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By (3.24), we have

1

2

(
ηψ2

x

)
t
−η(ψtψx)x+η

µψ2
xx

ρ
=G4, (4.19)

where G4 =η(t)f4 + 1
2η
′(t)ψ2

x.
By (3.25), we have∫ ∞

0

|G4|dx.η(t)(ε+δ)‖ψxx‖2 +η(t)δ|ϕ(0,t)|2

+η(t)ε−1‖(ϕx,ψx,ζx)‖2 +η′(t)‖ψx‖2, ∀ε>0. (4.20)

Integrating (4.19) for (x,t), and using (4.20) and (3.25), we obtain

η(t)‖ψx(t)‖2 +

∫ t

0

η(τ)‖ψxx(τ)‖2dτ .‖ψx(0)‖2 +

∫ t

0

η′(t)‖ψx(τ)‖2dτ

+

∫ t

0

η(τ)‖(ϕx,ψx,ζx)(τ)‖2dτ+δ

∫ t

0

η(τ)|ϕ(0,τ)|2dτ. (4.21)

Step 4: Weighted estimation for ‖ζx(t)‖.
By (3.26), we have(

η
ζ2
x

2

)
t

−η(ζtζx)x+η
κζ2
xx

ρeθ(ρ,θ)
=η

ωxζxx
ρeθ(ρ,θ)

+G4, (4.22)

where G4 =η(t)f5 + 1
2η
′(t)ζ2

x.
By (3.27), we have∫ ∞

0

|G5|dx.η(t)(ε+δ)‖ζxx‖2 +η(t)δ|ϕ(0,t)|2

+η(t)ε−1‖(ϕx,ψx,ζx)‖2 +η′(t)‖ζx‖2, ∀ε>0. (4.23)

By (3.29), (3.31)-(3.33), we have∫ ∞
0

ωxζxx
ρeθ(ρ,θ)

dx

≤−
∫ ∞

0

ω2
xx

4θ3ρeθ(ρ,θ)
dx+C0(ε1 +δ)‖ωxx‖2 +C0‖(ϕx,ζx,ω,ωx)‖2. (4.24)

Integrating (4.22) for (x,t), and using (4.23), (3.27), eθ(ρ,θ)>0 and (4.24), we
obtain

η(t)‖ζx(t)‖2 +

∫ t

0

η(τ)‖(ζxx,ωxx)(τ)‖2dτ .‖ζx(0)‖2 +

∫ t

0

η′(t)‖ζx(τ)‖2dτ

+

∫ t

0

η(τ)‖(ϕx,ψx,ζx,ω,ωx)(τ)‖2dτ+δ

∫ t

0

η(τ)|ϕ(0,τ)|2dτ. (4.25)

The proof of Proposition 4.1:
Using (4.14), (4.18), (4.21), (4.25) and (3.36), we have

η(t)
(
‖Φ(t)‖21 +‖ω(t)‖22

)
+

∫ t

0

η(τ)
(
‖Φx‖2 +‖(ψxx,ζxx)‖2 +‖ω‖22

)
dτ
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+

∫ t

0

η(τ)|(ϕ,ϕx)(0,τ)|2dτ .‖Φ(0)‖21 +

∫ t

0

η′(τ)‖Φx(τ)‖2dτ, (4.26)

where Φ = (ϕ,ψ,ζ). Also, by using (4.13), (4.26) and ‖·‖. | · |2,ν , we get

η(t)
(
|Φ(t)|22,ν +‖Φx(t)‖2 +‖ω(t)‖22

)
+

∫ t

0

η(τ)
(
|Φ(τ)|22,νx + |(ψx,ζx,ω,ωx)(τ)|22,ν + |(ϕ,ϕx)(0,τ)|2

)
dτ

+

∫ t

0

η(τ)
(
‖Φx(τ)‖2 +‖(ψxx,ζxx)(τ)‖2 +‖ω‖22

)
dτ

≤C1

(
|Φ(0)|22,ν +‖Φx(0)‖2

)
+C2

∫ t

0

η′(τ)|Φ(τ)|22,νdτ

+C3

∫ t

0

η(τ)|(ψx,ζx,ω,ωx)(τ)|22,νxdτ+C4

∫ t

0

η′(τ)‖Φx(τ)‖2dτ, (4.27)

where Ci(i= 1,·· · ,4) are positive constants independent of t,x,T,ε1.
We first prove (4.1). Setting ν(x) =eαx and η(t) =eβt, we obtain from (4.27)

eβt
(
‖Φ(t)‖2e,α+‖Φx(t)‖2 +‖ω(t)‖22

)
+(α−C2β)

∫ t

0

eβτ‖Φ(τ)‖2e,αdτ

+(1−C3α)

∫ t

0

eβτ‖(ψx,ζx,ω,ωx)(τ)‖2e,αdτ

+(1−C4β)

∫ t

0

eβτ‖Φx(τ)‖2dτ ≤C1

(
‖Φ(0)‖2e,α+‖Φx(0)‖2

)
. (4.28)

If we choose α and β (0<β<α<ς) satisfying

α−C2β≥0, 1−C3α≥
1

2
, 1−C4β≥

1

2
,

then (4.28) yields (4.1).
Next, we prove (4.2). Setting ν(x) = (1+x)α and η(t) = (1+ t)β , we obtain from

(4.27)

(1+ t)β
(
‖Φ(t)‖2a,α+‖Φx(t)‖2 +‖ω(t)‖22

)
+

∫ t

0

(1+τ)β
(
α‖Φ(τ)‖2a,α−1 +‖(ψx,ζx,ω,ωx)(τ)‖2a,α+ |(ϕ,ϕx)(0,τ)|2

)
dτ

+

∫ t

0

(1+τ)β
(
‖Φx(τ)‖2 +‖(ψxx,ζxx)(τ)‖2 +‖ω(τ)‖22

)
dτ

.
(
‖Φ(0)‖2a,α+‖Φx(0)‖2

)
+α

∫ t

0

(1+τ)β‖(ψx,ζx,ω,ωx)(τ)‖2a,α−1dτ

+β

∫ t

0

(1+τ)β−1
(
‖Φ(τ)‖2a,α+‖Φx(τ)‖2

)
dτ. (4.29)

Setting

Eα(t)2 :=‖Φ(t)‖2a,α+‖Φx(t)‖2,
D(t)2 :=‖Φx(t)‖2 +‖(ψxx,ζxx)(t)‖2 + |(ϕ,ϕx)(0,t)|2,
Dα(t)2 :=D(t)2 +α‖Φ(t)‖2a,α−1 +‖(ψx,ζx,ω,ωx)(t)‖2a,α,
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we rewrite (4.29) as

(1+ t)β
(
Eα(t)2 +‖ω(t)‖22

)
+

∫ t

0

(1+τ)β
(
Dα(τ)2 +‖ω(τ)‖22

)
dτ

.Eα(0)2 +α

∫ t

0

(1+τ)β‖(ψx,ζx,ω,ωx)(τ)‖2a,α−1dτ+β

∫ t

0

(1+τ)β−1Eα(τ)2dτ. (4.30)

Using (3.4) and (4.30), we have

(1+ t)k
(
Eς−k(t)2 +‖ω(t)‖22

)
+

∫ t

0

(1+τ)k
(
Dς−k(τ)2 +‖ω(τ)‖22

)
dτ .Eς(0)2 (4.31)

and

(1+ t)k
(
E0(t)2 +‖ω(t)‖22

)
+

∫ t

0

(1+τ)k
(
D0(τ)2 +‖ω(τ)‖22

)
dτ .Eς(0)2 (4.32)

for any ς >0 and integer k= 0,1,2,·· · ,[ς]. (Refer to [2]).
We will obtain (4.2) from (4.32). The proof of Proposition 4.1 is completed.
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