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NONLINEAR STABILITY OF COMPOSITE WAVES FOR
ONE-DIMENSIONAL COMPRESSIBLE NAVIER-STOKES
EQUATIONS FOR A REACTING MIXTURE*

ZEFU FENG', MEI ZHANG!, AND CHANGJIANG ZHUS$

Abstract. In this paper, we study the long-time behavior of the solutions for the initial-boundary
value problem to a one-dimensional Navier-Stokes equations for a reacting mixture in a half line
Ry :=(0,00). We give the asymptotic stability of not only stationary solution for the impermeabil-
ity problem but also the composite waves consisting of the subsonic BL-solution, the contact wave, and
the rarefaction wave for the inflow problem of Navier-Stokes equations for a reacting mixture under
some smallness conditions. The proofs are based on basic energy method.
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1. Introduction
In this paper, we investigate the existence and asymptotic behavior of global solu-
tions to the compressible Navier-Stokes equations for a reacting mixture, which describe

dynamic combustion. These equations in the Euler coordinates are of the following form,
cf. [31]

pt+(pu)e =0,

(pu)e+ (pu® +p)w = (1),

(PE)i+ (u(pE+p))z = (putiy) o + (K505) 2 +(qdpZy )
(pZ)i+ (puZ)e =—Kpd(0)Z +(dpZs)a,

(1.1)

where (z,t) €[0,400) x [0,400) and p, u, F, 6, and Z are the density, the fluid velocity,
the total specific energy, temperature and mass fraction of the reactant, respectively.
While the positive constants pu, k, ¢, d, and K are the coefficients of bulk viscosity, heat
conduction, species diffusion, difference in the internal energy of the reactant and the
product, the product of Boltzmann’s gas constant and the molecular weight, and the
rate of reaction, respectively. The total energy has the form

U2
E:6+?+QZ, (1.2)

where e is the specific internal energy and ¢ is the difference in the heats of formation of
the reactant and the product. The thermodynamic variables p, p, e, s and 6 are related
by the Gibbs equation de =ds —pdp~"', where s is the specific entropy. The presence of
the reaction rate function ¢(f) is a main distinctive feature of the above system. Here
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#(0) is typically determined by the Arrhenius’ law (see [31]):
B(0) =07, >0, (1.3)

where A >0, a denote the activation energy, thermodynamic constants, respectively.
The Boyle-Charles law gives that

p=Rp0,
where R >0 is a gas constant. From the second law of thermodynamics we have
e=cyb,

where ¢, denotes the specific heat constant.

In 1963, Williams introduced the model of compressible Navier-Stokes system for
a reacting mixture in [31], which had received considerable attention in the last few
years. Many mathematicians studied this model and have made much progress about
existence, uniqueness, and asymptotic behavior of the solutions. For the compressible
Navier-Stokes equations for a reacting gas, Gardner in [6] and Wagner in [29] studied
the existence and behavior of steady plane wave solutions. Some theoretical and com-
putational properties regarding the structure are analyzed in [31] and the references
cited therein. The local-, global-in-time existence theorem and large-time behavior of
solutions for the initial/initial-boundary value problems of system (1.1) was proved by
Chen in [1], Chen et al. in [2]. In addition to the above results, Chen in [3] also obtained
the global entropy solutions for this model with his co-workers. [4,5,30] discussed the
similar results.

Recently, Li in [18] employed the methods by Kazhikhov-Shelukhin in [15, 16],
Jiang in [13,14] and [17] got the global existence of weak solution to this model on
one-dimensional unbounded domains with large initial data in H' and the large-time
behaviour of the weak solution. Zhao et al. in [19] showed the global existence and
large-time behavior for this model with viscous radiative and reactive gas. However,
to the best of our knowledge, the large-time behavior of solutions to the compressible
Navier-Stokes equations for a reacting mixture in a half line is still open. In this paper,
we will partly give some positive answers for this problem.

The initial data for system (1.1) are given by

(p,u,0,7)(x,0)=(po,uo,00,Z0)(x), inf po(z)>0, inf 6y(z) >0, (1.4)

rERY TER
and the boundary values for p, u, 6, Z at x=0 are given by
(p,u,0,2)(0,t)=(p—,u_,0_,Z_), V>0, (1.5)

where p_ >0, u_ >0, 0_ >0, Z_ >0 are constants and the following far-field conditions
hold

lim (po,u0,00,Z0)(x) = (p4,u4,04, 21 ), (1.6)

T—r 00

and the following compatibility conditions hold
po(O):p_, UO(O):U_, 90(0)29_, Zo(O):Z_. (17)

The assumption u_ <0 denotes that the gas blows away from the boundary z =0, thus
the problem is called an outflow problem. The assumption u_ =0 means that the
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gas is impermeable at the boundary x =0, this problem is called an impermeable wall
problem. The assumption u_ >0 means that gases blow into the region through the
boundary z =0 with the velocity u_ and hence this problem is called an inflow problem
(see [23]). In this paper, we are devoted to investigating the impermeable wall problem
and inflow problem. It is noted that in the case u_ =0 the condition on the density
can’t be imposed. But for the cases u_ >0 the inflow boundary condition implies that
the characteristic of the hyperbolic Equation (1.1); for the density p is positive around
the boundary such that the boundary conditions not only on u, 8 and Z to parabolic
Equations (1.1),, (1.1); and (1.1), but also on p to a hyperbolic Equation (1.1), are
necessary and sufficient for the well-posedness of this inflow problem.

Note that, when Z =0, the compressible Equation (1.1) becomes classical com-
pressible Navier-Stokes equations. Then the system (1.1) is reduced to one dimensional
Navier-Stokes system in the form of

pt+(pu)s =0,
(pu)e + (pu® +p)z = (it ), (1.8)
[p(e+ %)+ (pule+ %) +pu)e = (putty)o + (k0 ),

Moreover, if we neglect the dissipation effects for the large-time behavior, Navier-Stokes
system (1.8) turns to the following Euler equations

pt+(pu)e =0,
(pu)i+ (pu® +p)s =0, (1.9)
[p(e+ %))+ (pu(e+ %) +pu), =0.

As we known, the Riemann solutions for Euler system (1.9) consists of shock waves,
contact discontinuity waves, rarefaction waves and their compositions. There are many
mathematical analysis in the literature on the nonlinear stability of basic waves of
the solutions to Cauchy problem of the compressible Navier-Stokes system. Interested
readers may refer for some important results to [7,8,10,12,20,21,24,25] and the references
cited therein. On the other hand, the initial-boundary value problem (IBVP) of Navier-
Stokes system has drawn increasing interest because it has more physical background
and of course produces some new mathematical trouble due to the boundary effect.
Not only basic wave patterns but also a new wave, which is called the boundary layer
solution (BL-solution) [23], may appear in the IBVP case. So far, there have been a large
number of nice results about the BL-solution (to the outflow, inflow and impermeable
wall problem) for Navier-Stokes system. Interested readers please refer to [9,11] and the
references therein. In [26], Qin, Wang and Wang showed the global stability of the wave
patterns with the superposition of viscous contact wave and rarefaction wave for the one-
dimensional compressible Navier-Stokes equations with free boundary. In [28], Shi, Yong
and Zhang investigated the vanishing viscosity limit for non-isentropic gas dynamics
with interacting shocks. Recently, Yin in [22] gave the stability of composite wave for
inflow problem on the planar magnetohydrodynamics. In this paper, inspired by the
relationship between one-dimensional Navier-Stokes equations for a reacting mixture
and Navier-Stokes equations, we pay attention to the stability of stationary solution
for the impermeable problem and the stability of composite wave, which consists of the
subsonic BL-solution, the contact discontinuity wave, and the rarefaction wave for the
inflow problem on system (1.1) to the Riemann problem on Euler system in the setting
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of Z(x,t)=0. Compared with the classical Navier-Stokes system, the mass fraction of
the reactant Z in this model (1.10), leads to some trouble. In fact that ¢(6) and the
dissipation term (%Zm)x is strongly nonlinear. To overcome these troubles, we use the
boundedness of ¢(f) and L*-estimate to obtain exponential decay of ||Z]|r2(r,). To
investigate the long-time behavior of solutions to (1.1), (1.4), (1.5), (1.6) and (1.7), it
is more convenient to use the Lagrangian coordinates transformation:

(z,t)
= o(y,7)dy — pu(y,7)dr, t=t.
(0,0)

Thus the system (1.1) can be turned to the following free boundary value problem of
Navier-Stokes for reacting mixture system in the Lagrangian coordinates:
v —u, =0, r>o_t, t>0,

ut—I—px:u(“—’)x, r>o0_t, t>0,

v

(e—i—“;)t—i—(pu)x:(%—i—%)x—i—qlﬁb(ﬁ)& x>o_t, t>0, L)
1.10
Zi+K¢(0)Z=(%Z.),, x>o0-t, t>0,

(U7u707z)(:17:0_t’t):(U_7u_70_70)7 u_>05

(v,u,0,7)(x,0) = (vo,u0,00,Z0)(x) = (Vy,uy,04,0), as x——+oo,

where v(m,t):ﬁ>0 denotes the specific volume and o_=—2= represents the

boundary moving speed. Now for the perfect gas, we have

R0
=

P (1.11)

Let ¢ =2 —o_t. Then we have the half-space problem
Ov—0_0:v—0cu=0, £E>0, t>0,
Byu—o_deu+tdep=pde(EL),  £>0, >0,

%(6t9—a,859)+pa§u=,@-a§(#)+’@+ﬁ+Kq¢(9)z, €>0, t>0,
WZ—0_0eZ+Kp(0)Z=0(-%0:Z), £>0, t>0,

(v,u,0,2)((=0,t)=(v_,u_,0_,7Z_), t>0,

(’U,U,Q,Z)(f,()) = (U07UO,HO,ZO)(€) - (U+,U+,9+,Z+), as 5*)+OO
From the thermodynamics theory, the entropy s can be defined as follows:

R

which obeys the second law of thermodynamics

fds=de+ pdv.
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Then from (1.10), the initial data s(vg(x),00(x)) can be expressed by (vo(z),00(x)) as
follows:

s(vo(x),eo(x)):Rlnvo(x)—i-%lm‘)o(m)—FL (1.14)

Thus sy = lim s(vo(x),00(x)) satisfying

Tr—+o0
R
3+:s(v+,0+):Rlnv_,_—i—ﬁlnﬂ_,_—kl. (115)

The rest of the paper is organized as follows. Section 2 is devoted to some prelimi-
naries which will be used in this paper. In Section 3, we reformulate the original system
(1.1) and establish our main Theorem 3.2 including the global existence and asymptotic
stability of solutions. The proof of Theorem 3.1 and 3.2 are given in Section 4.

Notation: To simplify the presentation, we denote positive constants and constants
independent of ¢ by C and ¢, respectively. In addition, the character “C” and “c”
may take different values in different places. LP = LP(R,) (1 <p< o) denotes the usual
Lebesgue space on [0,00) with its norm || -|[z», and when p=2, we write ||-|[L2®, )= -|.
H®*=H?*(R,) denotes the usual s-th order Sobolev space with its norm || f||zs®,)=

(; 16 £]12)%.

2. Some preliminaries o
In the following, we first define stationary solutions (0,4,0,2)(§) by

—0_ 90— D=0, £>0,

70'_(951~L+a5]3:,u3§(85~ﬁ), £>0,

v

— P 9c0+ pogii=rde(%0) + MO Kqo(0)2,  £>0, o
0 0 F+ Kd(0)Z=0:(%0:2), €0, '

02

LEMMA 2.1. If (f;,ﬁ,é,Z) is the solution to (2.1), satisfying 62y:%1ff1>0 and
+

éZQ:glf§>O, then we have Z =0.
+

Proof.  Assume that Z, is a positive and finite constant. Then there exists a
constant & such that Z(§) > % for all £ >¢&p due to Z(+o00)=Z,. Then for all £ > &,
by (2.1), we have

<flgafz+a_2) =K¢(0)Z
v ¢ (2.2)
2K¢(Q)%-

Here we have used ¢/(0) = (af+ A)0*2e~% >0 for 6> 0.



1982 NONLINEAR STABILITY OF COMPOSITE WAVES

Integrating (2.2) over (£o,&), we have
d, 5 ~ d . - -
20¢Z+0-22 | 302 +0-7 | (§)+C(E~C), (2.3)

where C = %K¢(Q)Z+ > 0. Let & be large enough, we get

e Z>1, (2.4)
which is in contradiction with Z(+oc)=Z,. This proves Lemma 2.1. o
Now we divide the steady-state solution of (2.1) into three cases: Case 1: u_ =0;

Case 2: u_>0,Z_=0; Case 3: u_>0,Z_>0. In this paper, we discuss only Case 1
and Case 2, and Case 3 will be left to the forthcoming paper in the future.

Case 1: u_ =0, which implies 0_ =0.
Under Case 1, the stationary equations corresponding to system (1.12) is the fol-
lowing ODE system:

Z(0)=Z_, Z(+00)=Z,.

We claim that the stationary solution of (2.5) is trivial.

ProposITION 2.1. If (6,&,572) is a solution of (2.5), then v_=vy, u_=uy =0,
0_=0,, Z_=2,=0, == and 5(&)=v_, (&) =0, 6(&)=0_, Z(¢)=0.

) 'U+ v_

Proof. By (2.5);, we have @(§)=constant, which implies @({)=u_=u4 =0.
Substituting (2.5), into (2.5),, we obtain ¢ =0, which implies p(¢)=p; and £& =
9¢ — % Thus we have the following equations from the (2.5),:

V4 V-
0 N\ 77
(55)e+ako(0)Z=0,
¢ (2.6)

Ko(0)Z=(%Ze)e.

Substituting (2.6), into (2.6),, we obtain

3 Z
e (), (8)
£ ¢
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where a; = 2t Integrating the resulting equation on (+00,£), we have

Z¢

ma+—+qd =0, (2.8)

which is equal to

1 .
(2m+@2+qdz> =0. (2.9)
13
Thus
1 9 5 o oal 9
5ha+0 +qu—b+—§/<;a+U++qu+, (2.10)
which implies
o4
2(by —qdZ
oo 20iad2) (2.11)
Ray
Then we have
- by —qdZ) \’
G=a,9=ay <(+q>> . (2.12)
Ray4

Substituting (2.11), (2.12) into (2.6),, we have

Ko [ a, [20+=992)) ") 22 (W@) , (2.13)
KA+ 2(by —qdZ) "/,
Multiplying the (2.13) by 2%2& we have
2 =\ 3
i (MZ£> :K¢ o 2(b+_qu) Z dl’ia+ ~Z§. (214)
d& \2(by —qdZ) Ka.y by —qdZ
Let F(s) :K¢(a+(2<b;;fd5>)%)bdm;;s and G'(s)=F(s). Then we have
d ( dearZe \
2 g ) (2., (2.15)
d€ \ 2(by —qdZ)
which implies
dra 2
P .
Z§> =G(Z)-G(Zy). (2.16)
< 2(by — qu)

By (2.16), we have G(Z)>G(Z,), which implies Z(£)>Z, due to G'(s)=F(s)>0.
Thus Z_>Z,.
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Next we will prove Z_ =27, =0. Otherwise, let Z_ > Z. Then we get the following
boundary value problem:

Ze=—2m0d?) | o 7)—G(2Z,),
~£ dra (Z2) (Z+) (2.17)

Z(0O)=Z_, Z(+o0)=2Z,, for Z_>7Z,.

Let g(Z) = 2y ~adZ)(VEZ)2GZ4)) . Then (2.17) can be rewritten as

dray
Zf = _9(2)7
~ ~ (2.18)
200=2_, Z(+o0)=Zy, Z_>7Zy4,
and we have
Z.<Z(€)<Z_, Ze<O. (2.19)
Multiplying the first equation of (2.17) with G'(Z), we have
d by —qdZ _,
— Z)—G(Zy)=———FG'(2). 2.2
CWeE ez = ) (220)
Integrating the resulting equation on (0,£), we obtain
Sbo—qdZ , -
VOO -G~ GZ) -G = | e (22
0

Since Z, < Z < Z_, the integral is divergent as & — +o00, which is in contradiction with
the left-hand side of (2.21). This implies Z_=Z, =0, and Z(§)=0. Combining Z with
(2.11), (2.12), we have that 6 and 0 are constants and 0(§)=v_, 0(§)=06_. ad

Case 2: u_ >0 and Z_=0. We have the following proposition.

PROPOSITION 2.2.  Under the Case 2 (u— >0 and Z_=0), if (0,1,0,2)(€) is a solution
of (2.1), then Z(£§)=0.

Proof. 1t Z (&) #0, then Z (€) has at least a positive maximum or negative minimum
on (0,+00). Without loss of generality, we assume that Z(&) has a positive maximum
at &o € (0,+00), then Z(&y) >0, Z'(&)=0, Z"(&) <0, which contradicts with (2.1),. O

To sum up, we know that the steady-state solution (,4,6,2)(€) of (2.1) satisfies
Z(€)=0. Thus we expect that the large-time behavior of system (1.1) becomes the
same as that of Navier-Stokes equations.

Then, as time t — 400, we only consider the following Navier-Stokes system

v — Uy =0, z>o_t, t>0,
w+pe=p(te),, x>0t t>0,

2 01 €T
(45, + 0= (8 )

(U,u,e)(sz_t,t):(U_,U,_,e_)7 U_>O,

,  x>o_t, t>0, (2.22)

x

(’U,’U,79)(.’E,O) = <U07u0?90)(m) — (U+,U+,9+), as .’IJ—)—FOO,
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and

0w —0_0:v —Ocu=0, £E>0, t>0,

atu—a,agu—i—agp:uag(%), £E>0, t>0,

L (0,6— 0 0¢0) + poeu=rde(20) + P g0, t>0, (2.23)
(v,u,0)(§=0,t)=(v_,u_,0_), u_>0,
(v,u,0)(&,0) = (vo,u0,00)(§) = (V4,u+,04), as {— +oo.

When the right end state (vy,us,04) €M (M denotes a center-stable manifold
defined in Section 2.1), Qin and Wang in [27] proved the existence of the boundary
layer solution for inflow problem on the Navier-Stokes Equations (2.22) and (2.23). They
also obtained the asymptotic stability of the composite wave including the subsonic BL-
solution, the contact wave and the rarefaction wave. Now, let us review some known
results of Navier-Stokes equations in [27].

If the right state (v4,u4,604) is known, the wave curves (BL-solution curve, contact
wave curve and 3-rarefaction wave curve) in terms of (v,u,0) with v>0 and >0 can
be defined in the phase space as follows:

BL(’U+,’U,+,9+)E {(’Uﬂi,e) €R+ XRXR+ Z%:—O'f :Zi, (u,@) 6M(U+,6+)},
+

CD(U+7U+70+)E{(U7U79) ER-F XRXR+ :p:p+,u=u+,v7év+},
R3(v4,us,04)

E{(U,u,9)€R+ XRXR+:5(U,9)ZS+,u:u+—/ As(z,84)dz, U>U+,u<U+},
vy

where py = %, and A3 =M3(v,s) is the third characteristic speed which is given in
(2.24).

In this paper, we are devoted to proving that if the left end state (v_,u_,0_)¢€
BL-CD-Rj3 (vy,uy,0) then there exist a unique state (v,us,0.) € Q2 , and a unique
state (v*,u*,0%) such that (v_,u_,0_) € BL(vVs,ux,0:), (Vs,uy,0,) € CD(v* u*,0*) and
(v*,u*,0%) € R3(vy,us,04), and the superposition of the BL-solution, the viscous con-
tact wave and the 3-rarefaction wave for the inflow problem on the equations is asymp-
totically stable provided that the conditions in Theorem 3.2 hold. It is remarked that we
require the BL-solution and the viscous contact wave must be weak but the rarefaction
wave is not necessarily weak. Moreover, qub is defined in Section 2.1.

2.1. BL-solutions. As we know, the Euler equations corresponding to the
Navier-Stokes Equations (2.22) have three characteristic speeds,

AM=—y /2 =0, Ag=,/ 2L (2.24)
v v

The sound speed C(v,6) and the Mach number M (v,u,6) can be defined by

C(v,0)=v =+ R0

and

M(v,u,0)=
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Let C4 =C(v4,04)=+/Ry0;+ and M, = % be the sound speed and the Mach number

at the far-field x =400, respectively. We can divide the phase plane Ry x Rx R of
(v,u,0) into three subsections:

Qoup:={(v,u,0) eERyL xRxRy: M(v,u,0) <1},
Tirans i={(v,u,0) ERL xRx R4 : M(v,u,0)=1},

Qguper :={(v,u,0) ERL XxRXxR4: M(v,u,0)>1},

where Qgup, [irans and Qgyper denote the subsonic, transonic and supersonic regions,
respectively. If we consider the alternative condition u>0 or u <0, then we obtain six
connected subsets Q% , T} and QF

sub? ~ trans super*

When (v_,u_,0_)€Q ,:={(u,0)|0<u</Ry0.}, we have A\ (v_,u_,0_)<o_<

U
0, hence the existence of the traveling wave solution

(VB,UB,©B)(¢), t=z—0_t (2.25)
(VB7U37®B)(O):(U—vu—’e—)7 (VB,UBveB)("I'OO):(U+7u+’0+) .

to (2.1) or the stationary solution (BL-solution) to (2.2) is expected. Recalling (2.25),
we know that BL-solution satisfies the following ODE equations:

—0_0:VE-0:UB=0, ¢>0,

—0_ O UB + 0. PP =pde(257),  €>0,
—0_0e(E:08 + WD) 1 9 (PPUP) = no (LB ) 4 rde(%5r), €0,

(VBvUBaGB)(O) = (U—vu—70—)’ (VBvUBv@B)(+OO) = (U+au+70+)v

(2.26)

where PB=p(VE 08)= RV@BB .

Integrating the system (2.26), over (£,+00), and then letting { =0 in the resulting
equality, we see that

go=——=—Te=——t (2.27)

The existence and uniqueness of the solution to the ODE system (2.26) are estab-
lished as follows. Here, we shall show some useful results of solutions for (2.26).

PROPOSITION 2.3 (see [27]).  Suppose that vy >0, u_ >0, 6+ >0 and define 6% =
[(uy —u_,04 —0_)|. If uy <0, then (2.26) has no solution. If uy >0, then there exists
a suitably small constant 6 >0 such that if 0 < 8B <§, then have the following cases:

Case I. Supersonic case: My >1. Then there is no solution to (2.26).

Case II. Transonic case: My =1. Then there exists a unique trajectory I' tangent
to the line

e (UP —uy) —r(y = 1)(OF —6,) =0

at the point (uy,0.). For each (u_,0_)€T, there exists a unique solution (UP 6F)
satisfying

Uf >0, ©f>0,
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and
ar
dgn

(5B)n+1

Case III. Subsonic case: My <1. Then there exists a center-stable manifold M
tangent to the line

(UB —uy,08-0,)|<C n=0,1,2,---. (2.28)

(1+aze2uy )(UP —uy) —az(0F —6,) =0

on the opposite directions at the point (uy,04), where az and cy are some positive
constants which are defined in [27]. Only when (u—,0_)€ M, there exists a unique

solution (UB,08) C M satisfying the following inequality
dn
dg—n(UB—u+,@B—9+) <C6Be™*, n=0,1,2,---. (2.29)

2.2. Viscous contact wave. If (v_,u_,0_)eCD(vs,uys,04), ie.,
U—=Uy, P—=D+, (230)
then the following Riemann problem of the Euler system

0t — 0, u=0, r€R, t>0,
Oyu~+0,p=0, rzeR, t>0,

Bp(e+ %) +8,(pu)=0, xR, t>0, (2.31)
—,u_,0_

(v,0,0)(2,0) = { (P—ri=0-) @ <O,
(v, ug,04), x>0,

admits a single contact discontinuity solution

(v_,u_,0_), x <0,

2.32
(’U+,u+,9+)7 x>0. ( )

(v,u,0)(z,t) —{

From [10], we know that the viscous version of the above contact discontinuity, called
viscous contact wave (VP UCP @°P)(z,t), could be defined by

xT

@CD t :GSim ,
(@) =05 ()
ROCD(z.t
VCD(a:,t)ZA, (2.33)
'1-1) 0,607
cD k(y—1) 0 x,t
t =
U (:L’, ) U+ R’Y @CD(Z‘,t) )
where ©%7 (n)(n= \/i‘?) is the unique self-similar solution of the nonlinear diffusion
equation
-1 00
9,0 = “WRQV)“ Oy ( 5 ) . O(£oo,t) =04. (2.34)

Thus the viscous contact wave defined in (2.34) satisfies the following property:

(14)21020°P |+ (1+1)|020°P |+ (1+1)7|9,0°P |+ 0P — 0. |

COIQ

=0(1)0Pe 1%,  as x— oo, (2.35)
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where 6P =0, —0_| is the amplitude of the viscous contact wave and cq is
some positive constant. Note that £=x—o_t, then the viscous contact wave
(VP UCD @CP)(¢,t) satisfies

8tVCD —07({95VCD —85UCD = 0,

QUCP — 5 QU + 0, PP = e (%477 ) + G, (2.36)
CD\2 CD —
L (9,097 —0_0:0°P) + PEPOUP = Ol 4 k0 (%20 ) + Qo

where PCP :=p(VCP @¢P) = RVGCCDD and the error terms @1, Q2 are given by

Q=00 —o_gueP — g (27
1= 7-0¢ ¢\ Tyep

=0(1)(100°P P +]0¢0 | +|0z0°P||0:6°7])

co(éto_t)2

=0(1)6P(A+t)"2e " T, as |[¢+o_t|—+oo, (2.37)

A (aEUCD>2 CD|4 20CD |2
Q2:—MW:O(1)(|3£@ " +10:0%7 )

_coléto_)?

=0(1)3°P(1+t) %"~ =, as |[E4+o_t|—+oo. (2.38)
2.3. Rarefaction wave. If (v_,u_,0_)€ R3(vy,uy,04), then there exists a
3-rarefaction wave (v",u",0")(%) which is the global (in time) weak solution of the
following Riemann problem
O — 0 u" =0, reR, t>0,
Ou" +9p(v",07)=0, xR, t>0,
%atewp(vr,er)axu’“:o, zER, t>0, (2.39)

(v a8 ,0) = { 0O,
<U+,U+,9+)7 z>0.

In order to construct the smooth approximated rarefaction wave, we consider the
Riemann problem on the Burgers equation

Oy + 0Dy =0,
_ 0 2.40
o(r,0) = o() = {“ S 240
Wi, x>0
for w_ <wy. It is well-known that the Riemann problem (2.40) admits a continuous

weak solution w” (%) connecting w_ and w,, taking the form of

w_, T<w_t
(T
W' (2): T wot<z<wit, (2.41)
Wy, w_,.tﬁ:r

Moreover, w" (%) is approximated by a smooth function w(z,t) satisfying

Ow +wdw=0,

w(z,0) =wo(z) = {w_, z<0, (242)

w_+Cgd" [TyleVdy, x>0,
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where §" :=w; —w_, ¢ >16 is a constant, C, is a constant such that C, fO°° yle Ydy=1,
and € <1 is a small positive constant to be determined later. Then the solution w(z,t)
of the Burgers Equation (2.42) has the following properties:

LEMMA 2.2 ( [8]). Let 0<w_ <wy, then the Cauchy problem (2.42) has a unique
global smooth solution w(x,t) satisfying the following properties:

(1) w_ <w(x,t)<wi, wgy(z,t)>0 for all (x,t) eRxRy.

(2) For any p (1<p<400), there exists a constant Cy, 4 such that for t>0

[wr (D], < Cp)min{@e! >, Gr =15},
.~ 21 _1 1 (243)
|wsz ()], < C(p) min{we v, el vt }.
(8) When z<w_t, w(:E H)=w_
(4) hm sup|wact w'($) ‘—
Here w=w; —w_>0.
Then the approximate rarefaction waves (V% U ©%)(z,t) are defined by
Ag(VR(t,x)7s+):— —pu(VE(t,2),5) =w(z,1+1),
UR , —U+ f )\3 Z S+)d
2.44
SE(z,t)=s(VE(x,1),08(z,t)) =54, (2.44)
OR(t,2) = VR (L) Texp (£).

Note that =2 —o_t, then the smooth 3-rarefaction wave (VE UR ©%)(¢t) defined
above satisfies
OVE—e_9:VE-9.UR=0, ¢>0, t>0,
HUR —o_0:UR+0:,PE=0, ¢>0, t>0,
(0,07 000"+ PROUR =0, £>0, >0, (2.45)
(VR’UR7@R)(§ = O7t) = (U*7u*76‘7)7
(VR7UR7®R)(§: +007t) = (U+,U+,9+),

where PE:=p(VE 0F)= %}R.

LEMMA 2.3.  Let 6% =|(vy,uy,04)—(v_,u_,0_)|, then the smooth approzimate rar-
efaction wave (VE UR OF)(&t) satisfies the following properties:

(i) U >0 for E€RT and t>0.
(ii) For any 1 <p<+o0, there exists a constant Cp,q such that for t>0,

10 (VU O8) || oy < Cpgmin{dTe =5, (67)7 (14+4) 7171,

||a§2(VR7UR7®R)||LP(R+)Scpﬂmin{aRe?_%v[(éR)% (0™)a](1+6) )
(ii) If E+o_t <Az(v_,u_,0_)(1+1t), then (VE,UR OF) (& t)=(v_,u_,0_).

‘ : R [7TR R r _
(iv) tLlTooiléﬁ (VEU™,0%) (&) — (v ,u",0 )(1+t) =0.
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3. Reformulation of the problem and main results o
Case 1: u_ =0. There exist constant stationary solutions (0,4,6,2)(§) =(90,0,60,0)
of (2.5). Define the perturbation as

(0,6 Z)(E8) = (v —=0,u—0,0-0,Z = 0)(&,t),
then (p,v,(,Z)(&,t) satisfies
Opp— 0 =0, £E>0, t>0,
B+ 0ep=pde (%), €>0, >0,
L (060) +pOeth = ke (%8) + p(PL) 4K p(0)Z, €30, t>0,
WZ+KHO0)Z=0:(%0:Z), £>0, t>0, (3.1)
(:9,¢:2)(£,0) = (90, %0, 0, Z0) (€)
= (v0(&) = B,u0(€),00(€) =0, Z0(£)) = (0,0,0,0),  as {— o0,
(,4:6,2)(0,8) = (9,9,¢, Z) (+00,t) = (0,0,0,0).

THEOREM 3.1 (Case 1: u_=0). Let (0,4,0,2)(¢)=(©,0,0,0) be the stationary solu-
tion. There ezists a positive constant dg >0, such that if

(¢0,%0,C0,Z0)(€) € H' (R)

and

||(¢O7¢0;C07Z0)(§)“Hl(R+)SJO; (32)

then the global solution to the impermeable problem (1.10) or to the half-space problem
(1.12) (v,u,0,2)(&,t) can be obtained. Moreover the solution satisfies

(v—"0,u,0 —0,2) € C(0,+00; H (R} ))
and

lim sup |(v—0,u,0—0,2)|=0. 3.3
Jim_ s ) (3.3

Proof. This proof is simpler than that of Theorem 3.2, we omit the details. ]

Case 2: u_>0,7_=0.

There exists the stationary solution (@,ﬂ,é, Z)(€) satisfying Z(£)=0. Thus we
expect that the solution of (1.1) time-asymptotically becomes (V,U,0,0)(¢), where
(V,U,0)(&) is the composite wave consisting of the subsonic BL-solution, the contact
wave, and the rarefaction wave of Euler equations corresponding to Navier-Stokes Equa-
tions (2.22) for the inflow problem.

Define the composite wave (V,U,0)(&,t) by

Vv VB4yCeDb LR Uy +0*
UlEt)y= UB+UPHUR | (&,t)— | uatu* |, (3.4)
€] 08 4+06¢P Lok 0, +0*



ZEFU FENG, MEI ZHANG, AND CHANGJIANG ZHU 1991

where (VB ,UB ,08)(¢,t) is the subsonic BL-solution (Case III) defined in Proposition
2.1 with end states (v_,u_,0_) and (vs,us,0.),(VEP,UP OCP)(£,t) is the viscous
contact wave defined in (2.12) with the end states (v_,u_,0_) and (v4,u4,04) replaced
by (Us,us,05) and (v*,u*,0%), respectively, and (VI UE ©F)(¢t) is the smoothed 3-
rarefaction wave defined in (2.22) with the end states (v*,u*,6*) and (v, uy,04). From
(2.5), (2.15), (2.23) and (3.1), by a careful calculation, we have

OV —0_0:V—08:U=0, £>0, t>0,

U —0_0¢U+0¢ P Mag( DY4Qi, €>0, >0,

B (0,0-0-0:0)+ POU =Y k0 (%2) + Qo €30, >0, (3.5)
(V,U,0)(E=0,t)=(v_+ VP —v,,u_+UP —u,,0_ +O0°P —0,)(6=0,1),
(V,U,0)(§=+o00,t) = (vy,us,04),

where P:=p(V,0)=£2 and the error terms Q1,Q; are given by

0:U o:UP 0.UCP -
Qlaa(PPBPCDPR){as (;)3»:( f/B >8§ <€/CD)]+Q1,

Q2 =(PoU — PBo.UP — PP, UL — PROUT) + Qo

0 U)? 0:UB)2 9. UCP)?2 0:0
(5V) ( £VB) ( fVCD) ]n[ag( ?‘/) O

ageB

CD
)= 0%

where @, and Q5 are the error terms defined in (2.37) and (2.38) of the viscous contact
wave.

By a complicated calculation, the error terms ()1 and Q)2 can be estimated as follows:
Q1=0()[|(8:U",0:V",0:0" 02U | x|(V-V",0-0",0:V°P,0:U°" 0.V T, 0.U™)|
+](0:UP,0:VP,0:09P ,0;UP) | x |(V - VP, -0 9. VE,0.U )|
+](0:V,0:0™) | x |(V = VE,0-0%)|+10fU",0:U9: V] + Qa

—0(1)(5° +3°P)e D L O(1)|(2U ™, 0eU 0V ™)+ Qu (36)

Q2=0(1)[|(8:U",0:V",0:07,020")|
x|(V-VE e-67 08V o.u" o.vE .U, 0:0™)
+1(0eUP,0:VEP 0.0 0077 | x |(V VP 0 -0 9:VE 0. U 0:.0")|
+[(0eVT,0:0) | x|(V = VF,0 - 0")| +](020",0:0"0c V", |0:U™*)[] + Q2
=0(1)(6% +6P)e ) L 0(1)[(0207,8:07 0V, |8: U *) | 4 Qo, (3.7)

where c¢ is some positive constant independent of £ and t.
Let us define the perturbation as

(@7’(/}74-72)(57” = [U_KU_U79_®7Z_0](£at)'
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Then we get the initial boundary value problem of [p,1,(, Z](£,t) as follows:

Op—0_Oep—0cp=0, £>0, t>0,

Orp— 0O+ 0c(p— P)=pde (%4 — %7 = Q1,  €>0, >0,

B (D¢ 0-0¢C) + (peu— POU) = k(268 — 268 4 (@ _ (2617
+qK6(0)Z—Qa,  £>0, >0,

WZ—0_0eZ+Kp(0)Z=0(%0:Z), £>0, t>0, (3.8)

(:%,¢,2)(£,0) = (p0,%0,C0, Z0) (€)

=(v0(§) =V (£,0),u0(§) —U(£,0),00(€) —O(£,0), Zo(€))

—(0,0,0,0), as £—+oo,

(p,,(,2)(0,t) = (v —Vu_—U,0_—0,Z_)(0,t).

THEOREM 3.2. Assume that ux >0, Z1=0 and (v_,u_,0_) € BL-CD-
Rs(vy,ug,04). Let (V,U,0©)(&,t) be the composite wave of the subsonic BL-solution,
the viscous contact wave, and the rarefaction wave which is defined in (3.4) with the
BL-solution amplitude 6° and the contact wave amplitude 6P . Then if

(¢0,%0,C0,Z0)(€§) € H' (R)

and

1(0,%0,C0, Z0) ()l 1 =y + 07 +5°P +ed < B, (3.9)

where € is a small positive constant defined in (2.21), then there exist positive constants
00 >0 and Cy >0, such that a unique global solution (v,u,0,7Z)(&,t) to the inflow problem
(1.10) or to the half-space problem (1.12) can be obtained. Moreover the solution satisfies

(v=V,u—U,0—0,2)cC(0,+00; H (R,))
and

lim sup |(v—-V,u—U,0—0,2Z)|=0. (3.10)

t—+o0 EERy

PROPOSITION 3.1.  Let (v,u,0,7) be a weak solution on [0,T] xR. If 0 satisfies (1.3),,
then there holds

| ( ’ )HL (]R+) <— || 0|‘L2(R+)e @ b (31])
h@?e (0% .—l((l Qp .= f 9 .
w 0> 0 mn (b( )

Proof. From the Equation (1.10),, we have

thd_a§Z+Kaoz§8§ <j28§Z> . (3.12)
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Multiplying the inequality (3.12) by Ze?@1t and integrating the resulting inequality in
R, we have

1d

d 2
- a1t\2 at <0. .
5 i R+(Ze ) d£+/ = (Zee*rt)"de <0 (3.13)

Ry

Then a direct calculation shows that

1Z(0) 2@,y < N1 ZollL2ry ye " (3.14)

4. Global existence and large-time behavior

In this section, we will prove our main stability results of Theorems 3.1 and 3.2. We
are devoted to the proof of Theorem 3.2, i.e., the stability of the superposition wave.
The proof of Theorem 3.1 is almost along the same lines as, but simpler than, that of
Theorem 3.2, so we will omit it for brevity. We will obtain the uniform a priori bounds
for solutions to the IBVP problem (3.8), then the global existence part of Theorem 3.2
can be derived by the classical continuation method. We first give a priori assumption
as follows:

sup [|[,0,¢, Z1(7) |1y <e1, (4.1)
0<r<t

where €; is a small positive constant.
From a priori assumption (4.1), it is easy to get

Il,%,¢, Z)(7) || e < V261, (4.2)
where we used the following fact

()= < V2|h|2 kel for h(§)€ H"(Ry). (4.3)

PROPOSITION 4.1 (A Priori Estimates).  Suppose all the conditions in Theorem 3.2
hold. Let (¢,v,(,Z)(&,t) be a solution to the problem (3.8) on Ry x (0,T]. There exist
constants &y and C >0, such that if (p,,(,Z)€C(0,T;H*(R,)) and

(0, %0, 60, Z0) ()l 11z y +67 +6° +ed <d, (4.4)

then the following estimate holds:

e 20+ | (1060 +10606.6. 2 e ) d

<Cl(20,%0,C0, Z0) 311 .,y + C €3 +87 +6°P). (4.5)

LEMMA 4.1 (Boundary Estimates, see [22,27, Lemma 4.1]).  There exists a positive
constant C' such that for any t >0,

/0 [1(00.0) 2 +10- (0,20, O)P1(0,7)dr < C(5°P)2, (4.6)
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[ 0U ol (0,7)dr<n t(||65¢||2+\|852w||2)d7'+077(5CD)2, (4.7)
0 v V 0
kS % %9 (0,7)dT <n t(\|35<||2+|I3§<||2)d7+0n(5c’3)2, (4.8)
"9 v 0

t t t
/ [(0)? + (9e0)2)(0,7)dr <1 / |02¢)2dr +C, / |0t |Pdr + C(6P)?,  (4.9)
0 0 0

where 1 is a positive small constant to be determined later, and C', is a positive constant
depending on 7.

LEMMA 4.2. Assume the conditions in Theorem 3.2 hold, then we have the following
inequality for all t€[0,T),

t t
0 ,C 2|+ / 10e ¢, 2P+ / I\/0eU Rl dr
0 0

t
éC\\[zﬁo,co,soo,zo]\\2+C||ZOIILQ<R+>+C<e§+6B+6CD>+C<65+6B)/ 10l *dr

co(é+o_m)?

t
+C<$CD// (A+7)"te ™ 7 (p? +§2)d§d7+0||20|\L2(R)/ /deng
0 JRy
(4.10)

Proof.  Multiplying (3.8),, (3.8),, (3.8); and (3.8), by —RO(L - 1), ¥, § and Z,
respectively, then taking the summation of the resulting equations, we obtain

1 RO Z? S}
at(2¢2+R@<1>(§) 7_1<1><@>+2>+85H1+u (Oev)” | —55 (060"

d A% v
2 2 R
+Kp(0)Z +7v2Z§ +Po:U [¢<U®>+7fb< )}

:Q3—Q1¢—%Q2+EK(J¢(9)Z (4.11)

where

®(s)=s—1—Ins,

1 2 v R@ 9 Z2 (95’& 85U
B —(ﬂ +R@¢’(v)m_1¢’(@)+2)“1"1%‘“(@‘v)¢

C (00 0:0 d
HG( v \%4 UQZ§Z’

Q3 =—P(9:UP +0.UP) {@ (Z‘ef)) +7® (;)}

e () o o))

55(9455“ @wagc Cso

=
I

OeU (8:U)2 OeU
7 (¢ 0)*+u cha 6 — P PG 2= (O
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By integrating (4.11) with respect to & and 7 over R4 x [0,t], we have

/ﬂh (%thecp(;)+f—91 (g) Z2>d£+ / Rf?fo’/’) dedr +/Ot [ o017
+/ R+—Z§+/ R+ef§§ dngJr/Ot R+P8§UR{<I>(:ZE>+<I>(V)}dde
:/]R+ (§¢2+Re¢(%)+%q><6> Z2> (€,0) d£+/ H1(0,7)dr

t t C C
dédr — dédt — =(Q2déd = Kqp(0)Zdedr. 4.
+f [ uazr— [ Quudgar A R+9Q2“+/0/R+9 00(0)Zdedr.  (4.12)

Owning to the smallness of perturbation solutions [¢,,(, Z] and the definition of ®(-),
we obtain

%W +ROD (%) + %@ (g) + Z; =0(1)(p*+p? + 2+ 27, (4.13)
® (ig) +O (%) =0(1)(*+C?). (4.14)

Since 9:UT >0, we have

¢ A% v ¢
/0/R+P8§UR[<I><U®>+<I>(V)}d§d7-2c/o R+65UR(¢2+C2)d§dT, (4.15)

where (4.14) is used. 0

By using the a priori assumption (4.1), Cauchy-Schwarz’s inequality with 0 <n <1,
the Boundary estimate of Lemma 4.1 and Sobolev’s inequality, we derive the estimates
for the right-hand side of (4.12) as follows:

1 RO 0 Z?
[ (Geernen ()« 50 () + 5 ) €orteelleo vzl (@10

/0 H,(0,7)dr <1 / (196, <112 + 11021, <] [P dr + Cy(6°P)2 (4.17)

and

/Ot R+Q3dde<(C"+C)/ot/R+

OZOR,(0:0)2,(0: V)2, (0:U)?,020°P (9:09P)?} (9 +(?)dédr

{0265,0:67,0.V2,0.U",

+C/0 /R+Qz(<p2+42)d§dr+n/o 10¢ [, ¢ |1 %dr. (4.18)
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‘We have
t

/ /R (V2 U 08 08) (¢ +¢)dedr

C6P 0 b3 déd

< // )2(0,7) + €19 ip, (]| dedr

t

<C68 O 2(0,7)dr +C68 delp,Cl||2ded
< /Ol(soC)l( r)dr+ /0/R+|| Lol dédr

B/ sCD\2 B ! 2
<C8P(5°P)2 + 05 0 le.CllI2dedr, (1.19)
0 JRy

where we have used (2.29), (4.6) and the inequality

3
f(§)|:’f(0)+/0 Oefdy| <|£(0)]+V/E|10ef - (4.20)

Similar to [22], Lemma 2.3 gives
t
/ / (VR UR )2, |08 1) (0 +¢?)dédr
o Jr,
t
< / (0e[VEUR ORI + 020 1) [p.C] 2o dr
t
<o / (1+7) oI l1dr
0

t
<Ceb1Ceb / 10,2, (4.21)
0
where we have used
10 [VE,UR 08|12 < Ces (1+1) 73
and
1020511 < Ceb (1+1) 5.

Using the properties of the viscous contact wave, we have

co(é+o_7)?2
/ / (1097 |0EP|) (¢ +(?) < C6°P / / (1+7) e S (@ 1 ¢?)dedr.
Ry Ry

(4.22)
Then substituting (4.19)-(4.22) into (4.18), we get
t t
| [ @udar<in+ (€, +0)(eb 480 [ 10ele.o.0)Idr+Ceb +57+5°7)
0 JR, 0
op [* _y _coleren?
+(Cy+C)5 // (147) e T (02 4 ) dedr. (4.23)
Ry

Finally, we turn to estimate the remaining three terms as follows:

t t
/ Quidedr<C / 1l | Qull 1 dr
o Jry 0
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! L L sB cD CD 1 L 5
SC/ 10112 109]12[(07 +6%F)e™ T +0" 7 (1+7)" " +ev (147) 8 dr
0
t
gc*(e%+5B+50D)+C(e%+53+50D)/ 10| 2dr, (4.24)
0

and

t C t
>déd oo 1d
|, [ @egucr<c [ iclumt@alusir

t 1 1 k 5
SC/ ICIZ18C 2 [(67 +6%2)e ™" +(87P)> (14+7) "2 +¢9 (1+7) "6 ]dr
0

©l=

t
<CO(ed +6% +6P)+C(ed +67 +5CD)/ 18¢C || dr. (4.25)
0

Owing to Proposition 3.1, we have

t t t
[ [ sxwoziar<c [\ 2l [ 1210, [ G
0 Jr, 0 0 Ry

t
<)\ Zoll @) +Cll Zo 2 sy / e [ Cagar. (4.26)
0 R,

Substituting (4.13)-(4.26) into (4.12), choosing suitably small 1, €, §Z, 6P and ¢, we

obtain (4.10) and thus the proof of Lemma 4.2 is completed.
LEMMA 4.3. Assume the conditions in Theorem 3.2 hold, then we have for t€[0,T7,

t
el + / |0cplPdr

t
<C (II[t00:¢0 Zol 1> + | Zoll 22 (=, )) + Clloll 7 + C(e? +5B+5CD)+7]/O ||3§¢||2d7

_co(§to_)?

t
+08% [ [ (r) e S (g (e
0o Jry
t
O Zolgage, [ e [ agar, (1.27)
0 Ry

Proof. Differentiating (3.8), with respect to £ and then we obtain
ata§¢—a_8§¢—a§¢:o. (4.28)

Multiplying (3.8), and (4.28) by —vde¢p and pdep, respectively, then integrating the
resulting identities over Ry x [0,t], we have

t t
—/ [“)twvagcpdng—i-J,/ / OcYv0epdEdT
0o JRr, 0 Jry

t t
— / ¢ (p— P)vdgpdédr + / / RpOepdedr
0 JR4 0 JRy

t t
:—u/ ag(v)*laguuagpdgdwf/ 8?U(11>v8§god§d7
0 JRy 0 JRy Vo
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t t
+/ 8§U8§(V)_1v85<pd§d7+/ / Q1v0:pdédT (4.29)
0 Jr, 0 JR,
and
t
u/ (atﬁggp—0_85290—8521/))8530075&':0. (4.30)
o Jry
Combining (4.29) with (4.30), we have
vodepds+l [ (0corde+ / POk dgin
R, R

t
[ i@ @ocp@ac+f | <agwo<s>>2ds+% | @eor.nrar
Ry
/ YOO pdédT — / zpvataggpd&d‘r—i—/ Rag ]v@gpd{dT
Ry Ry
- / t Rnpag{@}vaggodfch o / t Debvde pdedr — / t D (v 1) Dguvde pdedr
o Jry 0 JRy 0 JRry

t t t
+u/ 85U8§(V_1)v85<pd£d7+,u/ 85 (fo)v&g(pddeJr/ Q1v0: pd&dr
o Jry 0 o Jry

R
- ol@n@cpu@ae s [ (@eente d£+ZI (131)

Combining the a priori assumption (4.1), Cauchy-Schwarz’s inequality with 0 <n <1,
Sobolev’s inequality (4.5) with Lemma 4.1 [(4.6), (4.9)], we obtain the estimates I; (5 <
1<14) as follows:

t t
|I5|§77/ ||a§w||2d7+cn/ |0gab||dr 4+ C(89P)2,
0 0

t t
I <C / / Oe e pldédr +C / / [0 Udepldedr
0o JRry 0o JRry
t t
e / / (Be)?|dedr +C / / [0V Oepldedr
o Jry o Jry

t
<Cy(6°P + 6 £ eb) £ C(er ++57) / 10e b, ol 2

0

co(éto_m)?

t
+Cn5°‘D// (I+7)"re™ 177 odédr,
0 JRy

|I7|</ [(pv0e1)(0,7) + o (Yvdew) (0,7 \dT+C’/ / (0e9) dde
e / / Iwocacle.yildedr 0 / / 0cguocyldsin

t t
<Cy(6 + (67 + by [ 10clv. 0,06 Pdr+ (€ +.C) [ [0eu]ar
0 0
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op 1 L, _soleten?
+Cy0 / / (I+7)""e T qpodédT,
o Jr,

| Is|+ [ Io| + | 110}
t t
§(7H-C€1)/ HaﬂPHQdT‘FCn/ ||35[C»7/1H|2d7+0n/ (©*+¢*)(0:0)?dedr
0 0 R,
t t
SC(€$+5B)+(77+C'51+063+C5B)/ ||a£[<P,C]||2dT+Cn/ 10 (¢, ¢] || Pdr
0 0

¢ co(eto_m)?
+050D/ / (14+7) e T (0% 4+ ¢2)dedr,
0 JR4

t t
|111 +[12+[13|§C/ / (85@)2‘351/}|d§d7'+0/ / (85@)2|35U|d§d7'
o JRr, o Jr,

t t
e / / 106V 0T | + 102U\ pde ol dédr + / / 10V O bep|dedr
0 R+ 0 R+

t
§C(51+5B+5CD+6)/ 10e [, e, ] |2 + C5°P,
0

and

t t t
\114|§77/ HawHQdTJrCn/ ||Q1||2dTS77/ 10T +Cy (€7 +67 +5P).  (4.32)
0 0 0

By substituting the estimates for I; (5<i<14) and (4.11) into (4.31), then letting 7, €,

6B, 69D and €; be small enough, and applying Cauchy-Schwarz’s inequality, we derive
(4.27). This completes the proof of Lemma 4.3. d

LEMMA 4.4. Assume the conditions in Theorem 3.2 hold, then we have the following
energy estimate for t€[0,T],

t
e[, 21112 + / 1020,¢, Z]|2dr

<C([I[o,%0,60s Zo) |12+ Zo||) +C (e + 87 +5°P)

t co(é+o_ )2
+050D// (147) e T (@2 +p2+C2)dedr
0 JR4

t
Ol Zallamy [ e [ GRaea. (4.33)
0 Ry

Proof. Multiplying (3.8), by —8521/1, and integrating the resulting identity over
R x[0,t], we have

1 Lo (93Y)?
: /R (0w de /0 /R e

;/}RJr(as%)?dﬁ/o (35¢3T¢)(0,T)d7+%/0 (0e0)2(0,7)dr
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¢ ag’lbagtp 2 ¢ 851/)85‘/ 2
+/ . de(p— agwdgdwru/ /]R+ = agzbdde-l—u/O/ O vdeédr

_u/ /R QU0 g2 acar +// Q1 02pdedr

= / (Ot de+ 3", (4.34)

Jj=1

Now we turn to estimate J; (1<j<7) term by term. It’s similar as in [22]. For
brevity, we only list the following estimates:

t t
|J1|+|J2|§n/ ||6§w||2dr+0,,/ |0 || 2dr +C(6CP)?,
0 0

t t
2 2
A SO/O /R |6g[<,w185w\dfdr+0/o /R C.l0elip, V1024 dedr
t t
<C(eb +65)+(Cey +n) / 10c[p, D] |Pdr +[Cy + C(e +65) / 10l ]2

t co(€+o_ )2
+050D// (147)"Le T (92 + (?)dedr,
Ry
t
a4 1J5] < Cle+65 +6P tey) / 01, 0] |

t t
|J6|§C// |8§U@8§¢|d§d7+0// |85U85<p8§2w|d§d7
0 JR4 0 JR4
t
gc*(e%+5B+5CD)+C(6+5B+5CD)/ (|0¢ [0, D] || dr,
0
and
t t t .
|J7|§77/0 H6§¢||2d7+0n/0 ||C21||2dTSn/0 02| dT + Cy (€9 + 67 +5P).

Inserting the above estimations for J; (1<j<7) into (4.34), and recalling (4.27)
and (4.12), then choose € >0,6% >0,6°P >0 and 1 >0 small enough, to derive

t
|35¢||2+/O 10212 dr <C (1[G, Zo I + 1 Zoll) + C | [0, %ol I g, ) + C (€7 +67 +57)

co(éto_7)2

t
+050D// (1+7)"te™ = 7 (PP +o?+C?)dedr
0 JR4

t
+C||Z0||L2(R+)/ e~ [ (2dedr. (4.35)
0

Ry
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Multiplying (3.8), by —02(, similar to the estimate of ||0:9||?(t), we have
ymg 3 DY —0¢ 3
t
\\35C||2+/0 102¢]2dr <C(lllpo.0,Cor Zo) 311y y + | Zoll) +C (€9 +67 +6P)
cp [* BRI T L S
+C6 (1+7)""e Hr (@ Y4 ¢7)dEdT
o Jr,

t
+C||ZO||L2(R+)/ Eialt C2d€d7'
0 Ry

(4.36)
Multiplying (3.8), by —8§Z , and integrating the resulting equality over Ry x [0,t], we
obtain

1 1 t t
7/ |85Z|2df—*0'_/ (852)2(0,r)d7+/ / %|8§Z|2d§d7
2 Jr, 2 Jo 0 Jr, v

1 ¢ 2d
25/ |352(§70)\2d€+/ K¢(9)ZZ££d§—/ —5 Ve Zg Zge d§
R4 0 JRy Ry U

t
4 d
SC/ |5sZ(£,0)I2d£+(1+IIs0§IIS+||V5H2Loo)// 53| Zeel dgdr
R4 0 Jry 2V

t t
2 2
+c/0 R+K¢(9)Z d5d7+c/0 /R +\ZE\ dedr. (4.37)

Combining (4.37) with (4.10), we have

t
2 2 2 2
/R i / / gePazar < / RECUIEACUSTERED

Putting (4.38), (4.36) and (4.35) together, we get the desired estimate (4.33). Thus we
complete the proof of Lemma 4.4. ]

To close the energy, we need the following classical lemmas from [8, 27].

LEMMA 4.5.  Assume that f(&,t) satisfies
fFeL=(0,T;L*(Ry)), OcfeL*(0,T;L*(Ry)), 8if —o-0cfeL*(0,T;H™(R4)),
then the following estimate holds:

t aléto_ )2 t t
/0 / (1+7) e 5 facar < C, [Ilf(€70)|2+ / F2(0.7)dr+ / 0 f|2dr

t
+/ <atf_0-*a£fvfg2 >H-1xH1 dT:| ’
0

+w (XT2
/ e +tdx,
E+o_t

and a>0 is a constant to be determined later.

(4.39)
where

Nl

Now we devote to obtaining the delicate estimate concerning the term fot fR+(1+

| _colero_n)?

T)TleT T T (9P g+ (P)dedr
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LEMMA 4.6. Under the conditions of Theorem 3.2, there exists a constant C >0 such
that

t o to_ )2
// (L+r) e (PP ey + ()dedr
0 JRy
t
<CtC / (10e 0,6, 12 + 192, C |12 dr

t
+C/O e*alt/R (@* +* 4+ ¢?)dedr. (4.40)

Proof. Compared with the non-isentropic Navier-Stokes equations, it suffices to
estimate the terms including Z. We find that all the terms including Z can be controlled
by C||Zo|| +C||Z0||fote*altfﬂh(<p2+1/12—|—(2)d§d7'. Then combining with the results in

[22], we complete the proof of Lemma 4.6. O

Proof. (Proof of Proposition 4.1.) Now, we are ready to prove Proposition 4.1.
Combining Lemmas 4.2-4.6 and using Gronwall’s inequality, if the wave strength 62,

5¢P and the constants €, £ are small enough, then for all ¢ € [0,7], we have
t
||[<p7w,C,Z](t)H§p<R+)+/O (10 pll* + 110 [v, ¢, Z1M 2 )dr
< Clllo.v0:Co. Zolllzps (v, +Cle? +67 +5P). (441)
This completes the proof of Proposition 4.1. 0

Proof. (Proof of Theorem 3.2.) We are now devoted to completing the proof of
Theorem 3.2. In view of the energy estimates obtained in Proposition 4.1, one has

sup (2%, Z)(7) 1311z y < Clllp0s %0, C0r Zo) 31,y + CeP 465 +5°P). (4.42)

0<r<t

Note that parameters €, 6% and 6P are independent of £,. Letting €, 6% and 6P be
small enough, the global existence of solution to the half-space problem (3.8) then can
be proved by using the standard continuation argument based on the local existence [1]
and the a priori estimate (4.5). Our next goal is to prove the large-time behavior as
(3.10). For this, from (3.8), (4.5), (2.35), (2.3) and (2.28), we have

ool 4 +oo
[ Gedes.ca|a=2 [ 1@okiew.c. 21 oclev <. 2Dl
0 0

+oo
<cto / 10clp.t6,¢. Z,06[10.C. Z))|2dt < +oo.  (4.43)

Combining (4.43) with (4.42), we have the following limit:

. 2 .
im0, .¢, Z](1) 32 =0 (4.44)
This completes the proof of Theorem 3.2. a0
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