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NONLINEAR STABILITY OF COMPOSITE WAVES FOR
ONE-DIMENSIONAL COMPRESSIBLE NAVIER-STOKES

EQUATIONS FOR A REACTING MIXTURE∗

ZEFU FENG† , MEI ZHANG‡ , AND CHANGJIANG ZHU§

Abstract. In this paper, we study the long-time behavior of the solutions for the initial-boundary
value problem to a one-dimensional Navier-Stokes equations for a reacting mixture in a half line
R+ := (0,∞). We give the asymptotic stability of not only stationary solution for the impermeabil-
ity problem but also the composite waves consisting of the subsonic BL-solution, the contact wave, and
the rarefaction wave for the inflow problem of Navier-Stokes equations for a reacting mixture under
some smallness conditions. The proofs are based on basic energy method.
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1. Introduction
In this paper, we investigate the existence and asymptotic behavior of global solu-

tions to the compressible Navier-Stokes equations for a reacting mixture, which describe
dynamic combustion. These equations in the Euler coordinates are of the following form,
cf. [31] 

ρt+(ρu)x= 0,

(ρu)t+(ρu2 +p)x= (µux)x,

(ρE)t+(u(ρE+p))x= (µuux)x+(κθx)x+(qdρZx)x,

(ρZ)t+(ρuZ)x=−Kρφ(θ)Z+(dρZx)x,

(1.1)

where (x,t)∈ [0,+∞)× [0,+∞) and ρ, u, E, θ, and Z are the density, the fluid velocity,
the total specific energy, temperature and mass fraction of the reactant, respectively.
While the positive constants µ, κ, q, d, and K are the coefficients of bulk viscosity, heat
conduction, species diffusion, difference in the internal energy of the reactant and the
product, the product of Boltzmann’s gas constant and the molecular weight, and the
rate of reaction, respectively. The total energy has the form

E=e+
u2

2
+qZ, (1.2)

where e is the specific internal energy and q is the difference in the heats of formation of
the reactant and the product. The thermodynamic variables ρ, p, e, s and θ are related
by the Gibbs equation de=ds−pdρ−1, where s is the specific entropy. The presence of
the reaction rate function φ(θ) is a main distinctive feature of the above system. Here
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φ(θ) is typically determined by the Arrhenius’ law (see [31]):

φ(θ) =θαe−
A
θ , θ>0, (1.3)

where A>0, α denote the activation energy, thermodynamic constants, respectively.
The Boyle-Charles law gives that

p=Rρθ,

where R>0 is a gas constant. From the second law of thermodynamics we have

e= cvθ,

where cv denotes the specific heat constant.
In 1963, Williams introduced the model of compressible Navier-Stokes system for

a reacting mixture in [31], which had received considerable attention in the last few
years. Many mathematicians studied this model and have made much progress about
existence, uniqueness, and asymptotic behavior of the solutions. For the compressible
Navier-Stokes equations for a reacting gas, Gardner in [6] and Wagner in [29] studied
the existence and behavior of steady plane wave solutions. Some theoretical and com-
putational properties regarding the structure are analyzed in [31] and the references
cited therein. The local-, global-in-time existence theorem and large-time behavior of
solutions for the initial/initial-boundary value problems of system (1.1) was proved by
Chen in [1], Chen et al. in [2]. In addition to the above results, Chen in [3] also obtained
the global entropy solutions for this model with his co-workers. [4, 5, 30] discussed the
similar results.

Recently, Li in [18] employed the methods by Kazhikhov-Shelukhin in [15, 16],
Jiang in [13, 14] and [17] got the global existence of weak solution to this model on
one-dimensional unbounded domains with large initial data in H1 and the large-time
behaviour of the weak solution. Zhao et al. in [19] showed the global existence and
large-time behavior for this model with viscous radiative and reactive gas. However,
to the best of our knowledge, the large-time behavior of solutions to the compressible
Navier-Stokes equations for a reacting mixture in a half line is still open. In this paper,
we will partly give some positive answers for this problem.

The initial data for system (1.1) are given by

(ρ,u,θ,Z)(x,0) = (ρ0,u0,θ0,Z0)(x), inf
x∈R+

ρ0(x)>0, inf
x∈R+

θ0(x)>0, (1.4)

and the boundary values for ρ, u, θ, Z at x= 0 are given by

(ρ,u,θ,Z)(0,t) = (ρ−,u−,θ−,Z−), ∀ t≥0, (1.5)

where ρ−>0, u−>0, θ−>0, Z−>0 are constants and the following far-field conditions
hold

lim
x→∞

(ρ0,u0,θ0,Z0)(x) = (ρ+,u+,θ+,Z+), (1.6)

and the following compatibility conditions hold

ρ0(0) =ρ−, u0(0) =u−, θ0(0) =θ−, Z0(0) =Z−. (1.7)

The assumption u−<0 denotes that the gas blows away from the boundary x= 0, thus
the problem is called an outflow problem. The assumption u−= 0 means that the
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gas is impermeable at the boundary x= 0, this problem is called an impermeable wall
problem. The assumption u−>0 means that gases blow into the region through the
boundary x= 0 with the velocity u− and hence this problem is called an inflow problem
(see [23]). In this paper, we are devoted to investigating the impermeable wall problem
and inflow problem. It is noted that in the case u−= 0 the condition on the density
can’t be imposed. But for the cases u−>0 the inflow boundary condition implies that
the characteristic of the hyperbolic Equation (1.1)1 for the density ρ is positive around
the boundary such that the boundary conditions not only on u, θ and Z to parabolic
Equations (1.1)2, (1.1)3 and (1.1)4 but also on ρ to a hyperbolic Equation (1.1)1 are
necessary and sufficient for the well-posedness of this inflow problem.

Note that, when Z= 0, the compressible Equation (1.1) becomes classical com-
pressible Navier-Stokes equations. Then the system (1.1) is reduced to one dimensional
Navier-Stokes system in the form of

ρt+(ρu)x= 0,

(ρu)t+(ρu2 +p)x= (µux)x,

[ρ(e+ u2

2 )]t+(ρu(e+ u2

2 )+pu)x= (µuux)x+(κθx)x,

(1.8)

Moreover, if we neglect the dissipation effects for the large-time behavior, Navier-Stokes
system (1.8) turns to the following Euler equations

ρt+(ρu)x= 0,

(ρu)t+(ρu2 +p)x= 0,

[ρ(e+ u2

2 )]t+(ρu(e+ u2

2 )+pu)x= 0.

(1.9)

As we known, the Riemann solutions for Euler system (1.9) consists of shock waves,
contact discontinuity waves, rarefaction waves and their compositions. There are many
mathematical analysis in the literature on the nonlinear stability of basic waves of
the solutions to Cauchy problem of the compressible Navier-Stokes system. Interested
readers may refer for some important results to [7,8,10,12,20,21,24,25] and the references
cited therein. On the other hand, the initial-boundary value problem (IBVP) of Navier-
Stokes system has drawn increasing interest because it has more physical background
and of course produces some new mathematical trouble due to the boundary effect.
Not only basic wave patterns but also a new wave, which is called the boundary layer
solution (BL-solution) [23], may appear in the IBVP case. So far, there have been a large
number of nice results about the BL-solution (to the outflow, inflow and impermeable
wall problem) for Navier-Stokes system. Interested readers please refer to [9,11] and the
references therein. In [26], Qin, Wang and Wang showed the global stability of the wave
patterns with the superposition of viscous contact wave and rarefaction wave for the one-
dimensional compressible Navier-Stokes equations with free boundary. In [28], Shi, Yong
and Zhang investigated the vanishing viscosity limit for non-isentropic gas dynamics
with interacting shocks. Recently, Yin in [22] gave the stability of composite wave for
inflow problem on the planar magnetohydrodynamics. In this paper, inspired by the
relationship between one-dimensional Navier-Stokes equations for a reacting mixture
and Navier-Stokes equations, we pay attention to the stability of stationary solution
for the impermeable problem and the stability of composite wave, which consists of the
subsonic BL-solution, the contact discontinuity wave, and the rarefaction wave for the
inflow problem on system (1.1) to the Riemann problem on Euler system in the setting
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of Z(x,t) = 0. Compared with the classical Navier-Stokes system, the mass fraction of
the reactant Z in this model (1.10)4 leads to some trouble. In fact that φ(θ) and the
dissipation term ( dυ2Zx)x is strongly nonlinear. To overcome these troubles, we use the
boundedness of φ(θ) and L2-estimate to obtain exponential decay of ‖Z‖L2(R+). To
investigate the long-time behavior of solutions to (1.1), (1.4), (1.5), (1.6) and (1.7), it
is more convenient to use the Lagrangian coordinates transformation:

x⇒
∫ (x,t)

(0,0)

ρ(y,τ)dy−ρu(y,τ)dτ, t⇒ t.

Thus the system (1.1) can be turned to the following free boundary value problem of
Navier-Stokes for reacting mixture system in the Lagrangian coordinates:

υt−ux= 0, x>σ−t, t>0,

ut+px=µ
(
ux
υ

)
x
, x>σ−t, t>0,(

e+ u2

2

)
t
+(pu)x=

(
κθx
υ + µuux

υ

)
x

+qKφ(θ)Z, x>σ−t, t>0,

Zt+Kφ(θ)Z=
(
d
υ2Zx

)
x
, x>σ−t, t>0,

(υ,u,θ,Z)(x=σ−t,t) = (υ−,u−,θ−,0), u−>0,

(υ,u,θ,Z)(x,0) = (υ0,u0,θ0,Z0)(x)→ (υ+,u+,θ+,0), as x→+∞,

(1.10)

where υ(x,t) = 1
ρ(x,t) >0 denotes the specific volume and σ−=−u−υ− represents the

boundary moving speed. Now for the perfect gas, we have

p=
Rθ

υ
. (1.11)

Let ξ=x−σ−t. Then we have the half-space problem

∂tυ−σ−∂ξυ−∂ξu= 0, ξ >0, t>0,

∂tu−σ−∂ξu+∂ξp=µ∂ξ(
∂ξu
υ ), ξ >0, t>0,

R
γ−1 (∂tθ−σ−∂ξθ)+p∂ξu=κ∂ξ(

∂ξθ
υ )+

µ(∂ξu)2

υ +Kqφ(θ)Z, ξ>0, t>0,

∂tZ−σ−∂ξZ+Kφ(θ)Z=∂ξ(
d
υ2 ∂ξZ), ξ >0, t>0,

(υ,u,θ,Z)(ξ= 0,t) = (υ−,u−,θ−,Z−), t≥0,

(υ,u,θ,Z)(ξ,0) = (υ0,u0,θ0,Z0)(ξ)→ (υ+,u+,θ+,Z+), as ξ→+∞.

(1.12)

From the thermodynamics theory, the entropy s can be defined as follows:

s=Rlnυ+
R

γ−1
lnθ+1, (1.13)

which obeys the second law of thermodynamics

θds=de+pdυ.
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Then from (1.10), the initial data s(υ0(x),θ0(x)) can be expressed by (υ0(x),θ0(x)) as
follows:

s(υ0(x),θ0(x)) =Rlnυ0(x)+
R

γ−1
lnθ0(x)+1. (1.14)

Thus s+ = lim
x→+∞

s(υ0(x),θ0(x)) satisfying

s+ =s(υ+,θ+) =Rlnυ+ +
R

γ−1
lnθ+ +1. (1.15)

The rest of the paper is organized as follows. Section 2 is devoted to some prelimi-
naries which will be used in this paper. In Section 3, we reformulate the original system
(1.1) and establish our main Theorem 3.2 including the global existence and asymptotic
stability of solutions. The proof of Theorem 3.1 and 3.2 are given in Section 4.

Notation: To simplify the presentation, we denote positive constants and constants
independent of t by C and c, respectively. In addition, the character “C” and “c”
may take different values in different places. Lp=Lp(R+) (1≤p≤∞) denotes the usual
Lebesgue space on [0,∞) with its norm ‖·‖Lp , and when p= 2, we write ‖·‖L2(R+) =‖·‖.
Hs=Hs(R+) denotes the usual s-th order Sobolev space with its norm ‖f‖Hs(R+) =

(
s∑
i=0

‖∂if‖2)
1
2 .

2. Some preliminaries
In the following, we first define stationary solutions (υ̃,ũ, θ̃,Z̃)(ξ) by

−σ−∂ξυ̃−∂ξũ= 0, ξ >0,

−σ−∂ξũ+∂ξp̃=µ∂ξ(
∂ξũ
υ̃ ), ξ >0,

− R
γ−1σ−∂ξ θ̃+ p̃∂ξũ=κ∂ξ(

∂ξ θ̃
υ̃ )+

µ(∂ξũ)2

υ̃ +Kqφ(θ̃)Z̃, ξ >0,

−σ−∂ξZ̃+Kφ(θ̃)Z̃=∂ξ(
d
υ̃2 ∂ξZ̃), ξ >0,

(υ̃,ũ, θ̃,Z̃)(ξ= 0) = (υ−,u−,θ−,Z−),

(υ̃,ũ, θ̃,Z̃)(ξ= +∞) = (υ+,u+,θ+,Z+).

(2.1)

Lemma 2.1. If (υ̃,ũ, θ̃,Z̃) is the solution to (2.1), satisfying υ̃≥υ= inf
R+

υ̃ >0 and

θ̃≥θ= inf
R+

θ̃ >0, then we have Z+ = 0.

Proof. Assume that Z+ is a positive and finite constant. Then there exists a

constant ξ0 such that Z̃(ξ)> Z+

2 for all ξ >ξ0 due to Z̃(+∞) =Z+. Then for all ξ >ξ0,
by (2.1)4 we have (

d

υ̃2
∂ξZ̃+σ−Z̃

)
ξ

=Kφ(θ̃)Z̃

≥Kφ(θ)
Z+

2
.

(2.2)

Here we have used φ′(θ) = (αθ+A)θα−2e−
A
θ >0 for θ>0.
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Integrating (2.2) over (ξ0,ξ), we have

d

υ̃2
∂ξZ̃+σ−Z̃≥

(
d

υ̃2
∂ξZ̃+σ−Z̃

)
(ξ0)+C(ξ−ξ0), (2.3)

where C= 1
2Kφ(θ)Z+>0. Let ξ be large enough, we get

∂ξZ̃≥1, (2.4)

which is in contradiction with Z̃(+∞) =Z+. This proves Lemma 2.1.

Now we divide the steady-state solution of (2.1) into three cases: Case 1: u−= 0;
Case 2: u−>0,Z−= 0; Case 3: u−>0,Z−>0. In this paper, we discuss only Case 1
and Case 2, and Case 3 will be left to the forthcoming paper in the future.

Case 1: u−= 0, which implies σ−= 0.
Under Case 1, the stationary equations corresponding to system (1.12) is the fol-

lowing ODE system: 

ũξ = 0,(
Rθ̃
υ̃

)
ξ

=
(
µũξ
υ̃

)
ξ
,(

Rũθ̃
υ̃

)
ξ

=
(
µũũξ+κθ̃ξ

υ̃

)
ξ
+qKφ(θ̃)Z̃,

Kφ(θ̃)Z̃=
(
d
υ̃2 Z̃ξ

)
ξ
,

υ̃(0) =υ−, υ̃(+∞) =υ+,

ũ(0) =u−, ũ(+∞) =u+,

θ̃(0) =θ−, θ̃(+∞) =θ+,

Z̃(0) =Z−, Z̃(+∞) =Z+.

(2.5)

We claim that the stationary solution of (2.5) is trivial.

Proposition 2.1. If (υ̃,ũ, θ̃,Z̃) is a solution of (2.5), then υ−=υ+, u−=u+ = 0,

θ−=θ+, Z−=Z+ = 0, θ+
υ+

= θ−
υ−

, and υ̃(ξ) =υ−, ũ(ξ) = 0, θ̃(ξ) =θ−, Z̃(ξ) = 0.

Proof. By (2.5)1, we have ũ(ξ)≡ constant, which implies ũ(ξ) =u−=u+ = 0.

Substituting (2.5)1 into (2.5)2, we obtain p̃ξ = 0, which implies p̃(ξ) =p+ and θ̃(ξ)
υ̃(ξ) =

θ+
υ+

= θ−
υ−
. Thus we have the following equations from the (2.5)3:(

κθ̃ξ
υ̃ )ξ+qKφ(θ̃)Z̃= 0,

Kφ(θ̃)Z̃= ( dυ̃2Zξ)ξ.
(2.6)

Substituting (2.6)2 into (2.6)1, we obtain

κa+

(
υ̃ξ
υ̃

)
ξ

+qd

(
Z̃ξ
υ̃2

)
ξ

= 0, (2.7)
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where a+ = θ+
υ+

. Integrating the resulting equation on (+∞,ξ), we have

κa+
υ̃ξ
υ̃

+qd
Z̃ξ
υ̃2

= 0, (2.8)

which is equal to (
1

2
κa+υ̃

2 +qdZ̃

)
ξ

= 0. (2.9)

Thus

1

2
κa+υ̃

2 +qdZ̃= b+ ,
1

2
κa+υ

2
+ +qdZ+, (2.10)

which implies

υ̃=
2(b+−qdZ̃)

κa+

1
2

>0. (2.11)

Then we have

θ̃=a+υ̃=a+

(
2(b+−qdZ̃)

κa+

) 1
2

. (2.12)

Substituting (2.11), (2.12) into (2.6)2, we have

Kφ

a+

(
2(b+−qdZ̃)

κa+

) 1
2

Z̃=

(
dκa+

2(b+−qdZ̃)
Z̃ξ

)
ξ

. (2.13)

Multiplying the (2.13) by 2 dκa+
2(b+−qdZ̃)

Z̃ξ, we have

d

dξ

(
dκa+

2(b+−qdZ̃)
Z̃ξ

)2

=Kφ

a+

(
2(b+−qdZ̃)

κa+

) 1
2

Z̃ dκa+

b+−qdZ̃
Z̃ξ. (2.14)

Let F (s) =Kφ(a+( 2(b+−qds)
κa+

)
1
2 ) dκa+s
b+−qds and G′(s) =F (s). Then we have

d

dξ

(
dκa+Z̃ξ

2(b+−qdZ̃)

)2

=G(Z̃)ξ, (2.15)

which implies (
dκa+

2(b+−qdZ̃)
Z̃ξ

)2

=G(Z̃)−G(Z+). (2.16)

By (2.16), we have G(Z̃)≥G(Z+), which implies Z̃(ξ)≥Z+ due to G′(s) =F (s)>0.
Thus Z−≥Z+.
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Next we will prove Z−=Z+ = 0. Otherwise, let Z−>Z+. Then we get the following
boundary value problem:Z̃ξ =− 2(b+−qdZ̃)

dκa+

√
G(Z̃)−G(Z+),

Z̃(0) =Z−, Z̃(+∞) =Z+, for Z−>Z+.
(2.17)

Let g(Z̃) =
2(b+−qdZ̃)(

√
G(Z̃)−G(Z+))

dκa+
>0. Then (2.17) can be rewritten asZ̃ξ =−g(Z̃),

Z̃(0) =Z−, Z̃(+∞) =Z+, Z−>Z+,
(2.18)

and we have

Z+≤ Z̃(ξ)≤Z−, Z̃ξ<0. (2.19)

Multiplying the first equation of (2.17) with G′(Z), we have

d

dξ
(
√
G(Z)−G(Z+)) =−b+−qdZ̃

dκa+
G′(Z). (2.20)

Integrating the resulting equation on (0,ξ), we obtain

√
G(Z)−G(Z+)−

√
G(Z−)−G(Z+) =−

∫ ξ

0

b+−qdZ̃
dκa+

G′(Z̃)dξ. (2.21)

Since Z+<Z̃ <Z−, the integral is divergent as ξ→+∞, which is in contradiction with
the left-hand side of (2.21). This implies Z−=Z+ = 0, and Z(ξ)≡0. Combining Z̃ with
(2.11), (2.12), we have that θ̃ and υ̃ are constants and υ̃(ξ) =υ−, θ̃(ξ) =θ−.

Case 2: u−>0 and Z−= 0. We have the following proposition.

Proposition 2.2. Under the Case 2 (u−>0 and Z−= 0), if (υ̃,ũ, θ̃,Z̃)(ξ) is a solution
of (2.1), then Z̃(ξ)≡0.

Proof. If Z̃(ξ) 6≡0, then Z̃(ξ) has at least a positive maximum or negative minimum
on (0,+∞). Without loss of generality, we assume that Z̃(ξ) has a positive maximum
at ξ0∈ (0,+∞), then Z̃(ξ0)>0, Z̃ ′(ξ0) = 0, Z̃ ′′(ξ0)≤0, which contradicts with (2.1)4.

To sum up, we know that the steady-state solution (υ̃,ũ, θ̃,Z̃)(ξ) of (2.1) satisfies
Z̃(ξ)≡0. Thus we expect that the large-time behavior of system (1.1) becomes the
same as that of Navier-Stokes equations.

Then, as time t→+∞, we only consider the following Navier-Stokes system

υt−ux= 0, x>σ−t, t>0,

ut+px=µ
(
ux
υ

)
x
, x>σ−t, t>0,(

e+ u2

2

)
t
+(pu)x=

(
κθx
υ + µuux

υ

)
x
, x>σ−t, t>0,

(υ,u,θ)(x=σ−t,t) = (υ−,u−,θ−), u−>0,

(υ,u,θ)(x,0) = (υ0,u0,θ0)(x)→ (υ+,u+,θ+), as x→+∞,

(2.22)
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and 

∂tυ−σ−∂ξυ−∂ξu= 0, ξ >0, t>0,

∂tu−σ−∂ξu+∂ξp=µ∂ξ(
∂ξu
υ ), ξ >0, t>0,

R
γ−1 (∂tθ−σ−∂ξθ)+p∂ξu=κ∂ξ(

∂ξθ
υ )+

(∂ξu)2

υ , ξ >0, t>0,

(υ,u,θ)(ξ= 0,t) = (υ−,u−,θ−), u−>0,

(υ,u,θ)(ξ,0) = (υ0,u0,θ0)(ξ)→ (υ+,u+,θ+), as ξ→+∞.

(2.23)

When the right end state (υ+,u+,θ+)∈M (M denotes a center-stable manifold
defined in Section 2.1), Qin and Wang in [27] proved the existence of the boundary
layer solution for inflow problem on the Navier-Stokes Equations (2.22) and (2.23). They
also obtained the asymptotic stability of the composite wave including the subsonic BL-
solution, the contact wave and the rarefaction wave. Now, let us review some known
results of Navier-Stokes equations in [27].

If the right state (υ+,u+,θ+) is known, the wave curves (BL-solution curve, contact
wave curve and 3-rarefaction wave curve) in terms of (υ,u,θ) with υ>0 and θ>0 can
be defined in the phase space as follows:

BL(υ+,u+,θ+)≡
{

(υ,u,θ)∈R+×R×R+ :
u

υ
=−σ−=

u+

υ+
, (u,θ)∈M(u+,θ+)

}
,

CD(υ+,u+,θ+)≡{(υ,u,θ)∈R+×R×R+ :p=p+,u=u+,υ 6=υ+} ,

R3(υ+,u+,θ+)

≡

{
(υ,u,θ)∈R+×R×R+ :s(υ,θ) =s+,u=u+−

∫ υ

υ+

λ3(z,s+)dz, υ>υ+,u<u+

}
,

where p+ = Rθ+
υ+

, and λ3 =λ3(υ,s) is the third characteristic speed which is given in

(2.24).
In this paper, we are devoted to proving that if the left end state (υ−,u−,θ−)∈

BL-CD-R3 (υ+,u+,θ+) then there exist a unique state (υ∗,u∗,θ∗)∈Ω+
sub and a unique

state (υ∗,u∗,θ∗) such that (υ−,u−,θ−)∈BL(υ∗,u∗,θ∗), (υ∗,u∗,θ∗)∈CD(υ∗,u∗,θ∗) and
(υ∗,u∗,θ∗)∈R3(υ+,u+,θ+), and the superposition of the BL-solution, the viscous con-
tact wave and the 3-rarefaction wave for the inflow problem on the equations is asymp-
totically stable provided that the conditions in Theorem 3.2 hold. It is remarked that we
require the BL-solution and the viscous contact wave must be weak but the rarefaction
wave is not necessarily weak. Moreover, Ω+

sub is defined in Section 2.1.

2.1. BL-solutions. As we know, the Euler equations corresponding to the
Navier-Stokes Equations (2.22) have three characteristic speeds,

λ1 =−
√
γp

υ
, λ2 = 0, λ3 =

√
γp

υ
. (2.24)

The sound speed C(υ,θ) and the Mach number M(υ,u,θ) can be defined by

C(υ,θ) =υ

√
γp

υ
=
√
Rγθ

and

M(υ,u,θ) =
|u|

C(υ,θ)
=
|u|√
Rγθ

.
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Let C+ =C(υ+,θ+) =
√
Rγθ+ and M+ = |u+|

C+
be the sound speed and the Mach number

at the far-field x= +∞, respectively. We can divide the phase plane R+×R×R+ of
(υ,u,θ) into three subsections:

Ωsub :={(υ,u,θ)∈R+×R×R+ : M(υ,u,θ)<1},

Γtrans :={(υ,u,θ)∈R+×R×R+ : M(υ,u,θ) = 1},

Ωsuper :={(υ,u,θ)∈R+×R×R+ : M(υ,u,θ)>1},

where Ωsub, Γtrans and Ωsuper denote the subsonic, transonic and supersonic regions,
respectively. If we consider the alternative condition u>0 or u<0, then we obtain six
connected subsets Ω±sub, Γ±trans and Ω±super.

When (υ−,u−,θ−)∈Ω+
sub :={(u,θ)|0≤u≤

√
Rγθ+}, we have λ1(υ−,u−,θ−)<σ−<

0, hence the existence of the traveling wave solution{
(V B ,UB ,ΘB)(ξ), ξ=x−σ−t
(V B ,UB ,ΘB)(0) = (υ−,u−,θ−), (V B ,UB ,ΘB)(+∞) = (υ+,u+,θ+)

(2.25)

to (2.1) or the stationary solution (BL-solution) to (2.2) is expected. Recalling (2.25),
we know that BL-solution satisfies the following ODE equations:

−σ−∂ξV B−∂ξUB = 0, ξ >0,

−σ−∂ξUB+∂ξP
B =µ∂ξ(

∂ξU
B

V B
), ξ >0,

−σ−∂ξ( R
γ−1ΘB+ (UB)2

2 )+∂ξ(P
BUB) =µ∂ξ(

UB∂ξU
B

V B
)+κ∂ξ(

∂ξΘ
B

V B
), ξ >0,

(V B ,UB ,ΘB)(0) = (υ−,u−,θ−), (V B ,UB ,ΘB)(+∞) = (υ+,u+,θ+),

(2.26)

where PB =p(V B ,ΘB) = RΘB

V B
.

Integrating the system (2.26)1 over (ξ,+∞), and then letting ξ= 0 in the resulting
equality, we see that

σ−=−u−
υ−

=−U
B

V B
=−u+

υ+
. (2.27)

The existence and uniqueness of the solution to the ODE system (2.26) are estab-
lished as follows. Here, we shall show some useful results of solutions for (2.26).

Proposition 2.3 (see [27]). Suppose that υ±>0, u−>0, θ±>0 and define δB =
|(u+−u−,θ+−θ−)|. If u+≤0, then (2.26) has no solution. If u+>0, then there exists
a suitably small constant δ>0 such that if 0<δB≤ δ, then have the following cases:

Case I. Supersonic case: M+>1. Then there is no solution to (2.26).

Case II. Transonic case: M+ = 1. Then there exists a unique trajectory Γ tangent
to the line

u+(UB−u+)−κ(γ−1)(ΘB−θ+) = 0

at the point (u+,θ+). For each (u−,θ−)∈Γ, there exists a unique solution (UB ,ΘB)
satisfying

UBξ >0, ΘB
ξ >0,
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and ∣∣∣∣ dndξn (UB−u+,Θ
B−θ+)

∣∣∣∣≤C (δB)n+1

(1+δBξ)n+1
, n= 0,1,2, ·· · . (2.28)

Case III. Subsonic case: M+<1. Then there exists a center-stable manifold M
tangent to the line

(1+a2c2u+)(UB−u+)−a2(ΘB−θ+) = 0

on the opposite directions at the point (u+,θ+), where a2 and c2 are some positive
constants which are defined in [27]. Only when (u−,θ−)∈M , there exists a unique
solution (UB ,ΘB)⊂M satisfying the following inequality∣∣∣∣ dndξn (UB−u+,Θ

B−θ+)

∣∣∣∣≤CδBe−cξ, n= 0,1,2, ·· · . (2.29)

2.2. Viscous contact wave. If (υ−,u−,θ−)∈CD(υ+,u+,θ+), i.e.,

u−=u+, p−=p+, (2.30)

then the following Riemann problem of the Euler system

∂tυ−∂xu= 0, x∈R, t>0,

∂tu+∂xp= 0, x∈R, t>0,

∂t(e+ u2

2 )+∂x(pu) = 0, x∈R, t>0,

(υ,u,θ)(x,0) =

{
(υ−,u−,θ−), x<0,

(υ+,u+,θ+), x>0,

(2.31)

admits a single contact discontinuity solution

(υ,u,θ)(x,t) =

{
(υ−,u−,θ−), x<0,

(υ+,u+,θ+), x>0.
(2.32)

From [10], we know that the viscous version of the above contact discontinuity, called
viscous contact wave (V CD,UCD,ΘCD)(x,t), could be defined by

ΘCD(x,t) = ΘSim(
x√
1+ t

),

V CD(x,t) =
RΘCD(x,t)

p+
,

UCD(x,t) =u+ +
κ(γ−1)

Rγ

∂xΘCD(x,t)

ΘCD(x,t)
,

(2.33)

where ΘSim(η)(η= x√
1+t

) is the unique self-similar solution of the nonlinear diffusion

equation

∂tΘ =
κ(γ−1)p+

R2γ
∂x

(
∂xΘ

Θ

)
, Θ(±∞,t) =θ±. (2.34)

Thus the viscous contact wave defined in (2.34) satisfies the following property:

(1+ t)
3
2 |∂3

xΘCD|+(1+ t)|∂2
xΘCD|+(1+ t)

1
2 |∂xΘCD|+ |ΘCD−θ±|

=O(1)δCDe−
c0x

2

1+t , as x→±∞, (2.35)
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where δCD = |θ+−θ−| is the amplitude of the viscous contact wave and c0 is
some positive constant. Note that ξ=x−σ−t, then the viscous contact wave
(V CD,UCD,ΘCD)(ξ,t) satisfies

∂tV
CD−σ−∂ξV CD−∂ξUCD = 0,

∂tU
CD−σ−∂ξUCD+∂ξP

CD =µ∂ξ(
∂ξU

CD

V CD
)+Q̄1,

R
γ−1 (∂tΘ

CD−σ−∂ξΘCD)+PCD∂ξU
CD =µ

(∂ξU
CD)2

V CD
+κ∂ξ(

∂ξΘ
CD

V CD
)+Q̄2,

(2.36)

where PCD :=p(V CD,ΘCD) = RΘCD

V CD
and the error terms Q̄1, Q̄2 are given by

Q̄1 =∂tU
CD−σ−∂ξUCD−∂ξ

(
∂ξU

CD

V CD

)
=O(1)(|∂ξΘCD|3 + |∂3

ξΘCD|+ |∂2
ξΘCD||∂ξΘCD|)

=O(1)δCD(1+ t)−
3
2 e−

c0(ξ+σ−t)
2

1+t , as |ξ+σ−t|→+∞, (2.37)

Q̄2 =−µ (∂ξU
CD)2

V CD
=O(1)(|∂ξΘCD|4 + |∂2

ξΘCD|2)

=O(1)δCD(1+ t)−2e−
c0(ξ+σ−t)

2

1+t , as |ξ+σ−t|→+∞. (2.38)

2.3. Rarefaction wave. If (υ−,u−,θ−)∈R3(υ+,u+,θ+), then there exists a
3-rarefaction wave (υr,ur,θr)(xt ) which is the global (in time) weak solution of the
following Riemann problem

∂tυ
r−∂xur = 0, x∈R, t>0,

∂tu
r+∂xp(υ

r,θr) = 0, x∈R, t>0,
R
γ−1∂tθ

r+p(υr,θr)∂xu
r = 0, x∈R, t>0,

(υr,ur,θr)(x,0) =

{
(υ−,u−,θ−), x<0,

(υ+,u+,θ+), x>0.

(2.39)

In order to construct the smooth approximated rarefaction wave, we consider the
Riemann problem on the Burgers equation

∂tω̄+ ω̄∂xω̄= 0,

ω̄(x,0) = ω̄0(x) =

{
ω−, x<0,

ω+, x>0

(2.40)

for ω−<ω+. It is well-known that the Riemann problem (2.40) admits a continuous
weak solution ωr(xt ) connecting ω− and ω+, taking the form of

ωr
(x
t

)
=


ω−, x≤ω−t
x
t , ω−t<x<ω+t,

ω+, ω+t≤x.
(2.41)

Moreover, ωr(xt ) is approximated by a smooth function ω(x,t) satisfying
∂tω+ω∂xω= 0,

ω(x,0) =ω0(x) =

{
ω−, x<0,

ω−+Cqδ
r
∫ εx

0
yqe−ydy, x>0,

(2.42)
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where δr :=ω+−ω−, q≥16 is a constant, Cq is a constant such that Cq
∫∞

0
yqe−ydy= 1,

and ε≤1 is a small positive constant to be determined later. Then the solution ω(x,t)
of the Burgers Equation (2.42) has the following properties:

Lemma 2.2 ( [8]). Let 0<ω−<ω+, then the Cauchy problem (2.42) has a unique
global smooth solution ω(x,t) satisfying the following properties:

(1) ω−<ω(x,t)<ω+, ωx(x,t)>0 for all (x,t)∈R×R+.

(2) For any p (1≤p≤+∞), there exists a constant Cp,q such that for t≥0 |ωx(t)|p≤C(p)min{ω̃ε1− 1
p ,ω̃

1
p t−1+ 1

p },

|ωxx(t)|p≤C(p)min{ω̃ε2− 1
p ,ε1− 1

p t−1}.
(2.43)

(3) When x≤ω−t, ω(x,t)≡ω−.

(4) lim
t→+∞

sup
x∈R

∣∣ω(x,t)−ωr(xt )
∣∣= 0.

Here ω̃=ω+−ω−>0.

Then the approximate rarefaction waves (V R,UR,ΘR)(x,t) are defined by

λ3(V R(t,x),s+) =−
√
−p̃υ(V R(t,x), s̄) =ω(x,1+ t),

UR(x,t) =u+−
∫ V R(x,t)

υ+
λ3(z,s+)dz,

SR(x,t) =s(V R(x,t),ΘR(x,t)) =s+,

ΘR(t,x) = a
R [V R(t,x)]1−γ exp

(
s̄
cv

)
.

(2.44)

Note that ξ=x−σ−t, then the smooth 3-rarefaction wave (V R,UR,ΘR)(ξ,t) defined
above satisfies

∂tV
R−σ−∂ξV R−∂ξUR= 0, ξ >0, t>0,

∂tU
R−σ−∂ξUR+∂ξP

R= 0, ξ >0, t>0,
R
γ−1 (∂tΘ

R−σ−∂ξΘR)+PR∂ξU
R= 0, ξ >0, t>0,

(V R,UR,ΘR)(ξ= 0,t) = (υ−,u−,θ−),

(V R,UR,ΘR)(ξ= +∞,t) = (υ+,u+,θ+),

(2.45)

where PR :=p(V R,ΘR) = RΘR

V R
.

Lemma 2.3. Let δR= |(υ+,u+,θ+)−(υ−,u−,θ−)|, then the smooth approximate rar-
efaction wave (V R,UR,ΘR)(ξ,t) satisfies the following properties:

(i) ∂ξU
R≥0 for ξ∈R+ and t≥0.

(ii) For any 1≤p≤+∞, there exists a constant Cp,q such that for t≥0,

‖∂ξ(V R,UR,ΘR)‖Lp(R+)≤Cp,qmin{δRε1−
1
p ,(δR)

1
p (1+ t)−1+ 1

p },

‖∂2
ξ (V R,UR,ΘR)‖Lp(R+)≤Cp,qmin{δRε2−

1
p , [(δR)

1
p +(δR)

1
q ](1+ t)−1+ 1

q }.

(iii) If ξ+σ−t≤λ3(υ−,u−,θ−)(1+ t), then (V R,UR,ΘR)(ξ,t)≡ (υ−,u−,θ−).

(iv) lim
t→+∞

sup
x∈R

∣∣∣(V R,UR,ΘR)(ξ,t)−(υr,ur,θr)( ξ
1+t )

∣∣∣= 0.
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3. Reformulation of the problem and main results
Case 1: u−= 0. There exist constant stationary solutions (υ̃,ũ, θ̃,Z̃)(ξ) = (υ̃,0, θ̃,0)

of (2.5). Define the perturbation as

(ϕ,ψ,ζ,Z)(ξ,t) = (υ− υ̃,u−0,θ− θ̃,Z−0)(ξ,t),

then (ϕ,ψ,ζ,Z)(ξ,t) satisfies

∂tϕ−∂ξψ= 0, ξ >0, t>0,

∂tψ+∂ξp=µ∂ξ(
∂ξψ
υ ), ξ >0, t>0,

R
γ−1 (∂ξζ)+p∂ξψ=κ∂ξ(

∂ξζ
υ )+µ(

(∂ξψ)2

υ )+qKφ(θ)Z, ξ>0, t>0,

∂tZ+Kφ(θ)Z=∂ξ(
d
υ2 ∂ξZ), ξ >0, t>0,

(ϕ,ψ,ζ,Z)(ξ,0) = (ϕ0,ψ0,ζ0,Z0)(ξ)

= (υ0(ξ)− υ̃,u0(ξ),θ0(ξ)− θ̃,Z0(ξ))→ (0,0,0,0), as ξ→+∞,

(ϕ,ψ,ζ,Z)(0,t) = (ϕ,ψ,ζ,Z)(+∞,t) = (0,0,0,0).

(3.1)

Theorem 3.1 (Case 1: u−= 0). Let (υ̃,ũ, θ̃,Z̃)(ξ) = (υ̃,0, θ̃,0) be the stationary solu-
tion. There exists a positive constant δ0>0, such that if

(ϕ0,ψ0,ζ0,Z0)(ξ)∈H1(R+)

and

‖(ϕ0,ψ0,ζ0,Z0)(ξ)‖H1(R+)≤ δ0, (3.2)

then the global solution to the impermeable problem (1.10) or to the half-space problem
(1.12) (υ,u,θ,Z)(ξ,t) can be obtained. Moreover the solution satisfies

(υ− υ̃,u,θ− θ̃,Z)∈C(0,+∞;H1(R+))

and

lim
t→+∞

sup
ξ∈R+

|(υ− υ̃,u,θ− θ̃,Z)|= 0. (3.3)

Proof. This proof is simpler than that of Theorem 3.2, we omit the details.

Case 2: u−>0,Z−= 0.
There exists the stationary solution (υ̃,ũ, θ̃,Z̃)(ξ) satisfying Z̃(ξ)≡0. Thus we

expect that the solution of (1.1) time-asymptotically becomes (V,U,Θ,0)(ξ), where
(V,U,Θ)(ξ) is the composite wave consisting of the subsonic BL-solution, the contact
wave, and the rarefaction wave of Euler equations corresponding to Navier-Stokes Equa-
tions (2.22) for the inflow problem.

Define the composite wave (V,U,Θ)(ξ,t) byV
U
Θ

(ξ,t) =

V B+V CD+V R

UB+UCD+UR

ΘB+ΘCD+ΘR

(ξ,t)−

 υ∗+υ∗

u∗+u∗

θ∗+θ∗

, (3.4)
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where (V B ,UB ,ΘB)(ξ,t) is the subsonic BL-solution (Case III) defined in Proposition
2.1 with end states (υ−,u−,θ−) and (υ∗,u∗,θ∗),(V

CD,UCD,ΘCD)(ξ,t) is the viscous
contact wave defined in (2.12) with the end states (υ−,u−,θ−) and (υ+,u+,θ+) replaced
by (υ∗,u∗,θ∗) and (υ∗,u∗,θ∗), respectively, and (V R,UR,ΘR)(ξ,t) is the smoothed 3-
rarefaction wave defined in (2.22) with the end states (υ∗,u∗,θ∗) and (υ+,u+,θ+). From
(2.5), (2.15), (2.23) and (3.1), by a careful calculation, we have

∂tV −σ−∂ξV −∂ξU = 0, ξ >0, t>0,

∂tU−σ−∂ξU+∂ξP =µ∂ξ(
∂ξU
V )+Q1, ξ >0, t>0,

R
γ−1 (∂tΘ−σ−∂ξΘ)+P∂ξU =µ

(∂ξU)2

V +κ∂ξ(
∂ξΘ
V )+Q2, ξ >0, t>0,

(V,U,Θ)(ξ= 0,t) = (υ−+V CD−υ∗,u−+UCD−u∗,θ−+ΘCD−θ∗)(ξ= 0,t),

(V,U,Θ)(ξ= +∞,t) = (υ+,u+,θ+),

(3.5)

where P :=p(V,Θ) = RΘ
V and the error terms Q1,Q2 are given by

Q1 =∂ξ(P −PB−PCD−PR)−
[
∂ξ

(
∂ξU

V

)
−∂ξ

(
∂ξU

B

V B

)
−∂ξ

(
∂ξU

CD

V CD

)]
+Q̄1,

Q2 =(P∂ξU−PB∂ξUB−PCD∂ξUCD−PR∂ξUR)+Q̄2

−
[

(∂ξU)2

V
− (∂ξU

B)2

V B
− (∂ξU

CD)2

V CD

]
−κ
[
∂ξ(

∂ξΘ

V
)−∂ξ(

∂ξΘ
B

V B
)−∂ξ(

∂ξΘ
CD

V CD
)

]
,

where Q̄1 and Q̄2 are the error terms defined in (2.37) and (2.38) of the viscous contact
wave.

By a complicated calculation, the error termsQ1 andQ2 can be estimated as follows:

Q1 =O(1)
[
|(∂ξUB ,∂ξV B ,∂ξΘB ,∂2

ξU
B)|×|(V −V B ,Θ−ΘB ,∂ξV

CD,∂ξU
CD,∂ξV

R,∂ξU
R)|

+ |(∂ξUCD,∂ξV CD,∂ξΘCD,∂2
ξU

CD)|×|(V −V CD,Θ−ΘCD,∂ξV
R,∂ξU

R)|

+ |(∂ξV R,∂ξΘR)|×|(V −V R,Θ−ΘR)|+ |∂2
ξU

R,∂ξU
R∂ξV

R|
]
+Q̄1

=O(1)(δB+δCD)e−c(ξ+t) +O(1)|(∂2
ξU

R,∂ξU
R∂ξV

R)|+Q̄1 (3.6)

Q2 =O(1)
[
|(∂ξUB ,∂ξV B ,∂ξΘB ,∂2

ξΘB)|

×|(V −V B ,Θ−ΘB ,∂ξV
CD,∂ξU

CD,∂ξV
R,∂ξU

R,∂ξΘ
R)|

+ |(∂ξUCD,∂ξV CD,∂ξΘCD,∂2
ξΘCD)|×|(V −V CD,Θ−ΘCD,∂ξV

R,∂ξU
R,∂ξΘ

R)|

+ |(∂ξV R,∂ξΘR)|×|(V −V R,Θ−ΘR)|+ |(∂2
ξΘR,∂ξΘ

R∂ξV
R, |∂ξUR|2)|

]
+Q̄2

=O(1)(δB+δCD)e−c(ξ+t) +O(1)|(∂2
ξΘR,∂ξΘ

R∂ξV
R, |∂ξUR|2)|+Q̄2, (3.7)

where c is some positive constant independent of ξ and t.

Let us define the perturbation as

(ϕ,ψ,ζ,Z)(ξ,t) = [υ−V,u−U,θ−Θ,Z−0](ξ,t).
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Then we get the initial boundary value problem of [ϕ,ψ,ζ,Z](ξ,t) as follows:

∂tϕ−σ−∂ξϕ−∂ξψ= 0, ξ >0, t>0,

∂tψ−σ−∂ξψ+∂ξ(p−P ) =µ∂ξ(
∂ξu
υ −

∂ξU
V )−Q1, ξ >0, t>0,

R
γ−1 (∂tζ−σ−∂ξζ)+(p∂ξu−P∂ξU) =κ∂ξ(

∂ξθ
υ −

∂ξΘ
V )+µ(

(∂ξu)2

υ − (∂ξU)2

V )

+qKφ(θ)Z−Q2, ξ >0, t>0,

∂tZ−σ−∂ξZ+Kφ(θ)Z=∂ξ(
d
υ2 ∂ξZ), ξ >0, t>0,

(ϕ,ψ,ζ,Z)(ξ,0) = (ϕ0,ψ0,ζ0,Z0)(ξ)

= (υ0(ξ)−V (ξ,0),u0(ξ)−U(ξ,0),θ0(ξ)−Θ(ξ,0),Z0(ξ))

→ (0,0,0,0), as ξ→+∞,

(ϕ,ψ,ζ,Z)(0,t) = (υ−−V,u−−U,θ−−Θ,Z−)(0,t).

(3.8)

Theorem 3.2. Assume that u±>0, Z±= 0 and (υ−,u−,θ−) ∈ BL-CD-
R3(υ+,u+,θ+). Let (V,U,Θ)(ξ,t) be the composite wave of the subsonic BL-solution,
the viscous contact wave, and the rarefaction wave which is defined in (3.4) with the
BL-solution amplitude δB and the contact wave amplitude δCD. Then if

(ϕ0,ψ0,ζ0,Z0)(ξ)∈H1(R+)

and

‖(ϕ0,ψ0,ζ0,Z0)(ξ)‖H1(R+) +δB+δCD+ε
1
9 ≤ δ0, (3.9)

where ε is a small positive constant defined in (2.21), then there exist positive constants
δ0>0 and C0>0, such that a unique global solution (υ,u,θ,Z)(ξ,t) to the inflow problem
(1.10) or to the half-space problem (1.12) can be obtained. Moreover the solution satisfies

(υ−V,u−U,θ−Θ,Z)∈C(0,+∞;H1(R+))

and

lim
t→+∞

sup
ξ∈R+

|(υ−V,u−U,θ−Θ,Z)|= 0. (3.10)

Proposition 3.1. Let (υ,u,θ,Z) be a weak solution on [0,T ]×R. If θ satisfies (1.3)2,
then there holds

‖Z(·,t)‖L2(R+)≤‖Z0‖L2(R+)e
−α1t, (3.11)

where α1 :=Kα0, α0 := inf
ξ∈R+

φ(θ).

Proof. From the Equation (1.10)4, we have

Zt−σ−∂ξZ+Kα0Z≤∂ξ
(
d

υ2
∂ξZ

)
. (3.12)
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Multiplying the inequality (3.12) by Ze2α1t and integrating the resulting inequality in
R+, we have

1

2

d

dt

∫
R+

(Zeα1t)2dξ+

∫
R+

d

υ2

(
Zξe

α1t
)2
dξ≤0. (3.13)

Then a direct calculation shows that

‖Z(·,t)‖L2(R+)≤‖Z0‖L2(R+)e
−α1t. (3.14)

4. Global existence and large-time behavior
In this section, we will prove our main stability results of Theorems 3.1 and 3.2. We

are devoted to the proof of Theorem 3.2, i.e., the stability of the superposition wave.
The proof of Theorem 3.1 is almost along the same lines as, but simpler than, that of
Theorem 3.2, so we will omit it for brevity. We will obtain the uniform a priori bounds
for solutions to the IBVP problem (3.8), then the global existence part of Theorem 3.2
can be derived by the classical continuation method. We first give a priori assumption
as follows:

sup
0≤τ≤t

‖[ϕ,ψ,ζ,Z](τ)‖H1(R+)≤ε1, (4.1)

where ε1 is a small positive constant.
From a priori assumption (4.1), it is easy to get

‖[ϕ,ψ,ζ,Z](τ)‖L∞ ≤
√

2ε1, (4.2)

where we used the following fact

‖h(ξ)‖L∞ ≤
√

2‖h‖ 1
2 ‖hξ‖

1
2 for h(ξ)∈H1(R+). (4.3)

Proposition 4.1 (A Priori Estimates). Suppose all the conditions in Theorem 3.2
hold. Let (ϕ,ψ,ζ,Z)(ξ,t) be a solution to the problem (3.8) on R+×(0,T ]. There exist
constants δ0 and C>0, such that if (ϕ,ψ,ζ,Z)∈C(0,T ;H1(R+)) and

‖(ϕ0,ψ0,ζ0,Z0)(ξ)‖H1(R+) +δB+δCD+ε
1
9 ≤ δ0, (4.4)

then the following estimate holds:

‖(ϕ,ψ,ζ,Z)(τ)‖2H1(R+) +

∫ t

0

(
‖∂ξϕ(τ)‖2 +‖∂ξ(ψ,ζ,Z)(τ)‖2H1(R+)

)
dτ

≤C‖(ϕ0,ψ0,ζ0,Z0)‖2H1(R+) +C(ε
1
9 +δB+δCD). (4.5)

Lemma 4.1 (Boundary Estimates, see [22, 27, Lemma 4.1]). There exists a positive
constant C such that for any t>0,∫ t

0

[|(ϕ,ψ,ζ)|2 + |∂τ (ϕ,ψ,ζ)|2](0,τ)dτ ≤C(δCD)2, (4.6)
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∫ t

0

[(
∂ξu

υ
− ∂ξU

V

)
ψ

]
(0,τ)dτ ≤η

∫ t

0

(‖∂ξψ‖2 +‖∂2
ξψ‖2)dτ+Cη(δCD)2, (4.7)

∫ t

0

[
κ
ξ

θ

(
∂ξθ

υ
− ∂ξΘ

V

)]
(0,τ)dτ ≤η

∫ t

0

(‖∂ξζ‖2 +‖∂2
ξ ζ‖2)dτ+Cη(δCD)2, (4.8)

∫ t

0

[(∂ξψ)2 +(∂ξϕ)2](0,τ)dτ ≤η
∫ t

0

‖∂2
ξψ‖2dτ+Cη

∫ t

0

‖∂ξψ‖2dτ+C(δCD)2, (4.9)

where η is a positive small constant to be determined later, and Cη is a positive constant
depending on η.

Lemma 4.2. Assume the conditions in Theorem 3.2 hold, then we have the following
inequality for all t∈ [0,T ],

‖[ϕ,ψ,ζ,Z]‖2 +

∫ t

0

‖∂ξ[ψ,ζ,Z]‖2dτ+

∫ t

0

‖
√
∂ξUR[ϕ,ζ]‖2dτ

≤C‖[ψ0,ζ0,ϕ0,Z0]‖2 +C‖Z0‖L2(R+) +C(ε
1
9 +δB+δCD)+C(ε

1
9 +δB)

∫ t

0

‖∂ξϕ‖2dτ

+CδCD
∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ζ2)dξdτ+C‖Z0‖L2(R)

∫ t

0

e−α1τ

∫
R+

ζ2dξdτ.

(4.10)

Proof. Multiplying (3.8)1, (3.8)2, (3.8)3 and (3.8)4 by −RΘ( 1
υ −

1
V ), ψ, ζ

θ and Z,
respectively, then taking the summation of the resulting equations, we obtain

∂t

(
1

2
ψ2 +RΘΦ

( υ
V

)
+
RΘ

γ−1
Φ

(
θ

Θ

)
+
Z2

2

)
+∂ξH1 +µ

Θ(∂ξψ)2

υθ
+κ

Θ

υθ2
(∂ξζ)2

+Kφ(θ)Z2 +
d

υ2
Z2
ξ +P∂ξU

R

[
Φ

(
θV

υΘ

)
+γΦ

( υ
V

)]
=Q3−Q1ψ−

ζ

θ
Q2 +

ζ

θ
Kqφ(θ)Z, (4.11)

where

Φ(s) =s−1− lns,

H1 =−σ−
(

1

2
ψ2 +RΘΦ

( υ
V

)
+
RΘ

γ−1
Φ

(
θ

Θ

)
+
Z2

2

)
+(p−P )ψ−µ

(
∂ξu

υ
− ∂ξU

V

)
ψ

−κζ
θ

(
∂ξθ

υ
− ∂ξΘ

V

)
− d

υ2
ZξZ,

Q3 =−P (∂ξU
B+∂ξU

CD)

[
Φ

(
θV

υΘ

)
+γΦ

( υ
V

)]
+

[
µ

(∂ξU)2

V
+κ∂ξ

(
∂ξΘ

V

)
+Q2

][
(γ−1)Φ

( υ
V

)
−Φ

(
Θ

θ

)]
+κ

∂ξΘ

θ2υ
ζ∂ξζ+κ

Θϕ∂ξζ

θ2υV
∂ξΘ−κ

ζϕ

θ2υV
(∂ξΘ)2 +µ

∂ξU

υV
ϕ∂ξψ−µ

(∂ξU)2

υθV
ϕζ+2µ

∂ξU

υθ
ζ∂ξψ.
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By integrating (4.11) with respect to ξ and τ over R+× [0,t], we have∫
R+

(
1

2
ψ2 +RΘΦ

( υ
V

)
+
RΘ

γ−1
Φ

(
θ

Θ

)
+
Z2

2

)
dξ+µ

∫ t

0

∫
R+

Θ(∂ξψ)2

υθ
dξdτ+

∫ t

0

∫
R+

Kφ(θ)Z2

+

∫ t

0

∫
R+

d

υ2
Z2
ξ +κ

∫ t

0

∫
R+

Θ(∂ξζ)
2

υθ2
dξdτ+

∫ t

0

∫
R+

P∂ξU
R

[
Φ

(
θV

υΘ

)
+Φ

( υ
V

)]
dξdτ

=

∫
R+

(
1

2
ψ2 +RΘΦ

( υ
V

)
+
RΘ

γ−1
Φ

(
θ

Θ

)
+
Z2

2

)
(ξ,0)dξ+

∫ t

0

H1(0,τ)dτ

+

∫ t

0

∫
R+

Q3dξdτ−
∫ t

0

∫
R+

Q1ψdξdτ−
∫ t

0

∫
R+

ζ

θ
Q2dξdτ+

∫ t

0

∫
R+

ζ

θ
Kqφ(θ)Zdξdτ. (4.12)

Owning to the smallness of perturbation solutions [ϕ,ψ,ζ,Z] and the definition of Φ(·),
we obtain

1

2
ψ2 +RΘΦ

( υ
V

)
+
RΘ

γ−1
Φ

(
θ

Θ

)
+
Z2

2
=O(1)(ϕ2 +ψ2 +ζ2 +Z2), (4.13)

Φ

(
θV

υΘ

)
+Φ

( υ
V

)
=O(1)(ϕ2 +ζ2). (4.14)

Since ∂ξU
R≥0, we have∫ t

0

∫
R+

P∂ξU
R

[
Φ

(
θV

υΘ

)
+Φ

( υ
V

)]
dξdτ ≥ c

∫ t

0

∫
R+

∂ξU
R(ϕ2 +ζ2)dξdτ, (4.15)

where (4.14) is used.

By using the a priori assumption (4.1), Cauchy-Schwarz’s inequality with 0<η<1,
the Boundary estimate of Lemma 4.1 and Sobolev’s inequality, we derive the estimates
for the right-hand side of (4.12) as follows:∫

R+

(
1

2
ψ2 +RΘΦ

( υ
V

)
+
RΘ

γ−1
Φ

(
θ

Θ

)
+
Z2

2

)
(ξ,0)dξ≤ c‖[ϕ0,ψ0,ζ0,Z0]‖2, (4.16)

∫ t

0

H1(0,τ)dτ ≤η
∫ t

0

(‖∂ξ[ψ,ζ]‖2 +‖∂2
ξ [ψ,ζ]‖2)dτ+Cη(δCD)2 (4.17)

and∫ t

0

∫
R+

Q3dξdτ ≤(Cη+C)

∫ t

0

∫
R+

∣∣∣∣{∂2
ξΘB ,∂ξΘ

B ,∂ξV
B ,∂ξU

B ,

∂2
ξΘR,(∂ξΘ

R)2,(∂ξV
R)2,(∂ξU

R)2,∂2
ξΘCD,(∂ξΘ

CD)2
}∣∣∣∣(ϕ2 +ζ2)dξdτ

+C

∫ t

0

∫
R+

|Q2|(ϕ2 +ζ2)dξdτ+η

∫ t

0

‖∂ξ[ψ,ζ]‖2dτ. (4.18)
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We have ∫ t

0

∫
R+

|(V Bξ ,UBξ ,ΘB
ξ ,Θ

B
ξξ)|(ϕ2 +ζ2)dξdτ

≤CδB
∫ t

0

∫
R+

e−cξ(|(ϕ,ζ)|2(0,τ)+ξ‖∂ξ[ϕ,ζ]‖2)dξdτ

≤CδB
∫ t

0

|(ϕ,ζ)|2(0,τ)dτ+CδB
∫ t

0

∫
R+

‖∂ξ[ϕ,ζ]‖2dξdτ

≤CδB(δCD)2 +CδB
∫ t

0

∫
R+

‖∂ξ[ϕ,ζ]‖2dξdτ, (4.19)

where we have used (2.29), (4.6) and the inequality

|f(ξ)|=

∣∣∣∣∣f(0)+

∫ ξ

0

∂ξfdy

∣∣∣∣∣≤|f(0)|+
√
ξ‖∂ξf‖. (4.20)

Similar to [22], Lemma 2.3 gives∫ t

0

∫
R+

(|(V Rξ ,URξ ,ΘR
ξ )|2, |ΘR

ξξ|)(ϕ2 +ζ2)dξdτ

≤
∫ t

0

(‖∂ξ[V R,UR,ΘR]‖2 +‖∂2
ξΘR‖L1)‖[ϕ,ζ]‖2L∞dτ

≤Cε 1
9

∫ t

0

(1+τ)−
5
6 ‖[ϕ,ζ]‖‖∂ξ[ϕ,ζ]‖dτ

≤Cε 1
9 +Cε

1
9

∫ t

0

‖∂ξ[ϕ,ζ]‖2dτ, (4.21)

where we have used

‖∂ξ[V R,UR,ΘR]‖2≤Cε 1
9 (1+ t)−

8
9

and

‖∂2
ξΘR‖L1 ≤Cε 1

9 (1+ t)−
5
6 .

Using the properties of the viscous contact wave, we have∫ t

0

∫
R+

(|ΘCD
ξ |2, |ΘCD

ξξ |)(φ2 +ζ2)≤CδCD
∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ζ2)dξdτ.

(4.22)
Then substituting (4.19)-(4.22) into (4.18), we get∫ t

0

∫
R+

Q3dξdτ ≤ [η+(Cη+C)(ε
1
9 +δB)]

∫ t

0

‖∂ξ[ϕ,ψ,ζ]‖2dτ+C(ε
1
9 +δB+δCD)

+(Cη+C)δCD
∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ζ2)dξdτ. (4.23)

Finally, we turn to estimate the remaining three terms as follows:∫ t

0

∫
R+

Q1ψdξdτ ≤C
∫ t

0

‖ψ‖L∞‖Q1‖L1dτ
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≤C
∫ t

0

‖ψ‖ 1
2 ‖∂ξψ‖

1
2 [(δB+δCD)e−cτ +δCD(1+τ)−1 +ε

1
9 (1+τ)−

5
6 ]dτ

≤C(ε
1
9 +δB+δCD)+C(ε

1
9 +δB+δCD)

∫ t

0

‖∂ξψ‖2dτ, (4.24)

and∫ t

0

∫
R+

Q2
ζ

θ
dξdτ ≤C

∫ t

0

‖ζ‖L∞‖Q2‖L1dτ

≤C
∫ t

0

‖ζ‖
1
2 ‖∂ξζ‖

1
2 [(δB+δCD)e−cτ +(δCD)2(1+τ)−

3
2 +ε

1
9 (1+τ)−

5
6 ]dτ

≤C(ε
1
9 +δB+δCD)+C(ε

1
9 +δB+δCD)

∫ t

0

‖∂ξζ‖2dτ. (4.25)

Owing to Proposition 3.1, we have∫ t

0

∫
R+

ζ

θ
Kqφ(θ)Zdξdτ ≤C

∫ t

0

‖Z‖L2(R+)dτ+C

∫ t

0

‖Z‖L2(R+)

∫
R+

ζ2dξdτ

≤C‖Z0‖L2(R+) +C‖Z0‖L2(R+)

∫ t

0

e−ατ
∫
R+

ζ2dξdτ. (4.26)

Substituting (4.13)-(4.26) into (4.12), choosing suitably small η, ε, δB , δCD and ε1, we
obtain (4.10) and thus the proof of Lemma 4.2 is completed.
Lemma 4.3. Assume the conditions in Theorem 3.2 hold, then we have for t∈ [0,T ],

‖∂ξϕ‖2 +

∫ t

0

‖∂ξϕ‖2dτ

≤C
(
‖[ψ0,ζ0,Z0]‖2 +‖Z0‖L2(R+)

)
+C‖ϕ0‖2H1 +C(ε

1
9 +δB+δCD)+η

∫ t

0

‖∂2
ξψ‖2dτ

+CδCD
∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ψ2 +ζ2)dξdτ

+C‖Z0‖L2(R+)

∫ t

0

e−α1t

∫
R+

ζ2dξdτ. (4.27)

Proof. Differentiating (3.8)1 with respect to ξ and then we obtain

∂t∂ξϕ−σ−∂2
ξϕ−∂2

ξψ= 0. (4.28)

Multiplying (3.8)2 and (4.28) by −υ∂ξϕ and µ∂ξϕ, respectively, then integrating the
resulting identities over R+× [0,t], we have

−
∫ t

0

∫
R+

∂tψυ∂ξϕdξdτ+σ−

∫ t

0

∫
R+

∂ξψυ∂ξϕdξdτ

−
∫ t

0

∫
R+

∂ξ(p−P )υ∂ξϕdξdτ+µ

∫ t

0

∫
R+

∂2
ξψ∂ξϕdξdτ

=−µ
∫ t

0

∫
R+

∂ξ(υ)−1∂ξuυ∂ξϕdξdτ+

∫ t

0

∫
R+

∂2
ξU

(
1

V
− 1

υ

)
υ∂ξϕdξdτ
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+

∫ t

0

∫
R+

∂ξU∂ξ(V )−1υ∂ξϕdξdτ+

∫ t

0

∫
R+

Q1υ∂ξϕdξdτ (4.29)

and

µ

∫ t

0

∫
R+

(∂t∂ξϕ−σ−∂2
ξϕ−∂2

ξψ)∂ξϕdξdτ = 0. (4.30)

Combining (4.29) with (4.30), we have

−
∫
R+

ψυ∂ξϕdξ+
µ

2

∫
R+

(∂ξϕ)2dξ+

∫ t

0

∫
R+

P (∂ξϕ)2dξdτ

=−
∫
R+

ψ0(ξ)υ0(ξ)∂ξϕ0(ξ)dξ+
µ

2

∫
R+

(∂ξϕ0(ξ))2dξ+
µ|σ−|

2

∫ t

0

(∂ξϕ)2(0,τ)dτ

−
∫ t

0

∫
R+

ψ∂tυ∂ξϕdξdτ−
∫ t

0

∫
R+

ψυ∂t∂ξϕdξdτ+

∫ t

0

∫
R+

R∂ξ[
ζ

υ
]υ∂ξϕdξdτ

−
∫ t

0

∫
R+

Rϕ∂ξ

[
Θ

υV

]
υ∂ξϕdξdτ−σ−

∫ t

0

∫
R+

∂ξψυ∂ξϕdξdτ−µ
∫ t

0

∫
R+

∂ξ(υ
−1)∂ξuυ∂ξϕdξdτ

+µ

∫ t

0

∫
R+

∂ξU∂ξ(V
−1)υ∂ξϕdξdτ+µ

∫ t

0

∫
R+

∂2
ξU(

1

V
− 1

υ
)υ∂ξϕdξdτ+

∫ t

0

∫
R+

Q1υ∂ξϕdξdτ

=−
∫
R+

ψ0(ξ)υ0(ξ)∂ξϕ0(ξ)dξ+
µ

2

∫
R+

(∂ξϕ0(ξ))2dξ+

14∑
i=5

Ii. (4.31)

Combining the a priori assumption (4.1), Cauchy-Schwarz’s inequality with 0<η<1,
Sobolev’s inequality (4.5) with Lemma 4.1 [(4.6), (4.9)], we obtain the estimates Ii (5≤
i≤14) as follows:

|I5|≤η
∫ t

0

‖∂2
ξψ‖2dτ+Cη

∫ t

0

‖∂ξψ‖2dτ+C(δCD)2,

|I6|≤C
∫ t

0

∫
R+

|ψ∂ξψ∂ξϕ|dξdτ+C

∫ t

0

∫
R+

|ψ∂ξU∂ξϕ|dξdτ

+C

∫ t

0

∫
R+

|ψ(∂ξϕ)2|dξdτ+C

∫ t

0

∫
R+

|ψ∂ξV ∂ξϕ|dξdτ

≤Cη(δCD+δB+ε
1
2 )+C(ε1 +η+δB)

∫ t

0

‖∂ξ[ψ,ϕ]‖2dτ

+Cηδ
CD

∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ ψ2dξdτ,

|I7|≤
∫ t

0

|(ψυ∂ξψ)(0,τ)+σ−(ψυ∂ξϕ)(0,τ)|dτ+C

∫ t

0

∫
R+

(∂ξψ)2dξdτ

+C

∫ t

0

∫
R+

|ψ∂ξυ∂ξ[ϕ,ψ]|dξdτ+C

∫ t

0

∫
R+

|∂ξϕυ∂ξψ|dξdτ

≤Cη(δB+(δCD)2 +ε
1
2 )+η

∫ t

0

‖∂ξ[ψ,ϕ,∂ξψ]‖2dτ+(Cη+C)

∫ t

0

‖∂ξψ‖2dτ
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+Cηδ
CD

∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ ψ2dξdτ,

|I8|+ |I9|+ |I10|

≤(η+Cε1)

∫ t

0

‖∂ξϕ‖2dτ+Cη

∫ t

0

‖∂ξ[ζ,ψ]‖2dτ+Cη

∫
R+

(ϕ2 +ζ2)(∂ξΘ)2dξdτ

≤C(ε
1
9 +δB)+(η+Cε1 +Cε

1
9 +CδB)

∫ t

0

‖∂ξ[ϕ,ζ]‖2dτ+Cη

∫ t

0

‖∂ξ[ζ,ψ]‖2dτ

+CδCD
∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ζ2)dξdτ,

|I11 +I12 +I13|≤C
∫ t

0

∫
R+

(∂ξϕ)2|∂ξψ|dξdτ+C

∫ t

0

∫
R+

(∂ξϕ)2|∂ξU |dξdτ

+C

∫ t

0

∫
R+

(|∂ξV ∂ξU |+ |∂2
ξU |)|ϕ∂ξϕ|dξdτ+

∫ t

0

∫
R+

|∂ξV ∂ξψ∂ξϕ|dξdτ

≤C(ε1 +δB+δCD+ε)

∫ t

0

‖∂ξ[ψ,∂ξψ,ϕ]‖2dτ+CδCD,

and

|I14|≤η
∫ t

0

‖∂ξϕ‖2dτ+Cη

∫ t

0

‖Q1‖2dτ ≤η
∫ t

0

‖∂ξϕ‖2dτ+Cη(ε
1
9 +δB+δCD). (4.32)

By substituting the estimates for Ii (5≤ i≤14) and (4.11) into (4.31), then letting η, ε,
δB , δCD and ε1 be small enough, and applying Cauchy-Schwarz’s inequality, we derive
(4.27). This completes the proof of Lemma 4.3.

Lemma 4.4. Assume the conditions in Theorem 3.2 hold, then we have the following
energy estimate for t∈ [0,T ],

‖∂ξ[ψ,ζ,Z]‖2 +

∫ t

0

‖∂2
ξ [ψ,ζ,Z]‖2dτ

≤C(‖[ϕ0,ψ0,ζ0,Z0]‖2 +‖Z0‖)+C(ε
1
9 +δB+δCD)

+CδCD
∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ψ2 +ζ2)dξdτ

+C‖Z0‖L2(R+)

∫ t

0

e−α1t

∫
R+

ζ2dξdτ. (4.33)

Proof. Multiplying (3.8)2 by −∂2
ξψ, and integrating the resulting identity over

R+× [0,t], we have

1

2

∫
R+

(∂ξψ)2dξ+µ

∫ t

0

∫
R+

(∂2
ξψ)2

υ
dξdτ

=
1

2

∫
R+

(∂ξψ0)2dξ−
∫ t

0

(∂ξψ∂τψ)(0,τ)dτ+
σ−
2

∫ t

0

(∂ξψ)2(0,τ)dτ
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+

∫ t

0

∫
R+

∂ξ(p−P )∂2
ξψdξdτ+µ

∫ t

0

∫
R+

∂ξψ∂ξϕ

υ2
∂2
ξψdξdτ+µ

∫ t

0

∫
R+

∂ξψ∂ξV

υ2
∂2
ξψdξdτ

−µ
∫ t

0

∫
R+

∂ξ(
∂ξU

υ
− ∂ξU

V
)∂2
ξψdξdτ+

∫ t

0

∫
R+

Q1∂
2
ξψdξdτ

=
1

2

∫
R+

(∂ξψ0)2dξ+

7∑
j=1

Jj . (4.34)

Now we turn to estimate Jj (1≤ j≤7) term by term. It’s similar as in [22]. For
brevity, we only list the following estimates:

|J1|+ |J2|≤η
∫ t

0

‖∂2
ξψ‖2dτ+Cη

∫ t

0

‖∂ξψ‖2dτ+C(δCD)2,

|J3|≤C
∫ t

0

∫
R+

|∂ξ[ζ,ϕ]∂2
ξψ|dξdτ+C

∫ t

0

∫
R+

|[ζ,ϕ]∂ξ[ϕ,V ]∂2
ξψ|dξdτ

≤C(ε
1
9 +δB)+(Cε1 +η)

∫ t

0

‖∂ξ[ϕ,∂ξψ]‖2dτ+[Cη+C(ε
1
9 +δB)]

∫ t

0

‖∂ξ[ζ,ϕ]‖2dτ

+CδCD
∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ζ2)dξdτ,

|J4|+ |J5|≤C(ε+δB+δCD+ε1)

∫ t

0

‖∂ξ[ψ,∂ξψ]‖2dτ

|J6|≤C
∫ t

0

∫
R+

|∂2
ξUϕ∂

2
ξψ|dξdτ+C

∫ t

0

∫
R+

|∂ξU∂ξϕ∂2
ξψ|dξdτ

≤C(ε
1
9 +δB+δCD)+C(ε+δB+δCD)

∫ t

0

‖∂ξ[ϕ,∂ξψ]‖2dτ,

and

|J7|≤η
∫ t

0

‖∂2
ξψ‖2dτ+Cη

∫ t

0

‖Q1‖2dτ ≤η
∫ t

0

‖∂2
ξψ‖2dτ+Cη(ε

1
9 +δB+δCD).

Inserting the above estimations for Jj (1≤ j≤7) into (4.34), and recalling (4.27)
and (4.12), then choose ε>0,δB>0,δCD>0 and η>0 small enough, to derive

‖∂ξψ‖2 +

∫ t

0

‖∂2
ξψ‖2dτ ≤C(‖[ζ0,Z0]‖2 +‖Z0‖)+C‖[ϕ0,ψ0]‖2H1(R+) +C(ε

1
9 +δB+δCD)

+CδCD
∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ψ2 +ζ2)dξdτ

+C‖Z0‖L2(R+)

∫ t

0

e−α1t

∫
R+

ζ2dξdτ. (4.35)
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Multiplying (3.8)3 by −∂2
ξ ζ, similar to the estimate of ‖∂ξψ‖2(t), we have

‖∂ξζ‖2 +

∫ t

0

‖∂2
ξ ζ‖2dτ ≤C(‖[ϕ0,ψ0,ζ0,Z0]‖2H1(R+) +‖Z0‖)+C(ε

1
9 +δB+δCD)

+CδCD
∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ψ2 +ζ2)dξdτ

+C‖Z0‖L2(R+)

∫ t

0

e−α1t

∫
R+

ζ2dξdτ.

(4.36)
Multiplying (3.8)4 by −∂2

ξZ, and integrating the resulting equality over R+× [0,t], we
obtain

1

2

∫
R+

|∂ξZ|2dξ−
1

2
σ−

∫ t

0

(∂ξZ)2(0,τ)dτ+

∫ t

0

∫
R+

d

υ2
|∂2
ξZ|2dξdτ

=
1

2

∫
R+

|∂ξZ(ξ,0)|2dξ+

∫ t

0

∫
R+

Kφ(θ)ZZξξdξ−
∫
R+

2d

υ3
υξZξZξξdξ

≤C
∫
R+

|∂ξZ(ξ,0)|2dξ+(1+‖ϕξ‖
4
3 +‖Vξ‖2L∞)

∫ t

0

∫
R+

d

2υ2
|Zξξ|2dξdτ

+C

∫ t

0

∫
R+

Kφ(θ)Z2dξdτ+C

∫ t

0

∫
R+

|Zξ|2dξdτ. (4.37)

Combining (4.37) with (4.10), we have∫
R+

|Zξ|2dξ+

∫ t

0

∫
R+

|Zξξ|2dξdτ ≤
∫
R+

(|Z(ξ,0)|2 + |Zξ(ξ,0)|2)dξ. (4.38)

Putting (4.38), (4.36) and (4.35) together, we get the desired estimate (4.33). Thus we
complete the proof of Lemma 4.4.

To close the energy, we need the following classical lemmas from [8,27].

Lemma 4.5. Assume that f(ξ,t) satisfies

f ∈L∞(0,T ;L2(R+)), ∂ξf ∈L2(0,T ;L2(R+)), ∂tf−σ−∂ξf ∈L2(0,T ;H−1(R+)),

then the following estimate holds:∫ t

0

∫
R+

(1+τ)−1e−
α(ξ+σ−τ)

2

1+τ f2dξdτ ≤Cα
[
‖f(ξ,0)‖2 +

∫ t

0

f2(0,τ)dτ+

∫ t

0

‖∂ξf‖2dτ

+

∫ t

0

<∂tf−σ−∂ξf,fg2>H−1×H1 dτ

]
,

(4.39)
where

g(ξ,t) =−(1+ t)−
1
2

∫ +∞

ξ+σ−t

e−
αx2

1+t dx,

and α>0 is a constant to be determined later.

Now we devote to obtaining the delicate estimate concerning the term
∫ t

0

∫
R+

(1+

τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ψ2 +ζ2)dξdτ .
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Lemma 4.6. Under the conditions of Theorem 3.2, there exists a constant C>0 such
that ∫ t

0

∫
R+

(1+τ)−1e−
c0(ξ+σ−τ)

2

1+τ (ϕ2 +ψ2 +ζ2)dξdτ

≤C+C

∫ t

0

(‖∂ξ[ϕ,ψ,ζ]‖2 +‖∂2
ξ [ψ,ζ]‖2)dτ

+C

∫ t

0

e−α1t

∫
R+

(ϕ2 +ψ2 +ζ2)dξdτ. (4.40)

Proof. Compared with the non-isentropic Navier-Stokes equations, it suffices to
estimate the terms including Z. We find that all the terms including Z can be controlled
by C‖Z0‖+C‖Z0‖

∫ t
0
e−α1t

∫
R+

(ϕ2 +ψ2 +ζ2)dξdτ . Then combining with the results in

[22], we complete the proof of Lemma 4.6.

Proof. (Proof of Proposition 4.1.) Now, we are ready to prove Proposition 4.1.
Combining Lemmas 4.2-4.6 and using Gronwall’s inequality, if the wave strength δB ,
δCD and the constants ε, ε1 are small enough, then for all t∈ [0,T ], we have

‖[ϕ,ψ,ζ,Z](t)‖2H1(R+) +

∫ t

0

(‖∂ξϕ‖2 +‖∂ξ[ψ,ζ,Z]‖2H1)dτ

≤C‖[ϕ0,ψ0,ζ0,Z0]‖2H1(R+) +C(ε
1
9 +δB+δCD). (4.41)

This completes the proof of Proposition 4.1.

Proof. (Proof of Theorem 3.2.) We are now devoted to completing the proof of
Theorem 3.2. In view of the energy estimates obtained in Proposition 4.1, one has

sup
0≤τ≤t

‖[ϕ,ψ,ζ,Z](τ)‖2H1(R+)≤C‖[ϕ0,ψ0,ζ0,Z0]‖2H1(R+) +C(ε
1
9 +δB+δCD). (4.42)

Note that parameters ε, δB and δCD are independent of ε1. Letting ε, δB and δCD be
small enough, the global existence of solution to the half-space problem (3.8) then can
be proved by using the standard continuation argument based on the local existence [1]
and the a priori estimate (4.5). Our next goal is to prove the large-time behavior as
(3.10). For this, from (3.8), (4.5), (2.35), (2.3) and (2.28), we have∫ +∞

0

∣∣∣∣ ddt‖∂ξ[ϕ,ψ,ζ,Z]‖2
∣∣∣∣dt= 2

∫ +∞

0

|(∂t∂ξ[ϕ,ψ,ζ,Z],∂ξ[ϕ,ψ,ζ,Z])|dt

≤C+C

∫ +∞

0

‖∂ξ[ϕ,ψ,ζ,Z,∂ξ[ψ,ζ,Z]]‖2dt<+∞. (4.43)

Combining (4.43) with (4.42), we have the following limit:

lim
t→+∞

‖∂ξ[ϕ,ψ,ζ,Z](t)‖2L2 = 0. (4.44)

This completes the proof of Theorem 3.2.
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