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ON THE FREE BOUNDARY PROBLEM OF 1D COMPRESSIBLE
NAVIER-STOKES EQUATIONS WITH HEAT CONDUCTIVITY
DEPENDENT OF TEMPERATURE*

ZILAI LI' AND YULIN YE#

Abstract. The free boundary problem of one-dimensional heat conducting compressible Navier-
Stokes equations with large initial data is investigated. We obtain the global existence of strong solution
under stress-free boundary condition along the free surface, where the heat conductivity depends on
temperature (k=%0%, b€ (0,00)) and the viscosity coefficient depends on density (u=m(1+p%), a€
[0,00)). Moreover, the large-time behavior of the free boundary for the full compressible Navier-Stokes
equations is also considered when the viscosity is constant and it is first shown that the interfaces which
separate the gas from vacuum will expand outwards at an algebraic rate in time for all v > 1.

Keywords. Compressible Navier-Stokes equations; temperature-dependent heat conductivity; free
boundary; global strong solution, large-time behavior.

AMS subject classifications. 35Q30; 35R35; 76N10.

1. Introduction
The free boundary problem of one dimensional compressible heat-conducting
Navier-Stokes equations can be described in the Eulerian coordinates as follows:

pr+(pv)y =0,
(pU)T+(pU2+P)y:(NUy)ya (1.1)
(p(e+30)r+(pe+ 30*)v)y +(Pv)y = (Hovy )y + (key )y,

for 0<y<a(r), 7>0, with the initial condition

(p,v,€)|,_y = (po,v0,€0) for y€[0,al, (1.2)
and boundary condition
6y(d77):0a d:O,a(T); (Piuvy)(a(T)7T):O7 U(OvT):O7 T207 (13)

where p, v, e and P denote the density, the fluid velocity, the internal energy and the
pressure respectively; p and k are the viscosity coefficient and the heat conductivity
coefficient. In this paper, we focus on ideal polytropic gas and the constitution relation
reads

P(p,@)sz@er%p7, e=cl, ¢, = v>1, (1.4)

y—1
where R is the ratio of the ideal fluid constant over the heat capacity, S is the specific
entropy and ¢, is the heat capacity. a(7) is the free boundary defined by

da(r) _
— =v(a(t),7), 7>0
a(dO):a, (1.5)
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which is the interface separating the gas from the vacuum.

To solve the free boundary problem (1.1)-(1.3), it is convenient to convert the free
boundaries to the fixed boundaries by using Lagrangian mass coordinates. This means,
let

y
x:/ p(z,m)dz, t=r, (1.6)
0

then the free boundary y=a(7) becomes z= foa(T)p(z,T)dz:foa po(z)dz by the conser-
vation of mass. Without loss of generality, we assume foa po(z)dz=1. Let u:% be

specific volume, then P= £ Thus the free boundary problem (1.1)-(1.3) becomes

up — v, =0,
v+ Py =[5, (L.7)

u

(e+3v2)i + (Pu), = [etivve] |
for (x,t) €[0,1] x (0,+00), with the initial condition
(um,@)’t:oz(uo,voﬁo) for x €10,1], (1.8)
and the boundary condition
0.(d,t)=0, d=0,1, (P—%) (1,6)=0, v(0,t)=0, ¢>0. (1.9)

when p and s are positive constants, the existence of strong solutions to (1.1) has
been successfully studied by many mathematicians. The local theories were established
long ago, see [9, 11, 15]. Kazhikhov and Shelukhin [10] first obtained global existence
and uniqueness of smooth solution for arbitrarily large and smooth initial data under
Dirichlet boundary condition. Such results have been further generalized to nonlinear
thermoviscoelasticity by [2,3], and to viscous heat-conductive real gases by [6,8,12,13].
It is noted that in the above results, p is independent of #, and heat conductivity is
allowed to depend on temperature in a special way with a positive lower bound and
balanced with corresponding constitution relations.

When one derives the compressible Navier-Stokes Equations (1.1) from the cele-
brated Boltzmann equation for the monatomic gas with a slab symmetry by using the
Chapman-FEnskog expansion, then the viscosity coefficient 1 and the heat conductivity
coefficient x are functions of temperature. The functional dependence is the same for
both coefficients as

p=mb" r=r0", be (%,oo). (1.10)
where 7z and ® are positive constants. See Chapman and Cowling [1] for a thorough
discussion of these issues. With some smallness assumptions, considering the one-
dimensional full compressible Navier-Stokes equations for ideal polytropic gas whose
viscosity coefficient and heat conductivity coefficient satisfy p=ph(u)0*,x=rh(u)0,
Liu and Yang et al. in [17] obtained the global non-vacuum classical solution with
smallness mechanism (i.e., y—1 small), and later Wang and Zhao in [19] obtained the
global non-vacuum classical solution with smallness assumptions for |«|. However, if
both viscosity coefficients and heat conductivity coefficient depend on temperature, the
well-posedness of solutions to (1.1) is still open. Note that, if the viscosity is a posi-
tive constant and only the heat conductivity coefficient depends on temperature, the
framework of Kazhikhov and Shelukhin [10] works. As an example of this direction,
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e Jenssen and Karper [7] proved the global existence of a weak solution to initial-
boundary value problem (IBVP) (1.1) under the assumption

3

2

e Wen and Zhu [18] proved the existence of global classical solutions of (1.1) with
vacuum under the boundary condition 6,.(d,t) =0,v(d,t) =0, d=0,1, where k €
C?[0,00) satisfies Cs(1+07) <k(0) <C7(1469), ¢>2.

e Pan and Zhang [14] proved the existence of global strong solutions of (1.7) with
be[0,00) under the boundary condition 0, (d,t)=0,v(d,t)=0, d=0,1. where

boundary condition v(d,t) =0, d=0,1 offers conservative quality fo x,t)dr =

p=m, k=r0°, be|o,

fo uo(z)dz which plays an important role when getting the bound of w.

e Duan, Guo and Zhu [4] studied the same problem of (1.7) with b€ (0,00) under
the boundary 6,(d,t) =0, (P— “Z“”) (d,t)=0,d=0,1. Although the boundary
condition (P — %) (d,t)=0,d=0,1 does not yield [, u(z,t)dz= [, uo(x)dz,
but gives fol (z,t)dx = fo vo(x)dz which yields fo z,t)dx < C. This estimate
together with C <wu(w,t) implies C~1 < fo z,t)dr <C.

However, compared with results in [4] and [14], stress free boundary condition
(P—H=)(1,t)=0 U(O t)=0 can neither yield fol u(x,t)dx = fo up(z)dz nor imply

fol v(z, t dx= fo vo(x)dx. Hence, our main goal in this paper is to establish the global
existence of strong solutlons and consider the large-time behavior of the free boundary
to free boundary problems (1.1)-(1.3) with assumptions

p=al+u"%), acl0,00), k=R, be(0,00). (1.11)

Where 77 and % are positive constants.
Notations:

(1) 1=10,1], 0I={0,1}, Qr=1Ix1[0,T] for T > 0.

(2) For p>1, LP=LP(I) denotes the LP space with the norm ||-||z». For k>1 and
p>1, WkP =WP"P(I) denotes the Sobolev space, whose norm is denoted as ||« ||y #.»,
HF =WHh2(I).

(3) Throughout this paper, the same letter C' (sometimes used as C(X) to emphasize
the dependence of C' on X) denotes various generic positive constants.

The following are the main results of this paper.

THEOREM 1.1. Suppose that u and k statisfy (1.11) for some positive constants i and
R. If the initial data (ug,v0,00)(x) is compatible with the boundary conditions, satisfying

(u0,v0,00)(x) € H* x H? x H?, (1.12)
and there are constants u, @, 0, 8 such that
0<u<ug(x)<u, 0<0<0(z)<0. (1.13)
Then for any T >0, there exists a unique global strong solution (u,v,0) to the initial-
boundary value problems (1.7)-(1.9) satisfying
Cl<u(z,t)<C, C71<0(x,t)<C,
1Cs0,0) (o) 371 + Jo N1, 0,60) o8) 3 ds < C (1.14)
1(0,0) (58) 1372+ Jo I1(tatsVat, Vo Bt Baa) (8) [ 2ds < C,
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where C' >0 is some finite constant depending on initial data and T .

THEOREM 1.2.  In addition to the assumptions of Theorem 1.1, if the viscosity p=
constant >0 and the initial total entropy satisfies

a
/ poSody = ko >0,
0

where S(x,t) is the entropy of the fluid and So=S(x,0). Then we have
1—1

> C’(lth)l , 1<y<2, (1.15)
C(1+t)~, v=2.

REMARK 1.1. It should be noted that the Theorem 1.1 also holds for constant
viscosity.

REMARK 1.2. The additional assumption in Theorem 1.2 where we require the initial
entropy has a positive bound is natural due to the the second law of thermodynamics,
and these expanding rates also hold for the constant heat conductivity and other various
free boundary conditions just with some small modifications in the proof.

REMARK 1.3.  To our best knowledge, although the large-time behavior of the free
boundary for the isentropic compressible Navier-Stokes equations has been studied by
many authors (see [5], [16]), however the similar results for the full compressible Navier-
Stokes equations are very few, our result in Theorem 1.2 is the first one to give the
expanding rate of the free boundary by using the entropy variable.

The existence and uniqueness of local-in-time solution can be obtained by a standard
Banach fixed point argument due to the contraction of the solution operators defined
by the linearized problem, c.f. [9,11] and [15]. As a special case of the result in [15], the
following lemma gives the local existence for the purpose of our problem.

LeMMA 1.1, If (1.11)-(1.13) hold, and the initial data is compatible with boundary
conditions, then there exists a unique local strong solution (u,v,0) to (1.7) on [0,1] X
[0,Ty], for T. depending on the initial data satisfying

C<u(z,t)<C, C~'<(x,t)<C,
(us0,0) () 1200+ Jiy 10,0 (., 8) |32 ds < C, (1.16)
1(0,0) ()22 + foy 11ty Vs Vs Oty ) (-1 8) |32 ds < C.

The rest of the paper is organized as follows. In Section 2, we give some a priori
estimates. In Section 3, first, based on the local existence of the solutions and the a
priori estimates in Section 2, we prove Theorem 1.1 by a standard continuity argument
and then we give the proof of Theorem 1.2.

2. A priori estimates

In this section, we will perform a sequence of estiamtes which are stated in the
following as lemmas to prove Theorem 1.1. Furthermore, we get a unique global strong
solution of (1.7)-(1.9) by using some « priori estimates of the solution based on the
local existence. We now assume that (u,v,0)(x,t) is the unique global strong solution
of (1.7) defined on [0,1] x [0,T] for any 7'>0. For simplicity of presentation, we will
denote t=rk=c, =1.
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LEMMA 2.1. There exists a constant C such that

/(0+%v2)da;:/(00+%v§)d:v:Eo, (2.1)

I I

and there exists £(t) € (0,1) and a constant C, such that
0(s(t),t) < C. (2.2)

Proof.  Integrating (1.7)3 over Qr, using integration by parts and (1.9), we get
(2.1). From (2.1), we have [,0dz<C, then by the mean value theorem, there exists
£(t)€(0,1), such that

O(E(t), 1) = /I bdz < C.

This completes the proof of Lemma 2.1. 0
LEMMA 2.2.  There ezists a constant C' such that
t
C—lgu(x,t)§0<l+/ 9(x,s)d8), (2.3)
0
and
1
/ [Inu|dz <C. (2.4)
0

Proof. Using the mass equation, one can rewrite the momentum equation as

e+ (Z)m: (u(u)%)z. (2.5)

Integrating this equation in space from x to 1, and then integrating this equation in
time over [0,¢] for any t€[0,7], we get

—a —a

:lnuo—uz +/0 g(ag,s)ds—/ (v(y,t) —vo(y))dy, (2.6)

U
Inu—

taking exponential on both sides of (2.6), then we have

efot%(x’s)ds 1 Bl({E,t)Bg(I)

u(z,t) - uo(z)  Bo(z,t) (27)
where
1 —a —a
(o) =exp [ (w(00) 0o ) Balot) =exp (“ ) Bate) —esp (12 ).
: (2.8)
Mutiplying (2.7) with # and integrating in time, we get
't B (CE) t Bl(LE,S)
jo & (x,s)ds — 3
e 1+ o) /0 Ba(z,5) 0(z,s)ds, (2.9)
plugging (2.9) into (2.7), we get
~ uo(z)Ba(z,t) Bs(x) /lt Bi(z,s)
u(z,t)= By (2.0) Ba() 1+ (@) Jo Balz,s) O(z,s)ds ). (2.10)
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Note

/:(UO(y) —v(y,t))dy' <2 (/01v2(y,t)dy> : +2 (/01%( )dy)é <C, (2.11)

therefore, from (2.8) and (1.13), there exists a constant C' >0 such that

C ' < Bi(z,t),B3(z) <C, 1< By(x,t) (2.12)
which together with (2.10), (1.13) and nonnegative of 6(z,s) implies that
0<C™ ' <u, 1< By(z,t) <C, (2.13)

consequently, we have

t

01<USC<1+ 9(z,s)ds>.

0

Moreover, in combination with (2.1), (2.6), (2.11) and (2.13), we have

1
/ [Inu|dz <C.
0

The proof of Lemma 2.2 is completed. ]

The following lemma shows that the absolute temperature 6 stays positive all the
time. The proof of Lemma 2.3 is almost exactly the same as Lemma 2.2 in [4]. Here for
the convenience of the reader and the completeness of the paper, we state the details.

LEMMA 2.3.  There exists a constant C such that for any p>2

1 w(u)v2 602

- = -1 L dadt<C. 2.14
H 0 Loo(Lp)+/QT ( wfpr+1i +(p )u9p+2 TAT >~ ( )

In particular, we have

0<C<O(z,t), forany (z,t)€Qr. (2.15)

Proof. Using (1.7); and (1.7)a, we rewrite (1.7)3 as

b 2
0, = (9 91) LS (2.16)

u u u

Multiplying above equation by —pep%, then integrating it over [0,1], using integration
by parts and the Cauchy inequality, we have

d 1 d 1 be?” dx xd =
dt | or z+p(p+1) =) TP 9p+1 gp
vz
SEp 0p+1udl'+0p/md$ (217)

v2 P
§sp/9+1 derC’p(/ep ) ,
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due to the Gronwall inequality, which yields

<
6 ¢

|
Lee(LP)

where C' is uniform of index p, so letting p — 400, we have

1
0

Then the proof of Lemma 2.3 is completed. O

<C=0(z,t)>C>0, forany (z,t)€Qr.
Lo (L)

LEMMA 2.4. For any 0 <e<min{1,b}, the following estimates hold:

0b62
xdt < C), .
s dedt<C 2.18
Qr
T
0" T3 2 dxdt + | maxf*T At < C, (2.19)
T o [0,1]

in particular, when e =1, it also holds that

bp2 2
/ 00s gvdi+ / Vs i< (2.20)
Q Qr

. ubf? uf

Proof.  Multiplying (2.16) by 7=, integrating it over Qr, and using integration by
parts, it turns out

b 2 2 1 1—¢ -
5/ 06 dxdt+/ v g L (91—5—93—8)dx+/ 00 .
Qr T 1

ufetl ub?® 1—¢ ,o U
(2.21)
Using the fact that 1—e€(0,1), Young’s inequality and (2.1), it is clear that
/Hl_adacg/de—&—CSC.
I I
This, together with (2.21), (2.3) and Young’s inequality, gives
91)92 2 61—5 N
5/ mld;vdt—&—/ Mdmdtgm/ L
Qr ubT L ube o (u)u
2 92—5
< / M(u)vmdxdt+2/ drdt+C
Qr ub® Qr H(u)u

T
2 T
M(u)vmdxdt—l—C/ max 0dt+C.
. ube o 0<z<1

1

2

1)
gf

2Jq

Thus, we have

9b92 2 T
/ ) dxdt+/ —mdxdth/ max Odt+ C. (2.22)
Qr ub Qr ub* o 0<z<1
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On the other hand, using (2.2), (2.3), (2.22) and Hoélder’s inequality, we have

T
/ 3 =cdedt <C max 0°T27edt
T

o 0<z<1

24+b—e
2

T 2+4+b—e
§C’+C’/ max (0 2 (z,t)—0
o 0<z<1

T e 2
§0+0/ (/afwwm>dt

0 I

T 0b92
< T
_C’—|—C’/O (/Iuefﬂdx) </Iu9da:>dt

0%62
SC—}—Cmaxu/ L_dxdt
Q

(€0.0) dt

Qr . u9€+1
T 2
<C—|—C< max 9dt>
o 0<z<l1
T

<C+C max 02dt.
g 0<z<1

For any e small enough, such that b—e >0, Young’s inequality yields

T T T

1
max T2 e dt< O+ max 0%dzdt <C+ = max 0°T274dt,
o 0<z<1 o 0<z<1 2 Jy 0<=z<1
and therefore
T
max 0°2Sdxdt < C. (2.23)
o 0<z<l1

Multiplying (2.16) by %, integrating it over Qr, and using integration by parts, (1.13),
(2.4) and (2.1), we have

bg2 2
/ o H‘Tdmdt—&—/ dedt:/(lnu—&—lnﬂdﬂc—/(lnu0+ln90)dx§C.
Q Qr I I

, ub? ub
Using (2.22)-(2.23) and Holder’s inequality, we can complete the proof of Lemma 2.4. O
Combining (2.3) with (2.19), we easily get the following lemma.

LEMMA 2.5. There exists a constant C' such that

maxu < C, (2.24)

T

/‘W”*ﬁwﬁga (2.25)

T

Proof. Combining (2.3) with (2.19), we easily get (2.24). The estimate (2.25) can
be obtained directly by (2.18) and (2.24). This proves Lemma 2.5. |

LEMMA 2.6. There exists a constant C' such that

sup /vzder/ videdt < C. (2.26)
o<t<TJr T
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Proof. Multiplying (1.7)3 by v, integrating it over @, using integration by parts,
Cauchy inequality, (2.3) and (2.19), we have

sup /vzdx—i—/ vid:r:dtSC—i—C P2dzdt
0<t<TJI T Qr

<C+C / 0% dzdt
<C. (2.27)

This completes the proof of Lemma 2.6. ]

LEMMA 2.7. There exists a constant C' such that

sup /uidxgc.
o<t<TJr

Proof.  One can rewrite (2.5) as

(- L=y, —v), = (Z) (2.28)

a

We multiply (2.28) by 2((Inu—+u~"), —v) and integrate the resulting equation over

QT, ylelds
1 2 1 2
/((lnu—u‘“)m—v> dac—/((lnuo—uoa)w—vo> dx
I a I a

:2/T (%—Z(lnu)z> ((lnu— iu-a)z—u> dudt. (2.29)

By the lower bound of 6 and (2.25), the right-hand side can be controlled as follows,

6. I
/ <(lnu—u a)x—v> dxdt
LU a

T 2
1
<C 0> =102 dxdt + C max 91+5/<(lnuu“)mv> dxdt
I

Or 0 0<w<1 a
T 1 2
<C+C max 91+5/ ((lnu—u_a)z—v> dxdt. (2.30)
o 0<w<1 I a

On the other hand, using (2.1) and (2.19), we have

/ T ~% o), ((lnu Lume), v) dardt

IS

:7/ g(lnu) d:zrdt+/ b (lnu) (U™ d:z:dt+/ e(lnu)xvdxdt

u T

<— 1/ g (Inw) dxdt—/ v 2dxdt
2 Jgru Qr 0<z<1
1 6 0(uz

<-— 7/ —(Inw) dasdt—/ (3) dxdt+C. (2.31)
2 ), u o ustae

T
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Substituting (2.30)-(2.31) into (2.29), we have

2
/I((lnuiu“)xv) dx+;/T9(1nu) dzdt+/Q (3+)2 dzdt

T 2
<C max 01+€/((lnu—1u_“)m—v> dxdt+C, (2.32)
I a

o 0<z<1

which along with the Gronwall inequality and (2.19) gives

1 2 b
/((lnuua):cv) dx<C for 5<i7
T a 2

which together with (2.1) implies that

u? u2 u? 1 _, 2
/I|:UQ+2ua+2+u2(a+l):|dx§C I((lnu_au )a:_’U> dl‘SC,

this together with (2.24) gives the proof of Lemma 2.7. d

In order to obtain higher norms and the upper bound of 6, similar to [14], we
introduce two useful functionals as follows:

Z = sup /vfmdx, Y = sup /92b9idx. (2.33)
0<t<TJ1 0<t<TJ1

LEMMA 2.8. There exists a constant C' such that

%axegcjt()yﬁ, (2.34)
T

max|v,| <C+CZ5. (2.35)
Qr

Proof. Using Wh! < L and the Young inequality, we get

max 6272 <C / 62 2dz +C / 62°+1|0, |da
0<z<1 I I

? (/92b+2d$> 2
I

1
— max 02b+2+CY2 maX 9b+2 +C,
2 0<z<1 0<z

<C max #*t 4 C ( / 92b9§dx)
I

0<z<1

IN

which implies

max 20T2-0-2 <O Y2,
0<z<1

Hence

max 0<C+CY 53,
0<z<1

For the second estimate, using W1 < L>° and the interpolation inequality, we have

Jmax |v$\2<C/ 2dw+0/|vwvm|dm
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§C’/v§d$+0</vfcdm> (/vfmdw>
I I I

<C+0Z1,

2049

where we have used the fact that

/Ufcdx<0/v2dx+0(/v2dx) </vfmdaz> .
I I I I

Then the proof of Lemma 2.8 is completed.
LEMMA 2.9. There exists a constant C and 0<C(b) <1 such that

Y+ [ 600Pdedt<C (1 + Zc(b)) .

(2.36)
Qr

Proof.  Multiplying (2.16) by 66, integrating over Qr, and using integration by
parts, we have

921)92
/ 002 dxdt + / 2 dx
T I 2u

2bpn2 2bn2 2
_ / 06°06s 4, / O 00V gty / (“ (W —9%> 6%9,ddt. (2.37)
I 2u0 Qr 2U u

u

Where we have used

b b
/ (9 6x)m0b0tdxdt:— / 06, (6°0,),dxdt
P u

Qr U

6%,
— / —2(6%0,,),dxdt
T

u

262 2b 12 262
:—/0 awdaj—l—/LO GOIdaj—/ b axvxdmdt.
1 2u 1 2ug Qr 2u2

Hence, (2.37) implies that

1 2bp2
7/9 ewdx—&—/eb@zdxdt
2)r u I

<C+C 02b9§.\vx|dxdt+0/ v§9b|ot|dxdt+c/ 0v,|6°|0;|dxdt
Qr Qr Qr

=C+L+1L+1s.

It follows from (2.25) and (2.34)-(2.35), the fact b;rbif < 3 and Young’s inequality that

£ 5
Ilg%ax(9b+1+5|vx|)/ 0v=1202dxdt < C(1+Y 275 )(1+Z%)gc+§Y+CZ%.
T

T

(2.38)
To estimate I, we divide the proof into two cases:
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Case 1: When b<1, using (2.26), (2.34)-(2.35), and Young’s inequality, we have

1
L<C / 0200 |dxdt <= | 0°0%dzdt+C | 0 vidadt
Qr 4 Qr Qr

A\

1
<= [ 0°02dxdt+ Cmax(h"v?) / v2dxdt
4 Qr Qr Qr

_1/ 0°02dadt+C(1+Y 75 ) (14 Z1)
Qr

A
—

—_

b2 ) 3(2b+3)
31/ 6°07drdt +C+ 5Y +CZ 305, (2.39)
Qr

where 3823 <1, for b< 1.

Case 2: When b> 1, we re-estimate the I as follows

1
L<C / v20°10,|dedt <~ [ 6°02dxdt+C [ 6°vidadt
Qr 4 Qr QT

T

1
<z / 002 dxdt + C max® / vidadt
4' T T

1

<= 9b9$dxdt+0(1+Y2b’«’+3)/ vidadt
4 Qr Qr

<— [ 6°02dxdt+C+-Y.
4 /o, 3

Next, we claim that [, |vg|*dzdt <C, when b>1.
Set h(x,t) :f;v(y,t)dy, then Equation (1.7)y yields

ht - M(U) hzz =p= Q
u u

with the following initial-boundary conditions

h(y.0) = / voly)dy, h(0,8)= / o(y.)dy, h(1,t)=0.

Hence the standard LP—estimate for solution to above linear parabolic problem yields

/ |vm\4dmdt:/ |hm|4d:cdt§0+0/ Ip|*dzdt <C+C [ |0|*dxdt <C, (2.40)
Qr Qr Qr Qr

where we have used (2.19) and required b> 1.

1
Iy= <9|%|9b|9t|d:cmsgZ 002 dxdt+C | 0>FPv2dadt

Qr Qr Qr

ebe,%dxdwc%axw? 62 dadt
T Qr

A

“4Jor
/ 0°02dadt+CZ7 +C.

T

<

A~
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Substituting the above estimate and (2.38)-(2.40) into (2.37) and using (2.24), it holds
that for § suitably small

Y+ [ 600Pdedt<C (1 + Zc(b)) .
Qr

This completes the proof of Lemma 2.9. 0
Finally, we are ready to give the estimate on Z.

LEMMA 2.10. There exists a constant C' such that
sup/vtdx—i—/ v? <C 1—|—Zc(b)), (2.41)
(0,%] T

and

zZ<C. (2.42)

Proof. Differentiating (1.7), with respect to t, we have

Ut + Py = {“(13””] : (2.43)

xt

Multiplying it with v, and integrating it over [0,1], we have

2d / xtd
2dt/ +

2
[ (= AN
I u? u  u?

1 2

Sf/%dﬁc/(vgwgwgm)dz
2 Jr U I
1 2

gf/%derC ebefdwrcmaxvi/(ezﬂg)dx.
2 T u T (0,1] I

we integrate the above inequality in time and use (2.19) and (2.26) to obtain

sup /vfda:—l—/ Uitdxdt§C<1+Zc(b))+CZ%/ (02 +v2)dxdt

0<t<TJI T
<C <1+Zc(b)) .
We rewrite the momentum equation (1.7), a
W) Vgg 0 W) Vg Uy ") vguy
u u/, U u

which implies that
Z < sup (/vfd:c+/viuidx+/0§dx+/92uidx>
0<t<T \J1 I I I
gc(1+zc<b>+max(v§+92) / uldz+ / 92b9§dag>
Qr I I
<C <1+Zc(b)) +C (YTQH +Z%)

<C (1+Zc(b)) +CY<C (1+Zc<b)> )
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Since 0 < C(b) <1, with the help of Young’s inequality, we obtain
Z<C.

The proof of Lemma 2.10 is completed. ]

From a sequence of estimates which are stated in above lemmas, we easily obtain
the following corollary.

COROLLARY 2.1. There exists a constant C such that

maxq, § <C, maxqp[v.|<C,
supo<i<r [;vide+ [q, vi < C, (2.45)
supg<y<r [, O2da+ [, 07dzdt <C.

LEMMA 2.11. There exists a constant C' such that

wp/ﬁ+ﬁﬁmﬁ/9i@ﬁga (2.46)
0<t<TJI T

Proof.  Differentiating the temperature Equation (2.16) with respect to ¢, then
multiplying the resultant by 6;, and integrating it over I, we have

b 2 b—1 _ b / —
2dt/02d +/ extd 77/1)9 9251; ute ezaxt+/ﬂ (u)uut2 ut/u‘(u),vgetdx

u u

1(1) 20,0540 02 uv, — 10040, + w00,
+/le’— u2 dx

602
§5/ T“dx+C ([10:02u+ 130, 4 0 + vy +0utvz||%2)
003, 2 2 2
<e [ —#du+C (0l + 1411072+ 0all72)
003, 2 2
<e [ St C (10030 + a3 1), (247)
where we have used the Holder inequality and the following fact

[0c][Los <C(0e]l2 4+ 1021 721021l 2)
Vb0,
<e|| T

Then by the (2.45) and the Grénwall inequality, we have

b 2
/92d +/ emd dt<C.
T u

Furthermore, the Equation (2.16) can be rewritten as

2+ Cll0:] L2 (2.48)

b b—1g ., _ . pb 2
6, — 0°0,., n bo extzt w0 0, + w(u)vg vy
u u u U
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hence, we have

1020l 22 < (116 +02u+1s0°0, +v2 + vy || 12)
3 1 1 1
<C (HetHL"’ 1011721020l 22 + 11021 72 1022 | 72 el 2 + 14 va”m)
<elloallz+C, (2.49)

which implies
102zl Loe 2y < C.

The proof of Lemma 2.11 is completed. ]

3. Proof of Theorem 1.1 and Theorem 1.2
The proof of Theorem 1.1 are standard and similar to Theorem 1.1 in [14]. Here
we present them for completeness.

Proof. (Proof of Theorem 1.1.) Then the proof of Theorem 1.1 follows from
Lemma 1.1 which signifies the local existence of the strong solution and the global
(in time) a priori estimates in Section 2. In fact, by Lemma 1.1, there exists a local
strong solution (u,v,0) on the time interval (0,7] with T, >0. Now let 7 >0 be the
maximal existing time of the strong solution (u,v,0) in Lemma 1.1. Then obviously one
has T* >T,. Now we claim that T* >T with T'>0 being any fixed positive constant
given in Theorem 1.1. Otherwise, if 7% <T, then all the a priori estimates in Section
2 hold with T being replaced by T*. Therefore, it follows from a priori estimates in
Section 2 that (u,v,0)(x,T*) satisfy assumptions in Theorem 1.1, By using Lemma 1.1
again, there exists a T} >0 such that the strong solution (u,v,0) in Lemma 1.1 exists on
(0,7*+4T5], which contradicts with T* being the maximal existing time of the strong
solution (u,v,0). Thus it holds that T >T.

For (1.13) in Theorem 1.1: Equations (2.3) and (2.45) give the pointwise upper
and lower bounds of u and 6. The H' estimates in (1.13) are given by Lemma 2.6-
Lemma 2.8, Lemma 2.9. The H? estimates are given by Lemma 2.11, (2.45) and the
boundedness of Z. The proof of Theorem 1.1 is completed. 0

Proof. (Proof of Theorem 1.2.) To prove the Theorem 1.2, it is convenient to
consider the free boundary problem in the Eulerian coordinates. First, let (p,v,0) be
any strong solution of (1.1), (1.2) and (1.3), we define an energy functional as follows

a(t) ) ) a(t)
H(t):/ (y—(1+t)v) pdy+—7 1(1+t)2/ Pdy
0 - 0

a(t) a(t) a(t) 5
:/ prdy—2(1—|—t)/ pvydy+(1—|—t)2/ (pvQ—l—’ylP) dy. (3.1)
0 0 0 -

A direct calculation and using Equations (1.1) gives

2
v—1

a(t) ) ) a(t) )
H’(t)Z/ (pey” —2pvy)dy + (1 +1) / ((pv )i+ Pt) dy
0 0

a(t) 2
+2(1+t)/ (pv2—(pv)ty+P) dy
0 7-1

2
+ <,0vy2 —2(1+t)pvPy+ (1+)2pv® + o (1 +t)2Pv> ‘ "
- y—a
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=L+1+13+1pp, (3.2)

where we have used the boundary conditions (1.3) and (1.5).
Now we estimate the terms I; — I3 as follows:
First, by (1.1); and the boundary condition (1.3), we have

a(t) a(t)
I = / (pey® —2pvy) dy =~ / (pvy?)ydy = —pvy?|y—a(e)- (3.3)
0 0
Then by (1.1)3, constitution relations (1.4) and (1.3), we have
a(t) 2 a(t) 02
12:(1+t)2/ ((pvz)t—&- Pt> dy:2(1+t)2/ (p (—f—e)) dy
y—1 0 2 t

a(t)
=2(1 —|—t)2/0 <(/wvy)y +(key)y — (ple+ %UQ)U)Z, - (Pv)y> dy

5 1 1 5\ p=al®)
=2(1+1¢) (uvvy—i—mey—Pv)——va—gpv
N —

y=0

1 1
=2(1+1)? (Pv v3) e 3.4
(a+02 (~—=Po-30°)| ., (3.4)
By (1.1)2, we can obtain
a(t) 2
13:2(1+t)/ <—(,0U)ty+pv2+P> dy
0 v—1
a(t) 2
=2(1 +t)/ ((pv2+P—uvy)yy+pU2+71P> dy
o _
a(t) 3—n
2140 [ (104 P gy + 1P, )
o —
a(t) 3—v
:2(1+t)pv2y’ +2(1 +t)/ (P—Hﬂ)y) dy. (3.5)
v=a(t) o \7-1
Substituting (3.3),(3.4) and (3.5) into (3.2), we have

a(t) 3—~
H’(t):2(1+t)/ 5 bty ) dy
0 y—1

_ a(t)
=%%(1 +t)2/0 Pdy+2p(1+t)(v(a(t),t) —v(0,t))

3—y 2 , [ ,

Case 1: If v>3. By (3.6), we have

H'(t) <2u(1+t)d(t),

which yields

H(t) SH(O)+2M/Ot(1+s)a’(s)ds
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:H(0)+2u(1+t)a(t)—2,ua—2,u/ta(s)ds
<CA4+(14+t)M(1)), i (3.7
where M (t) =maxo<s<¢|a(s)—0]>a>0.
Case 2: If y<3. By (3.6), we have

H () < 3=V H )+ 2u(1+8)d/ (¢)

“ 1+t

by Gronwall inequality and integration by parts, we have

1) <exp (/Ot Eds) (H(O)—i—/otexp <_/0 ::de) 2u(1+8)a'(s)ds)
=(1+1)°7" (H(0)+/Ot m2ua’(s)ds>

T —aut2) [y alas). (9

<(14¢)*7 <H(O)+2,u
Case 2.1: When 2 <+ <3, (3.8) directly gives

H(t) < (1+1)°77 (H(0)+2u(1j_‘(t§)2_7)
<(A+t)3THO) +2u(1+t)M(2). (3.9)

Case 2.2: When 1<+ <2, by integration in (3.8), we have

H(t) < (14> TH(0) 4+ 2u(1 ) M (t) +2u(2 — ) (1 4)3 "7V M (t) /t(l +5)773ds
0

[(1+8)772—1]
v—2
<A+ THO) +2u(1+8) M (t) +2u(14+)37Y M(t). (3.10)

<(A4+t)3THO) +2u(14+8) M) +2u(2—~)(1+1)> Y M(2)

Thus, combining (3.7), (3.9) and (3.10), we have

a(t)
/ Pay<-—2"1 m@
0 2(1+1¢)?

T T T
aMt), v=2,

WM(t), 1<y<2.

c (14}t)2+%+tM(t))v 3<ny

=3 Clamm 1+ﬁM(t)), 2<y<3,
Cadrr+TgMO+ 1+ M), 1<y<2
¢ (1—:t)2+1+t)M(t)» 3<y

=\ ¢ (1+t)7 1+(1+t) 2<y<3,
C
C
C

(3.11)

{
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On the other hand, from (1.4) and (1.1), we have the entropy form of the energy
equation:

Ky vy B

(pS)t+(va)y<9>y+ gz Tl

Integrating it over (0,a(t)) and using the boundary condition (1.3), we have
a(t)

a(t) a(t)
7 dey:/ (pS)tdy+/ (pvS)ydy
0 0 0

a(t) /1.0 at) | ¢, k02
= —Y dy—|—/ Y y—|—ﬁv2 dy
/0 ( 0 )y 0 0> 0
a(t)
L) e

Consequently, we have
a(t)

a(t) a
— pSdy >0, / /)dez/ poSody = ko > 0.

0

Using Holder inequality and the fact x <e®, we have

i a(t) a(t)
OS/ deyS/ peier dy
YCo 0 Yo 0
a(t) s % a(t) v
< / plecvdy / dy
0 0

a(t) v
([ pay) mew=
0
which together with (3.11) yields

Y pa(t)
M(t)l—”s@fj)/o Pdy

1
<{C(1+,5)M(f)7 722,

Consequently, which implies

M(1)> C(1+t)1l v>2,
Cl+t) >, 1l<y<2.

Then the proof of Theorem 1.2 is completed. O
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