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THE UNIQUE GLOBAL SOLVABILITY OF MULTI-DIMENSIONAL
COMPRESSIBLE NAVIER-STOKES-POISSON-KORTEWEG MODEL∗

FUYI XU† AND YEPING LI‡

Abstract. The present paper is dedicated to the study of the Cauchy problem for compressible
Navier-Stokes-Poisson-Korteweg model in any dimension d≥2, which simultaneously involves the lower
order potential term and the higher order capillarity term. The unique global solvability of the system
is obtained when the initial data are close to a stable equilibrium state in a functional setting invariant
by the scaling of the associated equations. In particular, one may construct the unique global solution
for a class of large highly oscillating initial velocities in physical dimensions d= 2,3.
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1. Introduction and main results
In this paper, we consider the following multi-dimensional compressible Navier-

Stokes-Poisson-Korteweg model in Rd(d≥2):
∂tρ+div(ρu) = 0,

∂t(ρu)+div(ρu⊗u)−div(2µ(ρ)Du)−∇(λ(ρ)divu)+∇P (ρ) =−ρ∇φ+divK,
−∆φ=ρ− ρ̄,

(1.1)

where ρ=ρ(t,x), u=u(t,x) and φ=φ(t,x) are the unknown functions, representing the
density, the velocity and the potential force, respectively. P =P (ρ) is pressure satisfying
P ′(ρ)>0 and for all ρ>0. The coefficients λ=λ(ρ) and µ=µ(ρ) designate the bulk and
shear viscosities, respectively, and are assumed to satisfy in the neighborhood of some
reference constant density ρ̄>0 the conditions

µ>0 and ν,λ+2µ>0. (1.2)

D(u)
def
= 1

2 (Du+TDu) is the deformation tensor and the capillarity tensor is given by

K,ρdiv(κ(ρ)∇ρ)IRd +
1

2

(
κ(ρ)−ρκ′(ρ)

)
|∇ρ|2 IRd−κ(ρ)∇ρ⊗∇ρ.

The density-dependent capillarity function κ is assumed to be positive. Note that for
smooth enough density and κ, we have (see [3])

divK=ρ∇
(
κ(ρ)∆ρ+

1

2
κ′(ρ)|∇ρ|2

)
· (1.3)

Here, we are concerned with the Cauchy problem of the system (1.1) in R+×Rd subject
to the initial data

(ρ,u,φ)|t=0 = (ρ0,u0,φ0) (1.4)
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satisfying compatibility condition

−∆φ0 =ρ0− ρ̄.

System (1.1) can be used to describe physical phenomena in plasmas and semicon-
ductors, see the pioneering work by Dunn and Serrin [15] and also Anderson et al. [1] and
Cahn and Hilliard [5]. We would like to point out that System (1.1) includes several im-
portant models as special cases. When K= 0, (1.1) reduces to the compressible Navier-
Stokes-Poisson model. As for classical solutions, Li-Matsumura-Zhang [22] proved the
global existence and time decay estimates in the three-dimensional case under the as-
sumption that data are close to the constant equilibrium state. In 2009, Hao-Li [16]
proved the global existence and uniqueness of strong solutions in the framework of hy-
brid Besov spaces in three and higher dimensions. Recently, still in dimension d≥3,
by adapting the works by Charve-Danchin [6] and Chen-Miao-Zhang [11], Zheng [30]
removed the extra-assumption on the velocity from [16] and extended the global exis-
tence result to the Lp critical framework. In 2017, Chikami and Danchin [12] further
improved the known result in [30] and established the unique global solvability and
time decay estimates in any dimension d≥2 for small perturbations of a linearly stable
constant state. It is a remarkable fact that the results mentioned above were obtained
under the condition of constant viscosity coefficients. When there is no potential force
φ, (1.1) becomes the compressible Navier-Stokes-Korteweg model, which attracted the
attention of many researchers during the recent decades. Hattori and Li [20, 21] estab-
lished the local existence of smooth solutions with large initial data and global existence
of smooth solutions around constant states of the compressible Navier-Stokes-Korteweg
model for small initial data (ρ0,u0) in Sobolev spaces Hs(Rd)×Hs−1(Rd) with s≥ d

2 +4
and d= 2,3, respectively. Recently, researchers in [27, 28] proved the global existence
and decay rate of strong solutions for small initial data in some Sobolev spaces which
have lower regularity than that of [21] in three dimensional case. In 2016, Li and
Yong [23] investigated the zero Mach number limit for the three-dimensional model in
the regime of smooth solutions. In L2-critical Besov spaces, Danchin and Desjardins [14]
and Haspot [18,19] obtained the global well-posedness of strong solutions close to a sta-
ble equilibrium state. In 2018, Charve et al. [7] established the global existence, Gevrey
analytic and algebraic time-decay estimates of strong solutions when the initial data are
close to a stable equilibrium state in Lp-critical framework. When one simultaneously
considers the effects of the electrostatic potential and the capillarity, that is, System
(1.1), Wang and Yang [29] studied the quasi-neutral limit of global weak solutions in the
torus T3. Li and Yong [24] presented the local-in-time existence of smooth solutions and
studied the quasi-neutral limit. Later, Li et al. [25] showed the global-in-time existence
of smooth solutions with small initial data and discussed some limit analysis. Here, it
should be pointed out that the functional spaces with high Sobolev regularity is not the
lowest index in the sense of the scaling invariant of the associated System (1.1) and the
dimension of space is only limited to d= 3.

A natural question follows then, that is, whether the global well-posedness in the
lowest index functional spaces can be shown for the Cauchy problem (1.1)-(1.4). The
main motivation of this paper is to give a positive answer to this question and es-
tablish the global solvability of strong solutions when the initial data are close to
a stable equilibrium state in more general critical Besov spaces related to the Lp

spaces for any dimension d≥2. At this stage, let us recall that, by definition, criti-
cal spaces for System (1.1) are norm invariant for all l>0 by the scaling transforma-
tions Tl :

(
ρ(t,x),u(t,x),φ(t,x)

)
→
(
ρ(l2t,lx),lu(l2t,lx),l2φ(l2t,lx)

)
, in accordance with
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the fact that (ρ,u,φ) is a solution to System (1.1) if and only if so does Tl(ρ,u,φ), corre-
sponding to the dilated initial data (ρ0(lx),lu0(lx),l2φ0(lx)), provided that the pressure
P has been changed into l2P . Due to the similarity of the compressible Navier-Stokes-
Poisson-Korteweg model to the compressible Navier-Stokes equations, we can apply
some ideas developed in proving the existence of solutions to the compressible Navier-
Stokes equations to deal with System (1.1). We refer the readers to [6,11,17]. However,
it is non-trivial to apply directly the ideas from [6,11,17] to System (1.1) which simulta-
neously involves the lower order electrostatic potential term ∇(−∆)−1ρ and the higher
order capillarity term ∇∆ρ, which makes it rather difficult to get the desired global
a priori estimates. Now, let us explain some of the main difficulties and techniques
involved in the process. In fact, System (1.1) is a hyperbolic-parabolic system with a
non-local term ∇(−∆)−1ρ arising from the lower order electrostatic potential φ. The
symbol of this non-local term is singular in the low frequencies of the Fourier transform
G1(x,t) of Green’s matrix G1(x,t) (see Proposition 4.1), which plays a bad role in our
analysis. In order to overcome the difficulty, we introduce a new unknown a= Λ−1c
which transfers the system (4.1) into (4.8) without the pseudo-differential operator of
order −1 in the linear part of the momentum equation. Here, for the new System (4.8),
we do not directly study the hyperbolic-parabolic linear system with convection terms
as in [16] but present an explicit derivation of the Fourier transform of Green’s ma-
trix G(x,t) corresponding to the linearized system by the Fourier transform and then

perform its spectral analysis. In particular, we exhibit that Ĝ(ξ,t) behaves like the
heat kernel in the low frequencies. Based on the important property, we further exploit
the smoothing effects of (a,u) in the low frequencies, which naturally implies the same
property of (ρ−1,u). In contrast, in the high frequencies, we notice that the non-local
term ∇(−∆)−1ρ can be treated as the harmless perturbation term. Therefore, we only
focus on the hyperbolic-parabolic system with the higher order capillarity term ∇∆ρ.
As in Haspot [17] for the standard compressible barotropic Navier-Stokes equations, we
introduce some suitable effective velocity field ω=Qu+ν−1(−∆)−1∇c (named viscous
effective flux in Hoff’s work [10]) and observe a suitable linear combination of w and ∇c
satisfying a heat equation involving some harmless lower-order terms. Taking advantage
of the smoothing effects from the heat equation, we then fully show the parabolic prop-
erties for the density and velocity in the high frequencies. In fact, the important feature
stems from the presence of the Korteweg tensor and enables us to apply fixed-point
argument, which is different from the barotropic compressible Navier-Stokes equations.
With these analysis tools in hand, employing contraction mapping principle, we even-
tually obtain the unique global solvability of strong solutions to the Cauchy problem
(1.1)-(1.4). Finally, let us emphasize that the result allows us to construct global strong
solutions for some highly oscillating initial velocity data.

Now we state our main results as follows:

Theorem 1.1. Let d≥2, p∈ [2,min(4,2d/(d−2))] with, additionally, p 6= 4 if d= 2,

and denote c0 :=ρ0− ρ̄. There exists a small enough constant η such that if ch0 ∈ Ḃ
d
p

p,1

and uh0 ∈ Ḃ
d
p−1

p,1 with besides c`0∈ Ḃ
d
2−2
2,1 and u`0∈ Ḃ

d
2−1
2,1 satisfy

Xp,0
def
= ‖c0‖`

Ḃ
d
2
−2

2,1

+‖u0‖`
Ḃ
d
2
−1

2,1

+‖c0‖h
Ḃ
d
p
p,1

+‖u0‖h
Ḃ
d
p
−1

p,1

≤η, (1.5)

then (1.1)-(1.4) has a unique global-in-time solution (ρ,u) in the space Xp defined by

c`∈C(R+;Ḃ
d
2−2
2,1 )∩L1(R+;Ḃ

d
2
2,1), u`∈C(R+;Ḃ

d
2−1
2,1 )∩L1(R+;Ḃ

d
2 +1
2,1 ),
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ch∈C(R+;Ḃ
d
p

p,1)∩L1(R+;Ḃ
d
p+2

p,1 ), uh∈C(R+;Ḃ
d
p−1

p,1 )∩L1(R+;Ḃ
d
p+1

p,1 ).

(1.6)

Remark 1.2. Compared with [24,25], we establish the global well-posedness of strong
solutions in the so-called critical Besov spaces in any dimension d≥2 and the dimension
of space is more extensive and is not limited to d= 3.

Remark 1.3. In Theorem 1.1, the regularity index for the high frequency part of u0

may be negative. Especially, this allows us to obtain the global well-posedness of the
system (1.1) for the highly oscillating initial velocity u0. For example, let

u0(x) = sin
(x1

ε

)
φ(x), φ(x)∈S(Rd).

Thus for any ε>0

‖u0‖
Ḃ
d
p
−1

p,1

≤Cε1− dp for p>d.

Hence such data with small enough ε generate global unique solutions in dimension
d= 2,3.

The rest of the paper unfolds as follows. In the next section, we recall some basic
facts about Littlewood-Paley decomposition, Besov spaces and some useful lemmas.
Then, in Section 3, to make it more convenient to study, we reformulate the original
system (1.1)-(1.4). Section 4 is devoted to the proof of the global well-posedness for
initial data near equilibrium in critical Besov spaces.

Notations. We assume C be a positive generic constant throughout this paper that
may vary at different places and denote A≤CB by A.B. We shall also need the
notations

z`
def
=
∑
j≤k0

∆̇jz and zh
def
= z−z`, for some j0.

‖z‖`
Ḃsp,1

def
=
∑
j≤k0

2js‖∆̇jz‖Lp and ‖z‖h
Ḃsp,1

def
=
∑
j≥k0

2js‖∆̇jz‖Lp , for some j0.

Noting the small overlap between low and high frequencies, we have

‖z`‖Ḃsp,1 .‖z‖
`
Ḃsp,1

and ‖zh‖Ḃsp,1 .‖z‖
h
Ḃsp,1

.

2. Littlewood-Paley theory and some useful lemmas
Let us introduce the Littlewood-Paley decomposition. Choose a radial function

ϕ∈S(Rd) supported in C={ξ∈Rd, 3
4 ≤|ξ|≤

8
3} such that∑

q∈Z
ϕ(2−qξ) = 1 for all ξ 6= 0.

The homogeneous frequency localization operators ∆̇q and Ṡq are defined by

∆̇qf =ϕ(2−qD)f, Ṡqf =
∑
k≤q−1

∆̇kf for q∈Z.
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With our choice of ϕ, one can easily verify that

∆̇q∆̇kf = 0 if |q−k|≥2 and

∆̇q(Ṡk−1f∆̇kf) = 0 if |q−k|≥5.

We denote the space Z ′(Rd) by the dual space of Z(Rd) ={f ∈S(Rd);Dαf̂(0) = 0;∀α∈
Ndmulti-index}, it also can be identified by the quotient space of S ′(Rd)/P with the
polynomial space P. The formal equality

f =
∑
q∈Z

∆̇qf

holds true for f ∈Z ′(Rd) and is called the homogeneous Littlewood-Paley decomposi-
tion.

The basic tool of the paradifferential calculus is Bony’s decomposition [4]. Formally,
the product of two tempered distributions fu and g may be decomposed into

fg=Tfg+R(f,g)+Tgf

with

Tfg
def
=
∑
q

Ṡq−1f ∆̇qg and R(f,g)
def
=
∑
q

∑
|q′−q|≤1

∆̇qf ∆̇q′g.

The usual product is continuous in many Besov spaces. The following proposition, the
proof of which may be found in [26] Section 4.4 (see in particular inequality (28) page
174), will be very useful.

Proposition 2.1. For all 1≤ r,p,p1,p2≤+∞, there exists a positive universal con-
stant such that

‖fg‖Ḃsp,r .‖f‖L∞‖g‖Ḃsp,r +‖g‖L∞‖f‖Ḃsp,r , if s>0;

‖fg‖
Ḃ
s1+s2−

d
p

p,r

.‖f‖Ḃs1p,r‖g‖Ḃs2p,∞ , if s1,s2<
d

p
, and s1 +s2>0;

‖fg‖Ḃsp,r .‖f‖Ḃsp,r‖g‖Ḃ
d
p
p,∞∩L∞

, if |s|< d

p
;

‖fg‖Ḃs2,1 .‖f‖Ḃd/22,1
‖g‖Ḃs2,1 , if s∈ (−d/2,d/2].

The following Bernstein’s inequalities will be frequently used.

Lemma 2.2 ( [8]). Let 1≤p1≤p2≤+∞. Assume that f ∈Lp1(Rd), then for any
γ∈ (N∪{0})d, there exist constants C1, C2 independent of f , q such that

suppf̂ ⊆{|ξ|≤A02q}⇒‖∂γf‖p2 ≤C12q|γ|+qd( 1
p1
− 1
p2

)‖f‖p1 ,
suppf̂ ⊆{A12q≤|ξ|≤A22q}⇒‖f‖p1 ≤C22−q|γ| sup

|β|=|γ|
‖∂βf‖p1 .

Let us recall the definition of homogeneous Besov spaces (see [2, 13]).

Definition 2.3. Let s∈R, 1≤p,r≤+∞. The homogeneous Besov space Ḃsp,r is
defined by

Ḃsp,r =
{
f ∈Z ′(Rd) : ‖f‖Ḃsp,r <+∞

}
,
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where

‖f‖Ḃsp,r
def
=
∥∥∥2qs‖∆̇qf(t)‖p

∥∥∥
`r
.

Remark 2.4. Some properties about the Besov spaces are as follows

• Derivation:

‖f‖Ḃs2,1 ≈‖∇f‖Ḃs−1
2,1

;

• Algebraic properties: for s>0, Ḃs2,1∩L∞ is an algebra;

• Interpolation: for s1,s2∈R and θ∈ [0,1], we have

‖f‖
Ḃ
θs1+(1−θ)s2
2,1

≤‖f‖θ
Ḃ
s1
2,1
‖f‖(1−θ)

Ḃ
s2
2,1

.

Definition 2.5. Let s∈R, 1≤p,ρ,r≤+∞. The homogeneous space-time Besov space
LρT (Ḃsp,r) is defined by

LρT (Ḃsp,r) =
{
f ∈R+×Z ′(Rd) : ‖f‖LρT (Ḃsp,r)<+∞

}
,

where

‖f‖LρT (Ḃsp,r)

def
=
∥∥∥∥∥2qs‖∆̇qf‖Lp

∥∥
`r

∥∥∥
LρT

.

We next introduce the Besov-Chemin-Lerner space L̃qT (Ḃsp,r) which is initiated in [9].

Definition 2.6. Let s∈R, 1≤p,q,r≤+∞, 0<T ≤+∞. The space L̃qT (Ḃsp,r) is
defined by

L̃qT (Ḃsp,r) =
{
f ∈R+×Z ′(Rd) : ‖f‖L̃qT (Ḃsp,r)<+∞

}
,

where

‖f‖L̃qT (Ḃsp,r)

def
=
∥∥∥2qs‖∆̇qf(t)‖Lq(0,T ;Lp)

∥∥∥
`r
.

Obviously, L̃1
T (Ḃsp,1) =L1

T (Ḃsp,1). By a direct application of Minkowski’s inequality, we
have the following relations between these spaces

LρT (Ḃsp,r) ↪→ L̃ρT (Ḃsp,r), if r≥ρ,

L̃ρT (Ḃsp,r) ↪→LρT (Ḃsp,r), if ρ≥ r.

For the composition of functions, we have the following estimates.

Proposition 2.7 ( [13]). Let s>0, 1≤p≤∞ and u∈ Ḃsp,1∩L∞. If F ∈
W

[s]+2,∞
loc (Rd) with F (0) = 0, then F (u)∈ Ḃsp,1. Moreover, there exists a function of

one variable C0 depending only on s and F , and such that

‖F (u)‖Ḃsp,1 ≤C0(‖u‖L∞)‖u‖Ḃsp,1 .
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Proposition 2.8 ( [2, 7]). Let σ∈R,(p,r)∈ [1,∞]2 and 1≤ρ2≤ρ1≤∞. Let u
satisfy {

∂tu−µ∆u=f,

u |t=0=u0.
(2.1)

For all T >0, (i) if µ>0, we have

µ
1
ρ1 ‖u‖

L̃
ρ1
T (Ḃ

σ+ 2
ρ1

p,r )
.‖u0‖Ḃσp,r +µ

1
ρ2
−1‖f‖

L̃
ρ2
T (Ḃ

σ−2+ 2
ρ2

p,r )
. (2.2)

(ii) if µ∈C and Reµ>0, we have

(Reµ)
1
ρ1 ‖u‖

L̃
ρ1
T (Ḃ

σ+ 2
ρ1

p,r )
.‖u0‖Ḃσp,r +(Reµ)

1
ρ2
−1‖f‖

L̃
ρ2
T (Ḃ

σ−2+ 2
ρ2

p,r )
. (2.3)

3. Reformulation of the original system (1.1)-(1.4)
To make it more convenient to study, we reformulate the original system (1.1)-(1.4)

into a different form. Without loss of generality, we will assume that ρ̄= 1, P ′(1) = 1, and
denote that c=ρ−1. Then, in terms of the new variables (c,u), the system (1.1)-(1.4)
rewrites 

∂tc+divu=f,

∂tu−Au+∇c+∇(−∆)−1c−κ∇∆c=g,

(c, u)|t=0 = (c0, u0),

(3.1)

where

f =f(c,u) =−div(cu),

g=g(c,u) =−u ·∇u−L1(c)Au+L2(c)∇c+L3(c)
(

div
(
2µ̃(c)D(u)

)
+∇

(
λ̃(c))divu

))
+∇

(
κ̃(c)∆c+

1

2
∇κ̃(c) ·∇c

)
with

Audef
= µ∆u+(λ+µ)∇divu, L1(c)

def
=

c

1+c
, L2(c)

def
=
p′(1+c)

1+c
−1,

L3(c)
def
=

1

c+1
, λ

def
= λ(1), µ

def
= µ(1),

µ̃(c)
def
= µ(1+c)−µ(1), λ̃(c)

def
= λ(1+c)−λ(1), κ

def
= κ(1),

κ̃(c)
def
= κ(1+c)−κ(1).

For s∈R, we denote Λsh=F−1(|ξ|sĥ). Let us decompose u into u=Pu+Qu, where P
and Q are the projectors onto divergence-free and potential vector-fields, respectively
(hence P= Id+∇(−∆)−1div). Set v := Λ−1divu= Λ−1divQu with Λ = (−∆)

1
2 . Thus,

(c,v,Pu) satisfies 
∂tc+Λv=f,

∂tv−ν∆v−Λc−Λ−1c−κΛ3c=g1,

∂tPu−µ∆Pu=Pg,
(3.2)

where g1 =−Λ−1divg.
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4. Global well-posedness for initial data near equilibrium
In this section, we will prove global existence and uniqueness of strong solutions to

the system (3.1) in Lp-type critical regularity framework.

4.1. Global a priori estimates. The subsection is devoted to exploiting
important global a priori estimates for the system (3.1). It is divided into two steps as
follows.

Step 1: Low frequencies. From (3.2), we find that the interaction between the
velocity and the density only involves the compressible part of the velocity, namely
v. The incompressible part Pu satisfies a mere heat equation. The coupling system
including c and v in (3.2) reads

∂tc+Λv=f,

∂tv−ν∆v−Λc−Λ−1c−κΛ3c=g1,

(c,v)|t=0 = (c0,v0).

(4.1)

To better study properties of (c,v) in the low frequencies, we make some analysis for
Green’s matrix G1(x,t) of the following linearized system without outer forces, namely

∂tc+Λv= 0,

∂tv−ν∆v−Λc−Λ−1c−κΛ3c= 0,

(c,v)|t=0 = (c0,v0).

(4.2)

Proposition 4.1. Let G1 be the Green matrix of the system (4.2). Then we have the

following explicit expression for Ĝ1:

Ĝ1(ξ,t) =


λ+e

λ−t−λ−eλ+t
λ+−λ− −

(
eλ+t−eλ−t
λ+−λ−

)
|ξ|

−
(
eλ−t−eλ+t
λ+−λ−

)
(|ξ|+ |ξ|−1 +κ|ξ|3) λ+e

λ+t−λ−eλ−t
λ+−λ−

, (4.3)

where

λ±=−1

2
ν|ξ|2± 1

2

√
(ν2−4κ)|ξ|4−4(1+ |ξ|2).

Proof. Taking Fourier transforms to the linearized system (4.2) yields that{
ĉt+ |ξ|v̂= 0,

v̂t+ν|ξ|2v̂−(|ξ|+ |ξ|−1 +κ|ξ|3)ĉ= 0.
(4.4)

Differentiating with respect to the time variable t in the second equation of (4.4) gives

v̂tt+ν|ξ|2v̂t−(|ξ|+ |ξ|−1 +κ|ξ|3)ĉt= 0.

Combining it with the first equation of (4.4), we get{
v̂tt+ν|ξ|2v̂t+(1+ |ξ|2 +κ|ξ|4)v̂= 0,

v̂(ξ,0) = v̂0(ξ), v̂t(ξ,0) =−ν|ξ|2v̂0(ξ)+(|ξ|+ |ξ|−1 +κ|ξ|3)ĉ0(ξ).
(4.5)
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It is easy to check that λ± are two roots of the corresponding indicial equation of (4.5).
Thus, we may assume that the solution of (4.5) has the form

v̂(ξ,t) =A(ξ)eλ−(ξ)t+B(ξ)eλ+(ξ)t.

Using the initial conditions, we obtain

A=
(λ+ +ν|ξ|2)v̂0−(|ξ|+ |ξ|−1 +κ|ξ|3)ĉ0

λ+−λ−
,

B=
−(λ−+ν|ξ|2)v̂0 +(|ξ|+ |ξ|−1 +κ|ξ|3)ĉ0

λ+−λ−
,

which imply

v̂(ξ,t) =−
(
eλ−t−eλ+t

λ+−λ−

)
(|ξ|+ |ξ|−1 +κ|ξ|3)â0(ξ)+

(
λ+e

λ+t−λ−eλ−t

λ+−λ−

)
v̂0(ξ). (4.6)

This determines Ĝ21
1 and Ĝ22

2 .

On the other hand, from the first equation of (4.4), we have

ĉ(ξ,t) = ĉ(ξ,0)−|ξ|
∫ t

0

v̂(ξ,τ)dτ.

Plugging (4.6) into the above equality and using the following relations

λ±+ν|ξ|2 =−λ∓, λ−λ+ = 1+ |ξ|2 +κ|ξ|4,

we finally get

â(ξ,t) =

(
λ+e

λ−t−λ−eλ+t

λ+−λ−

)
â0(ξ)−

(
eλ+t−eλ−t

λ+−λ−

)
|ξ|v̂0(ξ), (4.7)

which determines Ĝ11
1 and Ĝ12

1 .

From (4.3), we observe that |ξ|+ |ξ|−1 +κ|ξ|3∼|ξ|−1 when |ξ|→0 in Ĝ21
1 , which is

different from the Fourier transform of Green’s matrix for compressible Navier-Stokes

equations. Obviously, the term |ξ|−1 in Ĝ21
1 of Ĝ1(ξ,t) is singular and causes some

difficulty in low frequencies. Thus, it is impossible to obtain decay estimates of Ĝ1(ξ,t)
like the heat kernel. In fact, the term |ξ|−1 comes from the symbol of the nonlocal term
Λ−1c in the system (4.2). To overcome the difficulty, we notice that Λ−1c should have
the same regularity as ν∆v in low frequencies, which induces us to introduce a new
unknown a= Λ−1c. Thus, the system (4.1) is equivalent to the following form

∂ta+v=f1,

∂tv−ν∆v−a−Λ2a−κΛ4a=g1,

(a,v)|t=0 = (Λ−1c0,v0)

(4.8)

with f1 = Λ−1f .
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Similar to Proposition 4.1, we also show an explicit derivation of the Fourier trans-
form of Green’s matrix G(x,t) corresponding to the linearized system (4.8) without outer
forces.

Proposition 4.2. Let G be the Green matrix of the system (4.8). Then we have the

following explicit expression for Ĝ:

Ĝ(ξ,t) =


λ+e

λ−t−λ−eλ+t
λ+−λ− −

(
eλ+t−eλ−t
λ+−λ−

)
−
(
eλ−t−eλ+t
λ+−λ−

)
(1+ |ξ|2 +κ|ξ|4) λ+e

λ+t−λ−eλ−t
λ+−λ−

, (4.9)

where

λ±=−1

2
ν|ξ|2± 1

2

√
(ν2−4κ)|ξ|4−4(1+ |ξ|2). (4.10)

Based on Proposition 4.2, we exhibit that Ĝ(ξ,t) behaves like the heat kernel in the
low frequencies.

Lemma 4.3. Let G be the Green matrix of Lemma 4.2. Given R>0, there is a positive
number ϑ such that for |ξ|<R

|Ĝ(ξ,t)|≤Ce−ϑ|ξ|
2t, (4.11)

where C=C(R).

Proof. Here, we will prove it in the following two cases.

Case 1. For ν2≤4κ, in this case, λ± are complex numbers for any fixed ξ. We
denote b= 1

2

√
4(1+ |ξ|2)−(ν2−4κ)|ξ|4, thus b>0 and λ±=− 1

2ν|ξ|
2±bi. Employing

Euler’s formula, we have

eλ+t−eλ−t

λ+−λ−
=

sin(bt)

b
e−

1
2ν|ξ|

2t,

λ+e
λ−t−λ−eλ+t

λ+−λ−
=
[

cos(bt)+
1

2
ν

sin(bt)

b
|ξ|2
]
e−

1
2ν|ξ|

2t,

λ+e
λ+t−λ−eλ−t

λ+−λ−
=
[

cos(bt)− 1

2
ν

sin(bt)

b
|ξ|2
]
e−

1
2ν|ξ|

2t.

For |ξ|<R, noticing that b=O(1), one can easily find that

|Ĝ(ξ,t)|≤Ce− 1
2ν|ξ|

2t,

where C=C(R).

Case 2. For ν2>4κ, in this case, if we define h=ν−
√
ν2−4κ, then h>0 and

Re(λ±)≤−h
2
|ξ|2, ∀ξ∈Rd. (4.12)
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On the other hand, for |ξ|<R, since |λ±|, |λ+−λ−|=O(1), we derive from the expres-
sion (4.9) and (4.12) that

|Ĝ(ξ,t)|≤Ce− 1
2h|ξ|

2t,

where C=C(R). The proof of Lemma 4.3 is complete.

We have the following smoothing effects of Green’s matrix G in the low frequencies.

Lemma 4.4. Let C be a ring centered at 0 in Rd . Then there exist positive constants
R0,C,c such that, if suppû⊂λC, λ≤R0, then we have

‖G ∗u‖L2 ≤Ce−cλ
2t‖u‖L2 . (4.13)

Proof. Thanks to the Plancherel theorem, we get

‖G ∗u‖L2 =‖Ĝ(ξ)û(ξ)‖L2 ≤C‖e−ϑ|ξ|
2tû(ξ)‖2≤Ce−cλ

2t‖u‖2,

where we have used (4.11) and the support property of û(ξ).

The following Lemma states some optimal a priori estimates for the solution to the
system (4.8), and exhibits the smoothing properties of a and v in the low frequencies,
assuming that f1 and g1 are given.

Lemma 4.5. Let (a, v) be a solution of the system (4.8). Let m0 be any integer
number. There exists a positive constant C depending only on ν and m0, such that the
following inequality holds for all t≥0 and 1≤ r≤∞

‖(a,v)‖`
L̃rt (Ḃ

s+ 2
r

2,1 )
≤C

(
‖(a0,v0)‖`

Ḃs2,1
+‖(f1,g1)‖`

L1
t (Ḃ

s
2,1)

)
. (4.14)

Proof. In terms of Green’s matrix and Duhamel’s principle, the solution of (4.8)
can be expressed as(

a

v

)
=G(x,t)∗

(
a0

v0

)
+

∫ t

0

G(x,t−τ)∗

(
f1

g1

)
dτ. (4.15)

Applying homogeneous frequency localization operators ∆̇j on both sides of (4.15), we
get (

∆̇ja

∆̇jv

)
=G(x,t)∗

(
∆̇ja0

∆̇jv0

)
+

∫ t

0

G(x,t−τ)∗

(
∆̇jf1

∆̇jg1

)
dτ.

From Lemma 4.4 and Young’s inequality, we infer that

‖∆̇ja(t)‖L2 +‖∆̇jv(t)‖L2 ≤Ce−c2
2jt
(
‖∆̇ja0‖L2 +‖∆̇jv0‖L2

)
+C

∫ t

0

e−c2
2j(t−τ)

(
‖∆̇jf1(τ)‖L2 +‖∆̇jg1(τ)‖L2

)
dτ.

Taking Lr norm with respect to t gives

‖∆̇ja‖LrtL2 +‖∆̇jv‖LrtL2 ≤C2−
2j
r

(
‖∆̇ja0‖L2 +‖∆̇jv0‖L2 +‖∆̇jf1‖L1

tL
2 +‖∆̇jg1‖L1

tL
2

)
.

(4.16)
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Multiplying 2js on both sides of (4.16), and then summing for j≤m0, we get (4.14).
The proof of Lemma 4.5 is complete.

Taking advantage of Proposition 2.8 for the following heat equation

∂tPu−µ∆Pu=Pg,

we have

‖Pu‖`
L̃∞t (Ḃ

d
2
−1

2,1 )
+‖Pu‖`

L1
t (Ḃ

d
2
+1

2,1 )
≤C

(
‖Pu0‖`

Ḃ
d
2
−1

2,1

+‖Pg‖`
L1
t (Ḃ

d
2
−1

2,1 )

)
. (4.17)

Combining with (4.14) and (4.17) yields

‖(a,u)‖`
L̃∞t (Ḃ

d
2
−1

2,1 )
+‖(a,u)‖`

L1
t (Ḃ

d
2
+1

2,1 )
≤C

(
‖(a0,u0)‖`

Ḃ
d
2
−1

2,1

+‖(Λ−1f,g1)‖`
L1
t (Ḃ

d
2
−1

2,1 )

)
.

Noticing that a= Λ−1c, the above inequality is actually equivalent to

‖c‖`
L̃∞t (Ḃ

d
2
−2

2,1 )
+‖c‖`

L1
t (Ḃ

d
2
2,1)

+‖u‖`
L̃∞t (Ḃ

d
2
−1

2,1 )
+‖u‖`

L1
t (Ḃ

d
2
+1

2,1 )

≤C
(
‖c0‖`

Ḃ
d
2
−2

2,1

+‖u0‖`
Ḃ
d
2
−1

2,1

+‖f‖`
L1
t (Ḃ

d
2
−2

2,1 )
+‖g‖`

L1
t (Ḃ

d
2
−1

2,1 )

)
. (4.18)

Next, we bound the terms ‖f‖`
L1
t (Ḃ

d
2
−2

2,1 )
and ‖g‖`

L1
t (Ḃ

d
2
−1

2,1 )
as follows. For ‖f‖`

L1
t (Ḃ

d
2
−2

2,1 )
,

it suffices to bound ‖cu‖`
L1
t (Ḃ

d
2
−1

2,1 )
. Employing Bony’s decomposition, we have

(cu)`=
(
Tcu)`+

(
R(c,u)

)`
+(Tuc)

`.

Recall that T : Ḃ
d
p−1

p,1 ×Ḃ
d
p

p,1→ Ḃ
d
2−1
2,1 for 2≤p≤min

(
4, 2d
d−2

)
. Hence, we have

‖(Tuc)`‖
L1
t (Ḃ

d
2
−1

2,1 )
≤C‖u‖

L∞t (Ḃ
d
p
−1

p,1 )
‖c‖

L1
t (Ḃ

d
p
p,1)

≤C
(
‖u‖`

L∞t (Ḃ
d
p
−1

p,1 )

+‖u‖h
L∞t (Ḃ

d
p
−1

p,1 )

)(
‖c‖`

L1
t (Ḃ

d
p
p,1)

+‖c‖h
L1
t (Ḃ

d
p
p,1)

)
≤C
(
‖u‖`

L∞t (Ḃ
d
2
−1

2,1 )
+‖u‖h

L∞t (Ḃ
d
p
−1

p,1 )

)(
‖c‖`

L1
t (Ḃ

d
2
2,1)

+‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)
≤C‖(c,u)‖2Xp(t),

‖(Tcu)`‖
L1
t (Ḃ

d
2
−1

2,1 )
≤C‖c‖

L2
t (Ḃ

d
p
−1

p,1 )
‖u‖

L2
t (Ḃ

d
p
p,1)

≤C
(
‖c‖`

L2
t (Ḃ

d
p
−1

p,1 )

+‖c‖h
L2
t (Ḃ

d
p
−1

p,1 )

)(
‖u‖`

L2
t (Ḃ

d
p
p,1)

+‖u‖h
L2
t (Ḃ

d
p
p,1)

)
≤C
(
‖c‖`

L2
t (Ḃ

d
2
−1

2,1 )
+‖c‖h

L2
t (Ḃ

d
p
+1

p,1 )

)(
‖u‖`

L2
t (Ḃ

d
2
2,1)

+‖u‖h
L2
t (Ḃ

d
p
p,1)

)
≤C‖(c,u)‖2Xp(t),

where we have used the following interpolation inequalities,

‖c‖`
L̃2
t (Ḃ

d
2
−1

2,1 )
≤
(
‖c‖`

L̃∞t (Ḃ
d
2
−2

2,1 )

) 1
2
(
‖c‖`

L1
t (Ḃ

d
2
2,1)

) 1
2

,
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‖c‖h
L̃2
t (Ḃ

d
p
+1

p,1 )

≤
(
‖c‖h

L̃∞t (Ḃ
d
p
p,1)

) 1
2
(
‖c‖h

L1
t (Ḃ

d
p
+2

p,1 )

) 1
2

,

‖u‖`
L̃2
t (Ḃ

d
2
2,1)
≤
(
‖u‖`

L̃∞t (Ḃ
d
2
−1

2,1 )

) 1
2
(
‖u‖`

L1
t (Ḃ

d
2
+1

2,1 )

) 1
2

and

‖u‖h
L̃2
t (Ḃ

d
p
p,1)

≤
(
‖u‖h

L̃∞t (Ḃ
d
p
−1

p,1 )

) 1
2
(
‖u‖h

L1
t (Ḃ

d
p
+1

p,1 )

) 1
2

.

For the remainder term, one can use that R : Ḃ
d
p−1

p,1 ×Ḃ
d
p

p,1→ Ḃ
d
2−1
2,1 for 2≤p≤4, thus

‖(R(c,u))`‖
L1
t (Ḃ

d
2
−1

2,1 )
≤C‖u‖

L∞t (Ḃ
d
p
−1

p,1 )
‖c‖

L1
t (Ḃ

d
p
p,1)

≤C
(
‖u‖`

L∞t (Ḃ
d
p
−1

p,1 )

+‖u‖h
L∞t (Ḃ

d
p
−1

p,1 )

)(
‖c‖`

L1
t (Ḃ

d
p
p,1)

+‖c‖h
L1
t (Ḃ

d
p
p,1)

)
≤C
(
‖u‖`

L∞t (Ḃ
d
2
−1

2,1 )
+‖u‖h

L∞t (Ḃ
d
p
−1

p,1 )

)(
‖c‖`

L1
t (Ḃ

d
2
2,1)

+‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)
≤C‖(c,u)‖2Xp(t).

In order to bound ‖g‖`
L1
t (Ḃ

d
2
−1

2,1 )
, we set

g=−u ·∇u−L1(c)Au+L2(c)∇c+L3(c)
(

div
(
2µ̃(c)D(u)

)
+∇

(
λ̃(c))divu

))
+∇

(
κ̃(c)∆c+

1

2
∇κ̃(c) ·∇c

)
def
= g1 +g2 +g3 +g4 +g5.

For g1, we use Bony’s decomposition with the summation convention over repeated
indices,

u ·∇ui=T∇ui ·u+R(ui,∂ju
i)+Tu ·∇ui, with i= 1,2, ·· · ,d.

Similar to the bound of ‖cu‖`
L1
t (Ḃ

d
2
−1

2,1 )
, we have

‖(T∇ui ·u+R(ui,∂ju
i))`‖

L1
t (Ḃ

d
2
−1

2,1 )
≤C‖T∇ui ·u+R(ui,∂ju

i)‖
L1
t (Ḃ

d
2
−1

2,1 )

≤C‖∇u‖
L2
t (Ḃ

d
p
−1

p,1 )
‖u‖

L2
t (Ḃ

d
p
p,1)

≤C‖u‖2
L2
t (Ḃ

d
p
p,1)

≤C‖(c,u)‖2Xp(t),

and

‖(Tu ·∇ui)`‖
L1
t (Ḃ

d
2
−1

2,1 )
≤C‖Tu ·∇ui‖

L1
t (Ḃ

d
2
−1

2,1 )

≤C‖u‖
L∞t (Ḃ

d
p
−1

p,1 )
‖∇u‖

L1
t (Ḃ

d
p
p,1)
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≤C‖u‖
L∞t (Ḃ

d
p
−1

p,1 )
‖u‖

L1
t (Ḃ

d
p
+1

p,1 )

≤C‖(c,u)‖2Xp(t).

The second term g2 =L2(c)∇c satisfies for some smooth function L2 vanishing at 0. For
bounding L2(c), one cannot use directly Proposition 2.7 as it may happen that d

p−1<0.
Using the Taylor expansion, we have

L2(c) =L′2(0)c+cL̃2(c) with L̃2(0) = 0.

Combining Proposition 2.7 and product laws in Besov spaces, we get for 2≤p<d,

‖L2(c)‖
Ḃ
d
p
−1

p,1

≤C
(
L′2(0)+‖a‖

Ḃ
d
p
p,1

)
‖a‖

Ḃ
d
p
−1

p,1

.

Further, from T : Ḃ
d
p−1

p,1 ×Ḃ
d
p

p,1→ Ḃ
d
2−1
2,1 for 2≤p≤min

(
4, 2d
d−2

)
, R : Ḃ

d
p−1

p,1 ×Ḃ
d
p

p,1→ Ḃ
d
2−1
2,1

for 2≤p≤4, Bernstein’s inequality and the following decomposition:(
L2(c)∇c

)`
=
(
T∇cL2(c)+R(∇c,L2(c))

)`
+
(
TL2(c)∇c)

)`
,

we have

‖
(
R(∇c,L2(c))

)`‖
L1
t (Ḃ

d
2
−1

2,1 )
≤C‖R(∇c,L2(c))‖

L1
t (Ḃ

d
2
−1

2,1 )

≤C‖∇c‖
L∞t (Ḃ

d
p
−1

p,1 )
‖L2(c)‖

L1
t (Ḃ

d
p
p,1)

≤C‖c‖
L∞t (Ḃ

d
p
p,1)
‖c‖

L1
t (Ḃ

d
p
p,1)

≤C‖(c,u)‖2Xp(t),

‖
(
T∇cL2(c))

)`‖
L1
t (Ḃ

d
2
−1

2,1 )
≤C‖T∇cL2(c))‖

L1
t (Ḃ

d
2
−1

2,1 )

≤C‖∇c‖
L2
t (Ḃ

d
p
−1

p,1 )
‖L2(c)‖

L2
t (Ḃ

d
p
p,1)

≤C
((
‖c‖`

L2
t (Ḃ

d
p
p,1)

)2
+
(
‖c‖h

L2
t (Ḃ

d
p
p,1)

)2)
≤C

((
‖c‖`

L2
t (Ḃ

d
2
2,1)

)2
+
(
‖c‖h

L2
t (Ḃ

d
p
p,1)

)2)
≤C

((
‖c‖`

L2
t (Ḃ

d
2
−1

2,1 )

)2
+
(
‖c‖h

L2
t (Ḃ

d
p
+1

p,1 )

)2)
≤C‖(c,u)‖2Xp(t),

‖
(
TL2(c)∇c

)`‖
L1
t (Ḃ

d
2
−1

2,1 )

≤C‖L2(c)‖
L∞t (Ḃ

d
p
−1

p,1 )
‖∇c‖

L1
t (Ḃ

d
p
p,1)

≤C
(
1+‖c‖

L∞t (Ḃ
d
p
p,1)

)
‖c‖

L∞t (Ḃ
d
p
−1

p,1 )
‖c‖

L1
t (Ḃ

d
p
+1

p,1 )

≤C
(
1+‖c‖

L∞t (Ḃ
d
p
p,1)

)(
‖c‖`

L∞t (Ḃ
d
p
−1

p,1 )

+‖c‖h
L∞t (Ḃ

d
p
−1

p,1 )

)
×
(
‖c‖`

L1
t (Ḃ

d
p
+1

p,1 )

+‖c‖h
L1
t (Ḃ

d
p
+1

p,1 )

)
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≤C
(
1+‖c‖

L∞t (Ḃ
d
p
p,1)

)(
‖c‖`

L∞t (Ḃ
d
2
−1

2,1 )
+‖c‖h

L∞t (Ḃ
d
p
−1

p,1 )

)
×
(
‖c‖`

L1
t (Ḃ

d
2
+1

2,1 )
+‖c‖h

L1
t (Ḃ

d
p
+1

p,1 )

)
≤C

(
1+‖c‖

L∞t (Ḃ
d
p
p,1)

)(
‖c‖`

L∞t (Ḃ
d
2
−2

2,1 )
+‖c‖h

L∞t (Ḃ
d
p
p,1)

)
×
(
‖c‖`

L1
t (Ḃ

d
2
2,1)

+‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)
≤C‖(c,u)‖2Xp(t) +C‖(c,u)‖3Xp(t).

To bound the third term g3 =L1(c)Au with L1(c) = c
1+c , we use as for g2 and omit it.

For the term g4: For the terms of nonconstant viscosity coefficients, it is only a
matter of checking that g4 satisfies quadratic estimates. We write that

L3(c)div
(
2µ̃(c)D(u)

)
= 2

µ̃(c)

1+c
div
(
D(u)

)
+2

µ̃′(c)

1+c
D(u) ·∇c,

L3(c)∇
(
(µ̃(c)+ λ̃(c))divu

)
=
µ̃(c)+ λ̃(c)

1+c
∇divu+

µ̃′(c)+ λ̃′(c)

1+c
divu∇c.

Since µ̃(c)
1+c and µ̃(c)+λ̃(c)

1+c are two smooth functions vanishing at 0, then the terms
µ̃(c)
1+c div

(
D(u)

)
and µ̃(c)+λ̃(c)

1+c ∇divu may be handled exactly as g3. On the other hand,

we observe that the fact µ̃′(c)
1+c ∇c=∇(L4(c)) and λ̃′(c)

1+c ∇c=∇(L5(c)), where L4(c) and
L5(c) are two smooth functions vanishing at 0. Thus, we introduce the following de-
composition:(

D(u)∇(L4(c))
)`

=
(
T∇(L4(c))D(u)+R(D(u),∇(L4(c)))

)`
+
(
TD(u)∇(L4(c)))

)`
.

From the aforementioned properties of maps T and R, Proposition 2.7, Bernstein’s
inequality and interpolation inequalities, we have

‖
(
T∇(L4(c))D(u)+R(D(u),∇(L4(c)))

)`‖
L1
t (Ḃ

d
2
−1

2,1 )

≤C‖T∇(L4(c))D(u)+R(D(u),∇(L4(c)))‖
L1
t (Ḃ

d
2
−1

2,1 )

≤C‖∇(L4(c))‖
L∞t (Ḃ

d
p
−1

p,1 )
‖∇u‖

L1
t (Ḃ

d
p
p,1)

≤C‖L4(c)‖
L∞t (Ḃ

d
p
p,1)
‖u‖

L1
t (Ḃ

d
p
+1

p,1 )

≤C‖c‖
L∞t (Ḃ

d
p
p,1)
‖u‖

L1
t (Ḃ

d
p
+1

p,1 )

≤C‖(c,u)‖2Xp(t),

‖
(
TD(u)∇(L4(c))

)`‖
L1
t (Ḃ

d
2
−1

2,1 )
≤C‖

(
TD(u)∇(L4(c))

)
‖`
L1
t (Ḃ

d
2
−2

2,1 )

≤C‖TD(u)∇(L4(c))
∥∥
L1
t (Ḃ

d
2
−2

2,1 )

≤C‖∇u‖
L2
t (Ḃ

d
p
−1

p,1 )
‖∇(L4(c))‖

L2
t (Ḃ

d
p
−1

p,1 )

≤C‖u‖
L2
t (Ḃ

d
p
p,1)
‖L4(c)‖

L2
t (Ḃ

d
p
p,1)

≤C‖u‖
L2
t (Ḃ

d
p
p,1)
‖c‖

L2
t (Ḃ

d
p
p,1)

≤C‖(c,u)‖2Xp(t).
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Similarly, we also obtain the estimate of the term ∇(L5(c))divu.
Finally, we bound the last term g5. Indeed,

g5≈∇
(
κ̃(c)∆c

)
+∇

(
∇κ̃(c) ·∇c

)
def
= g51 +g52.

For g51, using Bernstein’s inequality we have

‖∇
(
κ̃(c)∆c

)`‖
L1
t (Ḃ

d
2
−1

2,1 )
≤C‖κ̃(c)∆c‖`

L1
t (Ḃ

d
2
−1

2,1 )
.

Now, we only focus on the estimate of ‖κ̃(c)∆c‖`
L1
t (Ḃ

d
2
−1

2,1 )
and further using Bony’s

decomposition, we have(
κ̃(c)∆c

)`
=
(
Tκ̃(c)∆c+R(∆c,κ̃(c))

)`
+
(
T∆cκ̃(c)

)`
.

Employing the properties of maps T and R, we deduce that

‖
(
T∆cκ̃(c)

)`‖
L1
t (Ḃ

d
2
−1

2,1 )
≤C‖∆c‖

L1
t (Ḃ

d
p
−1

p,1 )
‖κ̃(c)‖

L∞t (Ḃ
d
p
p,1)

≤C‖c‖
L1
t (Ḃ

d
p
+1

p,1 )
‖c‖

L∞t (Ḃ
d
p
p,1)

≤C
(
‖c‖`

L1
t (Ḃ

d
p
+1

p,1 )

+‖c‖h
L1
t (Ḃ

d
p
+1

p,1 )

)(
‖c‖`

L∞t (Ḃ
d
p
p,1)

+‖c‖h
L∞t (Ḃ

d
p
p,1)

)
≤C

(
‖c‖`

L1
t (Ḃ

d
2
+1

2,1 )
+‖c‖h

L1
t (Ḃ

d
p
+1

p,1 )

)(
‖c‖`

L∞t (Ḃ
d
2
2,1)

+‖c‖h
L∞t (Ḃ

d
p
p,1)

)
≤C

(
‖c‖`

L1
t (Ḃ

d
2
2,1)

+‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)(
‖c‖`

L∞t (Ḃ
d
2
−2

2,1 )
+‖c‖h

L∞t (Ḃ
d
p
p,1)

)
≤C‖(c,u)‖2Xp(t),

and

‖
(
Tκ̃(c)∆c+R(∆c,κ̃(c))

)`‖
L1
t (Ḃ

d
2
−1

2,1 )

≤C‖κ̃(c)‖
L∞t (Ḃ

d
p
−1

p,1 )
‖∆c‖

L1
t (Ḃ

d
p
p,1)

≤C
(
1+‖c‖

L∞t (Ḃ
d
p
p,1)

)
‖c‖

L∞t (Ḃ
d
p
−1

p,1 )
‖c‖

L1
t (Ḃ

d
p
+2

p,1 )

≤C
(
1+‖c‖

L∞t (Ḃ
d
p
p,1)

)(
‖c‖`

L∞t (Ḃ
d
p
−1

p,1 )

+‖c‖h
L∞t (Ḃ

d
p
−1

p,1 )

)
×
(
‖c‖`

L1
t (Ḃ

d
p
+2

p,1 )

+‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)
≤C

(
1+‖c‖

L∞t (Ḃ
d
p
p,1)

)(
‖c‖`

L∞t (Ḃ
d
2
−1

2,1 )
+‖c‖h

L∞t (Ḃ
d
p
−1

p,1 )

)
×
(
‖c‖`

L1
t (Ḃ

d
2
+2

2,1 )
+‖c‖h

L1
t (Ḃ

d
p
+2

p,1 )

)
≤C

(
1+‖c‖

L∞t (Ḃ
d
p
p,1)

)(
‖c‖`

L∞t (Ḃ
d
2
−2

2,1 )
+‖c‖h

L∞t (Ḃ
d
p
p,1)

)
×
(
‖c‖`

L1
t (Ḃ

d
2
2,1)

+‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)
≤C‖(c,u)‖2Xp(t) +C‖(c,u)‖3Xp(t),

where the bound of κ̃(c) is similar to the L2(c). For g52, we also have similar estimates
and omit it.

Putting all the previous estimates together, we have proved the following inequality:

‖c‖`
L̃∞t (Ḃ

d
2
−2

2,1 )
+‖c‖`

L1
t (Ḃ

d
2
2,1)

+‖u‖`
L̃∞t (Ḃ

d
2
−1

2,1 )
+‖u‖`

L1
t (Ḃ

d
2
+1

2,1 )

≤CXp,0 +C‖(c,u)‖2Xp(t) +C‖(c,u)‖3Xp(t).
(4.19)
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Step 2: High frequencies. First, we bound Pu, we just use the fact that

∂tPu−µ∆Pu=Pg.

Hence, according to Proposition 2.8 (i) (restricted to high frequencies)

‖Pu‖h
L̃∞t (Ḃ

d
p
−1

p,1 )

+µ‖Pu‖h
L1
t (Ḃ

d
p
+1

p,1 )

≤C
(
‖Pu0‖h

Ḃ
d
p
−1

p,1

+‖Pg‖h
L1
t (Ḃ

d
p
−1

p,1 )

)
≤C

(
‖u0‖h

Ḃ
d
p
−1

p,1

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

)
. (4.20)

Next, we consider the following system including c and Qu,{
∂tc+divQu=f,

∂tQu−ν∆Qu+∇c−κ∆∇c=Qg−(−∆)−1∇c.
(4.21)

As in [17], we introduce a new auxiliary function ω
def
= Qu+ν−1(−∆)−1∇c, which sat-

isfies that{
∂t∇c+ν−1∇c+∆ω=∇f,

∂tω−ν∆ω−κ∆∇c=Qg−(1+ν−2)(−∆)−1∇c+ν−1ω+ν−1(−∆)−1∇f.
(4.22)

We now consider suitable linear combinations of w and ∇c in order to exploit the
property of parabolic behavior in the high frequencies similar to the heat equation.
Indeed, for all β∈C with β to be determined later, we have

∂t(ω+βν∇c)−(1−β)ν∆ω−κ∆∇c+β∇c
=Qg−(1+ν−2)(−∆)−1∇c+ν−1ω+ν−1(−∆)−1∇f+ν∇f. (4.23)

Therefore, if we set

χ,ω+βν∇c withβ satisfying β=
κ

ν2(1−β)
,

then

∂tχ−(1−β)ν∆χ

=−β∇c+Qg−(1+ν−2)(−∆)−1∇c+ν−1ω+ν−1(−∆)−1∇f+ν∇f. (4.24)

Here, a possible value of β is

β=
1

2
+

√
ν2−4κ

2ν
such that 1−β=

1

2

(
1−
√

1− 4κ

ν2

)
.

Obviously, Re(1−β) is positive for any values of κ and ν. Therefore, Proposition 2.8
(ii) and the fact that ∆−1Λ is a homogeneous Fourier multiplier of degree −1 imply
that

‖χ‖h
L̃∞t (Ḃ

d
p
−1

p,1 )

+‖χ‖h
L1
t (Ḃ

d
p
+1

p,1 )

≤C
(
‖χ0‖h

Ḃ
d
p
−1

p,1

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖f‖h
L1
t (Ḃ

d
p
p,1)

+‖∇c‖h
L1
t (Ḃ

d
p
−1

p,1 )
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+‖ω‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖(−∆)−1∇c‖h
L1
t (Ḃ

d
p
−1

p,1 )

)
≤C

(
‖χ0‖h

Ḃ
d
p
−1

p,1

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖f‖h
L1
t (Ḃ

d
p
p,1)

+2−2k0‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

+2−2k0‖ω‖h
L1
t (Ḃ

d
p
+1

p,1 )

+2−4k0‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)
. (4.25)

Furthermore, in order to bound ω, from the definition of χ and the second equation in
(4.22), we deduce that the following heat equation:

∂tω−
βν2−κ
βν

∆ω=
κ

βν
∆χ+Qg−(1+ν−2)(−∆)−1∇c+ν−1ω+ν−1(−∆)−1∇f.

(4.26)
Noticing that

βν2−κ
βν

=
κ

ν(1−β)
.

Since the real part of (1−β) is positive, we have Re
(
βν2−κ
βν

)
>0. Thus, owing to the

high frequency cut-off, from Proposition 2.8 (ii) we have

‖ω‖h
L̃∞t (Ḃ

d
p
−1

p,1 )

+‖ω‖h
L1
t (Ḃ

d
p
+1

p,1 )

≤C
(
‖ω0‖h

Ḃ
d
p
−1

p,1

+‖χ‖h
L1
t (Ḃ

d
p
+1

p,1 )

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖f‖h
L1
t (Ḃ

d
p
p,1)

+‖∇c‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖ω‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖(−∆)−1∇c‖h
L1
t (Ḃ

d
p
−1

p,1 )

)
≤C

(
‖ω0‖h

Ḃ
d
p
−1

p,1

+‖χ‖h
L1
t (Ḃ

d
p
+1

p,1 )

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖f‖h
L1
t (Ḃ

d
p
p,1)

+2−2k0‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

+2−2k0‖ω‖h
L1
t (Ḃ

d
p
+1

p,1 )

+2−4k0‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)
,

choosing k0 large enough yields

‖ω‖h
L̃∞t (Ḃ

d
p
−1

p,1 )

+‖ω‖h
L1
t (Ḃ

d
p
+1

p,1 )

≤C
(
‖ω0‖h

Ḃ
d
p
−1

p,1

+‖χ‖h
L1
t (Ḃ

d
p
+1

p,1 )

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖f‖h
L1
t (Ḃ

d
p
p,1)

+‖∇c‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖ω‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖(−∆)−1∇c‖h
L1
t (Ḃ

d
p
−1

p,1 )

)
≤C

(
‖ω0‖h

Ḃ
d
p
−1

p,1

+‖χ‖h
L1
t (Ḃ

d
p
+1

p,1 )

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖f‖h
L1
t (Ḃ

d
p
p,1)

+2−2k0‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

+2−4k0‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)
. (4.27)

Putting (4.27) into (4.25) and taking k0 large enough, we conclude that

‖χ‖h
L̃∞t (Ḃ

d
p
−1

p,1 )

+‖χ‖h
L1
t (Ḃ

d
p
+1

p,1 )
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≤C
(
‖χ0‖h

Ḃ
d
p
−1

p,1

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

+‖f‖h
L1
t (Ḃ

d
p
p,1)

+2−2k0‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

+2−4k0‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

)
.

(4.28)

Further, using the fact ∇c= χ−ω
βν , taking k0 large enough, we obtain from (4.27) and

(4.28)

‖(∇c,ω)‖h
L̃∞t (Ḃ

d
p
−1

p,1 )

+‖(∇c,ω)‖h
L1
t (Ḃ

d
p
+1

p,1 )

≤C
(
‖χ0‖h

Ḃ
d
p
−1

p,1

+‖f‖h
L1
t (Ḃ

d
p
p,1)

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

)
.

(4.29)

Finally, keeping in mind that u=ω−(−∆)−1∇c+Pu, and employing (4.20) and (4.29),
we deduce that

‖(∇c,u)‖h
L̃∞t (Ḃ

d
p
−1

p,1 )

+‖(∇c,u)‖h
L1
t (Ḃ

d
p
+1

p,1 )

≤C
(
‖(∇c0,u0)‖h

Ḃ
d
p
−1

p,1

+‖f‖h
L1
t (Ḃ

d
p
p,1)

+‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

)
. (4.30)

Employing Proposition 2.7, for the last two terms on the right-hand side of (4.30), we
easily get for 1≤p<2d,

‖f‖h
L1
t (Ḃ

d
p
p,1)

≤C
(
‖c‖

L2
t (Ḃ

d
p
+1

p,1 )
‖u‖

L2
t (Ḃ

d
p
p,1)

+‖∇u‖
L1
t (Ḃ

d
p
p,1)
‖c‖

L∞t (Ḃ
d
p
p,1)

)
,

‖g‖h
L1
t (Ḃ

d
p
−1

p,1 )

≤C
(
‖u‖

L∞t (Ḃ
d
p
−1

p,1 )
‖∇u‖

L1
t (Ḃ

d
p
p,1)

+‖c‖
L∞t (Ḃ

d
p
p,1)
‖∇2u‖

L1
t (Ḃ

d
p
−1

p,1 )

+‖c‖
L2
t (Ḃ

d
p
p,1)
‖∇c‖

L2
t (Ḃ

d
p
−1

p,1 )
+‖c‖

L∞t (Ḃ
d
p
p,1)
‖c‖

L1
t (Ḃ

d
p
+1

p,1 )

)
,

which implies that

‖u‖h
L̃∞t (Ḃ

d
p
−1

p,1 )

+‖u‖h
L1
t (Ḃ

d
p
+1

p,1 )

+‖c‖h
L̃∞t (Ḃ

d
p
p,1)

+‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

≤CXp,0 +CX2
p(t). (4.31)

Combining with (4.19) and (4.31), we finally conclude the following global a priori
estimates.

Lemma 4.6. Let T ≥0, d≥2, p∈ [2,min(4,2d/(d−2))] with, additionally, p 6= 4 if d= 2
and (c,u) be a solution to the system (3.1) on [0,T ]×Rd, that belongs to the space Xp

defined in (1.6), we have

‖(c,u)‖Xp(t)≤C
(
Xp(0)+‖(c,u)‖2Xp(t) +‖(c,u)‖3Xp(t)

)
, for ∀t∈ [0,T ], (4.32)

where

‖(c,u)‖Xp(t)
def
= ‖c‖`

L̃∞t (Ḃ
d
2
−2

2,1 )
+‖c‖`

L1
t (Ḃ

d
2
2,1)

+‖u‖`
L̃∞t (Ḃ

d
2
−1

2,1 )
+‖u‖`

L1
t (Ḃ

d
2
+1

2,1 )

+‖c‖h
L̃∞t (Ḃ

d
p
p,1)

+‖c‖h
L1
t (Ḃ

d
p
+2

p,1 )

+‖u‖h
L̃∞t (Ḃ

d
p
−1

p,1 )

+‖u‖h
L1
t (Ḃ

d
p
+1

p,1 )

.
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4.2. Global existence and uniqueness. In order to solve the system (3.1) by
fixed-point theorem, we define the following map

Φ : (c,u)→ (b,v) (4.33)

with (b,v) the solution to
∂tb+divv=f(c,u),

∂tv−Av+∇b+∇(−∆)−1b−κ∇∆b=g(c,u),

(b, v)|t=0 = (c0, u0).

(4.34)

Obviously, to prove the existence part of the theorem, we just have to show that Φ is a
contraction map in a ball of Xp. We define a ball B(O,R) centered at the origin by

B(0,R) =
{

(c,u)∈Xp :‖(c,u)‖Xp(t)≤R
}
. (4.35)

Assuming R≤1, from Lemma 4.6 we have

‖Φ(c,u)‖Xp(t)≤C
(
Xp(0)+‖(c,u)‖2Xp(t) +‖(c,u)‖3Xp(t)

)
≤C

(
η+R2 +R3

)
≤C

(
η+2R2

)
. (4.36)

Choosing (R,η) such that

R≤min{1,(4C)−1} and η≤2R2. (4.37)

Thus, from (4.36), we finally deduce that

Φ(B(0,R))⊆B(0,R).

In order to show Φ is a contraction map, one chooses two elements (c1,u1) and (c2,u2)
in B(0,R). According to (4.34), (4.18) and (4.30), we have

‖Φ(c1,u1)−Φ(c2,u2)‖Xp(t)

≤C
(
‖f(c1,u1)−f(c2,u2)‖`

L1
t (Ḃ

d
2
−2

2,1 )
+‖g(c1,u1)−g(c2,u2)‖`

L1
t (Ḃ

d
2
−1

2,1 )

+‖f(c1,u1)−f(c2,u2)‖h
L1
t (Ḃ

d
p
p,1)

+‖g(c1,u1)−g(c2,u2)‖h
L1
t (Ḃ

d
p
−1

p,1 )

)
. (4.38)

Similar to the estimates (4.19) and (4.31), we get

‖Φ(c1,u1)−Φ(c2,u2)‖Xp(t)

≤C‖(c1−c2,u1−u2)‖Xp(t)

(
‖(c1,u1)‖Xp(t) +‖(c2,u2)‖Xp(t)

)
. (4.39)

From (4.37) we finally deduce that

‖Φ(c1,u1)−Φ(c2,u2)‖Xp(t)≤
1

2
‖(c1−c2,u1−u2)‖Xp(t), (4.40)

and the proof of the existence part of Theorem 1.1 is achieved. Moreover, the uniqueness
part of Theorem 1.1 in B(0,R) naturally follows.
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