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NONLINEAR STABILITY OF THE BOUNDARY LAYER AND
RAREFACTION WAVE FOR THE INFLOW PROBLEM GOVERNED
BY THE HEAT-CONDUCTIVE IDEAL GAS WITHOUT VISCOSITY"*

MEICHEN HOU' AND LILI FAN#

Abstract. This paper is devoted to studying the inflow problem for an ideal polytropic model
with non-viscous gas in one-dimensional half space. We show the existence of the boundary layer in
different areas. By employing the energy method, we also prove the unique global-in-time existence
of the solution and the asymptotic stability of both the boundary layers, the 3—rarefaction wave and
their superposition wave under some smallness conditions. Series of simple but tricky operations on
boundary need to be carefully done by taking good advantage of construction on the system and domain
properties.
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1. Introduction
In this paper, we consider the system of heat-conductive ideal gas without viscosity
in one dimension under Euler coordinates:

pe+(pu)e =0,
(pu)t—|—(2pu2+p)w=0, 2 (1.1)
(p(e+ %))t + (pu(e+ u?) +pu), = K0z,

where z € R4t >0 and p(t,z) >0,u(t,x),0(t,x) >0,e(t,z) >0 and p(t,x) >0 are density,
fluid velocity, absolute temperature, internal energy, and pressure respectively, while
k>0 is the coefficient of the heat conduction. Here we study ideal and polytropic fluids
so that p and e are given by the state equations

v—1 R

s), e=C,0 (Cu:ﬁ), (1.2)

p=Rpt = Ap” exp(

where s is the entropy, v>1 is the adiabatic exponent and A,R are both positive con-
stants. The solution of (1.1) satisfies the following initial data and the far field states
that

(p,u,@)(O,x) = (p07u0700)(x) - (p-l-au-‘rve-‘r) =124, T—+00,
inf (po,6o)(x) >0, (1.3)
TER
where p1 > 0,uy,04+ >0 are given constants.
As far as we know, there are very few results on the well-posed problem for (1.1)
due to the complexity and nonlinearity. Almost all the results are related to the analysis
of the global-in-time stability of the viscous Riemann solutions. More precisely, if the
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heat effect is also neglected, the Riemann solution consists of elementary waves such as
shock waves, rarefaction waves and contact discontinuities, which are dilation-invariant
solutions of the Riemann problem (Euler system):

prt(pu)s =0,
(pu)t+(2pu2+p)x:0’ 2 (1.4)
{ple+ 5}t {pule+ ) +pu)s =0

Let us introduce the sound speed and Mach number

|ul

p
cs(0): =,/ —=+/vRO, M(p,u,0):= . 1.5
0):= /2 (b= 0 (15)
Then the inviscid Euler system (1.4) has three characteristic speeds, they are
A=u—cs(0), A=u, Az=u+tcs(0). (1.6)

The system (1.4) is a typical example of the hyperbolic conservation laws. It is of
great importance to study the corresponding viscous system, such as isentropic or non-
isentropic case. There are many works on the large-time behavior of the solutions to
the Cauchy problem of the compressible gas dynamic equations. We refer to ( [2,5,6,
10,12,18,28,34]) and some references therein.

Due to the appearance of the boundary layer in the initial boundary value problem
of the gas dynamic equations, people pay more attention to this kind of problem, and
the hottest equations studied are the Navier-Stokes equations:

pr+ (pu)x =0,
(ple+ %))+ (pulet ) +pu)s = by + (trtts ),

where >0 stands for the coefficient of viscosity. For the system (1.7), we divide the
phase space into following regions to study the initial and boundary value problem:
QL ={(pu,0); 0<u<cs(0)}, Q. :={(p,u,0); —cs(0) <u<0},
+ - . - . )
qupper T {(p,u,@), u> 68(9)}3 supper * {(p,u,&), u< _CS(Q)}?
Ftirans = {(p,u,a); |u| = 63(9)}, Fg‘ub = {(,O,U,a); U= O}

For the inflow problem of (1.7), Huang-Li-Shi [4] studied the asymptotic stability of
boundary layer and its superposition with 3—rarefaction wave. Nakamura-Nishibata [23]
proved the existence and stability of boundary layer solution of (1.7) in half space. Qin-
Wang ( [30,31]) proved the stability of the combination of BL-solution, rarefaction wave
and viscous contact wave. For other interesting works, we refer to ( [1,3,7-9,11,13,15,
16,20-22, 27,29, 33]).

Therefore, a natural question arises that what are the large-time behaviors of the
solutions for the initial boundary value problem of the non-viscous system (1.1)? Espe-
cially, how about the asymptotic stability of the boundary layer, 3—rarefaction wave or
their composite wave? We will give a positive answer in this paper. To do so, we should
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firstly define some proper boundary conditions. Thus, changing the system (1.1) in an
equivalent form as

Pt ups + pug =0,

b
Ut + Uty + — pp = — RO,
t 2P (1.8)

C,0,— 0, = —Cyub, — ROu,.
p

This is a hyperbolic-parabolic system, there are two eigenvalues of the hyperbolic part

M =u—70s(0), lo=u+7cs(0), (1.9)
where
Z.(0):= %:\/RH. (1.10)
Here we denote
|U+| ~ |’LL| v |’LL+‘
M,=——+—, M(pulb)=—, M, = 1.11
+ SRO, (p ) R + RO, ( )

for clear expression later.

By [19], the boundary conditions of (1.1) depend closely on the sign of two eigen-
values Xl and Xg. Thus the global solution of (1.1) is considered in a small neighbor-
hood Q(z4) of zy, such that X;(i=1,2) at the boundary z =0 keeps the same sign as

Ai(i=1,2) at the far field x =+o00, which are determined by the right state z,. Hence,
we divide the phase space into new sonic regions

Qf, = 1(pu,0); 0<u<e(0)}, Qo,:={(pu,0); —(0) <u<0};

ﬁjupper :{(p,u,G), U>ES(9)}’

f;ans ::{(p’u79); u:ES(e)}7 F;ans ::{(p’u79); u:_55<9)}’

0, :={(p,u,0); u=0}.
In different domain, the boundary conditions are listed as follows: (Figure 1.1 shows
the division of the phase space)

Case (1): If 2y =(p4,u,04) eﬁgupper, in the neighborhood of U(zy), A1 <0, Ay <0,
the boundary condition of (1.1) should be

supper * {(pauve); u < _55(9)}7

0(t,0)=0_. (1.12)

Case (2): If zy = (py,uy,04) € ﬁ;ubU?ZjubUfgub, in the neighborhood of U(z,.), A; <0,
A2 >0, the boundary condition of (1.1) should be

u(t,0)=u_, 6(t,0)=6_. (1.13)

Case (3): If zy =(p4,uy,04) Eﬁ;“upper, in the neighborhood of U(zy), A1 >0, Ag >0,
the boundary condition of (1.1) should be

p(t,0)=p_, wu(t,0)=u_, 6(t,0)=06_. (1.14)
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Fic. 1.1. The division of the phase space

Motivated by ( [4,23,30,31]), here we take our attention to the inflow problem of
(1.1), (1.3) and (1.14). We firstly discuss the existence of boundary layer solution to
system (1.1) for uy >0. Precisely speaking, if (p1,us,04)€ quppe,.ﬂﬁjub, the bound-
ary layer solution is non-degenerate; if (pi,uy,0,)€l'} . ., the boundary layer solu-
tion is degenerate. Then we prove the unique global-in-time existence of the solution
and the asymptotic stability of both the boundary layer and its superposition with the
3—rarefaction wave in supersonic case, that is, u4 > /R, under some smallness condi-
tions. It should be mentioned that Nishibata and his group recently proved the existence
and stability of boundary layer solution for a class of symmetric hyperbolic-parabolic
systems, see [17]. There are also other interesting works for symmetric hyperbolic-
parabolic system, see ( [24-26]).

Our analysis is based on the energy method. Since the fact that system (1.1) is less
dissipative, we need more subtle estimates to recover the regularity and dissipativity
for the hyperbolic part. Precisely to say, similar as Cauchy problem of (1.1) in [2], we
should ask the perturbed solution to be at least in C'(H?).

The second main difficulty is how to control the higher order derivatives of boundary
terms. For the first-order derivatives as in (4.19), we use the interior relations between
functions and the character of the domain itself, that’s very helpful. Moreover, for the
second-order derivatives of boundary terms, estimates on the diameter direction besides
the normal direction must be introduced. We take the advantages of the boundary
condition adequately (as in Lemma 4.5-4.7) and avoid emerging the second normal
derivatives on the boundary. As far as we know, few works use estimates on derivative
of the diameter direction to study the asymptotic stability of the elementary waves.
This method here maybe also helpful to other related problems with similar analytical
difficulties. Just because of this, we must require the initial perturbed data (¢qg,10)(€) €
H3(R,), ¢o(£) € HY(R,) to let the computations make sense.

This manuscript is organized as follows. In Section 2, we obtain the existence of
the boundary layer and list some properties of the boundary layer and rarefaction wave,
then the main theorems are stated, see Theorems 2.1-2.3. In Section 3, we give the local
existence of perturbed solution in proper function space and introduce a priori estimates
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to get the global solution, see Propositions 3.1-3.2. In Section 4, series of estimates are
established and the main theorem is proved.

Notations. Throughout this paper, ¢ and C' denote some positive constants (generally
large). A < B means that there is a generic constant C' > 0 such that A<CB and A~ B
means ASB and B<SA. For function spaces, LP(R1)(1<p<oo) denotes the usual
Lebesgue space on R with norm ||-||z» and H*(R,) the usual Sobolev space in the L2
sense with norm |- ||x. We note ||-||=||-||z> for simplicity and C*(I;HP) is the space
of k-times continuously differentiable functions on the interval I with values in H?P(R.)
and L?(I; HP) is the space of L?-functions on I with values in HP(R.).

2. Boundary layer, rarefaction wave and main results

Because of the coordinate transformation in Sections 2.2 and 2.3, the solution
(p,u,0) turns to (v,u,0) and z4 becomes (v4,us,04). So here we introduce new symbol
for clearer clarification later, the solution (in Lagrange coordinates) we considered here
is located in a small neighborhood Q, of the right state z as

Q+ :{(U,U,9)|(U—U+,U—U+,9—9+)| Sa} QQ:ume:upperﬂ (21)
where 0 is a positive constant depending only on z, .
2.1. The existence of boundary layer. At first, we discuss the existence

of boundary layer solution to system (1.1) for uy >0. The boundary layer solution
(p,u,0)(x) to (1.1) should satisfy

(pu), =0, x>0,

__92 N\
(pu +p)jb'2— 07 (2_2)
(pu(e+ ) +pt)e = Kbas,

and

0(0)=0-_, lim (ﬁ,ﬂ,ﬂ_)(x):(p+,u+,9+):z+, inf (p,0)(x) > 0. (2.3)

T—>+00 r€R

Integrating (2.2) over [z,+00), we have

ﬁa:p+u+7
;562 +]5:p+ui+p+, (2.4)
_ qu ua_ _
[pu(Cy0+ ?)—P+U+(Cv9++?)}+(ﬁﬂ—p+u+)=’€9w
From (2.4);, we see that
= pU+
u(0)=—
=50

is a necessary condition. Dividing both sides of (2.4)2 by pu(psuy), we get

>0

In order to analyze the relationship between % and @ in (2.5) precisely, we introduce

W ()= ——==—=>0, wg(x)zea(f)>0,
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then (2.5) turns to
w3 (z) — (R4 +u? )iy (z) + ROy 102 () =0. (2.6)
With the help of the boundary conditions in (2.3), i.e.,
wginooﬁh(x) :wgffooﬁz(x) =1,

and (2.6), we deduce that

(RO, +u2)— \/ (RO, +u2)2—AR0. u2 1

11)1: 2u2 0<U+<\/R0+7
Jr
(R0+ +U2 )+ (R9+ +U2 )2 —4R9+U2 U~]2 (27)
’lI)l - T \/ i il AV R@.,. < Uy,

2
2us

’lI)lzlj: 1—’(:[}27 Uy = RQ.;,.
Equation (2.7) also implies that s (x) should satisfy

(R9+ +u3_)2

=W sup> 2.
4R9+Ui w2 P ( 8)

We(x) <

where Wagp > 1, and Wagyp =1 if and only if u3 = RO,
Remembering the definition of wy,ws, (2.3)-(2.4) could be rearranged as

2
wzx:P+u+ Ry (52— 1)+ us (1) (1 - 1),
£ [(v=1) 20, 29)
6_ .
0(0)=-—, —1, inf 0
w2 (0) 5, Wo(+00) =1, Ilerk+w2(x)> ,

where the relationship between w; and Wy has been stated in (2.7).

Hence the existence of solution to (2.3)-(2.4) is equivalent to the existence of solution
0 (2.9). Now we mainly study the latter. Obviously, the range of wy(z) for which the
boundary layer solution may exist should be (0,%Wssy;,] and we seck for the nontrivial
solution to (2.9), that is, w9(0)#1. All the cases we considered below are under this
premise.

We have following discussion:
(1) If z, €QF ,, that is 0<u, < /RO, (M, <1). In this case, substituting (2.7); into

sub?

(2.9), it becomes

Way = Ly (W2)(1—2) = g1 (w2),

ot s . (2.10)
@(0) =G a(50) =1, nf a(a) >0,
where
Lo Rpsu Re++3u2+—\/(Re++u1)2—430+u2+w2_ 2 -
L(ing) = 12 (211)

(u2 —RO,)— \/(R6+ +u2)2—ARO uiad, V1
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4 g2(W,)
|

po |
w;
\
O "
R — 2
Fic. 2.1. The graph of g1(w2) in case (1) F1a. 2.2. The graph of g2(w2) in case {2.1}
After tedious computation, the property of g;(w2) is listed as follows
dgy (W
gl(ﬁ)Qzl):Oa M >O,
d’wg Wa=1
o (2.12)
d* g1 (12)

d’li)% >0, for wy € (O,IZJQSU;D).
Then (2.12) implies that there exists a small positive constant o such that the
following is true. If wa(x) €[l —0,1],91(W2) <0, i.e., Wa; <0. Thus, we(z) is de-
creasing in [1—o,1]. So when w2(0) <1, wa(x) can not approach to 1 as x— +oo.
If wo(z) € (1,14 0],91(2) >0, i.e., We, >0. Thus, wa(x) is increasing in [1,1+0].
Therefore when w5 (0) > 1, ws(x) can not approach to 1 as x — +o00. Consequently,
there does not exist a solution to (2.10) in this case. The graph of g (ws2) is shown
in Figure 2.1.

If 2, € (Nljupperﬂﬁjub, that is /RO <uy <+/yRO,(My>1 and M, <1). Using
(2.7)2, (2.9) becomes

Wy = L (Wa)(1 —w2) = g2 (W2),

e o (2.13)
Wa(0)=-—, Wa(+o0)=1, inf we(z)>0,
94,_ zeR4
where
L) B <R9++3u2++\/(R9++u2+)2_430+u2+w2 o ) o1
2(w2) =: - : .
260 \(w3 —ROy)+ /(RO +u2)?— 4RO w2 Dy V]

After tedious computation, the property of go(ws) in this situation is listed as follows

dao (i
g2(w2=1)=0, gfl(~w2) <0,
W2 =1

d%go (10

92~(12U2) < Ov for u~)2 € (0711)251/4))7 (215)

dws

—1)RO4 —2u?

lim_go () = Rpy  (y—1)RO, —2ul .
By —0 2k(y—1) Ug

There are two subcases.
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4 92(W,)
|

A g2(W)

F1G. 2.3. The graph of g2(w2) in case (2.2) FI1G. 2.4. The graph of g2(2) in case (3)

(2.1)

When (1<y<3 and \/RO; <ui <+/vRO;) or (v>3 and \/”TAR0+ <uy <
vYROL), (2.15) implies that

Tlim_ga (1) <0. (2.16)

wa—0
Equations (2.15), (2.16) tell us that go(w2) has two positive zero points, one
is 1, the other we denoted by wWs. satisfies Lo(wa.)=0. Moreover, wa, is
between 0 and 1. If W (z) <y, then go(wq) <0, i.e., Wo, <0. That is, Wa(x)
is decreasing. So when w9 (0) <., Wa(x) can not approach to 1 as & — +oo.
If o, < wo(z) <1, then go(w2) >0, i.e., W, >0. That is, wa(x) is increasing.
Hence, when g, < w2(0) <1, there exists a monotonically increasing solution
wa(x) to (2.13). Lastly, if 1 <wa(x) <Wasup, then go(w2) <0, ie., Wy <O0.
That is ,w2(x) is decreasing. Therefore when 1 <2(0) < Wasup, there exists a
monotonically decreasing solution ws(z) to (2.13). When w3 (0) =Wasyyp, the

_ 2 _
solution g () is not smooth (both dg;g;”) and & Zié;uZ)

are infinity at this

endpoint, then wy(z) is second-order non-differentiable at this endpoint), so
we don’t consider those types of solutions in following discussion for similar
reasons. Thus, smooth solution wa(x) to (2.13) exists if and only if w2(0) €
(Wa4,1)U(1,W25up) and the decay estimates of the solution are obtained from
(2.13),

d"’L
= (e (z) — 1)| S|ia(0) — 1|~
A (aa)~ )| SIta(0) ~1]e o)
for n=1,2,3,..., co=La(w2=1),
and the graph of go(1) in this situation is shown in Figure 2.2.
When (y>3 and \/RO; <uy <4/ 5 RO4), (2.15) implies that
—1
lim gy(i2) >0, when /RO, <uy </ — RO,
wa—0 2
(2.18)
—1
lim go(w2)=0, when uy= LR0+.
W2 —0 2

Combining (2.15) and (2.18), g2(w2) has only one positive zero point 1. If
0<wq(x) <1, then go(wy) >0, i.e., W, >0. Therefore, when 0<wq(0)<1,
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4 g.(w;)

F1G. 2.5. The graph of g2(2) in case (4)

there exists a monotonically increasing solution wa(z) to (2.13). If 1 <wa(x) <
Wasup, then go(we) <0, ie., Woy <0. So when 1 <wWe(0) < Wasyp, there exists
a monotonically decreasing solution wy(z) to (2.13). Hence smooth solution
wWa(x) to (2.13) exists if and only if w2 (0) € (0,1)U(1,W2sup). Moreover, the
decay estimates of the solution are same as (2.17). The graph of gs(1w3) in
this situation is shown in Figure 2.3.

(3) If 2, €T that is uy =+/yROL (M, =1). In this case, (2.9) still becomes (2.13).

trans?
Moreover, the property of go(w2) under this situation is

dgo (2)
do =1

92(11)2:1):07 :07

Pon(iin) (2.19)
g2 (w2 ~ ~
W <0, for g € (0, Wasup)-
Using (2.19), g2(w2) only has one zero point 1. Furthermore, go(w2) <0, i.e, Way <0
whatever 0 < Wz (z) <1 or 1 <wWs () < Wasyp. Similar to the above discussion, smooth
solution wa(z) to (2.13) exists if and only if W2 (0) € (1,Wasyp). The decay estimates
of the solution are obtained by (2.13) and (2.19)

dn . (W2(0) — 1)+t
—_— -1 f =1,2,3,... 2.20
2 D VS G @ty O TR (220
where
d®ga (w2)
dﬁ)g B
50:—%2250. (2.21)

The graph of go(w2) in this situation is shown in Figure 2.4.
(4) If 2y €QF,pper, that is uy >/yRO (M >1). In this case, (2.9) still becomes (2.13).
Moreover, the property of go(w2) under this situation is

dgs (o)
do

>0,
2=t (2.22)
<0, forwsye€ (07117251@).

g2(W2=1)=0,

d?go (o)
pre
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Similar as (1), there exists a small positive constant ¢ such that when wy(z) €
[1—0,1],W9, <0, when wq(x) € [1,14 0], Wa, >0. Therefore, there does not exist a
solution to (2.13) in this case. The graph of go(w2) in this situation is shown in
Figure 2.5.

(5) If z, €Tf ., that is uy = /RO, (M, =1). In this case, Wsyp = 1 = s (+00). After
verification, the solution is second-order non-differentiable at wagy, =1 even if it
exists. So we don’t consider those types of solutions.

Summarizing (1) —(5), we have the following existence theorem of BL solution.

PROPOSITION 2.1.  For y€(1,+00), the boundary value problem (2.9) has a unique
smooth solution wy(x) if and only if My >1 and My <1. Precisely to say,

~ 252
(1) For My >1 and My <1, there are two subcases: (Wasyp = %)

(i) If 1<y<3 and /ROy <uy <+ /yROy or v>3 and \/WTAR9+ <uy <
VYROy, there exists a unique smooth solution to (2.13) when ws(0) €
(W2, 1) U(1,Wagup), where wa, € (0,1) satisfies La(was)=0. Moreover, if
’12)2(0) § 1, then ’u~]2$ 2 0.

(i) If (y>3 and /RO <uy < \/%R0+), there exists a unique smooth so-
lution to (2.13) when W € (0,1)U(1,Wasyp). Moreover, if we(0)< 1, then
oy 2 0.

The decay estimates of the solution to both (i) and (ii) satisfy (2.17).
(2) For My =1, that is uy =+/vRO4, there exists a unique decreasing solution to
(2.13) when w2(0) € (1,Wasup). And the decay estimates of this solution satisfy
(2.20).

2.2. The properties of boundary layer solution and the stability. In
this subsection, we construct the boundary layer for the initial boundary value problem
(1.1),(1.3) and (1.14) and then state our first main result. At first, we reform the system
(1.1), (1.3) and (1.14) in Lagrange coordinates as

vy —5_vg —ug =0, £E>0, t>0,
Uy —s_ug +pe =0,

o0+ )= s (C+ e+ e = (). (223

(v,u,0)(t,0)=(v_,u_,0_)=:2_,
(v,1,0)(0,8) = (vo,u0,00) (§) = (V4,u,04) =24 (§ = +00).

[\

where v=1 is the specific volume of gas, the pressure p=2¢ and the new variable
p v

¢ =x—s_t containing the moving boundary speed s_ = —Z—:. In this new coordinates,

the boundary layer solution z:= (v,1,0)(£) satisfies

—5_U¢ —Ug =0, £>0,
—s_tg+pe=0,

o (G Do e =k ) (22
(9,1,0)(0) = (v_,u_,0_), u_>0,

(0,@,0)(+00) = (v, u4,04).
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Denote the strength of boundary layer solution as
5= 105 —0_|, (2.25)

by the analysis in Section 2.1, we get the following lemma.
LeEMMA 2.1 (Property of boundary layer). (v,%,0)(¢) satisfies

(1) If z4 Gqupperﬂqub, that is \/ROy <uy <+/yRO, 369 >0, such that if 0<
§< b, there exists a unique solution (v¢ <0, <0,0: =0) for (2.2/) which is
non-degenerate and satisfies

d’n

d{"(v v i—uy,0—00)(€)| S0 n=1,2,3,.... (2.26)

~

(2) If 24 €T 00, that is uy = \/yRO,, 361 >0 such that if 0 < <1, there exists a
unique solution (g >0,Ue > 0,0 <0) for (2.24) which is degenerate and satisfies

dr 5n+1

|d§n ('U 'UJ,_,'LL u+,9 )( )|NW TL:1,2,3,.... (227)

This Lemma could be obtained immediately from our analysis in Proposition 2.1,
we omit the proof for short. In order to express our theorems more convenient, the
solution space is defined as:

Xm1,m2,M(07t) :{(¢,¢7C)|(¢»¢,C) € C([Ovt];Hz(RJr))v (¢7wa<)t € C([Oat];Hl(RJr))a
(6,9,)er €C([0,t]; L2 (R+)), (d,9)e € L*(0,1; H' (Ry)),
(CerG) € LP(0,1 H(R+)), G € L2(0,: H' (Ry,)),

f t,&)> inf 0(t,&)>
e, VB8 2, I, 8(5,8) 2ma,

N(t):= o sup  ([1(¢,9,O)ll2 4 (D6, 00, Ce) 1+ 11(Dees Ve, Gre) l) < M}

xRS

(2.28)

Then our first main result is as follows:

THEOREM 2.1.  Assume that z4 € Q7 bﬂqupper and z_ € BL(z4 )Ny, that is, z—,z4
satisfy (2.24) and RO_ <u? <~yRO_ (7>1) then there exist some small positive con-
stants 61 and m such that if § <01 and

I(vo =, u0 =) I3 +/(60 = O) |4 <1, (2.29)
then the inflow problem (2.23) has a unique solution (v,u,0)(t,€) satisfying

(v—o,u—1u,0—0)(t, §) €Xmy my  (0,+00). (2.30)

s

Furthermore, it holds

sup|(v,u,0)(t,€) — (0,7,0)(&)| =0, as t — +oc. (2.31)
€0
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2.3. The properties of rarefaction wave and the stability. As in [4], if

z4 € R3(z_), that is, the 3-rarefaction wave (v",u",0")(%) connecting z_ and z; is the

unique weak solution globally in time to the following Riemann problem:

vy —up =0,
uy +pi, =0,
ur”’
@+ W)= (232
—yu_,6_ 0
W )0y = et T
(U+7u+70+)a x>0.

Here 0_ <6, and O0<u_ <uy, p"= Ifﬁ ,e" =C,0". It is well known that the character-
istic speeds of (2.32) are (see [4]),

A (07", 07y ==+/—pr(v,8), A2V, u",07)=0, As(v",u",0")=+/pI(v,s). (2.33)

To give the details of the large-time behavior of the solutions to the inflow prob-
lem (2 23), it is necessary to construct a smooth approximation Z:=(9,4,0)(t,z) of
(v",u”,07)(%). Let us consider the solution to the following Cauchy problem:

wy+ww, =0, (t,2)€(0,400) xR,

(0 ) w_, x<0, (234)
w\Y,Tr)= < rex
w_+Cyd [ yle Vdy, x>0.

Here 5=w+ —w_>0, ¢>16 are two constants, C, is a constant such that
o f0+°° yle Ydy=1, 0<e<1 is a small constant which will be determined later. Let
wx = A3(vx,us,01), we construct the approximated function Z(¢,z) by

Sr(ﬂ,ﬂ,é)(t,x) :Sr(v+vu+70+)v

As(0,4,0)(t,x) =w(t,z), (2.35)

U=uy —/ As(s,8")ds

vt
Remind that £ =z —s_t, Z(t,£) satisfy
By — 5_Tg — fie =0,

iy — s +Pe =0,

Sy
[ V]

Y]
m\ 3

e+ (pi)e =0, (2.36)
(0, t,0)=(v_,u_,0_), u_>0,
(2, )( &) = (B0, 10,00 ) (£) = (04, 14,04 ) (§ = +00).

For the smooth rarefaction wave Z(t,£), we have the following lemma (see [4], Lemma
3.6).

LEMMA 2.2.  Smooth rarefaction wave Z(t,£) obtained via (2.36) satisfies

(€+—)e—s—(e+

<

sz sz [\)
N
A

=
:z
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(1) ue >0, for £>0,t>0.
(2) For any p (1<p<+4o00), there exists a constant Cpq such that

| Gerete) o,

’ §Cpqmin{gel_%,gi(l—i—t)_l"’%},
H (e iee. O ) (t)HLp < Cpgmin {3377, 57 (140745}, 120, (237)

(8) lims—s 4 oo SUPgep

(5.2.0) (1,6) (v u",67) (£,6)| = 0.
Then our second main result is stated as follows:

THEOREM 2.2. Assume that z4 € QF  NQT and z— € R3(z4)NQ, that is, z_,z4

sub supper

satisfy (2.56) and RO_ <u? <~yRO_(y>1), there exist some small positive constants &z
and ny such that if e <do and

| (vo — 0,10 — i) |3 + || (B0 — B0 || 4 < 72, (2.38)

then the inflow problem (2.23) has a unique solution (v,u,0)(t,&) satisfying

(0= 0,u—10,0—0)(t,¢) € Xy ma . (0,400) (2.39)
Furthermore, it holds
sup|(v,u,9)(t7§)—(N,ﬂ,é)(t,f)\—>07 as t— +oo. (2.40)
£20

REMARK 2.1. Note that the strength of 3—rarefaction wave does not need be small
in this situation.

2.4. Composition waves and the stability. If left state 2 € BLR3(z4+) Ny,
we see that, there exists a unique intermediate state zp, := (Vm,Um,0m) € R3(z1) such
that z,,,2z4 are connected by the 3—rarefaction wave and z,,,z_ are connected by the
BL-solution. Precisely, replacing z_ by z, in (2.36), it holds that

S (Vi U, 0m) = S" (v4,ug,04), um:u_‘_f/ Az(n,S™)dn. (2.41)
vy

For this z,,, instead z1 by z,, in (2.24), we expect that the superposition of this bound-
ary layer and this 3—rarefaction wave is stable. To do this, let

(0,0,0)(t,€) = (0,4,0) (&) + (8,@,0) (£,€) — (Vm, Um,Om), (2.42)
and it satisfies
Oy —s_0g—Ug=0, £>0, t>0

ﬁ,t—S,ng —l-ﬁngl,

Cob; —5_Cybe +piie =k(==)¢ + Gy, (2.43)

>
§>‘m

(0,,0)(£,0) = (v_,u_,0_), u_>0,
(@,ﬂ,é)(o,f) = (@o,ao,éo)(f) — (’U+,U+,9+), £_>+OO

where

Gl = (ﬁ_ﬁ_ﬁ—i_pm)‘&
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=0 (|1Ze||2 — 2| + 2|12 — 2m])
—O(1)de—cUEl+),

O O

G = (plie — plie — Plie) *k(g p )e
=O0(1)(|Z¢|1Z = 2m| + Zel 12— 2ml) + O(1)(|0ce| +10¢|*)
=0(1)6e U+ L O(1)(10ee | +10¢)?). (2.44)

The third main result is given below:

THEOREM 2.3.  Assume that z4 GQ:ubﬁﬁjupper, and z_ € BLR3(z4 )Ny, that is,
there exists zpy = (U, Um,0m) such that z,, € Rs(z4),2— € BL(zpm,), and z_,z, satisfy
(2.24) just replace zy with zm, 2m,zy satisfy (2.41), RO_ <u® <yRO_(y>1). There
exist some small positive constants 03 and ns, such that if §+€<0d3 and

1 (vo — b0, 10 — io) 3 + | (B0 — Bo) [l < ms, (2.45)
then the inflow problem (2.23) has a unique solution (v,u,0)(t,&) satisfying
(v—0,u—1,0—0)(t,¢) €Xmy ma . (0,400), (2.46)
Furthermore, it holds
21>110)|(v,u,9)(t,§)7(A,ﬁ,é)(t,§)|%0, as t—+oo. (2.47)

3. Local existence and stability analysis

In this section, we give the proofs of the main theorems. Since the result of Theorem
2.3 covers that of Theorem 2.1 and Theorem 2.2 if (vy,uy,04) = (U, Um,0m), we only
show the asymptotic stability of the composition wave, that is, Theorem 2.3.

Define the perturbation function

(6,0,0)(t,€) = (v,u,0)(t,€) — (0,4,0)(t,€), (3.1)

then the reformed equation is
QSt—Sf(ZSg—'I,/Jg:O, £>07 t>0,

e
wt—$—¢5+(7<)5 - (%(b)s =—Gu,
Cutu—s-Cue-+pie +iglp—p) =n(*E - %2) G, 32

(¢,%,¢)(t,0)=(0,0,0),

((bad]aC)(ng):(¢07w03€0)(£)%(Oa070>7 as §—>+OO,

and we order that the initial data satisfies the compatible condition
(¢j7¢ja(§j)(0):(070,0)a jzoala (33)

where (¢j,¢j,§j)::(8§¢,8§'w,8§§) lt=0 (j=1,2) are defined by the iterated sequence
from (3.2),

0] ¢ l1—0=0] " (5_ ¢ +¢) |t—0,

. . R N
01 lmo=01 " (5~ (") + (P = G1) o -
L G 0co

5{C|t:o:5g71(87C§+Cfv[ﬁ(;— s )e — G2 —pe — e (p—p)]) li=o0 -
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The local existence of the solution to system (3.2) is stated as follows :

ProposITION 3.1 (Local existence). There exist positive constants &1, 73 and C
such that the following statements hold. Under the assumption 6+¢e<8,, there exists
a positive constant to=to(M) such that if ||(¢o,v%0)||3+||Colla < M(CM <3), then the
problem (3.2) has a unique solution (¢,,()(t,€) GX%7%)5M(OJO).

Proof. At first, similar to [14], we rewrite system (3.2) into the following form

AN(U VYU + AN U VU = F1 (U V, V),
V;:—(B(U,V)Vg)g:FQ(U,V,Ug,Vg), (3~5)
(UT,V)(t,O) = (0’0’0)7 (UT,V)(O,E) = (¢0,¢0,C0)(§)-

where U = (¢,1)T,V =, and

= 0 _AsifRz — s
AV = (U‘Bb) o , Al= _(U'*'%) (v-s*-_¢) ’

0+¢ (G+6)2 ¢ (3.6)
0 K
Fl_(fl(U,V,Vvt‘)), B_(C'v(fﬂr(b))v
and
_ . _ R(w+79)¢ ~ RuC+Rbs. 1 R
== (uy —s_ug)—v — ~—) — =G1 — — (g,
fl 09( t 5) 3 (vv)2 5( 000 ) ) 1 ’UQCE
) (3.7)
Fams_Ce— —[pe+iie(—5) — n(22)¢ — G
2=5-6¢ Cv ETUP—DP K vd 13 2]

For U® = (¢o,%0)T,V°=(y, we define the iterated sequence (UkT,Vk) = (", ¢F) k>
1 as follows:

AO(Uk—l,Vk—l)Utk+A1(Uk—1,vk—l)U£€:Fl(Uk—l’Vk‘—l,‘/Ek—l)’
{ T T (3.8)
U* (£,0)=(0,0), U (0,6)=(b0,0)(€),
and
{Vtz _ (B(kal’vkkfl)‘/&k){ :FQ(kal’kal’ng—l"/gk—l), (39)

Following the standard steps in [32], for each k, we could show that for the linear
hyperbolic problem (3.8) there exists a unique solution U” such that it satisfies

IUF @13+ U O + [ O

t
SCGC””{E?:()||3ZU]“(0)II§_¢HE?:o/O 10 £1(7)I13 s}, (3.10)

and for linear parabolic problem (3.9), by the standard energy estimates, there exists a
unique solution V¥ for each k such that it satisfies

t
IIV’“(t)IISJr\I‘/t’“(t)llf+|\‘/t’§(t)||2+/0 (IVEONZ+ IV @I+ Vi (7)1I)dr
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<CeCMTE OIVEO0) 3, + Mt} (3.11)
Here from system (3.5), we see that

S ollOUR )13+ 2200V (0)5 -
330l (5,95, I S M1(do,w0) 5 + [1Goll3- (3.12)

That’s why we order that our initial data (¢g,1) belong to H3 and (; belongs
to H*. Combining results (3.10)-(3.11), choosing M and t#(<ty) suitably small, we

can show that the iterated sequence {(UkT,Vk),k:20}:{(¢k,wk,Ck),k20} is uni-
formly bounded in Xmle%ﬁM(O,to). Moreover, {(UkT,Vk),kEO} is a Cauchy
sequence in C([0,t0]; HY)NC([0,t0]; L?) x C([0,t0]; H2)NC([0,t0]; L2) N L2([0,t0]; H?)
and limy_, oo (¢*, 9%, CF) = (¢,9,¢). Finally, (¢,7,¢) is the unique solution which be-
longs to X%ﬁTQfM (0,t9). Thus the local solution has been constructed. O

Suppose that (¢,1,()(t,€) obtained in Proposition 3.1 has been extended to some
time T >t, we want to obtain the following priori estimates to get a global solution.

PROPOSITION 3.2 (A priori estimates).  Under the conditions listed in Theorem 2.3,
(¢,4,¢)(¢,€) €Xm ma . (0,T) (ns <7j3) obtained in Proposition 3.1 is the solution of the
problem (3.2) which has been extended to some T >0, then it holds that for t€[0,T],

16,08, O2+ 111, e, ) ON2 + 11t o ) (D)2
+ / (e tbes CerCee) (P12 1 (e, o) ()2 b

Sl (b0, %0) I3+ 1Coll3 +8 +€5. (3.13)

Once Proposition 3.2 is proved, we can extend the unique local solution (¢,%,()(¢,£)
obtained in Proposition 3.1 to t =00, moreover, estimate (3.13) implies that

| 16et6.co @1 + |16 b NI <-+oc, (3.14)

which together with Sobolev inequality easily leads to the asymptotic behavior (2.47),
this concludes the proof of Theorem 2.3. In the rest of this section, our main task is to
show the priori estimates.

4. A priori estimates
In the following part of this section, we mainly prove Proposition 3.2.

4.1. Basic energy estimates. At first, we show the basic energy estimates.

LEMMA 4.1.  Under the same assumptions listed in Proposition 3.2, if §,¢,N(t) are
suitably small, it holds that

160, + /nquc (O +11Ge(r)2)dr

<1(bobo.Co)l*+ B+eb)( / (6. o) (r)|Pdr+1). (4.1)
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Proof. Define the energy form

E=ROD( )+%2+Cvé<1>( ), (4.2)

[SPY IS

| D

where ®(s) =s—1—1Ins. Obviously, there exists a positive constant C(s) such that
C(s)7's? <P(s) <C(s)s?,
we can get the following estimate

E,—s_FE¢+ éing” (@(9—@)+ O
t—s-Betrgy tpug(®lz)+7
Ce_fety¢

v m})ﬂ

)

ST IS

+{(p—p)y —K(

}ngg—le—ng, (4.3)
where

Ga == pe(®(5)+12(3)) + (s Ehe + Gall(r - DE() +2() - o

It is easy to see that

1 10C2
Gal< >
| 3|N4 6?2

+ (11, (0 — O )Oc +0¢ (6 — 0,), 0cc +67) (07 + ), (4.5)

Since

¢
\f(f)lZ\f(O)Jr/O Fydyl 11O +VEN fell, (4.6)

and by the fact that (¢,%,¢)(¢,0)=(0,0,0), we get
t
/ / el (6 + (%) dedr
0o JR,
t
< /O /R e + ¢ (1,€)dédr
t
<3 2 —€ded
< / 16e.C) ()] /e cdr

< / 1 (6e.Ce) ()] 2dr. (4.7)

By the properties of rarefaction wave as

(T, e, ) ()[|* Ses (1+)7%,
~ ~ ! 1 _ 13
[[(Tee, tge, Oce) () 21 Sex (1+2) 710, (4.8)
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we have
/ t / el + 1) + ¢ €
< [ U Mel + ISR + el
<t [ #1000 + e P

<t {14 / (6. Ce) () %dr}. (4.9)

And the remaining terms satisfy

/ /R i )0e +0¢ (0 —0,)) (67 + () dédr
55/0 /R e—C(§+T)(¢ +< )(T7§)d§d7-
55/0 (@) lpe @ +ICENICe () e dr

<51+ / (6e.Ce) ()2} (4.10)

Integrating (4.3) over [0,¢] x Ry and making use of the estimates (4.5)-(4.10), it holds
16,000+ [ (Gl + 16 <) e

<10, 0, Co) 2+ (G+eh) {1+ / 1(be,Ge) (7)[[2dr} + / / (1G] + |G dedr,
(4.11)

where

[ (Gl +1Gac) de

<[ Ayl il
+/0t<\|<||%u@u%mégn%Héngu)dT

=] W, OB + (e o) () P
+ [ eI G ) F e () ar

<6/ (I, (PP + D + (5 %/n Ye.C) (1)l d¢+es/<1+7> Blic(n) 13 ar
SE+ed 1+ / (e o) () 2dr (412)

Inserting (4.12) into (4.11), we can get the estimate (4.1) and complete the proof of
Lemma 4.1. 0
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LEMMA 4.2.  Under the same assumptions listed in Proposition 3.2, if 6,e,N(t) are
suitably small, then it holds that

||(¢g,¢g,Cg)(t)ll2+/0 (I(0¢,ve.Co) [P (7,0) + I Gee (1) [1*) dr

t
S(Bo.t0,Go) 13 +3+€5 +(3+es +N(t))/0 1(de,ve) ()| dr. (4.13)

Proof.  Multiplying (3.2); by —Z¢¢e and (3.2)2 by —1ee, (3.2)3 by —Cs—f and adding
the results, we can get

1 ¢ & ¢
5 (CO YR+ 0o )+ roe + (BG4 2+ O )e

R
+(§¢g¢s-;§g¢s)§—(;¢g¢t+¢g¢t+CU%Ct)g=F3~ (4.14)

where

Bt ]¢§+9[<§>t+s_<§> 12

~(O)etute— Culg)eciGe +ie(p—9)
1. Gee fed. Cee Cee
— (2 )ee g TR ey T Giee + Gy

Lo~ (%) glyge. (4.15)

+(E)s¢5¢s—(g)5¢5éf+[(

v

It is easy to see that

|Fs| S(1Te] + |0 |+ N (T)) (07 + g + CZ +hge +Ce)
+ (|| + e ) (6% + %) + 0 G3| + |Galee| +|Grtbeel, (4.16)

and
// |v5\G2d§dT<// (D¢ +v¢)|( C(§+t)+|955|2+|95| )dédr
<5+ / (1ec 12+ 1Bell ) (el 1 + 17 2 )b
t
SS+€§/ (1+7)" %dr
0
t
/ / (IGaCeel +|Grivee|)dedr
0o Jr,
T t ~ -
< / / e~ (Lo +apee)ddr + / / (fec] +|6e[?)Ceededr
0 R+ 0 R+

— t t ~ ~
55(1+/0 ||(Css,wss)(7)||2d7)+/0 (10e | + 110l o) I Gee (7) | dr
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t t
<5(1 , ) ?dr es(147)"1 T)||dT
<+/0 | Ceerthee) ()] >+/0 (1+7) e ()]
<51+ / (Ceeibee) ()] Pdr) + X / [(L+7)" 4 [[Cee()|2)dr
0 0
t
<Greb)(1t / | (Gee e ) (7)|Pdr). (4.18)
Integrating (4.14) over [0,t] x Ry, and making use of (4.1), (4.7), (4.16)-(4.18), we get
I(Gcte I+ [ 1SS mlPar
_ ¢? _ R
+/0 {' 5 |(p ¢+ +Cy 9£)Z¢5¢5+UQ¢5}(T’0)CIT
<N (Bo0s%0,o) |3 +0+€5 + (€3 +8+N(2)) / (e, e ()| 3dr. (4.19)

Then we should deal with the boundary terms. Since z_ € Q4 see (2.1), that is, Rf_ <
u2 < yRO_, the discriminant of the quadratic form

%(f}%qbzwé’)f%wg

is less than zero, i.e.

D=(Eoyz g leclp= s

v_ 2 w_ 2
=)= s =By - ) <0 (1.20)

Thus, the binomial expression is positive, we get for some constant ¢; >0 such that

/ {|82 |( ¢§ ‘H/)g +C, Cg ) p¢£7/}§}(7'»0)d7—
0 v_
201/0 ((Z%"‘wg-l-gg)(ﬂ())df (4.21)

Secondly, by the Sobolev inequality, it holds that

/ B (Getbe)(r,0)dr

/¢570d7+/ e (r)|2udr

¢
<i/ 2 7,0 dT—I—*/ —C& T 2d7'—&—/ )|[2dr. 4.22

2 [ wteoary [ 1SS @R+ [ (1.22)

Inserting (4.21), (4.22) into (4.19) and using the result of (4.1), we get the estimate of
(4.13) and complete the proof of Lemma 4.2. 0

As for f(f | (¢¢,1¢)(7)||>dr, we have the following Lemma.
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LEMMA 4.3.  Under the same assumptions listed in Proposition 3.2, if 6,e,N(t) are
sustably small, it holds that

/O (b, we)(7)|2dr

<010, C)lI3 +0+€ +(3+€5 +N(t) / (e, ee) ()| dr. (4.23)

Proof.  Multiplying (3.2)2 by —Z¢¢, it holds that

~ Coew)i+ o+ (Eo)e — (s e +ve) — 2
2 R N D —
+%¢§_;C§g¢5:(Gl_%—i_(pr)ﬁf)g(bf (424)
Multiplying (3.2)3 by ¢, it holds that

(QC%)t - (CUQ/%)& - OvC&((p_p)ﬁ +G1) +p¢§

0
ZE(%— 5f)5¢5—(p—ﬁ)ﬁ5¢5—02¢5. (4.25)

Combining together, we get

2
(Cutbe = Edct)i = (Culthr— Sdrt)e+ v + 502
R
=S (s e+ ) — (5)ide + —Ces e+ Cule(p—P)e +Gn)
+(G1_z%¢+(pv P ) btk (Cg 5¢)§¢5—(P P)lgpe — Gate
<0(1>|ag||<¢,w,f>\|<¢g,wg,c5)|+0< J(F+e5 + N0)I(6F.02.Q)
+[deCel +[VeCeel + G100 + | Gatbe |+ |Grel + [Ce . (4.26)

Integrating above equation over [0,t] x Ry, we obtain that

/ t / (62 +42)dedr

SN (be e, O )12 + | (Bog s tboe 10, Co) (B)]|2 + 8 + €3
/H (CeCe) (O d¢+// il (6. Paar
+(Z+ / . (¢F +vZ)ddr. (4.27)

Using the result of (4.1), (4.7) and (4.13) into (4.27), if J,¢,N(t) are suitably small, we
could get (4.23) and complete the proof of Lemma 4.3. |

2. Higher order energy estimates. To get the higher order estimates, we
need to get the estimates on the diameter direction as follows.
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LEMMA 4.4.  Under the same assumptions listed in Proposition 3.2, if 6,e,N(t) are
sustably small, it holds that

(e, Ce) (012 +/0 | Cee (7)1 dr

t
Sl (b0, %0, Co) I3+ +€5 +(5+e5 + N (1)) / (e, vee ) (7)]|2dr. (4.28)

Proof.  Let (3.2)1; X ¢, (3.2)2¢ x 90, (3.2) 3 x St we get that

%(%cﬁ?w%cv%)ri‘( & +9F +C, Cg)
R ) &
—{%@%—EQWM((%— 5§>t%)}§+l€£:F4, (4.29)

where

| Fal S(I9e] + [og] + N (£)) (7 + 6 + 7 +9E +CE +CF + b + 07 +Cie)
|G| + | GaeCe| + D¢ (67 + )
S(|Tel + [De] + N (8)) (6 +1F +CZ + (e + P +Vife + (i)
+ G| +|Gae Gl +10e] (92 +C2), (4.30)
Integrating (4.29) over [0,t] x Ry, and noticing that (¢:,v,()(¢,0)=(0,0,0), by the

results of Lemma 4.1-Lemma 4.3 and similar computations as before, we obtain

|‘(¢tv¢ta§t)(t)H2+/0 (| Cee (T) |2 dr

t
Sl (bo,0,Go) 3+ +€5 +(5+€5 +N (1)) / [(bre,vee bee, ee) (T)|Pdr. (4.31)

Taking the derivative of both sides of (3.2); and (3.2)s with the variable &, we see
that

(B, thee) ()|
S (Bres e, Cee) (O + [ (D, e, Ce) ()12 + 4/ e | (6, ) (017 + (| Gre ()1 (4.32)

Using (4.32), we can get (4.28) and complete the proof of Lemma 4.4. O

LEMMA 4.5.  Under the same assumptions listed in Proposition 3.2, if §,¢,N(t) are
sustably small, it holds that

t
e, o) OIP + / Coee ()2

t
Sl (b0, o) 13 +1IColl +8+ €5 + (3 +€3 +N(t)) / [(bres e, Cor) (7)|dr. (4.33)

P’f’OOf. Just let (3'2)1tt X %¢tt,(3'2)2tt X Q/Jtt, (3»2)3tt X %, we get that

Ctt S— Ctt

( ¢tt+wtt+c )tii( ¢tt+1/}tt+c )
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2
- {(%¢tt"/}tt - %Cttwtt‘f'ﬁ((% eif)tt Cgt )}5 +/€% =F5, (4.34)

where

F=(Detute - oeguvn+ G2~ 5 Do)k

[(R)tth‘i‘Q(v)tCtg—( )it e —2 ( )t¢t§_Gltt+( ¢)tt]¢tt

Cy . .
+ 7[(;)1‘/ —5_ (%)S]Cft — [peethe +2pithie + (e (P — D)) ee — Gztt]i

0
9 (25 0
5{) )tt(%t )5 K/(2 Cts;t ( )ttc )(Ctt Czjg Ct0t2£ .

)g-i—fi (4.35)

Note that

|Fs| S(ITel + [0 |+ N () (67, + 07, + G+ Cie + 07 +bg + G
“‘d)gg +¢§§ +C§g +<t2t§) + |G| + | Gore et |
+ (17| + 7 ) (67 +¢?). (4.36)

~ Integrating (4.34) over [0,¢] xRy and noticing that (¢s,%4t,(e)(2,0) =(0,0,0), if
0,€,N(t) suitably small, it yields,

t
[(Grestns Ga) P+ [ ()P
0
S (os0) B+ [Gol2-+ 5+

t
“F(S"‘E% +N(t))A ||(¢tt7wthCtt7¢t§7¢t§7¢§§7w§§>(7—)”2d7—

SN (bos%0) I3+ 1Col13 48+ + (5+€3 +N(t)) / 1(Ceesbrestoee) ()P (4.37)

where we have used (4.32). Taking the derivative of both sides of (3.2); and (3.2)2 with
the variable t,

[ (Bee,2ee) ()12
(e tbres Ge) 1P+ (b, e, C) O+ 1/ e (6, O DI + |G () |*. (4.38)

Using (4.38), we obtain (4.37) and complete the proof of Lemma 4.5. |

LEMMA 4.6.  Under the same assumptions listed in Proposition 3.2, if §,¢,N(t) are
suitably small, it holds that

t
2 2d
e+ / 1Gee ()| 2
t
<l (bo. o) 13 +1IColl +8+ €% + (3 +€% +N(t)) / [(pre,ee ) ()| (4.39)
Proof. Let (3.2)3; X (4, we have

Colir+ K(C:f)t*S Co(CreCe)e +5-CuCraeCe + (p0eCer e
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0
ZK((% - i;ﬁ )Gt )e +PeeCie — DebeCor + Vi Crre — GoiC
beo
—(tg(p—p))iCet + 5 2C£Ctt£+/€( )tCttf 7 QUtCtg (4.40)
Integrating (4.40) over [0,t] x R4 and noticing that (¢, v, (. (e )(¢,0) =(0,0,0,0). Using
previous lemmas, we could get (4.39) and complete the proof of Lemma 4.6. O

We remark that by using the relationship (4.32), (4.38) which is derived from system
(3.2) and

1(¢evee) (D]

S (te e, Coe, OO + (D, e, ) (P + 1/ laael (&, ) @) + | Gre (0],
ICee I S M1(8, %, @I+ IS + G201, (4.41)

then from the results of Lemma 4.1-Lemma 4.6, one can verify that
16,8, OB+ 108,60 O+ (Dt er Gon) 12+ / (betbe) P, 0)dr
+ / (1) P+ ISP+ NI + ) 2)dr
Sl (@0, wo)lI3+ [1Goll3 ++ €5 + (3 +e5 +N(#) / et (DI (4.42)

Therefore, we just need to estimate f(f |(pte e ) (T)||2dT at last.

LEMMA 4.7.  Under the same assumptions listed in Proposition 3.2, if §,¢,N(t) are
suitably small, it holds that

t
/0 | (restbee) ()12 S (Do, o)+ 1ol + 54+ €8 (4.43)

Proof. Multiplying (3.2)2; by —%¢q¢, it holds that

- W/)u)g*’( )5¢tt¢t+( Wbtg)t—(E)t%g(bt—£¢t5(¢tt—8—¢ts)

B Poet B o= (G- Breve - (B0 P (1.44)

Multiplying (3.2)3; by %, it holds that
(CoCerthe)e — (CuCrethe)e + Culee (Wher — s—tre) + ik
0
= (% %2y e —pueti — (0 —B)ie)it ~ Conte (1.45)

v
Combining (4.44)-(4.45) together, we get

2
(betie = CuGiev)e + (Cuini— B duthur)e + 5= i+ S0
:(gCg)tg%gﬂL(Gu*(%)t@bg (p£¢)) ¢t§*c Gre (Yue — e
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0
+I€(%— 51?)155%5—pt¢§¢t5+(g)t¢t5¢t—(g)gl/)tt@
—((p—p)tg)ethre — Gorthre
2
S0+ B +O(D]itel|(6,)7 +O(1) (345 + N (0)|(62,12,¢2.¢%)
+[Gre(dre, Cre )|+ Garthre| + |Gre (9, 7/’5)|+|Ct£|2+"5(c )eePie- (4.46)

Differentiating both sides of (3.2); 2 with respect to time ¢, we deduce that

Pre = (¢tt —te),

71%5— (%/fttJr( Cs)t*( )t¢5**¢t§+(ﬁvp Vg — %)t+Glt)- (4.47)

Using (4.47), it yields

W et =n(E e =

R 1
2 (Yre+ ;Ctg - %Si(btt)

(e %[Gm( yie— Brge+ (L - 52y
o e e e S L
(g g Qe rl g =5 b o0l
()57 5>twtw<<§f>t82 s

R = Gl K g Gl

R 100+ (Do per (2o B0y,

- v

(e Gt (e~ Dge (Lo B0 ), (aa8)

S

- v

Therefore, using (4.42), the following estimate holds,

| / / ) svnedgar]

— 1 t 2
Sh@n v+l +3+eh+ [ [ Lo+ Buacar (4.49)
0 JrRy IV

Integrating Equation (4.46) over [0,t] x R} and using (4.42), (4.49), we can get (4.43)
after similar computations. This completes the proof of Lemma 4.7. 0

Combining the results of Lemma 4.1-Lemma 4.7, from system (3.2), all the terms in

the priori estimates (3.13) could be obtained and we complete the proof of Proposition
3.2.
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