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L>* CONTINUATION PRINCIPLE FOR TWO-DIMENSIONAL
COMPRESSIBLE NEMATIC LIQUID CRYSTAL FLOWS*

XIN ZHONGT

Abstract. We consider an initial boundary value problem of two-dimensional (2D) compressible
nematic liquid crystal flows. Under a geometric condition for the initial orientation field, we show that
the strong solution exists globally if the density is bounded from above. Our proof relies on elementary
energy estimates and critical Sobolev inequalities of logarithmic type.
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1. Introduction

Let Q C R? be a bounded smooth domain, we investigate the motion of compressible
nematic liquid crystal flows in 2, which are governed by the following simplified version
of the Ericksen-Leslie equations

pt+div(pu) =0,

(pu); +div(pu®@u) — pAu— (A+p)Vdivu+ VP =—-Vd- Ad,
d;+(u-V)d=Ad+|Vd|*d,

|d|=1.

(1.1)

The system (1.1) is supplemented with the initial condition
(p,pu,d)(z,0) = (po,poug,do)(z), €9, (1.2)
and the boundary condition
u=0, Vd-n=0, z€0o. (1.3)

Here p,u,P=p" (y>1),d are the density, velocity, pressure, and the macroscopic av-
erage of the nematic liquid crystal orientation field, respectively. n is the unit outer
normal vector of 0€2. The constant viscosity coefficients p and A satisfy the physical
restrictions

>0, p+A>0. (1.4)

Liquid crystals can form and remain in an intermediate phase of matter between
liquids and solids. When a solid melts, if the energy gain is enough to overcome the
positional order but the shape of the molecules prevents the immediate collapse of
orientational order, liquid crystals are formed. The nematic liquid crystals exhibit long
range ordering in the sense that their rigid rod-like molecules arrange themselves with
their long axes parallel to each other. Their molecules float around as in a liquid,
but have the tendency to align along a preferred direction due to their orientation.

*Received: June 09, 2018; Accepted (in revised form): July 30, 2020. Communicated by Pingwen
Zhang.
Supported by National Natural Science Foundation of China (No. 11901474).

fSchool of Mathematics and Statistics, Southwest University, Chongqing 400715, P.R. China
(xzhong1014@amss.ac.cn).

55



56 TWO-DIMENSIONAL COMPRESSIBLE NEMATIC LIQUID CRYSTAL FLOWS

The continuum theory of the nematic liquid crystals was first developed by Ericksen
[2] and Leslie [14] during the period of 1958 through 1968. For more results on the
simplified Ericksen-Leslie system modeling incompressible liquid crystal flows, refer to
[5,13,15,17-22] and references therein.

The study on the theory of well-posedness of solutions to the Cauchy problem and
the initial boundary value problem (IBVP) for the compressible nematic liquid crystal
flows has grown enormously in recent years. Based on adapting the standard three-level
approximation scheme and the weak convergence arguments, Jiang et al. [11,12] proved
the global existence of weak solutions with finite energy for multi-dimensional compress-
ible nematic liquid crystal flows. In [16], Li et al. established the global existence and
uniqueness of classical solutions to the 3D Cauchy problem with smooth initial data
which are of small energy but possibly large oscillations and vacuum, which is analo-
gous to the result for compressible Navier-Stokes equations obtained by Huang et al. [8].
Later on, Wang [27] extended local strong solutions of the 2D Cauchy problem obtained
in [24] to a global one provided that the smooth initial data are of small total energy.
Nevertheless, many physical important and mathematical fundamental problems are
still open due to the lack of smoothing mechanism and the strong nonlinearity.

Up to now, the regularity and uniqueness of weak solutions and the global well-
posedness of the strong solutions to compressible nematic liquid crystal flows for general
initial data are still open and challenge problems even in two dimensions. Therefore, it
is important to study the mechanism of blow-up and structure of possible singularities
of strong (or classical) solutions to the compressible nematic liquid crystal flows. For
the Cauchy problem and IBVP of 3D compressible nematic liquid crystal flows, Huang
et al. [9] obtained the following criterion

.

ol Lo 0,710y + IVl 220,71 ) = 00 (1.5)
under the assumption

Ti>9A. (1.6)
Without the artificial restriction (1.6), the authors [10] showed that

lim (Hg(u)HLl(O,T;Lw) + ||Vd||L2(0,T;L°°)) =00, (L.7)

T—T*

where ©(u) denotes the deformation tensor given by
1
D(u)= §(Vu+ (Vu)'™).
Later on, Huang and Wang [7] established the following Serrin type criterion

A (el rizee) +all o ©.riem) + VAl Loz 0.111r2)) =00 (1.8)

with s; and r; satisfying

2 3
242, s>1, 3<r; <00, i=1,2. (1.9)
S; T

Recently, for the Cauchy problem of 2D compressible nematic liquid crystal flows, Wang
[28] proved that

dim (ol =o.7:) + IVl e 0 7i2)) =00 (1.10)
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with s and r satisfying

2 2
-+-<1,s>1, 2<r<occ. (1.11)
s T

Meanwhile, if the initial orientation dg = (do1,do2) satisfies a geometric condition
dog > €0 (112)
for some positive constant €y, Liu and Wang [23] extended (1.10) to a refiner form
li 0o (0.7 I,5) = O0. 1.1
o ol Lo (0,7;1.50) =00 (1.13)

Our goal in this paper is to give a blow-up criterion of strong solutions to the problem
(1.1)—(1.3) in terms of the density only.

Before stating our main result, we first explain the notations and conventions used
throughout this paper. For r >0, set

/~dz::/~d1', u:=w+u-Vu.
Q

For 1 <p<oo and integer k>0, the standard Sobolev spaces are denoted by:
LP =LP(Q), WrFP=WFrr(Q), H"=H"?(Q).

Now we define precisely what we mean by strong solutions to the problem (1.1)—(1.3).
DEFINITION 1.1 (Strong solutions). (p>0,u,d) is called a strong solution to (1.1)-
(1.3) in Qx (0,T) if for some q>2,

pe C([OvT];W17q)7 Pt € O([OvT]an)a

YVue L>(0,T; HY)YNL2(0,T;Wha),

JPu, /pue L(0,T;L?),
VdeC([0,T); H2)NL2(0,T; H?),
d; € C([0,T);H" ) NL*(0,T; H?),

and (p,u,d) satisfies both (1.1) almost everywhere in Qx (0,T) and (1.2) almost every-
where in ).

Our main result reads as follows:

THEOREM 1.1.  Let the initial data (po>0,u9,do) satisfy for any given number q>2,
po €W, uye HYNH?, Vdy€ H?, Vdy-n|pa=0, |do|=1, (1.14)

and the compatibility conditions
—pAug — (A +p)Vdivug+Vpi +Vdo - Ado = /pog (1.15)

for some g€ L?(2). Moreover, we require the initial orientation do = (do1,do2) satisfies
a geometric condition

do2 > dp2, (1.16)
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where dog is defined as in Lemma 2.2. Let (p,u,d) be a strong solution to the problem
(1.1)~(1.3). If T* < o0 is the mazimal time of existence for that solution, then we have

ngl,*HPHL (0,T;L<) =30 (1.17)

REMARK 1.1. Under the conditions of Theorem 1.1, the local existence of the strong
solution can be obtained by the similar arguments as in [9]. Thus, the maximal time
T* is well-defined. Moreover, it is worth mentioning that the condition (1.16) is not
needed to establish the local existence of strong solutions.

REMARK 1.2. The conclusion in Theorem 1.1 reveals that the concentration of
the density must be responsible for the loss of the regularity in finite time for two-
dimensional compressible nematic liquid crystal flows.

We now make some comments on the analysis of this paper. We mainly make use of
continuation arguments to prove Theorem 1.1. That is, suppose that (1.17) were false,
ie.,

lim
T—T*

pll Lo (0,7;00) < My < 00.

We want to show that

sup ([lpllwr.a +{[Vul[m + VA g2) < C < +o0.
0<t< T

We first prove (see Lemma 3.2) that a control of upper bound of the density implies
a control on the L{°LZ-norm of Vu and V2d. To this end, the key ingredient of the
analysis is a logarithmic Sobolev inequality (see Lemma 2.5). The inequality implies the
uniform estimates of |[u||z2¢o,7;~) and [[Vd|[z2(0,r;z) due to the a priori estimates
of |[ul|z2(0,r;m1y and ||Vd| p2(0,7;1) from the energy estimates (3.2). Then we obtain
the key a priori estimates on L°°(0,7;L%)-norm of the density gradient by solving a
logarithmic Gronwall inequality based on a Brézis-Waigner type inequality (see Lemma
2.6) and the a priori estimates we have just derived.

The rest of this paper is organized as follows. In Section 2, we collect some elemen-
tary facts and inequalities that will be used later. Section 3 is devoted to the proof of
Theorem 1.1.

2. Preliminaries

In this section, we will recall some known facts and elementary inequalities that
will be used frequently later.

We begin with the following Gagliardo-Nirenberg inequality (see [3, Theorem 10.1,

p. 27]).
LEMMA 2.1 (Gagliardo-Nirenberg). Let Q2 CR? be a bounded smooth domain. Assume
that 1<q,r <oo, and j,m are arbitrary integers satisfying 0<j<m. If ve W™ (Q)N
L1(QY), then we have

ID7v]| e < Clloll = ol m.r

where

.2 2 2
—]+f:(1—a)7+a<—m+7>,
p q r
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and
1), ifm—j —% 18 a nonnegative integer,

ae{{

The constant C depends only on m,j,q,r,a, and Q.

SRER.

,1],  otherwise.

Next, the following useful result was deduced in [4], which will help us to get the
estimate of ||V2d||2(0,r;2) in terms of the basic energy inequality. We sketch it here
for completeness.

LEMMA 2.2. For the initial direction field dg=(do1,do2):Q—S!, assume that dos
satisfies the condition

do2 > dp2 >0, (2.1)
where dop 1s constant and is defined as
@>,/1—ﬁ, if AjAy>1, (2.2)
@:0, ’ifA1A2<1.
Here Ay and Ay are the best constants of the elliptic estimate
IV2fII72 <A (IAFIZ + 1 F1F), (2.3)
and Gagliardo-Nirenberg inequality
IV £z < A(IV2 Tl T oo + 111 7o0)- (2.4)
Then we have
V2|72 <C ([|[d —ez]| 7~ +[|Ad+[Vd[*d||72 + [|d]|7:) (2.5)

with eo =(0,1).

Proof. Applying the maximum principle to the equation of ds (i.e., the 2-th
component of d) together with the geometric condition (2.1) yields that for any ¢>0
(see [12]),

gggdz(xvt) > ;Ielgdm(fl?) >do2 > 0.
Due to |d|=1, we have
|d—ex|7 <1—dg,. (2.6)
Substituting (2.1) and (2.2) into (2.6), we get
A1 As|ld —es]2 < 1. (2.7)

Recalling that |d|=1, and thus A(|d|?)=A(d-d)=0, which gives d-Ad=—|Vd|>.
Hence we have

\|Ad+\Vd|2d||iz:/(Ad+|Vd|2d)-(Ad+|Vd|2d)dx:/|Ad|2dx—/|Vd\4dx,
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that is
IAd|[Z: = [Vdl|zs +|Ad+[Vd[*d] 7,
which combined with (2.3) and (2.4) leads to

IV2d||7- <Ay ([|Ad]|7: +[|d]|7:)
= Ay (|Vd|[z: +[|Ad+|Vd*d|]72 + [|d]|7)
<A1 A d— e 7 [ V2d]l7
+ A (Ag]ld—ex| 7~ +[[Ad+[Vd|*d||72 +[1d]/71) -

This along with (2.2) and (2.7) yields the desired (2.5). d

Next, we give some regularity results for the following Lamé system with Dirichlet
boundary condition, the proof can be found in [25, Proposition 2.1].

A i =F Q
{u U+ (p+A)VdivU=F, z€Q, 2.8)

U=0, z€df.

LEMMA 2.3. Let ¢>2 and U be a weak solution of (2.8). There exists a constant C
depending only on q,u, A\, and  such that the following estimates hold:

o IfFc L), then
1U|w2.a < C||F||a;

o IFFcW19(Q) (ic., F=divf with £=(fi;)sxs, fij € LI(Q)), then
[Ulwra <C|f]|£a;

o IfFeW19(Q) (i.e., F=divf with f=fij)sx3,fi; € LZ()), then
[VUlsrmo <C|f| Lo~

Here BMO() stands for the John-Nirenberg’s space of bounded mean oscillation
whose norm is defined by

I fllBaro = 1fll2 +[f]Bmo

with

|f(y) = fa, (z)|dy,

1 . .
BMO = SUpP o o
vere(0,d) |2 (@)] o, (2)

and
1
= d

where Q,(z)=B,(z)NQ, B.(z) is the ball with center x and radius r, and d is the
diameter of Q. |Q,(z)| denotes the Lebesgue measure of 2,.(x).
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Next, motivated by [26], we decompose the velocity field into two parts in order
to overcome the difficulty caused by the boundary, namely u=v+w, where v is the
solution to the Lamé system

pAV+ (p+A)Vdivv=VP, ze, (2.9)
v=0, €, '
and w satisfies the following boundary value problem
pAW+ (p+AN)Vdivw =pa+Vd-Ad, ze€Q, (2.10)
w=0, ze€d. '

By virtue of Lemma 2.3, one has the following key estimates for v and w.

LEMMA 2.4. Let v and w be a solution of (2.9) and (2.10) respectively. Then for any
p>2, there is a constant C' >0 depending only on p,u, A, and Q such that

Ivliwse <C|IP|Le, (2.11)
and

[wllyer <Cllpa+Vd-Ad|,, . (2.12)

Next, we state a critical Sobolev inequality of logarithmic type, which is originally
due to Brézis-Wainger [1]. The reader can refer to [6, Section 2] for the proof.

LEMMA 2.5.  Assume  is a bounded smooth domain in R? and f € L?(s,t;W1H4(Q))
with some ¢>2 and 0<s<t<oo, then there is a constant C' >0 depending only on g
and Q such that

1130y SC (11713 oy o8 I i) ) (213)

Finally, the following variant of the Brézis-Waigner inequality (see [26, Lemma 2.3])
also plays a crucial role in the later proof.

LEMMA 2.6.  Assume Q is a bounded smooth domain in R?* and f € W14(Q2) with some
q>2, then there is a constant C' >0 depending only on q and € such that

[fllzee <C A+ fllBrologle+ | fllwra))-

3. Proof of Theorem 1.1
Let (p,u,d) be a strong solution described in Theorem 1.1. Suppose that (1.17)
were false, that is, there exists a constant My >0 such that

lim
T—T*

P||L°°(O,T;L°°) SMO<OO (31)
Next, we have the following standard estimate.
LEMMA 3.1.  Under the condition (3.1), it holds that for any T €[0,T*),

T
s (Ipulh + V) + [ (IVule+I9d ) de<c, (32



62 TWO-DIMENSIONAL COMPRESSIBLE NEMATIC LIQUID CRYSTAL FLOWS

where and in what follows, C' stands for generic positive constant depending only on
Mo, A\, 1, T*, and the initial data.

Proof. Multiplying (1.1)2 and (1.1)3 by u and —(Ad+|Vd|*d) respectively, then
adding the two resulting equations together, and integrating over ), we obtain after
integrating by parts that

1d
5 (p|u|2+|Vd\2)dx+/[u|Vu|2+()\+u)(divu)2+|Ad+|Vd|2d\2] dx
:/Pdivudz. (33)

Due to P=p7, it follows from (1.1); that P satisfies
P, +div(Pu)+ (y—1)Pdivu=0. (3.4)

Integrating (3.4) over € and then adding the resulting equality to (3.3) give rise to

1d ) , 2P
+/[u|Vu|2+()\+u)(divu)2+\Ad+\Vd|2d|2] dz=0. (3.5)

Thus, integrating (3.5) with respect to t leads to

T
sup (vl + VAl + / (IVul2: +IAd+|VdPd|2.)dt<C. (3.6)

This along with (2.5) gives rise to
T
/ |V2d||2.dt < C. (3.7)
0

So the desired (3.2) follows from (3.6) and (3.7). O
LEMMA 3.2.  Under the condition (3.1), it holds that for any T €[0,T*),

T
OittlgT(HVUH%z+||V2d||2m)+/0 (IVpallZ: + Va7 + [ V3dl[7:)dt<C. (3.8)

Proof.
(1) Multiplying (1.1)2 by us and integrating the resulting equation over {2 give rise to

1

2dt
1

/pl'ru-Vudx—&—/Pdivutdx—/ut-div(Vd@Vd)dw—i—§/ut-V|Vd\2d:E

/(u\Vu|2+(,u+)\)(divu)2)dx+/p\l’l\de

=K1+ Ko+ K3+ Kjy. (39)

It follows from Cauchy-Schwarz inequality and (3.1) that

L.
K1 < 2lvpalze +Cllal| Vul|Z. (3.10)
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To bound Ks, we decompose u into u=v+w, where v and w satisfy (2.9) and
(2.10), respectively. Then we have

d
ng% (/Pdivudm) —/Ptdivudx
d . . .
:ﬁ (/Pdlvudx) —/Ptdlvvdx—/Ptdlvwdx

:% (/Pdivuda:) +/VPt~vdx+/div(Pu)divwdx

+(7—1)/Pdivudivwdm
:% (/Pdivudx) —|—/(,uAv+(u+)\)Vv)t~vdx—/Pu-Vdivwd:c

+(y—1) /Pdivudivwdw

:%% (2Pdivu—va\27(u+>\)(divv)2)dxf/Pu.Vdivwdac
+(7—1)/Pdivudivwdm (3.11)

due to (3.4). By Hélder’s inequality, Sobolev’s inequality, Lemma 2.4, and (3.1), we
derive that

‘/Pdeivwdaz —l—‘(v—l)/Pdivudivwdx
<[IPllzslfall Lo [V divw| 2 + (v = D[ Pl| o || divul| 2 || div w]| .2
<e|VPwlZ. +C([IVuli: +[[Vwli72)

<Cellypul[z. +C (IVullZ: +[Vvli= +lIVdl[Adl]7:),

which together with (3.11) and choosing ¢ suitably small yield

1
K> < 5% (2Pdivu—p|Vv]* = (u+A)(divv)?) da
1 .
+ZIIWUII%2 +C([IVul|z: +[Vv]Z: + [ Vd]|Ad]][72) - (3.12)

Integration by parts and Cauchy-Schwarz inequality imply that
Ks :/(VdGVd)-Vutdx
= (VdoVd)-Vudz —/(th ®©Vd)-Vudz */(Vd@th) -Vudz
= %/(VdQVd)~Vuda:+6||thH%2 +0(0)|||Vd||Vul|2.. (3.13)

Similarly, one has

1d
K4<

< 5&/|Vd|2divud:r+(5Hth||%2 +C(8)]||Vd||Vul|7-. (3.14)
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Putting (3.10), (3.12), (3.13), and (3.14) into (3.9), we get

B'(t)+[lvpalli: < C(IIVullf. + Vvl + [Vl Ad]|[7)
+40[|Vde |72 +C(6) [ Va][VullZ., (3.15)

where
A A+ A+
B(t )Z*IIV ‘|L2+7Hdlvu”L2+ IIV e +—— Edivv]3,
—/Pdivudx+§/|Vd| divudm—/(Vd@Vd)~Vudw. (3.16)
(2) Applying V on (1.1),, we have
Vd;, —AVd=-V(u-Vd)+V(|Vd|?d), (3.17)
from which one deduces that
d
£/|Ad|2da:+/(|th\2+|VAd\2)dx
=/|th—VAd|2d:v
/| (u-Vd)+V(|Vd[2d) 2de
gC/(|Vd\6+|Vd|2|V2d|2+|Vu\2|Vd|2+|u|2|V2d\2)dx. (3.18)
Multiplying (3.17) by 4|/Vd|?Vd and integrating by parts yield
d
%/|Vd\4d:c+4/(|Vd\2\V2dl2+2|Vd|2|V(Vd)\2)dx
:2/ |Vd\2V|Vd|2-nda+4/|Vd\2Vd(—V(u-Vd)+V(|Vd\2d))daz
o
gC(s)/(|Vd|2\V2d|2+|Vd|2|Vu|2+\V2d|2|u|2+|Vd|6+|Vd\4)dx
+€/|V3d|2daz,
where we have used Cauchy-Schwarz inequality and the following fact
)2/ |Vd|*V|Vd|* ndo
1)

34/ |Vd|?|V3d|do

o0

<C|[vdPIv2d|[w.
SC/(|Vd\3|V2d|+|Vd|2|V2d|2+|Vd\3\v3d|)da:

SC(s)/(\Vd|2|V2d|2+|Vd|6+\Vd|4)dx+s/\v3d|2dx.
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Thus, we derive
%/\Vd|4dx+/|Vd|2|V2d|2dx
SC’/(|Vd|2\V2d|2+|Vd|2|Vu|2+\V2d|2|u|2+\Vd|6+|Vd\4)dx+e/|v3d|2dx,
which along with (3.18) and choosing e suitably small leads to
5 (1A +[9dIE) + (1932 +]9°dl %)
SC/(|Vd|6+|Vd\4+|Vd|2|V2d|2+|Vd\2|Vu|2+|V2d|2\u\2)dx. (3.19)
Choosing C; suitably large such that

I
7 IVl +Vvlie) +[Vd]7. = C < B#) + G| Vd] 14

<C(IVuli= +VvlZz) +C|IVd| 1. +C.
(3.20)

Adding (3.19) multiplied by Cy to (3.15) and choosing § small enough yield

d .
— (B()+C1]|Ad|[72 +C1[[VA 1) + 1Pl 7z + [ Vde] 7

dt
+HIVEA|Z. + [[[Va][V2d]]Z
<C(|IVul[. +[VvlZ: + I ValIval[Z. +[||Vd||[Vul[72)
+C (I1al[V2d]||Z: + [ Vdl|7: +[IVd]s)
<C(1+[IVlf7 + [[uli) (IVullZ: + [VVI7e +IV2d][7: + [ Vd]|z:) . (3.21)

Let

@(t)éﬁoiugt(llvll\liz+||VV||%2+HV2dlliz+||leli4)
<rs
+/0 (IvpalZe +Vd- |72 +[IV2d[Z. +[IVd][V3d|Z.) dr.  (3.22)

Then by virtue of (3.21), (3.20), and Gronwall’s inequality, we obtain that for every
0<s<T<T*,

T
@(T)sc@(s)exp{c / <|u||%w+||Vd||%oo)dT}- (3.23)

From Lemma 2.5, we get

allZe o700y H VAl T2 7o)
<O+ (allZegopy + IVAIT2 (o))
log (e+ [[ul L2 (s, 7w .3) + VA L2(s 1w 9))
<Co[1+ (IIVull7as myre) + VAl 26 1512y ) log(CR(T))] (3.24)
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where one has used the Poincaré inequality, (3.2), and the following facts

s < [IwlTyrs +IVIGs
<Cwliy +ClIP|Ls
<C(1+|vpulZ +l[val[vZal|Z:)

and
VA3 <CVA[[F22 <C(1+(|V3A]F2 + [ V3d||72).

The combination (3.23) and (3.24) gives rise to

@(T) < Co(s)(C() > Vit re HIT Al r) (3.25)

Recalling (3.2), one can choose s close enough to T such that

. 1
dim o (Ve + I9%d0 2 sy ) < 5
Hence, for s <T <T™*, we have
(T) <OP*(s) < oco.

This completes the proof of Lemma 3.2.

LEMMA 3.3.  Under the condition (3.1), then it holds that for any T €[0,T*),

T
s (Ipilh+ V) + [ (IValE+ Vi) a<c. (320)

Proof.
(1) Operating 0; +div(u-) to the j-th component of (1.1)y and multiplying the resulting
equation by %7, one gets by some calculations that

1d o
5%/[)‘11' dx
= / W (0 Av? +div(uAu? ) )dz + (A + p) / @ (0,0;(divu) +div(ud;(divu)))dz
—/uj(ath—l—div(uajP))dx—/uj (0,(Vd-Ad’)+div(u-Vd-Ad’)) dx
=J1+ o+ J3+ Jy4. (3.27)
Integration by parts leads to
Ji :fu/(amjat@uj +Avlu- Vil )dz
:—u/(|V1'1\2—3iﬂjuk8k8iuj—amjaiuké‘kuj +Avla-Vid)dx
=—u / (|Va|? + 90! O uF i’ — ;17 Dyu* ! — D! Duk O’ ) dae
3

U
<= IValz + ClIvulz.. (3.28)
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Similarly, one has
<=2 divi + 0| vul.. (3.29)
It follows from integration by parts, (3.4), (3.1), and (3.8) that
ngf(ajujpt+ajpu-vuj)da:
:/ajzletdx—/Paj(u'Vuj)dm
:/8juj(Pteriv(Pu))dx—/P@jwVﬁjda:
:(1—'y)/ajudeivudx—/Paju~ViLjdx

<C||P|e=[[Vul[p2[|Val| Lz
S%HVGH%H—C. (3.30)

Integrating by parts and applying (3.2), (3.8), and Sobolev’s inequality, we arrive
at

|J4|§C’/|V1'1\(\VdHthH-|u|\Vd||V2d|)dx
< %HVﬁHQL2 +CVA||Za [ Va5 + Cllul Lo VA LoV Zo
g%HV&HQLQ+C||Vd||§,1|\th||i4+C||Vu||2L2HVd|\§,1||V2d||§,1
<EIVal3: +CIVai 3 +CIVPd) +C. (3.31)
Inserting (3.28)—(3.31) into (3.27) yields
iH\/ﬁflllgz +u|Val. <O Vullza +ClIVA|Z +CIVPd|Z. +C. (3.32)
dt L 2= L tll s L2
(2) Differentiation (3.17) with respect to t leads to
Vdy — AVd; =—-V(u-Vd); + V(|Vd|*d);. (3.33)
Multiplying (3.33) by Vd; and integrating the resulting equation over {2 gives

1d
5@/|th‘2dfﬂ+/‘v2dt|2d$

SC/|VdHVUt||th|dx+C/\ut||V2dt||Vd|dx+C/|th\2|Vu|dx

5
+C’/|Vd|2\dt||V2dt\d:r+C/|Vd\|th||V2dt|dx::ZSi. (3.34)

i=1

By Holder’s, Young’s, Sobolev’s inequalities, (3.2), and (3.8), one gets

S+ 55 gC/|Vd||V1'J.|\th|d:c+0/|1'1||V2dt||Vd|d:c
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+C [19dl -Vl Vaijde +C [ Ja-Tul|72d]Tdlds

<C|IVi] 2 [ VA L4 [ Vde ] s +ClIVde 2 [0l 1| V]| 4
+C[IV2d] Lo [ Vul| 2 [ull 12 [ Vde ] o
+COV2de 2|Vl o[ VAl 2o [[u] 112
) .

<51V a7+ CO)VallZ: + CIVAIfZ: +ClIVal La+ Ol V|7

<O V2dl[7- +C(0) Vil Z: + V3|7 + O Vul|7s +ClI Ve |7;

S5 <C|IVul 22 [Vde |74 < CIVde| 2 Vde | o <61V de |72 + Ve |72
S5 <C|V2d, | 2| Ve 4| VA e
)
<1V A7z + IV 2|V | [ VA 7
<6 V2de |72 + O VAy[72-
To bound Sy, it follows from (1.1)3, (3.2), and (3.8) that
[de)lz2 = —u-Vd+|Vd[’d+Ad] .-
<O(l[ufl o VAl zs +IVA[Zs +[IVd]| =)
< O|[Vul|z2[|VA| g1 + [ Vd[f7 +C

<C. (3.35)

Then we deduce from Holder’s, Young’s, Sobolev’s inequalities, (3.2), (3.8), and

(3.35) that
Sy <C|V2dy| 2] V|75 l|de]| 4
<68[IV2d |72 +Cllde |71
<G| VAdy |2 4+ |V, ||2. +C.

Substituting the above estimates on S; (i=1,---,5) into (3.34), we obtain after

choosing ¢ suitably small that

d
S IVlz: +11V2dd 7.

<O|Vdy |2 + O Val|2. +C||V3d |32 +C||Vul|2. +C. (3.36)

ing (3. multiplied by == to (3.36), one has
3) Adding (3.32) multiplied by <2 to (3.36 h

d, _ . .
= (N CHDIVPu G+ [V el72) + VI + [V dy |7

<C|Vullz. +CVde| 7. + O VA7 +C,

which together with Gagliardo-Nirenberg inequality, Lemma 2.4, (3.1), and (3.8)

implies that

d, _ . .
o (G DI Vpu|La + [V [Z2) + pl VI + [ V2de 72

<C|Vulli: [ Vullf +CI V7. +Cl V7. +C
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<C(vpal2:+(Vd|2:) +C|V3d||2. +C.

This along with Gronwall’s inequality and (3.8) leads to the desired (3.26).
O

LEMMA 3.4.  Under the condition (3.1), and let ¢>2 be as in Theorem 1.1, then it
holds that for any T €[0,T%),

sup ([[pllwre+[Vullg + (V| g2) <C. (3.37)
0<t<T

Proof.
(1) For ¢>2, it follows from the mass equation (1.1); that Vp satisfies
d
Z1Velle <C@) 1+ [Vull =) [Vl s +C(a) [ V*ull o

SCA+ VW] 2o +IVV] ) IVpl e + C (VW] Lo + V] 14)
<C1+|VW] [z + VY| =) IVl La +C| VW] La (3.38)

due to the following fact
IV2vllze <CIVP|Ls <C|IVpl|zs,
which follows from the standard L%-estimate for the following elliptic system

pAV+ A+ p)Vdivv=VP, €,
v=0, z€00Q.

From Lemma 2.6 and (2.11), one gets

IVVlLe <C(1+[IVVllBrmologle+[[VViwa))
SCQA+ ([Pl + 1Pl L) log(e+ [V Vwra))
< C(1+1og(e+[Vpll0)). (3.39)
By virtue of Holder’s inequality, Sobolev’s inequality, (3.2), and (3.8), one deduces
that

a(a—=2) 2(g=1)
sup, 19|72l < sup (9l 7 ) ((sup 92l f ) <c0 (a0
0<t<T 0<t<T 0<t<T
which combined with Sobolev’s embedding theorem, (2.12), and (3.1) yields

[VW([Lee <[[Wllw2.a
<Clpa+Vd-Ad|,,
<Cla| L +C|Va|[V2d]|| s
<OV g +C. (3.41)

Moreover, we have

IVPwllLo < [[wllwza < C|IV] 2 +C. (3.42)
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Substituting (3.39)—(3.41) into (3.38), we derive that

d .
s 108(e+[[VpllLa) <C A+ Vallz2)log(e+|[Vpl|za).

This along with Gronwall’s inequality and (3.26) leads to

sup [|[Vp|lr« <C. (3.43)
0<t<T

We infer from (2.11), (2.12), and (3.1) that

IV2ullzz <[ V2|22 + V2w 2
<C|Vpll2+Clpa+Vd-Ad| -
< C|IVpllzz +Cllypi| = +C||VA|[V?d]| 2,

which combined with (3.43), (3.26), (3.40), and Holder’s inequality implies that

sup ||[VZul 2 <C. (3.44)
0<t<T

It follows from standard L2-estimate of elliptic system (3.17), Holder’s inequality,
and Sobolev’s inequality that
IV3d|| 2 <OV 2 +C||V (u-VA) | 2 +C|V(|Vd]* ) 12
<O|Vdil|zz +C[Vu 4 [[VA| s +Cllul| L | V>d]| 2
+0|Vd|[7s +C|[Va|[V2d|| .2
<O|Vde|| 2 +C[|Vul g [ VA] g1+ Cllul 2 V2| 2
+0|Vd|[3 +C[[Vd]|V2d]|| 2,

which together with (3.26), (3.2), (3.8), (3.44), and (3.40) gives rise to

sup ||[V3d| 2 <C. (3.45)
0<t<T

Consequently, the desired (3.37) follows from (3.1), (3.43), (3.8), (3.44), (3.2), and
(3.45). The proof of Lemma 3.4 is finished.
a

With Lemmas 3.1-3.4 at hand, we are now in a position to prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) We argue by contradiction. Suppose that (1.17)

were false, that is, (3.1) holds. Note that the general constant C' in Lemmas 3.1-3.4 is
independent of ¢t <T™, that is, all the a priori estimates obtained in Lemmas 3.1-3.4 are
uniformly bounded for any ¢t <T™. Hence, the functions

(pyu,d)(2,T%):= lim (p,u,d)(x,t)
t—T*

satisfies the initial condition (1.14) at t=T"*.

Furthermore, standard arguments yield that puae C([0,77]; L?), which implies

pu(x,T*)= tl_lg} puc L2
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Hence,

with

—pAu— (A p)Vdivu+VP+Vd- Ad|—p- = /p(z, T)g(x)

p~ 2 (@, T7)(pa) (2, T7), for we{z|p(z,T7)>0},

4
9@ 290 for we {alp(z,T*) =0},

satisfying g € L? due to (3.37). Therefore, one can take (p,u,d)(z,T*) as the initial data
and extend the local strong solution beyond T*. This contradicts the assumption on
T*. Thus we finish the proof of Theorem 1.1. ]
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