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A SPIN-WAVE SOLUTION TO
THE LANDAU-LIFSHITZ-GILBERT EQUATION*

JINGRUN CHENT, ZHIWEI SUN#, YUN WANGS$, AND LEI YANGY

Abstract. Magnetic materials possess the intrinsic spin order, whose disturbance leads to spin
waves. From the mathematical perspective, a spin wave is known as a traveling wave, which is often
seen in wave and transport equations. The dynamics of intrinsic spin order is modeled by the Landau-
Lifshitz-Gilbert equation, a nonlinear parabolic system of equations with a pointwise length constraint.
In this paper, a spin wave for this equation is obtained based on the assumption that the spin wave
maintains its periodicity in space when propagating at a varying velocity. In the absence of magnetic
field, an explicit form of spin wave is provided. When a magnetic field is applied, the spin wave does
not have such an explicit form but its stability is justified rigorously. Moreover, an approximate explicit
solution is constructed with approximation error depending quadratically on the strength of magnetic
field and being uniform in time.
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1. Introduction

Magnetic materials are commonly used for recording and data storage due to
bistable structures of their intrinsic spin order. A spin wave is the disturbance of spin
order and is usually excited using magnetic fields. This offers unique properties such
as charge-less propagation and high group velocities, which are important for signal
transformations and magnetic logic applications [2,8,9,12,15].

The dynamics of intrinsic spin order, also known as magnetization, is modeled by
the Landau-Lifshitz-Gilbert (LLG) equation [4,11] in the dimensionless form

m;=-mxh—amx (mxh), (1.1)

where the magnetization m= (7n1,m2,m3)T is a 3D vector with unit length and >0
is the Gilbert damping parameter. The effective field h includes the exchange term, the
anisotropy term with easy axis along the z-axis and the external field applied along the
r-axis

h=Am+gmieq + hexier. (1.2)

Here q is the anisotropy constant and heyy is the strength of the external field. The stray
field term is neglected for simplicity since recent experiments have focused on magnetic
thin films [2,12,15] and the stray field can be simplified [5].

There exist several attempts to find explicit solutions of (1.1)-(1.2) under different
assumptions [1, 3,6, 14]. These results provide a rich understanding of magnetization
dynamics. In particular, the Walker’s solution [14] predicts that a domain wall moves
at a constant velocity proportional to hext, which was verified in several experiments [7].
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194 A SPIN-WAVE SOLUTION TO THE LLG EQUATION

However, the Walker’s solution fails to interpret the experimental result when hey is
larger than some critical value. Therefore, the Walker’s solution is only valid under
small external field. This refers to as the Walker’s ansatz.

In this paper, we construct a spin wave to (1.1)-(1.2) based on the following as-
sumption:

AssumPTION 1.1. A spin-wave solution to (1.1)-(1.2) takes the form of

cosO(t)
m(z,t)= | sinf(t)cos(wo-z+¢(t)) |. (1.3)
sinf(t) sin (wp - £+ (1))

Equation (1.3) describes a spin-wave structure in spherical coordinates since |m(x,t)| =
1, Va,t. 1t has fixed periodicity in space and varying propagation velocity. 6o, @o, and
w( are specified by initial conditions, and we assume 0 <0y <7 and ¢y =0 without loss
of generality. We provide the motivation of (1.3) based on the method of characteristic
lines in Section 2. Although it does not have a wall structure, one can show that it
validates the Walker’s ansatz under some conditions.

Throughout the paper, we denote m(f,) the spin-wave solution to (1.1)-(1.2) and
m*(6%,¢") the spin-wave solution to (1.1)-(1.2) when hey, =0, respectively. We then
have the following explicit construction of m*(0*,¢*):

THEOREM 1.1.  When hey =0, (1.1)-(1.2) admits a spin-wave solution of the form
cosf*(t)
m*=m" (0%, p") = | sind*(t)cos(wo-z+p*(t)) |,
sin@* (¢) sin (wo - £+ ©*(t))
and (i) if initially 0 <Oy <7 and Oy # 3,

*

cot —
2

G

1
tanQ*:C’le_a“wO‘Q*q)t, ©*=—In +—= (1.4)
a «

with C1 =tanfy and Cy = —% In ( Ltcosbo ) ;

1—cosfy
(i) if initially 0o =0, 5 or m, then 0 and ¢ are independent of time, and m* takes
the value of

0 -1
01, cos(wo-x) |, 0, (1.5)
0 sin(wp - x) 0
respectively.
Furthermore, it holds that
cosby
lim m* = sinﬁocos(wo-achcosGo(|'w0\2+q> t) , (1.6)

sinfsin (wo - 2+ cosby (|wo|* +q) t)

where the right-hand side of (1.6) is the solution to (1.1)-(1.2) when heyu=0 and a=0.



CHEN, SUN, WANG, AND YANG 195

The proof of Theorem 1.1 is given in Section 3.

When hext #0, such an explicit construction is not available, though the global
existence of spin-wave solutions can be proved. Instead, we prove the stability of the
spin-wave solution. Furthermore, we construct an explicit approximation using the
asymptotic expansion and give some uniform-in-time error estimates of this approxima-
tion.

THEOREM 1.2. When 0 <0y <5 for arbitrary he, >0, or 5§ <0y <m for 0 <hey<
—(Jwo|?+ q) cosbo, the spin-wave solution m(6,p) to (1.1)-(1.2) satisfies
0<0%(t) — 0(t) < aCy Ctewol*+a)tp (1.7)
o1
theat <@(t) — " (t) < 5012|C3|hezt+thext: (1.8)

where C1 =tanfy and C3= os0
When 0g=m/2, the spin-wave solution satisfies

0<6*(t)—0(t) (e(wol*+a)i _1)p .\ (1.9)

< -
= fwo|?*+q

1
thest <@(t)— " (t) <

(e PP+t _1); 1.10
RITE e 0

where 0*(t) =5, and ¢* =0.
Moreover, for the approximate solution
0= 0%+ (Jwo|2 4 q)~(sinb* — (g™ +Cs) sind* cos0* ) hegt,
¢=¢*+a ! (lwo|*+q) ! (" cost* + C3co80* — 1) hear,

it holds that, under the assumption 0 <00 <3 for arbitrary hes, >0, or 5 <0y <m for
0 < hegt < —(Jwo|? 4+ q) cos By,

16— 0] < Cte=e(wol*+a)tp2 (1.11)
60—l < Chiy, (1.12)

where C'is a constant independent of t and heyy.

Estimates (1.7)-(1.10) imply that the spin-wave solution to (1.1)-(1.2) is stable
under magnetic field, and estimates (1.11)-(1.12) show that the approximate solution is
second-order accurate in terms of magnetic field and the error is uniform in time. The
proof of Theorem 1.2 is given in Section 4.

2. Motivation of Assumption 1.1

In this section, we shall elaborate the origin of Assumption 1.1, which is inspired
by the method of characteristics in simple situations.

Firstly, when o= ¢ = hext =0, one can check that

cos by

m(z,t) = | sinfocos( 5 (v+ct) (2.1)
sinflosin ( 5550 (v +ct)
solves m; = —m X m,,,. Equation (2.1) is derived by the method of characteristic lines;

see Chapter 2 of [6] for details. It provides a spin-wave solution with the traveling speed
c.



196 A SPIN-WAVE SOLUTION TO THE LLG EQUATION

Secondly, a generalization of the above method yields a spin wave to my = —m x Am
in the 3D case as

cosly

m(x,t)= | sinfpcos 55 |, (2.2)
00500

sinfysin

where v=c-x+ (c-c)t with c=(c1,c2,c3)T a given velocity field. In fact, (2.2) can be
rewritten as
cosby
m(x,t)= | sinfocos(wo x+¢(t)) |, (2.3)
sinfysin (wo -x+ (t))

where wo=c/cost and ¢(t) = (|c|?/cosby)t.

Finally, we generalize the spin-wave profile in (2.3) to take Gilbert damping and
other terms in (1.2) into account. This leads to Assumption 1.1 where 0 and ¢ are
functions of t.

Substituting the ansatz (1.3) into (1.1)-(1.2), one can get the following ordinary
differential equations for # and ¢

{Qt:—a(|w0|2+q)sin0cos€—ahextsin9 (2.4)

01 = (|wo|? +q) cosf + hexs
with initial conditions #(0) =6y and ¢(0)=0.

3. Explicit solution without magnetic field
In this section, we will give a detailed derivation of Theorem 1.1 in the absence of
magnetic field, i.e., hexy =0.

Proof. (Proof of Theorem 1.1.) When heyx, =0, (2.4) reduces to

{ﬁt_a(|w0|2+q)sint900s9, (3.1)

o1 = (|wo|*+¢q) cosb.

It is easy to check that

are three special solutions to the first equation of (3.1). Hence, by the existence and
uniqueness theorem for ODEs, for every 0y € [0,7], (3.1) admits one unique global solu-
tion (0*,¢*). In fact, solving the first equation in (3.1) by separation of variables, one
has

a(|wol? +¢)t =Incot§* +1nCy,
where C7 =tanfy. Equivalently,
tan@* = C’le*a(lw("%q)t. (3.2)
As for ¢, it follows from (3.1) that
dp*  de* dt 1

do* — dt do*  asing*’
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Hence,

L 1 14 cos0*
ap*==-In| ———
14 2 1 —cos6*

>+CQ—1I1

cot <%)‘+Cg, (3.3)

where Cy = —%ln(m).

1—cosfp
Next, consider the limit of m* when o goes to 0F. When 0 # 5, for every fixed
t>0, it follows from (3.2) that

lim tanf*(t) =tanbp,

a—0t
which implies

lim 0" ()= 6. (3.4)

a—0t

On the other hand, by L’Hospital’s rule,

= lim < o~
ah_Pnggp (t) *ah_%l_*_ T {ln cot ‘+C’2}

_ 1 do*
_ali{€+ sin0*(t) da *

It follows from (3.2) that

do*
= —sinf* cos0* (|wo|* +q)t.
Hence,
i " (f)= Tim_cosd” (jwol?+a)t =costlo(wol? +a)r (3.5)

When 60y =%, it is obvious that both (3.4) and (3.5) hold.
Substltutmg (3.4) and (3.5) into (1.3), we have

cosby

lim m* = | sinfgcos (WO -x 4 cosbg (|W0|2 _|_q) t)
a—0+

, (3.6)
sinfgsin (wo X +cosfy (|w0|2 + q) t)

where the right-hand side is exactly the solution to (1.1)-(1.2) when hext =0 and a=0.
This completes the proof. a

It is easy to check that when heyy =0 and a=0, the spin wave propagates at a
constant velocity (see the right-hand side of (3.6)). The increment of velocity field is

qcos()o‘ |2 with magnitude WL&\)O due to the magnetic anisotropy.

In [10] the authors used the stereographic projection and observed that the effect
of Gilbert damping was only a rescaling of time by a complex constant. However, this
was latter found to be valid only for a single spin in a constant magnetic field [13].
Our derivation provides an explicit characterization of magnetization dynamics in the
presence of Gilbert damping as follows.

REMARK 3.1. The formula (1.4) reveals that, as ¢t — +o0o, the spin wave converges to
(1,0,0)T (the easy-axis direction) and (—1,0,0)7 (the easy-axis direction) exponentially
fast if 0<0p< 5 and § <fp <, respectively The rate of convergence is proportional to
the damping parameter o. When 6y = 3, Gilbert damping does not have any influence
on magnetization dynamics, which is shown by (1.5). In addition, when a— 07, the
spin wave recovers its profile without damping; see (1.6).
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4. Stability and approximate solution with magnetic field

In this section, we will discuss the case when the magnetic field is applied. The
stability of spin wave (1.3) with respect to hey is proved. Although it is difficult to
get the explicit solution of (2.4), an approximate solution can be obtained using the
asymptotic expansion. Errors of approximate solution are proved to be second order in
terms of hext and uniform in time.

4.1. Stability under the magnetic field
Proof. (Proof of (1.7)-(1.10) in Theorem 1.2.) It is easy to check that

9] (f):(), Hg(t)zﬂ

are two special solutions of (2.4). The existence and uniqueness theorem for ODEs
imply that (2.4) admits one unique global solution (0, ).
Recall that (6,¢) and (6*,¢") are solutions of (2.4) and (3.1), respectively. Then

{ 07 = —a(|wo|? +¢)sinf* cos*,

0, = —a(|wo|? + q) sinfcosf — ahex sinb,

with 6*(0) =6(0) = 6.
When 0 <0y < 7, define e =e¢(t) as

O(t—e(t))=0"(t). (4.1)
Obviously, e(0) =0. Taking the derivative of (4.1) with respect to ¢, one gets that
(1—e)[a(|wo|* + q)sind(t — ) cosO(t — e) + ey sind(t —e)]
—a(|wo|? +q)sind* (t) cos0* (t).
This together with (4.1) implies

hext
(Iwo|2+q) cosO* + hext

e(t)=
Since 05(t) = 5 is a special solution of the first equation of (3.1), it holds that 0 <6*(t) <
3 0

5 when 0 <6y < 3. Hence, 0" is non-increasing and consequently,

t
hext heant

t)= ds < t. 4.2

e(t) /0 (|wol? 4 q)cosO* (s) + et 9_(|w0\2+q)cos90+hext (42)

Similarly, when 0 <6y < 7, 6(t) is non-increasing as well. Using the mean-value theorem
and (2.4), one gets
0<0*(t)—0(t)=0(t—e) —0(t) = —04(te)e(t)
<asinf(te)(|wol? +q+ hext e(t), (4.3)

where t —e <t¢ <t. Noting that 0(t¢) <6(t—e)=0%(t) and substituting (4.2) into (4.3),
one has

2
Rex
[Wol” 4+ frext Prext. (4.4)

9*(t)—9(t)Safsme*(t)(|WO|2+q)Cos90+h b
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Using the fact sinf*(¢) <tan6*(¢) and (3.2), (4.4) yields

tanfg

Prex - te~@(Wol* +a)t, 4.5
cosbly tec 56 (4.5)

0<0 (1) —0(t) <o

When § <6y <, define e=e(t) as
O(t+e(t))=0(¢).

Taking the derivative, one gets

h
N )= — ext ]
)=~ wol T q)c0s0" + Fromt
If we take
hext < —(|wo|? +q) cosby, (4.6)

then 6 =7 and (|wo|?+q) cosf + hext =0 are two steady solutions of (2.4), and it follows
that

hemt ¢
(|wol2+q)cosbo+hewt

e(t)<—

since 0*(¢) is non-decreasing.
On the other hand, it follows from (4.6) and (2.4) that 6(¢) is increasing. Hence
one has

0<0%(t)—0(t) =0(t+e(t) —0(t) =0:(te)e(t)
|VVO|2 +q_ hext
(|wo|?+q) coslp + hext

< —atsinf* (t) Rext

which leads to

tanfy

0<6*(t)—0(t) <a hext - te~@(Wol* +0)t, (4.7)

cosby

When 6y =7/2, it follows from (1.5) that 0* =x/2. We use first-order Taylor ex-
pansion on the right-hand side of (2.4) at point 7/2 with respect to the variable 6, one
can deduce

™ . ™ . T
(5 —0), :a(|w0|2+q)sm§cos§ +ozhext81n§

+a(|wol* +q)(1—2sin®¢) (5 =) — ahexi coste (5 —6).

where 6 <60; <7 /2. Noting the fact 0 <8 <n/2, it follows that

s ™
(E=0) <allwol +a)(5 =0)+ ahex:

Therefore Gronwall’s inequality implies the stability

™ 1 2
0<=—0<——(exIwol +q)t—lhx. 4.8
=9 = ‘W0|2+q( ) ext ( )
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As for ¢ and ¢*, we have

©f = (|wol* +¢q) cos6*
o1 = (|wo|* +q) cosf + hext

with ¢(0)=¢*(0) =0. Subtracting these two equations, one has
o1 —@F = (|wo|? +q)(cosf — cos0”) + hexs. (4.9)
If 6y £ 7 /2, applying (4.5), (3.2), and (4.7), (4.9) leads to

hext < 0t — @7 <(|wol* +q) (0" — 0) sin0* + hex

2
tan“ 6y —20(

2
SOét(|W(]‘2+q) Iwol +(1)1‘/h(a)(t'+‘he)ct;~

|cos by
Integrating the above equation over [0,¢] yields

1 tan? 6,

thext <o(t) — " (t) < = ——
et—@() ¥ ()—2‘(:0590‘

hext + thext . (410)
If g =m/2, applying (4.8), (4.9) leads to
hext < @t — @i <(IWol* +q) (0" —0)sind* + hexs
<e a(lwol? +q)thext.

Integrating the above equation over [0,¢] produces

1
aflwol>+q)

Proof of (1.7)-(1.10) is complete. O

thexs < o(t) — @™ (t) < (e(IWol*+0)t _1)p o

Above stability results of § and 6* are illustrated in Figure 4.1. When 0 <0, <7/2,
both # and 6* converge exponentially fast to 0, and the difference between them is
controlled by hext. When 0y =m/2, 0* does not change, while 6 decreases to 0. When
w/2 <0y <m, 0* converges exponentially fast to m, but the behavior of 6 depends on
hexs- Let hy=—(|wo|? +¢q)cosfy>0. 0 converges to 7 if hexy < hp; 0 does not change if
hext = hy; 0 decreases to 0 if By > hy.

Equations (4.5) and (4.7) show that 6 —6* converges exponentially fast to 0, when
6o # . Therefore, in the long time, (4.9) shows that the increment of velocity field due

to the magnetic field is hext| Olz with magnitude | e’“l‘ However, when § <6y < and

hext is large enough to break the condition (4.6), the above result does not hold any
more. This validates the Walker’s ansatz for the spin wave.

4.2. The approximate solution

Proof. (Proof of (1.11)-(1.12) in Theorem 1.2.) We use the method of asymp-
totic expansion to construct an approximate solution of (2.4) and prove error estimates.
Recall that (6,¢) and (6*,¢*) are solutions of (2.4) and (3.1), respectively.

Under the assumption that hext is small,  and ¢ admit the following formal ex-
pansions

(4.11)

0(t)=0°(t) + 0" (t)hext + 0 ()Rl +++,
o(t) = @O (t) + 0" () hext + 0 (E)hogy + - -
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\ 6 when hen:hb

“<_6whenh_>h
~L ext” b

(a) 0§90§ﬂ'/2 (b) 7l'/2<90§71’

Fic. 4.1. Stability diagram. (a) When 0<0o<7/2, 6 and 0" both converge exponentially
fast to 0, and the difference between them is controlled by hesi; When 6p=m/2, 0° does not
change, while 0 decreases to 0. (b) When w/2 <00 <m, 0" converges exponentially fast to m, but

the behavior of 0 depends on heg. Let 0 <hy= f([wo|2 +q)cosbo. 6 converges to T if hext < hp;
0 does not change if hesi=hp; 0 decreases to 0 if hegt > hp.

Substituting (4.11) into (2.4), for zero-order terms, one has

{egz—a<wO|2+q>sin9°coseo (1.12)

7 = (Iwo|?+q)cost”
with 6°(0) =6y and ¢°(0) =0. Obviously,

0(1) = 6" (1),
{ (0 =" (1). 4%

As for the first-order terms, one has

{9% =—a(|wo|* +¢)8" cos20° — asin§° (4.14)

o1 =—(|wol?+¢)0*sind° +1
with 61(0) = ¢*(0)=0.
By the method of constant variation, one can assume

C)

ot = .
Clefa(\w()mq)t+C;16a(\wUl2+q)t

It follows that
C(t) Z/—a(tanﬁ* +tan~!6*)sinf*dt,

and by using (3.1)

sin 6*
cos? f*

/—atan@*sinﬁ*dtz/(|wo|2+Q)_1
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1
2 —1
=(|wgl* + +C
(‘ O| Q) cosBf* )

/—atan_lH*Sinﬁ*dt:—a(|wo|2+q)_1<,0*+C’.
Therefore we obtain C(t) = (|wo|?+¢) ™! (=t= —ap* — C3) with C5=cos™!fy, and

0' = (|wo|* +q) ! (sinf* — (ap™ + C3)sinf* cosf*). (4.15)

As for !, substituting (4.15) into the second equation of (4.14), one has

ot=t— /sin29* — (ap™* +C3)sin?0* cosf*dt,

and
1
* 4+ C3)sin? 0 O‘H*dt:fi/ *+C3)sing*do*
/((w 3)sin” * cos a(woEra). (ap 3)sin
= (ap*+C COSH*—/COS29*dt.
alwo ) @)
It follows that
1
o* (g™ cosf* +Cscos0™ —1). (4.16)

—a(lwol2+q)
Hence, we get an approximate solution
0 =00 +0"hepy =0 + (Jwo |2 + )~ H(sinh* — (ap* +Cs)sinb* cos6* ) hext,
P=  +p hers =" +a (|wol? +q) 71 (ap* cosf* + C3cos0* — 1) hexs.

Next, let us give error estimates for the above approximate solution. It follows from
(4.12) and (4.14) that

00 + 0} heyxy = — a|wo|? 4 ¢) sin0* cos 0*
—a(|wo|? + @) hext8' c0820% — Athexssind*. (4.17)

Denote w =0 — 6. Subtracting (4.17) from the first equation of (2.4) and using the mean
value theorem, one has

1
wy :§a(|w0|2 +¢)(sin 20 — sin260%) — a(|wo|? + q) hext 0 c0520* + Aheyi (sin @ — sin*)
=a(|wo|* +q) cos20¢ (0 — 0*) — a(|wo | + @) hext 0" c0820* + athext cos O (6 — %)

with 0 <0 <0*. Noticing that 0 —0* = —w+ 0 heyy and using the mean value theorem
again, one gets

wr =—a(|wo|* +¢) cos20cw + a(|wo|? + @) hext 0 (cos 20 — c0820*) + thexs cosOe (0 — 0%)
=—a(|wo|? +¢) c0820¢w — 2a(|Wo|? + @) hext 0 sin 205« (B — 0% ) + ey cosbe (0 — 67)
=a(t)w+b(t),

where 0¢ <0¢- <0*, a(t) = —a(|wo|? + ¢) cos20¢, and

b(t) = —20(|wo | + @) hext 0" sin 20+ (O — 0% ) + cthexi cos b (6 — 0%).
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Using Grénwall’s inequality, it follows that
b t
w:/ els a(Mdrp(g)ds. (4.18)
0

On the other hand, it is easy to check that

t t
/a(r)dr:/ —a([wol2+)(1—2sin?6¢)dr

t
:—a(|w0\2+q)(t—s—2/ sin? Oedr), (4.19)

S

and
[b(8)| < Chext (0% — 0) < Ch2, e~ (Wol*+a)s. (4.20)
From (4.7), one has
[sinf* —sind| < |60* —0| < Cte*a(\Wo\Zqu)t?
and thus
sin20 < C2e=20(IWol’+0)t 4 32 g%

It follows from (3.2) tan?6* is integrable over (0,00) and so is sin?@* since sin?@* <
tan?6*. Noticing sin® 0 < max{sin®#*,sin?#}, one can deduce that

ot
/ sin?fedr < C. (4.21)
Combining (4.18)-(4.21) we finally get

t
] < / eI 0 ) ds < Cipe—o (WOl g2 (4.22)
0

As for ¢ and ¢, one has

Gt — 01 =0} + 01 hext — ¢t
:(|w0|2 +q)(cosf* —cosl) — (|w0\2 +q)91 Sinf* hext -

Using 0" hexe =w +6 — 0%, one gets
@1 — e = ([wo|* +q)sinfe (0 — 0%) — (|wo|* + ¢) sin* (w+0 — 6%),
which leads to

81— ool <(Wol? +q) cosBe- (607 + (Jwo [ + ) sin6* ]
—za( [W 2
<C(t+12)e 20wl rarg2

where 0 <8, <8¢ <0*. Integrating with respect to ¢ over [0,¢] gives

|6~ @l < Chiyy. (4.23)
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This completes the proof of (1.11)-(1.12). O
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