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ON THE CONVERGENCE OF
FROZEN GAUSSIAN APPROXIMATION FOR
LINEAR NON-STRICTLY HYPERBOLIC SYSTEMS*

LIHUI CHAIT, JAMES C. HATELEY#, EMMANUEL LORIN%, AND XU YANGY

Abstract. Frozen Gaussian approximation (FGA) has been applied and numerically verified as an
efficient tool to compute high-frequency wave propagation modeled by non-strictly hyperbolic systems,
such as the elastic wave equations [J.C. Hateley, L. Chai, P. Tong and X. Yang, Geophys. J. Int.,
216:1394-1412, 2019] and the Dirac system [L. Chai, E. Lorin and X. Yang, SIAM J. Numer. Anal.,
57:2383-2412, 2019]. However, the theory of convergence is still incomplete for non-strictly hyperbolic
systems, where the latter can be interpreted as a diabatic (or more) coupling. In this paper, we
establish the convergence theory for FGA for linear non-strictly hyperbolic systems, with an emphasis
on the elastic wave equations and the Dirac system. Unlike the convergence theory of FGA for strictly
linear hyperbolic systems, the key estimate lies in the boundedness of intraband transitions in diabatic
coupling.

Keywords. Frozen Gaussian approximation; Convergence; Non-strictly hyperbolic; Elastic wave
equations; Dirac equation.

AMS subject classifications. 65M12; 81Q05.

1. Introduction

The goal of this paper is to provide the convergence theory of frozen Gaussian
approximation (FGA) for linear non-strictly hyperbolic systems. In [13], the authors
study in detail the convergence and the accuracy of FGA’s applied to linear strictly
hyperbolic systems in high frequency regime. However, several fundamental hyperbolic
systems are not strictly hyperbolic, such as the elastic wave equations or the Dirac
system modeling in particular quantum relativistic particles, see [18]. The paper aims
to precisely study the boundedness of intraband transitions in the diabatic coupling,
which is specific to non-strictly hyperbolic systems.

For the sake of clarity, we then shall first consider the two fundamental examples
mentioned above: elastic wave equations and the Dirac system; then we will extend
the arguments for general non-strictly hyperbolic systems by mainly focusing on the
technical consequences due to the multiplicity of some eigenvalues of Jacobian matrices,
and will refer to the appropriate references in the strictly hyperbolic case.

We start by introducing the elastic wave equations in three dimensions which models
elastic wave propagation, as in [6]. We define the elastic wave system:

(p()07 — L)u(t,x) =0,
Elastic wave system (EWS): u(0,z) =uf(x), (1.1)
Oyu(0,z) =ui (),
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where the operator L is given by
Lu(t,x)=Ax)+2u(x))V(V-ult,x)) — w@) Vx (Vxu(t,z)), (1.2)

with the differential operators taken in the spatial variables, A,z :R? — R being the first
and second Lamé parameters and p:R? — R is a material density. We remark that the
P-, S- wave speeds (e.g., [6]) are given by

A 2
2(m):M and f(m):M, (1.3)
() ()
respectively. In addition, if one considers the EWS and defines the following quantities

O(t,x) =V u(t,x), U(t,x)=Vxu(t,xz), v(t,x)=0wu(t,x), (1.4)

with v = (Ul,’Ugﬂ)g)T and ¥ = (\Ill,\I/Q,\I’g)T with X = (1)1,’()2,1)3,@,\1/1,\1/2,\1/3)T, then the
elastic wave equations can be written as a matrix system,

0 X =M,0, X +M,0,X +M.0,X, (1.5)

where, using sparse notation; e.g., M;; =v is denoted (4,7,v), My, M,, M, are as follows:
21(1,4,62),(2,7,¢3),(3,6,—¢2),(4,1,1),(7,2,1),(6,3,-1),

M, :(1,7,—¢2),(2,4,¢2),(3,5,¢2),(4,2,1),(5,3,1),(7,1,-1), (1.6)
(LG,Cz)a( s)7(3’4aC;2))7(473 1) (6a171)7(572771)'

It can be seen that Equation (1.5) is a non-strictly hyperbolic system; indeed, the
eigenvalues of M, + M, + M, are %c;,0,%cs, where £¢¢ have a multiplicity of 2.

Another fundamental non-strictly hyperbolic system that we shall study is the Dirac
system, usually referred in the physics literature as the Dirac equation:

ie0p® (t,x) = (—ice6 -V — 6 A(x) + mpBc* +V (z)) v (t, ),

Dirac System (DS): { Ve (x,0) = 5 (x)
B} — ¥ ’

(1.7)
where 1€ = (¢5,15,95,95)T, which takes its values in C*, is a 4-spinor, with the initial
condition ¢; € L*(R%C*). The Dirac matrices & = (o, ay, ), 3 are defined as follows.

For Y=2,Y,%,
_ 0 Oy _ ]IQ 0
‘e |:UW 0:| ’ B_ |:0 _]12] . (1'8)

The o,’s are the 2 x 2 Pauli matrices defined as

01 0 —i 10
O’z|:1 0} ,O'y|:i O} and O’z|:0 _1], (1.9)

and I, is the 2 x 2 unit matrix. The momemtum operator is denoted p=—iV. The
speed of light ¢ and fermion mass m are kept explicit. This equation models a relativistic
electron of mass m subject to an interaction potential V' and an electromagnetic field
A. We set

B=—6-A+mpBc*+V, (1.10)
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and then the Dirac operator can be written as
D=—ice6-V+B, (1.11)
and its corresponding semi-classical symbol which reads
D(q,p)=6-(pc— A(q)) +m&oc” +V(q) =6 -pc+ B(q), (1.12)
is a Hermitian matrix which has two double eigenvalues
h+(gq,p)=£VIpc—A(q)? +c*+V(q), (1.13)

with the corresponding normalized eigenvectors denoted as Y11 and ¥ 5. Notice that
the eigenvalues are usually called as emergy bands in quantum mechanics, and as the
light speed c is not zero, there is always a positive band gap, that is, h, —h_ >2c?. For
more details of the computation for the eigenvalues please refer to [2].

The main result of this paper is the proof that FGA for both EWS [6] and DS [2] are
first-order convergent, as for strictly hyperbolic systems [14]. The proof will follow the
same machinery from [14], with however more careful estimates for the boundedness of
intraband transitions in diabatic coupling. The main theorem for which we will provide
a detailed proof, reads as follows,

MAIN THEOREM 1.1. Let {u§} be a family of asymptotically high frequency initial condi-
tions. Letw:[0,T] x R? satisfies respective hyperbolic system (EWS) (1.1) or (DS) (1.7).

o (For elastic wave system). Let u§€ H}(R?) be uniformly bounded, i.e.
|w§ll g <M, and let up be the FGA to (1.1), then

sup [Ju(t,-) —ur(t,)||g <eCr,
te[0,T]

where the norm ||-||g is a scaled semi-norm defined in (3.28).

e (For Dirac system). Let u§ € L?(R?) be uniformly bounded, and ug is the FGA
to (1.7), then

sup |Ju(t,) —urp(t,-)||L2 <eCr.
te[0,7)

In each case, Cr is a constant depending on the final time T.

Related works. The FGA, introduced originally in quantum mechanics as the Herman-
Kluk (HK) propagator [7-9], was used to approximate the solution of the Schrédinger
equation in the semi-classical regime. The mathematical analysis was then proposed
in [16,17] to show the accuracy and efficiency of the HK ansatz, in particular, when the
initial data are localized in phase space. HK formalism was later developed for several
types of partial differential equations, such as the wave equations [12], linear hyperbolic
systems of conservation laws [13], elastic wave equations, and seismic tomography [3,
4,6]. The FGA for the clastic wave equations has been used to train neural networks
for seismic interface and pocket detection [5]. Some applications and analysis on the
Schrodinger equations were also proposed in [10,11,19].

Organization of the paper. In Section 2, we introduce the necessary notations and
preliminaries needed for phase plane analysis. We present the full convergence analysis
for the elastic wave system in Section 3, and for the Dirac system in Section 4. In
Section 5, we provide the key arguments which allow for generalizing the convergence
statements to any linear non-strictly hyperbolic system. In Section 6, we propose some
concluding remarks.
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2. Notations and preliminaries

In this section, we introduce some notations and preliminary results that are needed
for the convergence analysis of both the elastic wave equations and the Dirac system.
We denote z,y € R? as spatial variables, (q,p) € R*? for the position and momentum
variables, respectively, in the phase space.

We use hereafter the notation O(e*): A =0(¢*) meaning for any k€N

lim g_k|AE\ =0.
e—0

Notation C' will be used as a general positive constant, that can vary from line to line.
The explicit value of this finite constant is however irrelevant in the analysis. We will
use subscripts to denote constant dependence, e.g. C7p, is a constant that depends
on the parameter 7. We will respectively denote by S, C°° and C¢°, the Schwartz
class, smooth and compacted supported smooth function spaces. For generality, we will
often use R? as a d-dimensional Euclidean space; however, for the actual equations and
computations we set d =3, as we deal with these differential operators on R3.

2.1. Wave packet decomposition. For any (q,p) € R??, we define bg.p @S

2 (@)= (2m5) e (ip- (w— q) 2 | — q/(29)). (2.1)

We recall that the Fourier-Bros-lagolnitzer (FBI) transform on S(R?) [15], is defined as
(F=1)(g:p) = (me) """ . )

— 2—d/2(ﬂ_€)—3d/4/

exp (ip: (@ —a) /e~ |2~ q*/(22) ) f (@) da.
Rd

The inverse transform (F* )* defined on S(R??) is given by

((F) 9)(@) =2’d/2(7rf)’3d/4/2d exp (ip- (2 - q)/= - [2—a*/(22) ) g(a.p) dpda.
R
(2.2)
The following is a standard result from microlocal analysis, see for instance [1].

PROPOSITION 2.1.  For Schwartz class functions, the FBI transform is an isometry
on R?, i.e., for any f € S(RY),

5= fllvea =|.fllza- (2:3)

Furthermore; (.7’-—€)>'F‘7-—8 =Idy2(grey. By standard density arguments, this implies that the
domain of F¢ and (.7-'€)>k can be extended to L2(RY) and L2(R%?) respectively.

We define the set closed set K5 C R?? as follows. For 6 >0,

Ks={(a.p)€R*:|q|<1/5, 3<|p|<1/5}. (2.4)

DEFINITION 2.1. Let {u®} CL2(RY) be a family of functions which is uniformly
bounded. Given 6 >0, {u®} is asymptotically high frequency with cut off 6, if

/ |(F=ue)(g,p)? dpdg = O(=>), (2.5)
R24\ K4
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as € —0.

DEFINITION 2.2.  For M, € L®(R?*¥;,CN*N) and a Schwartz function u € S(R%;CY),
for each n=1,...,N we define the Fourier integral operator (FIO) T¢(t,M)u as

(Z; (t, M)u)(2) = (2me) 2/ - G (t,z,y,p,q)M(q,p)u(y)dydpdg, (2.6)

with
sz(tﬂwayvpaq) :eiqﬁn(t,w,y,p,q)/s’ (27)

where the phase function is defined as

onlt.2y,p.0) = Sly—a ~p-(y—a) + Sz Q,(1.a.p)P

PROPOSITION 2.2. If M € L®(R2*4,CN*N) | for any t and each n=1,...,N, I¢(t,M)
can be extended to a bounded linear operator on L2(R%;CN) with the bound

1 Z5, (& M) || £ (12 (rasen yy < 27d/2||MHL°°(R2d;CN><N)~ (2.9)

This is Proposition 3.7 in [13], with a more general version proved in [17, Theorem 2].

2.2. Preliminaries.  The strategy for proving the convergence consists in esti-
mating the error generated by the FGA to the correct order. There are several technical
details which are required, and listed in this subsection. For the non-strict hyperbolic
case, the FGA and filtered FGA possess asymptotic correction terms which allow for
dealing with the multiplicity of eigenvalues. Operators derived from these asymptotic
correction terms need to be bounded in the appropriate sense so that estimations can
be made to the correct order.

In the following, we consider a non-strictly hyperbolic system, and assume, for any
(q,p) €R?? that the system has N eigenvalues, denoted by the Hamiltonian H,(q, p)ﬁ[:1
with the associated flow

dQ t;q;p P
y—_apnun(Qn(taqap% "7f(t7q71))>7 2.10
nit’%**()Qan(Qn(uq’p)’ "(t’q’p))7

with initial conditions Q,,(0,q,p) =¢q and P, (0,q,p) =p.

DEFINITION 2.3. A map ky:(q,p) — (Qn(q,p),Pn(q,p)) 18 called a canonical trans-
formation if the associated Jacobian matriz is symplectic, i.e., for any (q,p)

~((9,Q.)" (a,p) (0,Q,,) (a,p)
Tu(a.p)= ((aqpn>T<q,p> (aan>T<q,p>> :

is such that

(0 1dg\ [ 0 Id
I <—Id3 0 )=\1a5 0 ) (2.11)

where Ids is a 3 x 3 identity matriz.
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The following Propositions 2.3 and 2.4 are Proposition 3.1 and Proposition 3.4
in [13] respectively, the proofs are omitted. We will also use Assumption A from [13],
and it is recalled below:

Assumption A. For each n=1,..., N, there exists a constant C'>0, so that the
Hamiltonian H,, satisfies for any (g,p) € R?¢ with |p|>0,

lp-9qH,(q,p)| < C|p|? and \q-0pH,(q,p)| <Clq*. (2.12)

PROPOSITION 2.3.  Given a canonical transformation Ky, for T >0 and § >0, there is
a constant o1 >0, such that

(Qn(taqvp)rpn(tqup))€K5T7 (213)

for any (q,p) € K5 and t€[0,T).

PROPOSITION 2.4. The map k is a canonical transform for any T,6>0; furthermore
it has a bounded sup-norm.

For a canonical transform k,, define the quantity Z,, as

Zy(t,q,p)=0:(Q(t,q,p) +iP(t,q,p)), (2.14)

with 0, =(0q —10p). Note that

. 04Q,, 0P —ilds
The following compact notation will be useful hereafter.

DEFINITION 2.4.  For ac C*>(Q,C), define for keN

ax sup |8,(;"8§”a(q,p)\, (2.16)

Apo(@):= m
|ap‘+|aq|:k(q,p)eﬂ

with ag, and ag being multi-indices corresponding to q and p respectively. By conven-
tion, we denote Ay, = Ay gea.

We will also need the following technical lemmas; see Lemma 5.1 and Lemma 5.2
in [13] for details of the proof.

LEMMA 2.1. Z, is invertible for (q,p) € R* with |p|>0. Furthermore, for any k>0
and 0 >0, there exist constants Cy s >0 such that

Aiks (Zn(t,q,p)) ") < Chs. (2.17)

LEMMA 2.2.  We introduce the notation f~ g to mean

3df(y)GE(t,w,y,qm)dydpdq:/Sdg(y)GE(t,w,y,qvp)dydpdq- (2.18)
R3d R®

For any vector a(y,q,p) = (a;), matric M(y,q,p) = (M,1), and tensor T(y,q,p) = (L)
in Schwartz class, one has the following integration by parts formula in the component-
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wise form, with 0y =(0,,,04,,04,),

aj(x—Q)j~ —ed,,, (aij_ni),
(z—Q)j(x— Q)M ~ €0.,Q; M1 Zy, +°0.,, (0., (MjrZy,}) Z;,0)
(- Q)i(—Q);(x— Q) Tijn~ —&20-, (0-Q T2 Z))
—£%0, (3lekTiijﬁlzj_nlb)
~c0.,Q;0., (TijnZy ") Zp,
—&%0.,, (0-, (0:, (TyjuZ7 ") Z1,0) Z5,0) -

Jgm

3. Convergence analysis for the elastic wave equations

In this section, we first introduce the Hamiltonian flow associated to the FGA
formulation of the elastic wave equations (EWS) described in (1.1), and related bound-
edness estimates on the quantities used in the FGA formulation. Then we compute the
asymptotic corrections, and prove that these correction terms are bounded in proper
norms, which eventually implies the convergence results.

3.1. Hamiltonian flow for EWS. According to the results in [6], the Hamil-
tonian associated with ©, ¥ in the FGA formulation for both P- and S-waves are

Hp:t,s:t(t7Q7P) = :tcp,s(Qpi,si(t7qap))Ppi,Si (t7qup)a (31)

where the wave speeds ¢, s are given in (1.3). The corresponding flows are given by

dQPi,Si Pptsi(t,q,p)

<OaQap) = icp,s(Qpi7si (t>Q7p)>

a Prvtarl 2
+,s+
#(anvp) = :Fanp,s(Qp:t,s:t (tqup)) ‘Pp:t,szl: (tqup) |»

with initial conditions

Q,++(0,q,p)=q and P, .1 (0,q,p) =p. (3.3)

We remark that

lp-04H(t,q,p)|SIpl>, and  |q-9pH(t,q,p)|Slal?, (3.4)

so that the global Lipschitz assumption A is satisfied.

For all practical purposes, the set K is bounding the position and the magni-
tude for the direction of propagation of the wave packets. For the elastic wave system
Equation (1.1), for the set Ky, upper bounds on |g| and |p| are reasonable as any com-
putational domain will be a finite domain. Furthermore p is bounded away from zero; as
if p=0, the wave packet does not propagate and the Hamiltonian system is degenerate,
ie, H=0.

Thus far, notations and relatively standard estimates for the analysis of FGA have
been introduced. In the following, we present new estimates valid for the non-strictly
hyperbolic elastic wave equations.

3.2. Next order corrections of FGA for EWS. According to [6], the first-
order FGA is
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—3d/2 E
uF,O(t7m) = (27‘-6) / / B [ap,b,o(tayaqap)G;b(tamayaqvp)
R3
b=+

+ (ash,b,O (taya qap) + asv,b,() (taya qap)) g,b(tvmaya qap) dydpdq (35)

As the computations for the branches and P-,S- wavefields are similar, in the following
we will either omit the subscript, or will simply subscript using the index n={1,---,6}
instead of (p+,sh+,sh+) or (p%,s+). With this notation, we can define Equation (3.5)
more compactly, as

6
’U,F70(t,.’13) = (271'6)73(1/2/ ., Zan,o (tayaqap)GfL(trmvyqup) dydpdq (36)
R3 n=1

For k> 1, define the k-th ordered FGA with a correction term as

k.6

uF,k(t,:c)zuF,o(t,w)+(27re)‘3d/2/ > (an;(ty.q.p) +a5;(t,y.q.p))

d
R34 ;1 n=1

x Gy (t,x,y,q,p)dydpdg, (3.7)

where the terms a;;; will be defined later. We next define a standard smooth cutoff

function y;:R2¢ —[0,1] for the set Ks as

1, (q,p)€Ks,

0, (q,p) €ER\Ks/2,

and such that for any k €N, there exists a constant C'x 5 such that
Ak (xs(q.p)) <Ck.s. (3.9)

We define the filtered version of the FGA, as follows for k€N,

xs(q,p) = { (3.8)

k

)

6
ﬂp,k(t,w):(%f)’“/z/ xs(a,p) &’ (an;(t,y,4,p) +a;, ;(t,y,4,p))
0,n=1

J=
x G5, (t,x,y,q,p)dydpdg, (3.10)

Define the unit

vectors Npi,Nsvi,Nshi that point in the direction of P, SV, or SH respectively.
Then a, o(t,y,q,p) is defined as follows,

with a,f’ozo. In the following we detail the construction of an 1-

a.0(t,Y,4,P) = an0(t,q,p)% (y,4,p) N (t,4,p), (3.11)

where N »(0,g,p) =7, and af incorporates the initial conditions,

@ ap) =5 |3( S(y)ealp| Eicui(y)) . (3.12)

The scalar functions a, o, with n representing for (p+,sh+,sh+) satisfy the following
evolution equations [6],

dap aQ Cp'Pp 1 1 dZ
e A s 7z 1
dt ap( P, T2t ( P dt) (3.13)
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dasy aQ.Cs'-l)s 1 _, dZ dN@h -

—ag (£ 925 | Ty (z ) g S N 3.14
a - * ( P 2\ 5 g Gsh gy Y (3.14)
dash aQ Cs'Ps 1 1 dZS dNSh ~

g (2225 | Ty (Z ) “ N... 3.15
a " h( P 2o\% g )) Ty (3.15)

Equation (3.12) is derived from wo(x), w1 (x) written in terms of FBI and inverse FBI
transform, i.e.,

uo(w)=(27rf)’3d/2/ L uo(y)G°(0,2,y,q,p)dy dpdg, (3.16)
R3

and decomposing the integrand in terms of the basis {7, Ry, Mish }-
REMARK 3.1. It is easy to check that up(0,2) =wuo(x) as F*(F(ug)) =ug.

For the detailed derivation of Equations (3.13)—(3.15), see [6]. These lengthy calcu-
lations are necessary to arrive at the following operators for estimating the intraband
transitions. Omitting the n index, we define the operators Ly, L1,L£5 acting on A as:

Lo(A) =~ pA(P-Q,)* + (\+ u)(A- PP+ u(P-P)A, (3.17)
L1(A):= A+2iAP-Q,—ipA(P:—iQ,) Q,
SO0 (27T AP) (A w0 (A P(27)T)
+0::((Z71) T 0gpA(P-Qy)?*) — 24110 - (Z71)T PA)

—pATr ((P,—iQ,) ® (P —iQ,)Z~'9.Q)
~(A+p) 271 (0:QA) — nAT(Z710z)

1
- 5angpA(P.Q,ﬁ)QTr(Zflaz), (3.18)

L2(A):=pAy—pAP-Q;—p0y: (P(Z_l)TMl) +0;: ((Z_l)TaQP(Pt —iQ,)- Q) A)
+02:(0:2: (pA(P —iQ,) @ (P, —iQ,)Z™ 1) Z ™))
—~ (A +1)02:(02:(0:(QA) 271 Z7H)
— 105 : (02 :(Z7HYAZ™ Y +0gpM \ Tr(Z710,,)
fi%angA(Pt —-iQ,)-Q,Tr(Z710,)
—0::(02:(Z ' 05P)A(P-Q,)*Z71)
+0. 1 (Tr(0jqr(Z271)T0.Q)(P-Q,)[(P.—iQ,)] A), (3.19)
with the notation : being a contraction and M; defined as

M;=21A;®(P:;—iQ,) +1A® (Py—i1Q,) +2(P-Q,) A® (P:—iQ,).

Now (87 — L)up, can be written as, with £ given by (1.2),

(8752 - L)'U'F,l = (2775)_3/2 zn:/RBd (5_2‘671,0 (an,O +€§n,1)

5—1£n’1 (an,O —1—5571’1) +L 2 (an,o —‘r!—:ﬁn’l)) G: dydpdq. (3.20)
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where @, 1 =a, 1+ af;l. Substituting the dynamics for £,, o reveals that £, ¢(a,,0) =0.
Looking at the O(1/e) term and equating to zero gives

Ly 1(an0)=—Lno(@n1)- (3.21)
Now L, 0 can be written as
Lno= (Pl = p(Py0,Q,)?)1ds + (At 1) Pr @ P, (3.22)
which is a symmetric matrix with eigenvalues
Bna=A+20)|Pnl* = plP-0Q, 1%, Br2=PBnz=plPl>—p|Pn 8:Q,[%

and the corresponding eigenvectors

Pn:(pn,lapn717pn71)7 dn,1:<_pn,2;pn,170)a dn72:(_pn,370;pn,1)-

For the P-wave, n =p, taking inner product of (3.21) with the eigenvector P, brings
(Pp,Lpo(ap,1))=—(Pp,Lp.1(ap o)), which yields

< ;,O(Pp)7§p,1>:<‘Cp’0(P)75p’1>:((/\+2M)|Pp‘2_P|Pp'atQp|2)<Ppa§p,1>:O'

After plugging in Equation (3.2) one can recover the Equation (3.13) by

(Pp,Lp1(ap,0)) =0.
Considering d; 2 with a similar strategy shows,

(L% o(dr2),8p1) =(Lp0(d12)8p,1) = (u| P> = p| P-0,Q[*)(d1,2,8p1).
Plugging in the Hamiltonian flow (3.2) gives

1

—{d1,Lp1(ap0))-
o —eipp afratano)

(di,2,8p,1) =

Define the pseudo-inverse, for v € S(R3),

1 N N . .
1 _
EP;O(U) - ,O(Cg —C%)|P|2 (<d11v>d1 + <d27’U>d2) 5 (323)
and define
ag, =Ly 4 ((1d=T1,) Ly 1 (ap 0)), (3.24)

where II,, is projection onto P,.

For the S-wave, with n=sv,sh, from (3.21) one has
Ls1(as0) =—Ls0(@s,1)- (3.25)

Let ds 1 :NS}“ taking inner product with (3.25) gives (ES,O(NSV),E&Q = (u|Pg|? — p| Py -
9,Q.*)(Nyy,a,,1), which is zero when the dynamics are substituted. From this one
can get <Nsv,£s,1asv,o> = —<NSV,£S’1aSh’0>, which gives us Equation (3.14). Note that
Equation (3.15) can be recovered in a similar manner.

Taking inner product with Py of (3.25) leads to

1

) = TP

<P7£s,1 (asv,O +ash,0)>-
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Define the pseudo-inverse, for v € S(R3),

1 ~ A

ﬁ;&(v)=—W<Ps,v>Ps, (3.26)

and then define
aly =L ((1d—TI,) L1 (as0)), (3.27)

with Il a projection onto the spanned space by ds 1 and ds 3.

REMARK 3.2. The existence of multiple eigenvalues makes the FGA different from the
hyperbolic case. For the elastic wave equations, the S-wave mode has two orthogonal
directions SV and SH, and one can see that: (i) Equation (3.25) results in a coupled
equation system (3.14) and (3.15) which presents the transitions between the SV and
S H modes; (ii) the P-perpendicular term, i.e. , af;1 should then belong to a double
dimension subspace spanned by the two S-wave modes, and the convergence analysis
will partially rely on the boundedness of this term.

In the next section, we will bound these pseudo-inverses and then further reach the
convergence results.

3.3. Error estimates and main result for EWS Thanks to the above com-

. . . .. . 1
putation in particular the explicit expression of ap ,Cp 0, and Eb o, we derive some

error estimates and eventually conclude on the convergence of FGA for the EWS.

DEFINITION 3.1. Define the scaled semi-norm

lu(t,)lle=e(llOcult, )2+ V-ult, )Lz + [V X w(t,-)[L2)- (3.28)

PropoOsSITION 3.1. Let ag :asvastsv +ashOésthh and ap, = apapr. The terms
ay,, ag are bounded in the L? sense; furthermore,

lup 1 —ur ol <eCrs.
Proof. First, we remark that
[an(t,)[[L2 < lowl[Lz[lan(t, )L and [lan (t,)[[Le S l|an(t,)|[Lee-

From the definitions we have an immediate bound
lwp 1 (t,-) —up ot )| < (27r5)_3d/228||/3d (ar, +a,,1)Grdydpdqlls.  (3.29)
R.
n

Applying the derivatives with Proposition 2.2, we have the estimate

[wr,1 () —ur,o(t,- ||E<ECZHan1 )Fan(t)|[Lee

The estimate of (3.29) then follows directly from Proposition 2.2. We need to bound the
prefactor terms, we note that on the compact set K5 the bound for the prefactor terms
comes from Lemma 5.4 in [13]. We go through several of the bounds here, starting with
the P-wave and dropping the subscripts as the calculations are the same, and setting

P=P,, Q=Q,

Oqgcep-P 1
Orap,0=0p,0 (Qu‘; +5Tr (Zlé)tZ)) , (3.30)
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Oqgcep-P 1 _
Orap1=ap1 (ng + §Tr (Z 1@2)) + Fy(ap,0,020p,0,Q, P,cp). (3.31)
With F, being a continuously differentiable function in its arguments for P,Q € Ks,..
Equation (3.30) immediately implies:

aQCp-P

Otlap ol <lap ol Pl

+;Tr(z—1atz)'. (3.32)

An application of Gronwall’s inequality gives

Sup AOyKé/Z (ap,O(taQap)) <Cs,1. (3.33)
te[0,T]

To bound Equation (3.31), 0,ap0 needs to be bounded, but with partial z of (3.30)
using a similar inequality as Equation (3.32) and taking Gronwall’s inequality we have

sup A1k, , (apo(t.q,p)) <Csr- (3.34)
te[0,T]

The function Fy(ap,0,020p,0,Q,P,cp) is differentiable with differentiable arguments on
the compact set Ks/o. Combining (3.33), (3.34) and Grénwall’s inequality to Equa-
tion (3.31) we see that |lap P||r2 is bounded on [0,7] x Kj 5.

For the S-wave terms, again using the short notation P=P,, Q@ =Q, and dropping
the subscript, we can write the system ((3.14), (3.15)) as

d asf _ 1 hi m4 asi“

a (afth> - 5 (m:t h:l: afth ) (335)
where my =8, Ngn- Ny and hy :28Qs’iCS'NSh+aSTr (Z;lﬁtZs). Denote M as the
matrix in Equation (3.35), and a=(a®”,a*")”. Then the system can be recast as 92 =
M (t)a. Solving for the eigenvalues:

N 1 — dZ@ . stv EN
Ahsv(t) = =00 s - N oy — 5Tr(zs = ) Fie 2 N (3.36)

To see that the latter are bounded, simply note that smooth {Np,Nsh,Nsh} form an
orthonormal frame, and hence the last term in (3.36) is bounded for all ¢ > 0.
Note that

Tr(Z

,1dzs) 1 ddet(Z)
S dt

T det(Zy)  dt (3.37)

then by (2.1) we have a bound for det(Z;) so Equation (3.37) is bounded for all ¢ > 0.
Notice that

OqHs-0pHs O cs- Ps

H Pyl

(3.38)

then with (3.4), Equation (3.38) is bounded for all ¢ >0. Now the eigenvalues in Equa-
tion (3.36) are bounded for all ¢ >0. So we have

sup Ao, x; , (as,0(t,q,p)) <Csp.
t€[0,T]
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For 0;a 1, we can write the system

d sV 1 h sv
a4 <a ,1> -1 ( m> <a%> 4 Fo(as0,0:850,Q, P,cs), (3.39)

Qsh,1 -m h a’:

with F being a continuously differentiable function in its arguments for P,Q € Ks,..
The bounds follow in a similar fashion from previous work, and we arrive at

sup A11K5/2 (aS,l(taqvp)) < C(S,T,
te[0,T]

which gives the needed result. ]
PROPOSITION 3.2.  For any T>0 and t€ (0,7
lura(t,) —upa(t,-)[[e=0(>).

Proof. We present the main argument, for full details we refer to Lemma 5.6 in [13]
as the statements are similar. First observe that ||Oyup 1|12 =O(1/¢) (see the proof
in Proposition 3.7), with the scaling in ||-||g from (3.28) we have O(||lur1(¢,-)||r) =
O(Jlup,1(¢,-)||L2). It follows that

O(|ur(t,) —ura(t,)|[e) =O(lur(t,) —tra(t,)[|L2)-
Directly bounding (3.12) gives
[af, 2 msay x5) < Cs([|uglLz +efluilre). (3.40)

Now from the definition of up 1 in (3.7) and @p; in (3.10), we get

ey — @ alliz <2742 (1= x6) (@n,0+€an 1 ) N W Foaf |2
n

< Csr (I oo sy + €l Fus oo i)

X Y (1= x6)(@n,0+2an1) N[

< Corr (I ulluacaao scs) €| FuS aqman i) ) = ().
The first equality inequality is obtained by similar arguments for Proposition 2.2 while
the second obtained by similar arguments found in Proposition 3.1. O
ProprosITION 3.3.  The operators Lg,L1,Lo are bounded. That is, for a given T and
any t€[0,T], ac C*([0,T]) x S(R?¥) and for k=0,1, j=0,1,2,

b Ay (£4@)) < Oy and |£,alt, ) <Crs
te[0,T

Proof. Notice L, ; depend on P,, Q, Z,! and its derivatives, which are all
bounded on [0,T] x Ks. This gives the result. 0

PROPOSITION 3.4.  For a given T and any t€[0,T], for k=0,1 and a€ C*>([0,T]) x
S(R24), we have

Ak,K5 (ail(a(t,-))) <CT,K5 and ||ai1(a(t,~))”Lo¢ <CT’5. (341)
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Proof.  For both aj and ag, the pseudo-operators E;é, and L are bounded

on K5 as |P|>0 and \L’;})hﬁc < C6~t. Then by Proposition 3.3, we have the following
result. |

PROPOSITION 3.5. Consider the elastic wave equations with a forcing term, x € R?,
p(2)02u—(A+2u)V(V-u) +uVxVxu=F(tzx),
u(0,x) =uf, (3.42)
u(t,x) =us.

Let T>0, and let ug(t,x) € C>=([0,T]) x H(RY). For each t€[0,T], we have the fol-
lowing estimate:

1 t
Io0culhs +10v+20) V-l + Tl <Cr (L@ + [ 1RG5 )lhoas).
0

In particular,
T
sup [lu(t,-)[[e <Cr ||u6\|E+€/ [E(s,)l[L2ds | . (3.43)
te[0,T] 0

Proof. This is a standard estimate. Dotting Equation (3.43) with d,u and inte-
grating over space, we have

a

5 p(x)|0pu)? + (A 42)| V-ul? + pu| Vxul? de S/ |Oyu-F|de.
R4 R?

The right-hand side can then be estimated by
1
/ 0u - Flda < f/ 0,ul? + |F|? dec.
R4 2 Jpa

Adding the missing terms to apply Gréonwall’s inequality gives the bound

t
@yt + 10t0) - walls+ [ xulfa) + [ e [ PP dads.
0 Rd

Taking the maximum over p, A\, and over T, we arrive at the estimate. ]
ProOPOSITION 3.6.  We have
107 — L)ar 1
Proof. Plugging up 1 into (1.1) gives,

|l <eCrps.

(0} — L)ar 1 (t,x)

=(27T€)_3d/2/3d Xo(q.p)Y €™ Lnm (an,o+6(an,1 +Eai1)>02dydpdq~
.

n,m

Expanding and simplifying the above equation yields

(@~ Ly (t2)=279) 2 [ o(@p)Gi[e 2 Loolans)
n R a

+571£n,0(an,1) +571£n,1 (an,O) +£n,1 (an,l) + En,2(an,0 +€an,1)
(57 L0+ L L0 2) £ (1= T1) (£ 1 (an,0N )| dydpda.
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Direct cancellation gives
(07 — L)ap 1 (t,z) = (27e) 3/22/ GE Ro t.p,q)+eRi(t,p, q)] dydpdq,

where
Ro(t,p,q)=Lp1(an1)+Ln2(ano) — £n,1ail, Ri(t,p,q) =Ly 2(an1) —ﬁn,zaiy
Then by Propositions 2.2 and 3.4,
197 = L)tap 1 (t,) [z < Crs (| Ro(t, ) e +el| Rt )| )-

By Propositions 3.3 and 3.4, Ry and R; are hence bounded. ]

PROPOSITION 3.7.  Let u solve the Cauchy problem (1.1). If up is the first-order
FGA (3.5), then we have the following estimate on the initial conditions:

|lu(0,2) —up(0,2)||g <eCr.

Proof. First computing the following

0 . R
6tan(07y7q7p) :a('y,q,p) < C(|;1)) p —d) n,

For estimating w(0,x) —up 0(0,2) in the energy norm, we can write d;u(0,x) =u(x).
This gives

i
/MUS(y);I’n(O,w,y,q,p)Gi(O,w,y,q,p)dydpdq
.
= /de ui(y)G5,(0,2,y,q,p)dydpdg. (3.44)
Then

i) =By o 0.2)| = (2me) 2|3 [ [F i)

i
_6tan(07y7q7p) _ang(pn(07m,y,q’p):| GZ(vaayaqap) dydpdq .

For one of the right terms, it becomes, after plugging in (3.44),

i .
/ {ug(y)?®n(0,m,y,q,p)—Oé(y,q,p) < ( ) d) ny
R3d & | I
—29%a(y,q, p)nn€<1> (0,z,y,q, p)} G5(0,2,y,q,p)dydpdq.

Using (3.12) and summing over the wavefields and branches gives

ui(x) — Oyur,o(0,z)= Z/RM SenpP uo( Yen|p| Ficus (y )).ﬁn

X (ac(p?. d> 7,G5(0,2,y,9,p) dy dpdq.
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By Proposition 2.2, we then have the estimate
[[ui —Orur0(0,)[|L2 < Cr.

For the divergence term,

V-up(0,x) =(2m¢) d/QZ/ (2.(0,3,4,p)G5(0,2,y,q,p)) dydpdg

271'5 d/QZ/ —ap - n+(Sc_Qn))Gi(O7w?y7q7p)dydpdq

3d €

Applying the operators and integration by parts gives, for one term,

/ (;a P — 8z(Z‘1a)> G} (0,z,y,9,p)dydpdg.
R3d

Writing the difference V-u§ — V-up o(t,x) in terms of the FIO; see Equation (2.6), leads
to

ere) [ (i) -a0pap) Pt o.(2 7 w5l -a0v.a0)

x G7(0,z,y,q,p)dydpdq.
With a(0,y,q,p) = a,(y,q,p)n and summing over n we have
V-ug(x) — V-up o(0,z)

(2me) d/zz (27 (uh(y) — anly, q,p)) G (0,2, y,q.p) dy dpdg.
R
Again, by Proposition 2.2 we arrive at the estimate
||Vu0 V-up 0( )HLz <Cfr.

The curl term has a similar estimate as the divergence term. These three estimates
show the result. 0

THEOREM 3.1.  Let {u§} be a family of asymptotically high frequency initial conditions,
and let w be solution to the Cauchy problem (1.1). If up is the first-order FGA (3.5),
then for a given T and any t€[0,T], 6 >0 and sufficiently small €, we have

sup [Ju(t,") —uro(t,-)||g <eCrys.
te[0,7)

Proof. By the triangle inequality,
(3.45)
For the first term, we define the quantity e=wu —ur ; and by Propositions 3.5 and 3.6

|u—upolle <|lu—tr1|e+|tr1—up1le+||ur1 —

t
Jelle < Crs (e, +2 [ [Rollods) + O,
0

Proposition 3.7 then shows that ||e(0,-)||g <eCr s, and Propositions 3.3 and 3.4 show
that | Rol|L2 < Cr,s. Thus, in Equation (3.45), the first term is estimated at the correct
order, the second term is a O(e>) thanks to Proposition 3.2, and the last term is
estimated to the desired order by Proposition 3.1. O

REMARK 3.3. The requirement of high frequency initial conditions is necessary for
the convergence estimate in Theorem 3.1. Otherwise, one may lose accuracy as seen in
a similar example in [13, Example 4.4] for P-wave.
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4. Convergence analysis for the Dirac system

Since the derivation of the boundedness estimates related to the Hamiltonian flow
associated to the FGA formulation of EWS is essentially the same as the FGA formu-
lation of the Dirac system (DS), we shall omit this derivation in this section, and only
present the asymptotic corrections and the convergence results for the Dirac system.

4.1. Next order corrections of FGA for the Dirac system. According
o [2], the FGA is of the form

’LLF’O(t,IlI):(27T€)_3d/2/3dZazl:,O(tvyaqap)Gi:(t?wayvq»p)dydpdq7 (41)
R3¢ 4

where ay g =ay1 ;+as2 ;, £ indicates the positive/negative eigenvalue. For k> 1, de-
fine the k-th order FGA with a correction term as

up i (t,2) = (27¢) 3d/2/ dZZeﬂah (t,9,9,p)G%(t,%,y,q,p)dydpdq,  (4.2)
]RS
j=0 =+
where a4 j=ayt1,;+a+2;, 8+m,0 =3a+m,0, and the terms a4, j =atm ; —|—aim’j will be
defined later for 5 >1. Let 1 and Y 1o be the normalized eigenvectors corresponding

to the eigenvalue hy of the Dirac symbol defined in (1.12). Then ai,, ;(t,y,q,p) is
defined as follows,

Atm,j (tayaqap) =0+m,j (t,(Lp)Oéim (yaqap)rim (ta qap)a (43)

where af incorporates the initial conditions,

% (¥,4,P) = 7(Y) T (0,9,p). (4.4)

The computations for the 4+ branches will be similar, so we use subscript m instead
of £m when there is no misunderstanding. The scalar functions a,, ¢, with m=1,2,
satisfy the following evolution equations [2]

d a1,0 —[(a10) _
dt (GZ,O) = <G2,0 =0, (4:5)
where = is 2 by 2 matrix with elements
dYy, i
t 1 !
ZEmn =0mnY ), —— T 6mn§82le8Q18QjV +0.,. 1. Fi 2,
and
F} = (9p,h(Q.P) —c6; —i0g,h(Q.P) +idg, B) Y

We define the operators L4 o,L4 1,L+ 2 acting on a as

ﬁi’OaZi(C&-Pi +B(Qi)+6t5i—Pi~8tQi)a7 (4.6)
. L 7 .

Lina=0a-0., |(0(Qu,+iPsj)—co;+i0g,B) Z;'a| + 50, Qx000,.00, BZZ 2,

(4.7)

1 1 1 _ _
Ly sa= gazn (am Q;0,0q,0q,BZ; 1anla) + aazn Q;0:, (aQian 9q.BZ; 13) anl
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+ 20, (0., (0 (00.00,00, BZ; a) Z;1) Z3.1). (4.8)

61 gm
Looking at the O(g%) terms, and equating to zero gives
Ly 0a+0=0, (4.9)
thus
OS+ =Py -0,Q s =—ha,

then, together with the Hamiltonian flow, one recovers the evolution equation for the
action:

%S:PiﬁMQJﬂ—MQJW (4.10)

Looking at the O(e!) terms and equating to zero gives

Liiayo+Lyoar ;1 =0. (4.11)

Let us take the 4+ branch for example and inner product of the above equation with
T:I:m7

Y, Liiaro=—Th, Looai,= (ﬁi,orim)TﬁiJ =0, (4.12)
from which one recovers Equation (4.5). Next, define
51,10 =

i i i
E (T;HT:H +T:F2T:F2) 5 (413)

which is a pseudo-inverse of L4 . We then define
ay,=—LiLiras. (4.14)

Looking at the O(g?) terms and equating to zero give

Lij(azi+ai)+Lepaso+Laoas =0, (4.15)
which implies
d a1 —f(a1.0 Tjtl n
at \azs ) T \ago ) T £ +L =0. 4.16
dt (az,l asz,0 Tjtz ( +£183 1 :i:,Qa:I:,O) ( )

REMARK 4.1. Each energy band has two eigenvectors, so we that obtain a coupled
system (4.5) which presents the intralband diabatic transitions. The transitions only
take place in the same energy band and there is no interband transition between the
positive and negative energy bands since a; and a_ are fully decoupled.

4.2. Error estimate and main result for the Dirac system.
LEMMA 4.1. The pseudo-inverse operator defined in (4.13) is bounded, that is, for
each k€N, there exists a constant CY

Ay (£5),0(a,p)) < Ci. (4.17)
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Proof. Recall
i
hi (q7p) - h’:F (q7p

Lio(a,p)= ] (Tm(q,p)ﬂpl(q,p) +T¢2(q,p)Tin(q,p)) :

Since hy —h_ >2c? and hy and Y41 4o are smooth functions of (g,p), the estimate
follows easily. g

LEMMA 4.2. For any T >0, k€N, j=0,1, there exists a constant Cy, ;v

sup Ag(@t,;) <Chjr, (4.18)
0<t<T
sup Ak(atﬁi,j)ng,jj. (419)
0<t<T

Proof.  Noticing that =, ¥’s, and L’s are smooth and bounded, the estimates
follow from Equations (4.5), (4.16), and Gronwall’s lemma. |

PROPOSITION 4.1.  Let upo and up,1 be the zeroth- and first-order FGA solution in
Equations (4.1) and (4.2), then for any T >0, there exists a constant Cr, such that

sup |[lur,1—urol ;. <eCr. (4.20)
0<t<T

Proof. From the definitions we have

)

[ s = o] 2 < (27e) 542y e
+

/ddﬁi,l(t,y,q,p)Gi(t,w,y,q,p)dydpdq
.

L2
(4.21)
then by Proposition 2.2,
Jur,1 —uroll > < ECZ a1 (ty.4.P)| L - (4.22)
+
Therefore by Lemma 4.2, we arrive at the estimate (4.20). |

LEMMA 4.3.  For any T >0, there exists a constant Cr, such that for any € >0,
H(ie@t—D)uFJHB S&QCT. (423)
Proof. Plugging ur ; into DS gives
(i&@t —D) UF 1

:(2776)7361/2/ Z(ﬁi,oai,0+€ﬁi,05i,1 +ely1as
R34 T

+52£:|:,1§:t,1 +€2£:|:7Qa:|:70 +53£i,25:|:,1) Gi dydpdg. (4.24)

Note that L+ gat o =0 since the action Equation (4.10) and a4 ¢ is in the eigenspace
of the Dirac symbol.

To show L4 pat+L4 a4 0=0, taking the + for example, it is suffices to show
that, for each m=+1,£2, we have

i (Lyoay +Ly1ay0)=0. (4.25)
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When m is negative, since ay=a; 3 4—::1#11 and ay 1 €kerL, o, Equation (4.25) is

equivalent to
Tin (£+70ai,1 +£+,1a+70) =0, (426)

which is valid by the construction of ai,r When m is positive, Equation (4.25) is valid
by the evolutionary equation of a, .
Therefore,

|(ieds —D)up 1l . <e*Crs ([Le @1+ Lipat ol oo +E L oBi o). (4.27)

By Lemma 4.2, ||£4 12+ 1+ L+ 2a4 ol ;o and ||£4 284 1], . are bounded. O

PROPOSITION 4.2.  Let u be the solution of the DS (1.7) and ur 1 be the corresponding
FGA solution, then for any T >0, there exists a constant Cp, so that for any € >0

sup ||u—up 1] ;. <eCr. (4.28)
0<t<T

Proof. Let e=u—1ur,, and then by Lemma 4.3,

t
lle(t, )l L2 <lle(0,-)l 2 +€_1/0 1(ids = D) up 1 (s,-)]| - ds <eCr. (4.29)

0

Noticing that ||u—wurpgll; . <|lu—ur 1], .+|ur1—uroll, ., from Propositions 4.1

and 4.2, we can then state our main theorem on the accuracy of the FGA for the Dirac
system,

THEOREM 4.1.  Let u be the solution of the DS (1.7) and up,o be the corresponding
FGA solution, then for any T >0, there exists a constant Cp, so that for any € >0

sup [|u—up ol ;. <eCr. (4.30)
0<t<T

Proof. The result follows from Propositions 4.1 and 4.2, and

[ —wr ol > < flu—ur,

|12 +llur —uroll .- (4.31)

d
REMARK 4.2. We only need the initial conditions in Theorem 4.1 to be in L? for
convergence, which is consistent with the previous accuracy estimate of Herman-Kluk
propagator for the one-body Schrodinger equation [17]. The difference from Theorem 3.1
can be understood intuitively by the fact that the elastic wave system itself does not
contain any high-frequency information, i.e., the equations in (1.1) do not contain ¢,
therefore one can only introduce the high-frequency component via the initial condi-
tions.

5. Generalization to linear non-strictly hyperbolic systems

In the previous sections, we have precisely analyzed the order of convergence of
the FGA for two fundamental examples of linear non-strictly hyperbolic systems. The
analysis for strictly hyperbolic systems was proposed in [13]; rather than a complete
analysis of convergence of the FGA for linear non-strictly hyperbolic systems which
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would require reiteration of results from [13], we discuss hereafter the extension to non-
strictly hyperbolic systems using the same arguments as the ones used in Sections 3 and
4. Consider a linear hyperbolic system

d
oru+ ZAi(w)&“u =0,
i=1

for u:RY—RY, with A; smooth, and Zle p;A;(q) having eigenvalues not all distinct
{H,}N_,. The general strategy for proving the convergence consists in estimating

sup |lu(t,") —urp,o(t,)||e <eCr, (5.1)
t€[0,T]

where u is the exact solution and up o the FGA at order 0. In order to estimate (5.1),
one must estimate the following 3 terms;

lw—wplle, [ry —wpalle, lury —urolLe, (5.2)
where @ 1 is a filtered version of FGA, and up ; is the first-order FGA. This is in partic-
ular the strategy which is used in [13, Theorem 4.1] (the corresponding notation in the
latter reference, are P ug, Pi kst 73? K, su5). However, in the non-strictly hyperbolic
case, the FGA and filtered FGA possess asymptotic correction terms a;- which allow for
dealing with the multiplicity of eigenvalues. This correction term, a;-, can be explicitly
evaluated thanks to bounded pseudo-inverse operators £, !, using similar compactness
arguments on the eigenvalues and eigenvectors as in Proposition 3.4 for elastic wave
system and Lemma 4.1 for the Dirac system. Then proving ||u—wupllL2 <eCrys is
identical in the strict and non-strict hyperbolic cases as in [13, Theorem 4.1]. The esti-
mates on the other terms in (5.2), are a consequence of the boundeness of the correction
terms and arguments from [13], which were reiterated in Sections 3 and 4 for the elastic
wave equations and the Dirac system respectively.

6. Conclusion and discussion

In this paper, we established the convergence theory of FGA for elastic wave sys-
tem (EWS) and Dirac system (DS), which has been numerically verified as an efficient
tool to compute high-frequency wave propagation. Unlike the convergence theory of
FGA for strictly linear hyperbolic systems [13], we needed to analyze the boundedness
of intraband transitions in diabatic coupling, which only appears when the system is
non-strictly hyperbolic. The techniques we have developed for proving the convergence
of FGA for both EWS and DS can be straightforwardly used to prove the convergence
of FGA for other non-strictly hyperbolic systems. Extensions to high order approxi-
mation is possible by including correction terms in the amplitude function of the FGA
formulation, following essentially the same strategy introduced in [13]. However, the
calculations will be much more complex due to the non-strict hyperbolicity, and the re-
sulting governing equations for the correction terms are not straightforward to develop
parallel algorithms. Therefore, we shall leave it as our future work.
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