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DYNKIN GAME FOR CALLABLE-PUTTABLE CONVERTIBLE
BONDS: THE VALUATION AND SENSITIVITY ANALYSIS∗

KAI DU† , ZHEN WU‡ , AND DETAO ZHANG§

Abstract. This paper studies the pricing problem for callable-puttable convertible bonds with call-
put protections and call notice period as a Dynkin game via the backward stochastic differential equation
(BSDE) with two reflecting barriers. By virtue of reflected BSDEs, we first reduce such a Dynkin game
to an optimal stopping time problem and establish the formulae for the fair price of puttable convertible
bond. Based on that, we further obtain the valuation model of callable-puttable convertible bonds and
investigate how the call and put clauses affect the value of convertible bonds. In addition, the sensitivity
analysis of callable-puttable convertible bonds’ price about some key parameters is considered in virtue
of the comparison theorem of doubly reflected BSDEs and is verified by numerical simulations through
an obstacle problem for a parabolic partial differential equation.
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1. Introduction

Nowadays, issuing debet (bonds) and equity (shares of stock) are two instruments
for firms to raise capital, and the convertible bond (CB), one of the widely-used hybrid
financial instruments, is intermediate between these two. Generally speaking, it is a
kind of financial derivatives which gives the holder the right to convert a CB into a
specified number of firm’s stocks during the life of the CB, or to keep the bond, in order
to collect coupons. Such a conversion right gives the bondholder the possibility to gain
a maximum benefit. However, its special properties make the pricing problem more
complicated, and how to price the CB fairly is an interesting and challenging problem.

The theoretical study for this problem was initially proposed by Poensgen [27] and
Weil, Segall and Green [30], and they think that the present discounting of the maxi-
mum of its value as an ordinary bond or common stocks is the fair price of CB. Since
the Black-Scholes model for pricing financial derivatives was established, the theoretical
framework for pricing CBs under the famous model was employed by Ingersoll [21] and
Brennan & Schwartz [7], in which authors took firm values as variables that determine
the prices of convertible bonds, while in McConnell [24], by using the stock price as the
underlying variable, a pricing model of non-coupon convertible bond was formulated.
Then, based on the literature for pricing CBs above, when the issuer and/or bondhold-
ers have various additional rights such as call and put features, the pricing problem
becomes more complicated, which demands better mathematical approaches. On the
one hand, the valuation of a puttable convertible bond, which allows bondholders to
put the bond back to the issuer under some pre-agreed appointments, was studied by
Ammann, Kind and Wilde [1], Batten, Khaw, and Young [3], Zhu, Lin, and Lu [34]
and so on. On the other hand, some recent literature can be found in Bernini [4] and
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Grundy & Verwijmeren [16] for the study of the pricing problem of callable convert-
ible bonds, which gives the issuer right to repurchase the bond at special time. Since
Kifer [23] presented a new derivative security called game options, a stochastic game
of optimal stopping called Dynkin game is widely used in pricing callable convertible
bonds [6, 28,32].

As we know, since introduced by Pardoux & Peng [26] and Duffie & Epstein [11]
independently, nonlinear backward stochastic differential equations (BSDEs) became a
powerful tool to price contingent, and the interested readers may refer to El Karoui et
al. [13–15] for more details. After that, Cvitanic and Karatzas [10] introduced a new
type of BSDE called doubly reflected BSDE (DRBSDE), and its solution process which
coincides with the value of a certain Dynkin game has to stay within two prescribed
obstacles almost surely. Since then, there were many works on this kind of BSDEs
[2, 8, 9, 12, 18, 19]. Moreover, Bielecki et al. [5] derived valuation results for a game
option in terms of a solution of a related DRBSDE. By using the reflected BSDE method,
Wang and Wu [29] studied the pricing problem for vanilla convertible bonds, and Yan et
al. [33] studied the valuation and optimal strategy of callable convertible bond without
call protection and put features.

Inspired by all the above, the aim of this paper is to present a new type of pricing
model of callable-puttable convertible bonds (CPCBs) with call and put protections and
call notice period via DRBSDEs. Specifically, we first consider a puttable convertible
bond (PCB) with soft put protection, i.e. bondholders can only sell the bond back
to the issuer, when the underlying stock price satisfies pre-agreed value as an optimal
stopping-time problem, and the corresponding fair price process is given by a reflected
BSDE (RBSDE). For a special case, a special RBSDE is given to describe the vanilla CB
price, and we further obtain some useful properties and corollaries which are convenient
for pricing CPCBs. To deal with the influence of call protection and notice period,
we firstly regard the actual call payment as a special PCB’s price. Then, by using
the DRBSDE method to deal with Dynkin game, we get the fair price of the CPCB.
Moreover, in virtue of that the solution of DRBSDE has a probabilistic formula for
the unique viscosity solution of an obstacle problem for a parabolic partial differential
equation (PDE), some numerical results are investigated and the sensitivity of the price
of the CPCB to changes in the key parameters is also analyzed in this paper.

The main contributions of this paper are as follows: (i) By virtue of DRBSDEs, we
give a new valuation model of CPCBs with call-put protections and call notice period,
and some useful properties of them are also given. (ii) We investigate how the call and
put clauses affect the value of CBs in detail. (iii) The sensitivity analysis of the CPCB’s
price about some key parameters is considered, and we also introduce the corresponding
numerical simulation conclusions.

The rest of this paper is organized as follows: In Section 2, we introduce some
notations and key characteristics of CPCBs. The valuation and properties of PCBs
with put protection and vanilla CBs are given in Section 3. Section 4 studies the price
of CPCBs, and its sensitivity to changes in the key parameters is also analyzed. Some
numerical simulations are given in Section 5. Section 6 is the conclusions.

2. Preliminaries and notations
Let (Ω,F ,F,P) be a given complete filtered probability space along with a d-

dimensional standard Brownian motion W ={Wt,Ft;0≤ t<∞}, where F={Ft}t≥0 is
the natural filtration of W augmented by all the P-null sets in F . Next, let T >0 be a
fixed time horizon. For any t∈ [0,T ), we denote

C([t,T ];R) =
{
φ : [t,T ]→R

∣∣∣φ(·) is continuous
}
,
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L2
FT (Ω;R) =

{
ξ : Ω→R

∣∣∣ξ is FT -measurable, E|ξ|2<+∞
}
,

L2
F(t,T ;Rn) =

{
φ : [t,T ]×Ω→Rn

∣∣φs is F-progressively measurable, E
∫ T

t

|φs|2ds<∞
}
,

L2
F(Ω;C([t,T ];R)) =

{
φ : [t,T ]×Ω→R

∣∣φs is F-adapted, continuous, E
[

sup
s∈[t,T ]

|φs|2
]
<∞

}
,

S2
F(t,T ;R) =

{
φ : [t,T ]×Ω→R

∣∣φs is F-adapted, RCLL, E
[

sup
s∈[t,T ]

|φs|2
]
<∞

}
,

A2
F(t,T ;R) =

{
φ : [t,T ]×Ω→R

∣∣∣φs is F-adapted, RCLL non-decreasing, φ0 = 0, E|φT |2<∞
}
.

To describe the covenants of a CPCB, we introduce the following notations and some
fundamental assumptions about the financial market.

Maturity Date T : It is the date from now to which a holder can convert the bond to a
specified number of common stocks at any time during this period, that is, the expiry date of
a convertible bond.

Conversion Ratio C: It states the number of shares of common stock which can be
obtained upon the surrender of one share of convertible bond. In general, C is a constant.

Conversion Price P : The nominal price per share at which conversion takes place, and
it is fixed at the issuance.

Face Price F : It is the aggregate balloon payment that an investor can get at the maturity
date T if he never exercises the convertible bond.

Call features: The ability of the issuer to call a bond early for redemption, and the
issuer can only call under certain circumstances, typically based on the underlying stock price
performance.

Put features: The ability of the holder of the bond to force the issuer to repay the loan
at a date earlier than the maturity.

More details about call and put features will be described in the following section. More-
over, we let the financial market satisfy the following assumptions: There are no transaction
costs or taxes, and all securities are perfectly divisible; all investors’ actions cannot affect the
securities price, and all of them can get the same information; there are no dividend pay-
ments or other disbursements to common stockholders. The issuer will not default, and the
convertible bonds can be converted at any time before maturity date T .

3. Pricing formula for convertible bonds with put provision
In this section, we present a valuation model of the PCB by RBSDEs’ excellent properties,

which shed more light on the mathematical modelling. Furthermore, some analytical properties
for the convertible bond will be discussed, which play a key role in the following discussion
about CPCBs.

We begin with the typical setup for continuous-time asset pricing: the basic securities
consist of two kinds of assets, and one of them is a locally riskless asset Bt (the money market
instrument or bond) governed by the equation

dBt= rtBtdt,

where rt is the short rate. In addition to the bond, the other is the risky security (stock) of
a company, which is continuously traded. Furthermore, its price process St is modeled by the
linear stochastic differential equation (SDE)

dSt=µtStdt+σtStdWt. (3.1)

Here, µt and σt are the expected interest and volatility rate of stocks, respectively. We assume
that the CBs and financial market satisfy the following assumptions.
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(H1) rt,µt,σt are all Ft-progressively measurable and uniformly bounded processes, and σ−1
t

is also bounded. In addition, there exists a Ft-progressively measurable and uniformly
bounded process θt, called a risk premium (Sharpe ratio), such that: µt−rt=σtθt.

Under (H1), SDE (3.1) has a unique strong solution St∈L2
F(Ω;C([t,T ];R)). Then, we shall

now present a detailed description of PCB’s covenants.
Consider a PCB at any date t∈ [0,T ] at which it is still alive. In general, at any time

τp∈ [t,T ], the bondholder may convert a PCB to C shares of equity or put (return) the PCB
to the issuer for a nominal put payment Fp pre-agreed at time of issuance. In addition,
noticing that the PCB is also considered as vanilla debt security with bond floor, bondholders
also may sell it as a debt bond to other investors and get the pure bond value fτp , where

ft=F exp(−
∫ T
t
rsds). Only one of the three above decisions may be executed, and the effective

payment in the case τp=T is considered separately. In most cases, the bondholder of the PCB
can determine whether and when a conversion or put back or sale occurs. Thus, the price of
PCB should be equal to the present discounting of the maximum of its value at some time point
in the future. However, in real financial market, only when the firm’s stock price satisfies some
prearranged conditions, bondholders can choose to put their PCBs back. Now, we assume the
PCB satisfies the following terms and conditions about put option.

(H2) The bondholder has the ability to exercise their right to get an early repayment Fp at
any put date τp∈ [0,T ]. Here the corresponding firm’s stock price at put date should
satisfy Sτp ≤P pτp . In general, the put payment Fp is smaller than the face price F ,
and the put protection price (trigger price) P ps ∈C([t,T ];R) is smaller than conversion
price P for any s∈ [0,T ].

Under (H2), the effective payment in the case τp=T is ξ= max{CST ,F}.

Remark 3.1. For PCB, the holders can only exercise their right to an early repayment
under certain circumstances, typically based on the underlying stock price performance. In
this paper, we only consider the hard put, which means put payment only paid in cash, and
soft put case is similar.

Then, we are concerned with the problem of pricing PCB at each time t∈ [0,T ]. Inspired
by [8, 14,17], under (H1)-(H2), we get the main conclusion of this section.

Theorem 3.1. The fair price process Xp
t ,0≤ t≤T of PCB satisfies the following RBSDE:{

Xp
t = ξ−

∫ T
t

(rsX
p
s +θsZ

p
s )ds−

∫ T
t
Zps dWs+Kp

T −K
p
t ,

Xp
s ≥Lps , Kp

0 = 0,
∫ T
0

[Xp
s −Lps ]dKp

s = 0, s∈ [0,T ].
(3.2)

Here the terminal condition is ξ= max{CST ,F}, and Lps = max{fs,CSs,Fp·1{Ss≤Ppt }} is the

barrier. Furthermore, the optimal stopping time is Dp
t , inf{t≤s≤T :Xp

s =Lps}.

Proof. Firstly, noting put provision, to price the PBC we should choose a stopping time
τp∈ [t,T ] with the payoff max{fτp ,CSτp ,Fp1{Sτp≤Ppτp}}, and denote

Lps = max{fs,CSs,Fp·1{Ss≤Pps }}, 0≤s≤T. (3.3)

Under assumptions (H1)-(H2), Noting the third process 1{Ss≤Pps } of the barrier, we can check

that Lps ∈S2
F(t,T ;R). Then, it is obvious that the price at time s should be not less than Lps ,

otherwise there are arbitrage opportunities. Therefore, Lps is the ‘obstacle’ of the value of PCB
for any s∈ [t,T ]. Then for any given t∈ [0,T ] and stopping time τp∈ [t,T ], there exists a unique
strategy (Xs(τp,L

p
τp),πs(τp,L

p
τp))∈S2

F(t,T ;R)×L2
F(0,T ;Rd) (denoted by (X

τp
s ,π

τp
s )), which is

determined by the solution of the classical BSDE associated with the terminal stopping time
τp and terminal condition Lpτp :{

dX
τp
s = [rsX

τp
s +(µs−rs)πτps ]ds+σsπ

τp
s dWs,

X
τp
τp =Lpτp , t≤s≤ τp.

(3.4)
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It means that we construct a unique strategy that replicates the value Lpτp of PCB for any

τp∈ [t,T ], i.e. X
τp
t is the price of PCB at any t∈ [0,T ] for any given τp. Denote Z

τp
s =σsπ

τp
s ,

and then (3.4) can be rewritten as{
dX

τp
s = [rsX

τp
s +θsZ

τp
s ]ds+Z

τp
s dWs,

X
τp
τp =Lpτp , t≤s≤ τp.

Then, we try to check out that the fair value of the PCB is given by the solution Xp
t of the

RBSDE (3.2). At first, we introduce the following linear SDE:{
dX̃s=−rsX̃sds−θsX̃sdWs,

X̃t= 1, s∈ [t,T ],

which has a unique solution X̃s= exp
{
−
∫ s
t

(rr+ 1
2
θ2r)dr−

∫ s
t
θrdWr

}
. Applying Itô’s formula

to X
τp
s X̃s and taking the conditional mathematical expectation, we have

X
τp
t =E[X

τp
τp X̃τp |Ft] =E[LpτpX̃τp |Ft].

Similarly, applying Itô’s formula to Xp
s X̃s, we have d(Xp

s X̃s) =(Zps −θsXp
s )X̃sdWs−X̃sdKp

s .

On the one hand, noting that Xp
s ≥Lps , X̃s>0 and Kp

s is non-decreasing process, we can get
that Xp

t ≥E[LpτpX̃τp |Ft], i.e. Xp
t ≥X

τp
t . On the other hand, when the stopping time τp satisfies

τp=Dp
t , inf{t≤s≤T :Xp

s =Lps}, it is easy to check that Kp

D
p
t

= 0 and Xp

D
p
t

=Lp
D
p
t
, and then

Xp
t satisfies

Xp
t =E[Lp

D
p
t
X̃Dpt |Ft] =X

D
p
t

t .

Thus, the solution of an associated RBSDE (3.2) satisfies

Xp
t =ess sup

τp∈Tt
X
τp
t =ess sup

τp∈Tt
E[LpτpX̃τp |Ft] =X

D
p
t

t , (3.5)

which is the smallest supermartingale such that Xp
t ≥X

τp
t , and the optimal stopping time is

Dp
t . Therefore, the fair value of the PCB is given by the solution Xp

t ,0≤ t≤T of RBSDE (3.2).
By the result about RBSDEs with RCLL obstacle (see [9, 17]), RBSDE (3.2) has a unique
adapted solution under (H1)-(H2).

Remark 3.2. Consequently, the price Xp
t is equal to the so-called upper price defined as

the smallest of the superhedging strategies. Moreover, the increasing process Kp
t indicates the

least amount of wealth that is needed extra in order to keep Xt≥Lpt . From the viewpoint of
finance, Kp

t can be interpreted as cumulative consumption process during the hedging, and
from (3.5), it may happen to consume only after conversion.

Note that the third term of barrier Lpt (namely, Fp·1{Ss≤Ppt }) is from the put provision.

Thus, when Fp= 0 (which means bondholders get no payment when they execute put option),
the PCB degrades into a non-puttable CB, and we obtain the following conclusions.

Proposition 3.1. The fair value Xt of CB is given by:

Xt=EP̃[e−
∫ T
t rsdsξ|Ft], (3.6)

where P̃ is the risk neutral measure defined by

dP̃
dP

= exp{−
∫ T

0

θtdWt−
1

2

∫ T

0

θ2t dt}. (3.7)

Moreover, the PCB is more valuable than non-puttable one, namely

Xp
t ≥Xt, t∈ [0,T ]. (3.8)
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Proof. Firstly, it is easy to check that Xt satisfies the following RBSDE{
Xt= ξ−

∫ T
t

(rsXs+θsZs)ds−
∫ T
t
ZsdWs+KT −Kt,

Xt≥Lt, K0 = 0,
∫ T
0

[Xt−Lt]dKt= 0,
(3.9)

where the barrier is a continuous process Lt,max{ft,CSt}. To prove the first conclusion, we
introduce the following BSDE:{

dXs= (rsXs+θsZs)ds+ZsdWs,

XT = ξ.
(3.10)

Moreover, let (Xt,Zt) be the solution of BSDE (3.10), then we will prove that (Xt,Zt,0) is the
solution of RBSDE (3.9). To prove that, we firstly check that Xt≥Lt. On the one hand, let
(X ′t,Z

′
t) is the solution of BSDE:{

dX ′t= (rsX
′
s+θsZ

′
s)ds+Z′sdWs,

X ′T =CST ,

and it is obvious that (CSt,σtCSt) is its solution. Noting ξ≥CST and using the comparison
theorem of BSDE (see Theorem 2.2 in [15]), for any time t, we have Xt≥X ′t=CSt,a.s.. On
the other hand, consider another BSDE{

dX ′′t = (rsX
′′
s +θsZ

′′
s )ds+Z′′s dWs,

X ′′T =F,

which have the unique solution (ft,0). Since ξ≥F , Xt≥X ′′t =ft follows from BSDE’s com-
parison theorem. Thus, we get the result Xt≥Lt, which means that (Xt,Zt,0) is the solution
of RBSDE (3.9). Through the above proof, we obtain that the fair value Xt of vanilla CB is

given by BSDE (3.10). To solve BSDE (3.10), applying Itô’s formula to XsX̃s, we have

Xt=E[ξX̃T |Ft] =E
[
ξexp

{
−
∫ s

t

(rr+
1

2
θ2r)dr−

∫ s

t

θrdWr

}∣∣∣Ft].
Noting the definition of the risk neutral measure, the expression of vanilla CB’s price (3.6)
comes from the Girsanov’s theorem directly. For the last assertion, it is easy to check that
Lpt ≥Lt. Noting (3.2), (3.9) and using the comparision theorem of RBSDE (see Theorem 1.5
in [17]), we have the inequality (3.8).

Remark 3.3. As is known to all, for any American call option without dividends-paying,
its price is equal to that of a corresponding European call option (see [14, 15]), which means
that investors don’t choose to execute the call option until the maturity date T . In fact, the
convertible bond has the similar property. By Proposition 3.1, we get that the fair value Xt
of CB is given by a linear BSDE (a special RBSDE), which means that the optimal stopping
time Dt of the CB is equal to the maturity date T .

Remark 3.4. Similar results about vanilla CBs were gotten by Wang and Wu [29]. Different
from them, in our proof, we consider the influence of the bond property of CBs, but they didn’t
consider that.

Therefore, we get the following corollary about vanilla CBs.

Corollary 3.1. The convertible bond’s optimal execution time is exactly the maturity date
T . Namely, the bondholder should not convert the vanilla CB at any time t∈ [0,T ).

In the previous section, we get the prices of PCBs and vanilla CBs by RBSDE (3.2) and
BSDE (3.10), respectively. Then, we further let all parameters rt,µt,σt to be deterministic



K. DU, Z. WU, AND D. ZHANG 653

bounded functions. By the relation between a RBSDE and an obstacle problem for a nonlinear
parabolic PDE (see [8, 13,25]), we can obtain the following result about the price of PCBs.

Corollary 3.2. The value of PCB Vp(t) is given by the following PDE:
min

{
Vp(t,x)−max{ft,Cx,Fp1{x≤Ppt }},

rtVp(t,x)− ∂Vp
∂t

(t,x)− 1

2
σ2
t x

2 ∂
2Vp
∂x2

(t,x)−rtx
∂Vp
∂x

}
= 0,

Vp(T,x) =max{Cx,F}.

Comparing RBSDE (3.2) with BSDE (3.10), we can get the following result about the
connection between two types of convertible bonds.

Proposition 3.2. Let parameters rs,Fp,F and T of the puttable convertible bond satisfy the
following equations:

ln
F

Fp
≥
∫ T

t

rsds, t∈ [0,T ]. (3.11)

Then, the price of puttable convertible bond is equal to the corresponding vanilla CB.

Proof. Under (3.11), we have fs≥Fp (e.g. Lps =Ls), s∈ [0,T ], which means that the
RBSDE (3.2) becomes the RBSDE (3.9). By Proposition 3.1, we can get the assertion.

Remark 3.5. The above proposition means that at the time to expiry the fair price of PCBs
decrease to the price of vanilla CBs, and it theoretically proves that the behavior occurs in
example 1 of [34], which wasn’t proved by them.

Furthermore, if all parameters in (3.6) are constants, by Proposition 3.1 and calculational
techniques for classical probability, we can obtain the following explicit representation of the
fair price of vanilla CBs.

Corollary 3.3. The fair value of vanilla CBs with constant parameters is given by

Xt=CStN(d1)+Fe−r(T−t)N(σ
√
T − t−d1),

where d1 =
ln
CSt
F

+(r+σ2

2
)(T−t)

σ
√
T−t .

Proof. The proof is similar with the Black-Scholes option pricing model of European call
option, and the interested reader can get the details from Section 13.A of [22].

4. The Dynkin game of callable-puttable convertible bonds
In this section, we consider the price model of the callable-puttable convertible bonds

(CPCBs). Different from PCBs, CPCBs give the issuer ability to call a bond early for redemp-
tion, and the issuer can only call under certain circumstances, typically based on the underlying
stock price (or pre-agreed time) performance.

Firstly, we shall present a detailed description of the additional call covenants about
callable convertible bonds (CCBs) and CPCBs. Considering the bond is still alive at any
date t∈ [0,T ], the issuer has the right to call the CB at any time τc∈ [t,τp∧T ], where τp is a
random time under the discretion of the bondholder, and δ≥0 is the length of the call notice
period, which is usually very short, such as half a month. If the issuer calls the bond at time τc,
then the bondholder has either to redeem the bond for a nominal call payment Fc pre-agreed
at time (τc+δ)∧T or convert the CB into C shares of stock at any time at its convenience
in [τc,(τc+δ)∧T ]. Typically, the issuer can only call the CCB under some certain conditions,
which are called soft and hard call protections. Specifically, a CCB, which can be called under
any circumstances during the time period [tc,T ] (tc is a pre-agreed time), is subject to hard
call protection. Alternatively, for the soft call protection, the CCB is non-callable unless the
stock price reaches a certain predetermined level.

For convenience, let us give the following assumption about the callable condition.
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(H3) The issuer can call the convertible bond at any time τc∈Tc,{τc;Sτc ≥P cτc ,0≤
τc≤ τp∧(T−δ)} for a nominal call payment Fc, which satisfies Fc≥F and Fc≥
exp(

∫ T
T−δ rsds)Fp. Here, the call notice period δ is a positive constant, and the re-

demption trigger price P ct ∈C(0,T ;R) satisfies P ct >P and CP ct >Fc.

In (H3), we give callable condition under soft call protection, which is often used in real financial
market. In general, the nominal call payment satisfies Fc≥F which is very practical (since
issuers have more rights, they should provide more favorable terms). Furthermore, because the

call notice period δ is usually very short, the assumption Fc≥ exp(
∫ T
T−δ rsds)Fp is also easy to

satisfy. In addition, under Fc≥F , if the issuer calls the bond at τc∈ [T −δ,T ], he would pay
more money to bondholders at the terminal time T , which is not in his interest. Thus, we only
consider the CPCB’s price in [0,T −δ], and that price in [T −δ,T ] is equal to the corresponding
PCB’s price.

In general, under (H1)-(H3) and noticing the provisions of CCBs, if the issuer calls the
bond at τc∈ [0,T −δ], bondholders would convert bond at any time during [τc,τc+δ] or get call
payment Fc at time τc+δ. We would like to point out that, since there is a call notice period
in our model, the payment received by investors at call time τc isn’t Fc, which is quite different
from the existing results. In fact, the actual equivalent payment bondholders get (i.e, paid out
by the issuer) at τc should be Jτc , where Jt≡J(t;St,Fc,δ) is the price of the vanilla CB with
the face price Fc, maturity time δ, and all other parameters remain unchanged. Then, we have
the following lemma about it.

Lemma 4.1. For any 0≤ t≤T −δ, the price process J(t;St,Fc,δ) is a continuous monotone
increasing function about stock price St and given by

J(t;St,Fc,δ) =EP̃

[
e−

∫ t+δ
t rsdsmax{CSt+δ,Fc}|Ft

]
. (4.1)

Moreover, we have
J(t;St,Fc,δ)>CSt, ∀ 0≤ t≤T −δ,

and the terminal value J(T −δ;St,Fc,δ) satisfies

J(T −δ;St,Fc,δ)≥Xp
T−δ,

where Xp
t is the fair price of the PCB in Theorem 3.1.

Proof. According to Proposition 3.1, J(t;St,Fc,δ) satisfies the following BSDE:{
dJs= (rsJs+θsqs)ds+qsdWs, s∈ [t,t+δ],

Jt+δ = max{Fc,CSt+δ}.
(4.2)

Then, using the same method in Proposition 3.1, we can get the first assertion. For the second
one, firstly, solving the SDE (3.1) with initial value St, we obtain

St+δ =St exp{
∫ t+δ

t

(rs−
1

2
σ2
s)ds+

∫ t+δ

t

σsdWs}. (4.3)

Noting (3.7), (4.1) and (4.3), we have

J(t;St,Fc,δ) =CSt+e−
∫ t+δ
t rsdsEP̃ [max{Fc−CSt+δ,0}|Ft]>CSt,

since the term e−
∫ t+δ
t rsdsEP̃ [max{Fc−CSt+δ,0}|Ft]>0 (in fact, this term can be regarded

as the price of a corresponding European put option, which always has positive value). In
addition, under (H3), noticing (3.2), (3.9), (3.10) and (4.2), we get the second assertion by the
comparison theorem of RBSDEs. This completes the proof.

As is well known, if the issuer calls the bond at time τc, the investor will receive call
payment Fc at time τc+δ. By Lemma 4.1, we get that the actual payment of bondholders
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is equal to getting a vanilla CB at τc with maturity δ priced by Jτc . However, noting the
assumption (H3), the stopping time τc should satisfy Sτc ≥P cτc . Keep this in mind, we give the
following proposition.

Proposition 4.1. Under (H1)-(H3), if the issuer calls the bond at any time τc, the bondholder
will receive a pre-specified surrender price Lcτc at τc, where Lcτc is given by

Lct = max{J(t;P ct ,Fc,δ),J(t;St,Fc,δ)}.

Moreover, the payment process Lct satisfies

Lct >L
p
t , t∈ [0,T −δ).

Proof. Noting the soft call protection in (H3), the issuer can call the bond under the
corresponding stock price satisfying St≥P ct . By Lemma 4.1, we have that J(t;St,Fc,δ) is
a continuous monotone increasing function about St. Thus, when the firm’s call option is
exercised, bondholders’ obtain value is no less than J(t;P ct ,Fc,δ). Namely, the payment of
issuer (the bondholder get value) is Lct at any t∈ [0,T −δ]. For the second assertion, noting
Lemma 4.1, we have that Lct ≥J(t;St,Fc,δ)>CSt and Lct ≥J(t;P ct ,Fc,δ)>CP

c
t >Fc≥F ≥Fp.

Therefore, we achieve the second result.

Remark 4.1. When P ct ≡0 and δ= 0, the issuer can call the CPCB at any time during [0,T ],
i.e. the CPCB without call protection, which is studied by [33].

Inspired by [10, 18, 28], we formulate the pricing model of CPCBs as a Dynkin game by
using the DRBSDEs and get the main conclusion about this section.

Theorem 4.1. At any t∈ [0,T −δ], the value of the CPCB is given by Vt=Yt, where Vt is the
value function of a corresponding Dynkin game, and Yt satisfies the following DRBSDE

Yt=ξcp−
∫ T−δ

t

(rsYs+θsZs)ds+K
+
T−δ−K

+
t −(K−T−δ−K

−
t )−

∫ T−δ

t

ZsdWs,

Lps≤Ys≤Lcs,
∫ T−δ

0

(Ys−Lps)dK+
s =

∫ T−δ

0

(Lcs−Ys)dK−s =0,K+
0 =K−0 =0,

(4.4)

where ξcp=Xp
T−δ.

Proof. Prior to the contract maturity T , there are three situations wherein the bond
contract will be terminated: (i) for the bondholder, similarly with the proof of Theorem 3.1,
at stopping time τp, he has the right to execute convertible bond and get the payoff Lpτp . (ii)
for the firm, he can call the bond at stopping time τc, and the bondholder receives a fair
payment value Lcτc at time τc. (iii) if neither players execute during the contract period, then
at maturity date T , the investor can obtain max{CST ,F}. Noting the assumption (H3), we
should only consider the price of CPCB in [0,T −δ], which means that if neither players execute
during the period [0,T −δ], the investor can obtain Xp

T−δ at T −δ (since issuer wouldn’t call
behind T −δ, the value which investor can get is the fair price of PCB at this time). Then
for any given t∈ [0,T −δ] and stopping time τ = τp∧τc, there exists unique hedging portfolio
strategy (Ys(τ,Fτ ),πs(τ,Fτ ))∈L2

F(Ω;C([t,T ];R))×S2
F(0,T ;R) denoted by (Y τs ,π

τ
s ) to replicate

Fτ , where Fτ =Xp
T−δ1{τ=T−δ}+Lpτp1{τ<T−δ,τp≤τc}+Lcτc1{τ<T−δ,τc<τp}. Namely, it is the

solution of the classical BSDE associated with the terminal time τ and terminal condition Fτ :{
dY τs = [rsY

τ
s +(µs−rs)πτs ]ds+σsπ

τ
s dWs, t≤s≤ τ,

Y ττ =Fτ .

Then, we construct a unique strategy to replicate the value Fτ of CPCB for any τ ∈ [t,T −δ].
Denoting Zτs =σsπ

τ
s , we have{

dY τs = [rsY
τ
s +θsZ

τ
s ]ds+Zτs dWs, t≤s≤ τ,

Y ττ =Fτ .
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Thus, It(τc,τp),Y τt is the amount paid by issuer to holder. Naturally, the investor wants to
maximize It(τc,τp) by choosing τp and the firm tries to choose τc to minimize It(τc,τp). Hence
we can get the upper and lower values, respectively,

V t,ess inf
τc∈Tt

ess sup
τp∈Tt

E [It(τc,τp)|Ft], V t,ess sup
τp∈Tt

ess inf
τc∈Tt

E[It(τc,τp)|Ft]

of a corresponding stochastic Dynkin game. The value function Vt of the Dynkin game satisfies

V (t) =V t=V t a.s. ∀t∈ [0,T −δ].
Then, Vt is the price of this CPCB at time t by no-arbitrage principle (see Chapter 36 of [31]).
Moreover, using the similar method in Theorem 3.1, we can get that the value of this game is
given by Vt=Yt= It(τ

∗
c ,τ
∗
p ), i.e.

It(τ
∗
c ,τp)≤ It(τ∗c ,τ∗p ) =Yt≤ It(τc,τ∗p ), ∀(τc,τp)∈T.

Here, Yt is the solution of DRBSDE (4.4), and (τ∗c ,τ
∗
p ) is a saddlepoint given by

τ∗c , inf{s∈ [t,T −δ);Ys=Lcs}∧T−δ, τ∗p , inf{s∈ [t,T −δ);Ys=Lps}∧T−δ,

The saddlepoint (τ∗c ,τ
∗
p ) is called the optimal strategy for such a CPCB, where τ∗c and τ∗p are

the optimal calling and put back strategy, respectively. It should be pointed out that the price
Vt of the CPCB in terms of the solution of a BSDE with two reflecting barriers (4.4), can
also be achieved by Proposition 18 in [8]. Here, the executive payment Lpt for bondholders is
usually called the lower obstacle, and the calling payoff Lct is the upper obstacle. Moreover,
for the DRBSDE (4.4), by Proposition 4.1, we get that its two obstacles satisfy Lct >L

p
t and

Lct−δ≥Xp
T−δ≥L

p
T−δ, which means that it has a unique adapted solution (see [9, 19]).

Furthermore, using the same method, we obtain the following result about CCBs.

Corollary 4.1. The price process Xc
t of the CCB satisfies the following DRBSDE

Xc
t =ξc−

∫ T−δ

t

(rsX
c
s +θsZ

c
s)ds+K+

T −K
+
t −(K−T −K

−
t )−

∫ T−δ

t

ZcsdWs,

Ls≤Xc
s ≤Lcs,

∫ T−δ

0

(Xc
s−Ls)dK+

s =

∫ T−δ

0

(Lcs−Xc
s)dK−s =0, K+

0 =K−0 =0,

where Ls is defined in Proposition 3.1, and ξc=XT−δ.

Similarly with Proposition 3.1, by the excellent properties of RBSDE, we can obtain the
following relations about values of four types of CBs with same parameters.

Proposition 4.2. The prices of CPCB, CCB, PCB and vanilla CB, which have the same
parameters, have the following relations:

(i) The value of the CPCB is higher than that of the callable one, and PCB’s value is the
highest one of the three bonds. i.e. Xp

t ≥Yt≥Xc
t .

(ii) The value of the vanilla CB is higher than that of the callable one, and PCB’s value
is the highest one of the three bonds. i.e. Xp

t ≥Xt≥Xc
t .

Proof. Since two assertions are similar, we only prove the first one, and the second
one can be proved by using same methods. By Theorem 3.1 and Theorem 4.1, the values of
PCB and CPCB can be given by RBSDE (3.2) and DRBSDE (4.4), respectively. Since they
have the same parameter, the only difference between two RBSDEs is the upper obstacle, i.e.
RBSDE (3.2) doesn’t have the upper obstacle, in which case it can be regarded that the upper
obstacle is positive infinity. Using the comparison theorem of BSDE with two RCLL reflecting
barriers (see Theorem 4.2 in [9]), we can get the first inequation of (i). Similarly, for the
second inequation, since two barriers Ls and Lps satisfy Lps≥Ls, by the comparison theorem of
DRBSDE, we get the second inequation of (i), which completes the proof.
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By the virtue of BSDEs, in the following part, we give some useful results about the
sensitivity analysis of some parameters of CPCBs.

Proposition 4.3. The CPCBs have the following sensitivity properties:

(i) A higher risk-free interest rate rt will lead to a less bond price, i.e. let rt≥ r̃t, then Yt≤ Ỹt.

(ii) A higher call payment Fc (put payment Fp or face price F ) will lead to a higher value of

CPCBs, i.e. let Fc≥ F̃c (Fp≥ F̃p or F ≥ F̃ ), then Yt≥ Ỹt.

(iii) A higher soft call protection price P ct (soft put protection price P pt ) will lead to a higher

value of CPCBs, i.e. let P ct ≥ P̃ ct (P pt ≥ P̃
p
t ), then Yt≥ Ỹt.

Proof. The proofs of above three assertions are similar, so we only prove the first one.
Firstly, for the upper barrier, noting rt≥ r̃t and (4.2), using the comparison theorem of BSDEs,

we can get Lct ≤ L̃ct . Secondly, for the lower barrier, noting the definitions of ft, we have ft≤ f̃t,
and then we obtain Lpt ≤ L̃

p
t by (3.3). Lastly, by the comparison theorem of RBSDEs, we can

get the result Xp
t ≤ X̃

p
t , which means Xp

T−δ≤ X̃
p
T−δ. Thus, by the comparison theorem of

DRBSDEs, the result (i) can be proved.

Remark 4.2. In Propositions 4.2 and 4.3, we give some results about the relations of all
kinds of convertible bonds and a lot of sensitivity analysis of some parameters by properties
of RBSDEs, and in the next section, we will further list their relevant economic significance
through some numerical simulation conclusions.

Letting rt,µt,σt be deterministic functions and using the relationship between the solution
of BSDEs with two reflecting barriers and the obstacles problems for nonlinear parabolic PDEs,
we can get that the CPCB price process Yt,0≤ t≤T −δ is also a viscosity solution (or weak
solution) of a PDE (see [8, 20,25]).

Corollary 4.2. The following PDE
min

{
u(t,x)−Lpt (x),max

[
u(t,x)−Lct(x),

rtu(t,x)− ∂u
∂t

(t,x)− 1

2
σ2
t x

2 ∂
2u

∂x2
(t,x)−rtx

∂u

∂x

]}
= 0,

u(T −δ,x) =Vp(T −δ,x),

admits a unique viscosity solution and weak solution u(t,x). The CPCB price process {Yt,0≤
t≤T −δ} can be given as

Yt=u(t,St), ∀t∈ [0,T −δ],
where St is the price of underlying stock at time t.

5. Numerical simulation and sensitivity analysis
In this section, we calculate hedging strategies at the initial time t= 0 explicitly in the

case where all coefficients are constants and discuss the influence of some important parame-
ters, which can further illustrate our results obtained in this paper. Here we fix C= 10,rt=
0.03,µt= 0.1,σt= 0.3,P = 10,F = 105,P ct = 13,Fc= 108,P pt = 7,Fp= 102,S0 = 9,δ= 0.1 and T =
6 years throughout this section.

5.1. The price of four types of CBs: the influence of initial stock price
and maturity date. In this subsection, Figure 5.1 depicts the influence of S0 from 5 to
13 for all kinds of CBs. We find that the higher the initial stock price, the higher the price of
all kinds of CBs. Moreover, from Figure 5.1, letting all kinds of CBs have the same parameters,
we can see that the PCB is always the most valuable bond, and the CCB is the cheapest one.
In addition, prices of CPCBs and vanilla CB are between those two. They confirm our results
obtained in Proposition 4.2. This certainly makes sense, the holder should be expected to pay
an extra amount as a premium, since the holder of a PCB has an additional right to sell the
bond back to the issuer, which is similar to the conclusion in [34]. Furthermore, for CCBs, the
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Fig. 5.1. Four types of CBs’ values at initial time.

Fig. 5.2. The influence of maturity date T .

issuer has an additional right to call the bond before maturity date, so bondholders should be
expected to buy the bond at a lower price.

For the maturity date T , Figure 5.2 depicts that the prices of CBs change with the maturity
date T . It can be seen that convertible bonds without call options are monotonically increasing
functions of the maturity date, which confirms our results obtained in Proposition 3.2, but it
is surprising that the CCB doesn’t have this property. It is observed that when the maturity
date is closer to zero, all CBs have the same price, which decreases quickly to the face price F .
It coincides with our intuition, since the time given to the issuer and investors is too short to
execute their options, there is no difference between the right you have or not.

5.2. The sensitivity analysis of risk-free interest rate. In this subsection,
we keep all other parameters unchanged and let riskless interest rate rt vary from 0 to 0.1 and
volatility rates σt vary from 0 to 0.5. Figure 5.3 shows the price of CPCBs with respect to the
risk-free interest rate and volatility rate. To further clarify their relations, we let volatility rates
σt be constant 0.3, and then we get the Figure 5.4. It can be seen that a higher risk-free interest
rate will lead to a less bond price, which has been theoretically confirmed by Proposition 4.3
and can be easily explained: when the risk-free interest rate is higher, it gives more incentive
for investors to leave their money in a risk-free environment than buying a risky bond, resulting
a lower CPCB price as displayed in Figure 5.4.

However, for the volatility rate σt, there is no obvious relationship between it and the
price of CPCBs, which is different from the property of the vanilla CB showed in [29]. The
corresponding reason is that, the volatility can affect the executions of both call and put
options, which have the opposite effect on the CB price.

5.3. The influence of three types of payments. In this subsection, we discuss
the influence of three types of payments (e.g. face price F , put payment Fp and call payment
Fc).

Firstly, Figure 5.6 illustrates that, the face price makes positive effect on the price of
CPCBs, which is reasonable since the higher the face price is, the more profits an investor
gains at the maturity date from the bond characteristic of convertible bond. In addition, how
do the other two parameters affect the price of CPCBs is given by Figure 5.5, and it can be seen
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Fig. 5.3. The price of CPCBs for different risk-free interest rates and volatility rates.

Fig. 5.4. The price of CPCBs for different risk-free interest rates.

Fig. 5.5. PCBC price for different put/call payments.

Fig. 5.6. PCBC price for different face prices.

Fig. 5.7. PCBC price for different put payments.
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Fig. 5.8. PCBC price for different call payments.

Fig. 5.9. The price of PCBCs for different call and put protection prices.

Fig. 5.10. PCBCs’ price for different put protection prices.

Fig. 5.11. PCBCs’ price for different call protection prices.

that, comparing with call payments, put payments have a dominant effect on CPCB’s prices.
This certainly makes sense since when the issuer calls the bond, bondholders can choose to
convert their bonds to stocks and sell them at stock market, which can get more money than
call payment, and thus the influence of bond price about call payment is very small.

For a clearer recognizing and recording their influences, we get two more figures, i.e. Figure
5.7 and 5.8. From above three figures, if we increase the call (put) payment, the bond price will
increase, which can be easily explained: when the call (put) payment is higher, bondholders
can earn more money when the call (put) right is exercised, and it leads to a higher CPCB
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price as displayed in Figure 5.5.

5.4. The sensitivity analysis of protection prices. In this subsection, we
show how the prices of CPCBs change with the call and put protection prices as shown in
Figure 5.9. It can be seen that the price of the CPCB is a monotonically increasing function
of the protection prices no matter call or put.

On the one hand, as the put protection price becomes smaller, the bond price becomes
flatter as displayed in Figure 5.10, which can be easily explained: when the put protection
price tends to zero, the corresponding stock price hardly reaches the certain predetermined
level, and thus the bond price become tangent to the PCB price line.

On the other hand, as the call protection price becomes larger, the bond price becomes
flatter as displayed in Figure 5.11. When the call protection price is bigger enough, the issuer
has no chance to execute call right. Therefore, all the corresponding bonds’ values are similar
with the price of CCBs.

6. Conclusion
In this paper, the pricing problem of a CPCB on a single underlying asset is considered

via Dynkin game. By virtue of RBSDEs and DRBSDEs, the price and some properties of
CPCBs are given and proved. Using the connection between BSDEs and PDEs, we give some
numerical simulations and sensitivity analyses conclusions, which are provided to show some
interesting properties of CPCBs, subject to different values of some significant parameters.
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