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AN IMPROVED SMALL DATA THEOREM FOR
THE VLASOV-POISSON SYSTEM*

JACK SCHAEFFER'

Abstract. A collisionless plasma is modeled by the Vlasov-Poisson system. Smooth solutions are
considered in three spatial dimensions with compactly supported initial data. The main theorem of
this work is a small data result that improves an earlier theorem of Bardos and Degond in that it does
not require the derivatives of the initial data to be small. Another theorem is presented here that gives
a sufficient condition that ensures that the charge density decays as t—3, which is the rate which occurs
when asymptotically all particles disperse freely.
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1. Introduction
Consider the Vlasov-Poisson system:

Of+v-Vyf+eE-V,f=0
p(t,x)= [ f(t,x,v)dv (1.1)
E=[p(t,y)n=t=dy

where ¢ >0 is time, z €R3 is position, and v €R3 is momentum. f is the number
density of particles in phase space. Collisional effects are neglected. Since it makes
no difference to the methods used here, we consider only one species of particle, with
mass one. When e=+1 the system describes a collisionless plasma acting under its self
induced electrostatic field, E. When e=—1 the force is gravitational attraction, and
the system is frequently used in modeling a galaxy. The initial condition

f(O,x,v) :fO(l'vv)

is imposed where fy is given.
Let

Il folloe = sup{| fo(z,v)|: z,0 €R?},
10(t)llse =sup{|p(t,z)| : x € R?},
and

Co={fo € C3(R®): | folloo + 11D folloc < Co, fo>0,
and |z| > Cy or |v| > Cy implies fo(z,v) =0}

for some Cjy > 0.
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THEOREM 1.1.  Assume that fo €Co and there exist C >0 and p € (2,3] such that
lp(®)loe <CA+)7". (1.2)
Then there exists C, >0 such that
lp(t)]loc < Cp(141)7° (1.3)

for all t>0.

The intuition to this result is that the decay from (1.2) is sufficient to show that
after some time, T', the characteristics (particle paths) scatter and actually achieve the
full decay obtained in [1]. Thus we call this the scattering result. The condition p> 2
is used in the proof of Lemma 3.3, which is used in the proof of both theorems.

Our other main theorem is the following small data theorem:

THEOREM 1.2. There exist g >0 and C >0 such that if fo €Cy and

[ folloc <e€o

then

lp(®) | < Cllfolloo(1+8)7 (1.4)

for all t>0.

The small data result of [1] requires that ||D fy||s be taken sufficiently small, while
this theorem does not. Much of what makes this possible is Lemma 2.1 below, which
roughly says that a bound on ||p(t)||~ ensures that F is ”almost Lipschitz” in z.

That solutions remain smooth for all time was established in [22] and independently
in [19]. Much less is known about the large-time behavior of solutions. In the plasma
physics case some decay estimates follow from an identity developed in [17] (also in
[21]). Other time-asymptotic results in three dimensions are obtained in [15, 20, 27].
See [4,6,10-12,26] for results in lower dimension.

A major open question is “under what conditions do all the particles asymptotically
disperse freely (leading to (1.3))”. It is interest in this question that motivated this
paper.

Besides [1] we mention some other small data type results for collisionless kinetic
problems: For the relativistic Vlasov-Poisson system see [2]. For the relativistic Vlasov-
Maxwell system see [14] and also [5, 13,24, 28,30]. For the Vlasov-Einstein system
see [8,25], and [18]. For the Vlasov-Nordstrom system see [7]. For (1.1) we mention
also [16] and [29].

Finally we cite [9] and [23] as general references on rigorous kinetic theory.

The letter, C, is used to denote a generic positive constant which changes from line
to line. When a specific constant needs to be named so that it may be referred to later,
a numerical subscript is used, such as Cj in the definition of Cy. (), denotes a positive
constant which depends on p. Throughout the entire paper we assume that fy€Cp.
Hence we may bound the L; and L., norms of fy by a constant, C'; which depends on
Cp. Since these norms are conserved, these bounds hold at later times also. We define
X (s,t,x,v) and V(s,t,z,v) by X(t,t,x,v)=xz, V(tt,z,0)=0,

dx

prnid
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and

We also define
Q(t) =sup{|v|: there exists z € R® and s €[0,¢] such that f(s,z,v)#0}.

That Q(t) is finite for all ¢ >0 was shown in [22]. This paper is organized as follows: the
second Section 2 contains preliminary lemmas. The main lemma of the paper (which
both theorems rely on) is in Section 3. Section 4 is the proof of Theorem 1.1. Section
5 is the proof of Theorem 1.2. Finally a few technical arguments are in the Appendix.

The results of this work would hold equally well if multiple species of particles were
considered. A single species has been taken to streamline the presentation. Similarly
the results are valid for e=+1 and for e=—1. We will just consider e =+1 throughout.
Hence from here on the letter e denotes the real number where the natural logarithm
is unity. Similarly we expect that the above results may be generalized to solutions
that decay as = tends to infinity but do not have compact support in z, but we assume
compact support here to streamline the presentation.

2. Preliminaries
In this section we prove some preliminary lemmas. For this entire section we assume
that

o) lloc <n(148)7" (2.1)
holds for 0 <t < T, where T}y € (0,00)U{+00}, p€(2,3], and 0 <n<C. Define

lif 0<z<e

log™(z) =
log(z) if e< .

The following lemma may be viewed as a replacement for the Calderon-Zygmund in-
equality which fails for the L norm.

LEMMA 2.1. There exists Cy >0 such that

\ 1
[E(t,x+h) = E(tz)] <Cin? (1+1) 7" |h|log" (o5

) (2.2)

for 0<t<T, and z,h€R3 where p; :2+§(p—2).
Proof. We have

:c+hfy r—y
E(t,x+h)—E(t,z) 7/ , - d
1B( =1 [ ot +h_y|3 el

z+h
2.
/ plt.a—2)| |7 ~ (2.3)

Note that for |z| > 3|h|, we have |z+h|> 2|z| so

|z13(z+h)—|z+h|2z

| z+h =
lz+hl> 23 |z +h[3|z?
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|2 = [z +BI?| 2]+ ]2 ||

S 2 3|3
(512)°l=]

27, _ _
== (271 4R = [27 + 12 ~[A).

Using the mean value theorem it may be shown that (for |z| > 3|h|)

|z+h)* = |2*| < Cl|h|
and hence (2.4) yields
z+h z
2| <z P ).
| Al <O

Returning to (2.3) we have for R> 3|h|

\E(t,x+h>—E<t,x>|s/ 10(8) oo (12 -+ h| 2+ 2] 2)dz
|z|<3|h|

L OlClel P bz + R [ (b2l
3|h|<|z|<R R<|z|

<Clo(®) (|h| T |mog<?j2>) L Olp(t) R

R
<C (17(1+t)_p|hlog*(3|h)+R_2> .

Let
R=(n(1+t)"?[n])~"/2.

If R>3|h| let R=R. Then (2.5) yields

E(t h)—E(t <Cn(1+t)"Plhllog* (L)
[Bt.a+h) = B(t,2)| <Cn(L+1) 7 hllog™ (5 -7 577).
If
p/2
EDHLPS
3771/2|h\3/2 =

then (2.2) follows immediately from (2.6), so consider

(14t)P/2
3771/2|h|3/2 > €.

Then (2.6) becomes

(Bt -+ )= B(t,2)] < On(1+1)~"|hl3log( G

< Cn(1+) 7 h] (log(1+1) +log(3) +log(

i)

(2.5)
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Using p1 =2+ 2(p—2) and < C, this yields

1
|E(t,x+h)— E(t,z)| <Cn|h|(1+1t)~P* +C(1+t)"’|h|nl/2+Cn(1+t)_p|h\log(m)

1
<C' (1407 (bl + |l og(171)
1
SCnl/z(lth)*mIhllog*(m)’
which is (2.2).
Finally if R <3|h|, take R=3|h|. Then using R <3|h|, (2.5) yields

Bt a4+ h) — E(t,2)| <Cn(1+1) 7 |h] + b ~2)
<On(1+1)77|h].
O

LEMMA 2.2.  Let t>0 and S€C?[0,t]. Assume that %5 (s) vanishes at s=t and that
a € C[0,t] is nonnegative with

d?s (1
E(s)lﬁa(s)\s(s)\log (‘5(3)\)

for all s€[0,t]. Let

A:exp(—/o (r+ Da(r)dr),
then for |S(t)| <exp(—1/A) we have

1S(5) 1152 (5)] < s o)1

for all s€[0,t].
Proof. Note that

and

SO
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and let
T=inf{s€[0,{]:S<e ! on [s,t]}.

That the set defining T is nonempty follows from the assumption that |S(t)|<
exp(—1/A). Then by explicit calculation

E(S) = |S(t)|EXD(7H(T+1)O‘(T)dT) (27)
on [T,t]. But then
E(T) — |S(t)‘exp(ff%(TJrl)oz('r)dT)
<SS <e™,

so it follows that T=0. Now since the mapping z+ zlog*(2) is increasing it follows

xT
that

on s€10,t]. Now the lemma follows by (2.7). |

LEMMA 2.3. Let C; and py be as in Lemma 2.1 and define
A=exp(~Cin'?(p1-2)7).
There exists C >0 such that for 0<t<T, and |z —y|<e /4 we have

lo(t,x) = p(t,y)| < Cla—y|*.
Proof. For any veR3 let

S(s)=X(s,t,2,0) = X (s,t,y,0).

Then by Lemma 2.1

d2s
‘E(S”:‘E(S,X(S,t,x,’())—E(S,X(S,t,y,’l)))‘
1
<a(s)|S(s)|log*
(=)S()llog" (r577)
where
as)=Cn'/?(1+45) 7P
Note that
t [ee]
/(7+1)a(7)d7'§01771/2/ (14+7)"Prdr
0 0
=Cin'?(p1—2)7"
SO

exp(—/o (1+7)a(r)dr) > A.
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By Lemma 2.2 (and since ‘fls (t)=v—v=0)

1SO)1+1% )] < |5(0)* = 2~y
Hence
[ (t.,0) = F(t,,0) | =| (0, X(0,£,2,0), V(0,t,2,0)) = £(0, X (0,£,4,0),V (0,,5,0))|
<V OISO+ (0))) < Ol g/ (2:8)

Note that for any s>0,z€R3, and R>0

lp(s.2)| 75 lp(s,2)]
|E(s,2)| < Jis_.i<r Tz zZ dZ+ [is_ g Gosp d?
< C(llp(s)lloo R+ [lp(s) 1L B72)
< C(lp(s)lR+R72).
Taking
R=|p(s)l|"*
and using (2.1) yields

1E(s)lloo < C0?/?(145) 7277

and hence
0+ [ 1B e
0
2/3 2p -1
<C+Cn (E—l) <C. (2.9)
Now by (2.8)
|p(t,l’) 7p(t7y)‘ = |f|v‘<Q(t)(f(t7xaU) *f(t,y,’l)))d’l)|
< Cla—y| 42 Q* (1) < Clu—y|4,
completing the proof. 0
Define

cz,y €R? with 0< |z —y| <e”/4}

lo(t >||H_Sup{w

where A is defined in Lemma 2.3.

LeEMMA 2.4.  There is Cp, >0 such that

D2 ) < Clog ﬁ”(p>(||1!H” ()]l (2.10)
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Proof. From page 345 of [3] we have

4 3 — )2 —ly—z|?
O B(t) = = pt)+ [ (ol =pt0) e =) —ly =l
3 ly—z|<d ly — x|

3(yr —x)? =y —z|?
+/ p(t,y) (e —ow)"—Jy—a] dy|
ly—z|>d

ly—z[
for any d>0. So for 0<d<e /4 and R>d we have

4m I _
0u Bt < T Ol + IOl | [y=aTaly—a]dy

ly—z|<d

o) oo / dly—a|Pdy+ / (AR dy
d<|y—z|<R R<|y—zx|

<y (10BN 1) oo+ (1) 1™ + B). (211)
Define
o)l 15
= ol
and
B lp(t) |7

Ifage_l/Z and R>d we take d=d and R=R and obtain

|02, E(t,2)] < C(1+1og(5))[|p(t)]|

1/A
< Clog® ('“') 16(8) o
lo( 571

. ERSyo
< Clog? (0L
o)1

< Cylog® (L) [o(t) oo,

which is the bound stated in (2.10).
If d>e /4 we take

d=e /4
and obtain (using d> e~ Y4 in (2.11))
00, Bi(t,)| < C((1+log(Re!/ ) |p(t) | oo + B ~).

If R>e /4 we take R=R and obtain

|axkEk<t,x>|scplog%m)up(t)nm
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and otherwise take R=e~1/4 which yields

|0 B3 (8, 2)] < Cpl| p(t)] oo

In the remaining case (d<exp(—1/A4) and R<d), we take d=R=d. Then (2.11)
and R<d yield

|0 B3 (8, 2)| < Cp| p(1)] oo

Thus in all cases

L+ [lp(8) ||

O, Ex(t,x)| <C, log*<
192, Ei(t,2)] < Gy 120

)60l
For i #k from page 346 of [3] we have
100, Ex ()] = | [}, _pj<a(p(t:y) — plt,2)) 22l =20) g
ly—=| ly—=

3(y;—x; :—T
t Jc gy P(ty) Sl m) gy

for any d >0. Proceeding as before leads to the same estimate and (2.10) follows. |

LEMMA 2.5. There is Cp >0 such that
1+t p
D2 E(t)||oo < Cplog (T)n(lﬂ) (2.12)

forte[0,Ty).

Proof. Since z++log*(£)z is increasing it follows from Lemma 2.4 and (2.1) that

ol

D.E <Cplog*
H x (t)”OO_CP Og ( 77(1+t)7p

But Lemma 2.3 yields

o)l <C.

Using this and n <C we have

D2 B(t) e < Cpn(1-+1) Plog™ ()

< Cyn(1+) Plog” (L (G-t

= Cyn(1+1)7log" (C(HE1)?)

and (2.12) follows. O

3. The main lemma

Both Theorems 1.1 and 1.2 rely on Lemma 3.3 below, which appears in [1]. We
present a different proof than that of [1] and emphasize that the assumptions on higher
order derivatives made in [1] are not made here.

We will use the follwing two technical facts whose proofs are in the Appendix:
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LEMMA 3.1. Let A,BeR? with A, >0, B, >0, and

1
B,——|B|<A
kol Bl= Ak
for k=1,2,3. Then

2
]2 Z|B|.

LEMMA 3.2. Let M €R3xR3 and B >0 such that
|Mz| > Blz|
for all z€R3. Then
|det(M)|> B>.
LEMMA 3.3.  For any p € (2,3] there exists €, >0 such that if
[1DzE()]|co <ep(1+t-T)7"

holds on [T,T4) with 0<T, Ty € (T,00)U{oc}, then

1

X
el —(s—DI|< _
2 sotn) — (s )T < (15,
2
\X(s7t,x,v)—X(s,t,x,w)|Zg(t—s)\v—w|,

and

det(Go(s,t,0))| 2 (3 (6-5))°

for T<s<t<Ty and z,v,weR3. Also
lo®)lloe <Cllfolloe(1+T)*Q*(T)(t =T)

forte(T,Ty).

Proof.  Let us temporarily suppress the dependence on (¢,z,v) and write

0X
R(s)= %(s,t,x,v) —(s=t)1.
Then
dR
R(t)= g(t) =0
and

d’R

3 (5)=DaB(s, X () (R(s) + (s = )])

SO

[R(s)| = |/ (7= ) Do (7, X (7)) (R(7) + (7 =) )dr].

(3.1)

(3.2)

(3.3)
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Assume that
[DzE(s)||oo <€(1+s=T)7"

holds on [T, T} ). Restrictions on € will be imposed as needed. Then

|R(s)|§e/ ﬁ(mmm—ﬂdr

Integration by parts yields

t(r—s T — — —s
L2 | = (- 1) (p-2) (i

s—t
T (A4t—T)r-2 2f (47— T)P 2)|

< Cp(t—s)
SO
R <a(o)+ [ IR
where
a(s)=Cpe(t—s)
and
—e(1 —T\-P > Ti_s
B =e(l4r=T)' 2 e
By Gronwall’s inequality
IR(s)] < a(s)+ [T a T)els Blwdu gy

< Cpe(t—s5)+Cre(t—s) fTO" B(r)elz Bwdugy

= Cpe(t—s)(1+Cpeere).

Hence for e sufficiently small (3.4) holds.
To prove (3.5) let us write

X (v)=X(s,t,x,v).
Let
Ak = |Xk(”l)) ka(w)\
and
BkZ(t—S)|U/c—wk|.
By the mean value theorem there is £ such that

Ap = [VXi(§) - (v—w)]

= By = |[VXi(§) - (v—w) = (s =) (vk —wp)]-

731
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By (3.4) it follows that
A.>B ! (t—s)| |=B ! |B|
e DA L A L

o (3.5) follows by Lemma 3.1.
Next, from (3.5) it follows that

(Do X (v))u| =

ot Do

(t—s)|ul

for any v,u € R? and now (3.6) follows from Lemma 3.2.
Writing

X()=X(T,t,z,v), V(v)=V(T,t,z,v)

we have
_ . ; det(a—f) ’
[ 1teaman= [ prxw.ve D ey
where
S={v: f(t,z,v)#0}.
Now by (3.6)
|det(FO)]
[tana<ismi [ 5 e
=P folle 6 T) .
{X(v)weS}

Consider v € S, then

ft,z,v)=fo(X(0,t,2,0),V(0,t,2,v)) £0

SO

1X(0,¢,2,v)| < C.
Hence
X (0)] = |X(0,t,2,0) + [ V(s,t,2,0)ds|
<C+f0 (8)ds<C+TQ(T)
< C(1+T)Q(T).
Now by (3.8)

/ F(t2.0)do < Ol foll o (L+ T2 Q¥(T) (1~ T) 3

and (3.7) follows.
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4. The scattering result
Assume that

lp)]loo <C(1+1)77 (4.1)
for all ¢ >0 with p € (2,3]. Then taking n=C, (2.1) holds and Lemma 2.5 yields

. _
1Dz E(#)lloo < Cplog™(=7=) (1 +1)77.

Let
2
p1 :2+§(p*2)
and choose ¢,, as in Lemma 3.3. Choose T}, >0 such that
1+t
Cylog" (—H)(1+1)" 7 <,
for all T'>1T,. Then for t>T,
HDIE(t)Hoo < Cpl()g*(%)(l""t)_p
< €P1(1+t)_p1 Sepl (1+t—Tp)_pl'
Now by Lemma 3.3 (with Ty =00)
lp(®) oo < Cllfolloe (1+T,)° Q% (Tp) (= T;)
for t>1T,. Since T), <C),, we have
(1+T)°Q%T,) <Gy
and for ¢ >21,+1
lo(t)lloo < Cp(t=T,) * < Cp(t+1)7".
But from (4.1)
lo®lloe <C<Cy(t+1)77

on 0<t<T,, so (1.3) follows.

5. The small data result
5

Let p= 35 and choose ¢, as in Lemma 3.3. By Lemma 2.4 we have
[ D2 E(0) oo <e€p
for || follso sufficiently small. Define
Ty =sup{7>0:|| Dz E(t)|lco <ep(1+t)7P for all t€[0,7]}.

We assume T is finite and derive a contradiction. Since 7% is finite we have

[ D E(T4) oo = €p(14+T24) 7. (5.1)
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Taking T'=0 we have
D E(t)|loo < ep(L+t)7"
on t€[0,74) so by Lemma 3.3
lp(®)lloo < Cll folloct ™ (5.2)

for t€(0,T4). For 0<t<1
<[ Ol
[v[<Q()

4 4
QW olle < TQ Wl Aol
<C[follso- (5.3)
From (5.2)and (5.3) it follows that
lp(®) | < Cllfolloo(1+8)7 (5-4)
for t€[0,7). This is (2.1) with
1=Clfollc: p=3

so Lemma 2.5 yields

w11 _
1Dz E(t)]|oo < Clog™ (i) C |l folloo (1 +8) 7
CHfO”oo
for t€[0,74). It follows that
14T,

D,E(T)||a < Clog* (=t

We take || follco small enough that

)Cll folloo(1+T4) 72

Clfollee <e™,

then
o - B 1+T
log" (=) (A +T4) 72 = (14 T4 ) 72 log(arimi=)
—1/2 z
<7 1og(m) 20 foll
r=e 0floco
—1/2

= Cllfoll=">.

Hence

ID2B(Ty)lloo < CllfollCl folloo (14T )75/

= Ol foll X2 (1+T4) 52,

For || fo|lco sufficiently small this contradicts (5.1). Hence Ty =+o0 for e sufficiently
small and (5.4) holds for all ¢t >0 completing the proof.
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Appendix. To prove Lemma 3.1 define

Then

1
G={k:Bi=¢|BJ}.

S B =1B- Y. B2 (Bl - Y (Bl > 1181
g Ge Ge

Also, for kg

SO

and (3.1) follows.
To prove Lemma 3.2 define e(*) € R3 by e

2

) 1 1 2
Ak>(Bk_7|B| =3Bk t5 (B k—*|B|)

|A|222Ai
g

L
B>~ (~-|BJ?

P = e

and choose ¢1,¢9,c3 €R and P, PG) e R3 such that

Me? = clp(l) _|_p(2)’

and

Then

But

and

o (3.2) follows.

| Pl

Me® =g PW 4¢3 PP 4 PO,

p). p@

_p). p® _ p@ . pBd) _g,

|det M|=[PW | PP P,

|P

|p(2)| = |Me(2) — Clp(1)| = |M(e(2) _Cle(l))|

(1)|

=|MeV|>BleM|=B

> Ble®® —cieM| > B,

8| = [Mel® -, PO — ¢, PO)|

1
4

= |Me® —cyMe™) —c3M(e? —creM))]

= [M(e® +(cre3 —cz)e) —cze?))
> Ble® + (cre3—c)e™ —cze?|
> B

)

B

2
k

gk) =1if i=k and 0 otherwise. Let

735
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