COMMUN. MATH. SCI. (© 2021 International Press
Vol. 19, No. 4, pp. 1051-1069

LOCAL ERROR OF A SPLITTING SCHEME FOR A NONLINEAR
SCHRODINGER-TYPE EQUATION WITH RANDOM DISPERSION*
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Abstract. We study a Lie splitting scheme for a nonlinear Schrédinger-type equation with random
dispersion. The main result is an approximation of the local error. Then we can deduce sharp order
estimates, for instance in the case of a white noise dispersion.
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1. Introduction
We consider the nonlinear Schrédinger equation with white noise dispersion. It can
be written as

u(t,a:):uo(x)—i-i/o g;;(&,x)odW(0)+/O g(u(0,2))d0, (t,2)€[0,1] xR,  (L1)

where ug € L?(R,C), W is a Brownian motion and g is a complex nonlinear function.
The existence and the uniqueness of the solution are established for instance for a
Lipschitz nonlinearity in [15], for a cubic nonlinearity in [7], and for a quintic nonlinearity
in [8]. Regarding its numerical analysis, several schemes have been studied (for example
in [3,5,6,10,15]). In particular, a Lie splitting scheme is analyzed in [15]. Among
other results, it is proven that the order of the scheme is at least 1/2 and numerical
experiments show that this order is 1 (also shown in [5] and [3]). In addition, order
estimates have been established when the Brownian motion W in (1.1) is replaced by
another process. For instance, if W is an a-Holder function (a€(0,1)) then the order
is « (see [15]), or if W is a fractional Brownian motion with Hurst index H € (0,1) then
the order is H (see [9]). As in many other works dealing with splitting schemes for other
deterministic or random equations (see for instance [1,2,4,9,15,17]), the study of the
order crucially involves estimates of the local error.

In this paper we consider a Lie splitting scheme for a nonlinear Schrodinger-type
equation with random dispersion. This equation has the same form as (1.1) but W is
a random process (or eventually a continuous function) and i0? / 922 is replaced by a
more general operator.

Under assumptions on the moments of the random dispersion term, we establish
an expansion of the local error, which gives us more information than the usual esti-
mates. As a corollary, if the dispersion term is defined from a process with independent
increments and mean zero, we deduce a sharp order estimate. In the particular case
of a white noise dispersion, we show that the order of convergence of the scheme is 1.
This has been theoretically or numerically observed for splitting or other schemes (for
instance [3,5,15]) for Equation (1.1).

The paper is organized as follows. We present the framework in Section 2. The
main result about the approximation of the local error is given in Section 3. Section 4
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is devoted to the proofs. In Section 5 we discuss an application to order estimates. In
Section 6 we study another splitting scheme. Numerical results are presented in Section
7.

Throughout the paper we denote by L? the space L?(R,C), by ||-|/z2 its norm and
by (-,-) 2 its inner product. For every o € N, we denote by H? the Sobolev space of func-
tions f € L? such that &~ (1+|£[2)°/2F(f)(€) € L? where F is the Fourier transform.
The norm is denoted by || - || g+ and the inner product by (-,-) g

In this paper we consider a probability space (2,7,P). The expectation is E and if
¢>1 and M is a random variable taking its values in a normed space F'=(F,||-||r), we

denote {/E[|[M||%] by [[M||Ls ) when it is well defined.

2. Framework

2.1. Nonlinear Schrodinger-type equation with random dispersion. Let
ug be a function in L2, g be a function from C to C, a be a function from R to R and W
be a continuous stochastic process. We assume that there exist C,, >0 and o €N such
that for all £ €R,

|a(€)] < Cal(1+€1)772 (2.1)
We consider the following nonlinear Schrédinger-type equation

w(t,z) = o (@ /Au@a:)odW(G) /Og(u(e,x))de, )01 xR  (2.2)

where odW stands for a Stratonovich-type differentiation we explain below and A is the
operator on H? such that for all fe H,

Af=F Y€~ ial§)F()(€) (2.3)
where F is the Fourier transform with respect to x.
We define
A={(s,t)€[0,1]%|s<t}. (2.4)

Equation (2.2) is rewritten as
u(t,z) = X(0,)uo(z / X (6,8)g(u(6,2))d6, (t,7) € [0,1] x R (2.5)

where the family of operators {X (to,t)}(,,1)ea is defined such that for every v € L? and
every (to,t) €A,

X (to,t)v=F " (exp(ia(-)(W(t) =W (t0))) F(v)). (2.6)

Notice that for all peN, || X (to,t)v| gr =||v| g» because a and W are real.

REMARK 2.1. This framework includes deterministic or stochastic nonlinear
Schrodinger-type equations which have many applications to physics. If W (t) =t for
all t€[0,1] and a(&)=|¢|P for all £€R with p>0, then (2.2) is a deterministic non-
linear Schrodinger-type equation such as a fractional Schrodinger equation (see for in-
stance [13,14]) or a high-order Schrédinger equation (see for instance [11,12]). If W
is a Brownian motion and a(£)=¢2 for all £ €R, then (2.2) is a nonlinear Schrédinger
equation with white noise dispersion.
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Throughout the paper, when g: (Rz,32)— g(2) is considered as a function of two
real variables, we assume that for all k£ € N* its partial derivatives of order k exist and are
bounded. This implies that g and all its derivatives are Lipschitz functions. Therefore,
for every k€ N* its differential of order k denoted by V*¢ is bounded. Moreover, we
assume that g(0)=0 and (Vg)(0)=(0,0).

REMARK 2.2. Let M be a positive constant and f:R; — R, be a smooth and
increasing function satisfying f(z) =2 if x <2M and f(x)=3M if 2 >4M. If we define
g as g(z)=izf(]z|?), then g satisfies the assumptions above. With such a function g, if
M is large enough then Equation (2.2) has locally the same solution as in the case of a
cubic nonlinearity, which is more usual in applications to physics.

Under these assumptions, we can prove (as in [15] for instance) that there exists a
unique solution to (2.5) denoted by u and almost surely in C([0,1],L?). We denote by
S={S(to;t)}(to,t)ca the family of operators on L? satisfying S(to,t2) = S(t1,t2)S (to,t1)
if tg <t; <ty and such that the solution u is given by u(t,z) =5(0,¢)ug(x). Moreover, we
denote by Y ={Y(t)}+cjo,1) the family of operators such that for every ug the function
w: (t,x) = w(t,z) =Y (t)ug is solution of

w(t,:z:):uo(x)+/0 g(w(0,x))do, (t,z)€[0,1] xR. (2.7)

2.2. Lie splitting scheme. We define
d:={(n,h) eNx (0,1]|nh <1}.

For all to€[0,1] we denote by uy, the (random) function wu(to,): x> u(to,x). In order
to approximate uy,y for all (n,h) € d, we define the (Lie) splitting scheme as

ul =27 Zhug (2.8)

where Z!':=Z((k—1)h,kh) for all ke {1,---,n} and Z(to,t):=Y (t—to)X (to,t) for all
(to,t) € A. We also define SP':=S((k—1)h,kh) for all k€ {1,---,n} such that

._¢h h
Upp =S, - ST uo.

We fix two real numbers $>1 and o >0. We assume that W is a stochastic process
with continuous sample paths and finite moments of order 3, and such that there exists
C' >0 such that for all (s,t),

E[|W (t) —W (s)|?] < C|t — s|°~. (2.9)

REMARK 2.3. For instance, a fractional Brownian motion (see [16]) with Hurst index
a€(0,1) satisfies (2.9) with g =2.
The following theorem generalizes error estimates proven in [15].

THEOREM 2.1.  Let meN and ug € H™ 7. If B, o and W satisfy (2.9) then there
exists a constant C >0 such that for all (n,h) €4,

||Unh—UZHLg(Hm)SCha. (2.10)

Proof. The proof is a consequence of Lemmas 2.1 and 2.2, and similar to the proof
of Theorem 4.1 in [15]. O
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The following lemma gives the uniform boundedness of the Lie splitting scheme
defined by (2.8).

LEMMA 2.1. Let k€N and ug € H*. There exists a (deterministic) positive constant
C, which depends only on g, k and ||ug||gx, and such that almost surely and for all
(n,h) €4,

1Z3 Zy 1+ Z3 wo | s =l || s < Ce.
Proof.  The proof is similar to the proof of Lemma 4.4 in [15] and uses (4.13). 0O

The following lemma establishes an upper bound for the local error of the scheme.

LEMMA 2.2. Let meN and up€ H™ 7. If B, a and W satisfy (2.9) then there exists
a constant C' such that for every (tg,t) € A,

1S (to,t)usy — Z(to,t)ug, ||L€(Hm) <O(t—to)' .

Proof. We have

S(t07t)uto - Z(toat)uto = X(0>t) {g(s(t(),e)uto) - g(Z(t(Le)uto)}de

+ | X(0,1)g(Z(to,0)us,) — 9(Z(to,0)ur, )dO

+/ (9(Z(to,0)uty) —g(Y (0 —t0) X (to,t)ur,)) db.

to

By the Cauchy-Schwarz inequality, (2.9), Lemmas 4.9, 4.6 and 4.10, we get

t
18t0, 0ty = 2(d0, ) gy SO =00 | 11Tt 0)uay = Zlt0, 0Vt 1, 0

+C(t—t)P1+e),

The proof is completed with the Gronwall lemma. O

3. Local error

The local error estimate given in Lemma 2.2 is a crucial step of the proof of Theorem
2.1. In this section we establish an expansion of the local error. As a consequence, in
Section 5 we improve the error estimate of Theorem 2.1 if W has independent increments
and mean zero.

Throughout the paper we use the notation

((5)o0nln) = (e o0 )R+ (060 ) 301

0 0
for all ¢y and ¢; € L2, where 9 and 99 are the first partial derivatives of g. Notice
oRz 03z

that ((Vg)ogo|p1) is then in L.
For every ve H? we define

Go=A(gov) - ((Vg)ov| Av). (3.1)
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We fix two real numbers $>1 and a€(0,1]. In this section we assume that W is a
stochastic process with continuous sample paths and finite moments of order 23, and
such that there exists C' >0 such that for all (s,?),

E[IW (£)— W (s)[2%] < CJt — s[27 (3.2)
As a consequence, by the Cauchy-Schwarz inequality we also have
E[|[W (t) — W (s)|?] < V|t — 5P and E[(W (t) — W (s))}] < VOt — s[> (3.3)

For all (t9,t) € A we define
t
I(to,t):/ (W(t)—W(6))db. (3.4)
to
The following theorem establishes an expansion of the local error.
THEOREM 3.1.  Let meN and ug € H™27. If B, a and W satisfy (3.2) then there
exists a constant C >0 such that for every (to,t) € A,

||S(t0,t)ut0 — Z(to,t)uto —I(to,t)guto ||Lg(Hm) < C(t_ t0)2a+1. (35)

Hence, the local error Sﬁu(n_l)h —Zﬁu(n_l)h can be approximated by Iﬁgu(n_l)h
where I" =I((n—1)h,nh). Notice that in the case of a white noise dispersion (if W is
a Brownian motion), we have

E[1Gt(n—1)n] =0 (3.6)
because the Brownian motion has independent increments with mean zero. This is

important in Section 5 in order to improve the order estimate of the scheme.

4. Proof of Theorem 3.1
In Subsection 4.1 we present the main steps of the proof of Theorem 3.1. Technical
Lemmas are postponed to Subsection 4.2.

4.1. Main steps of the proof of Theorem 3.1. For all ¢; and ¢, in L?, we
define

R(¢1,02)=gopa—god1 —((Vg)od1|p2—¢1). (4.1)

Hence, for every v € L? and every (to,t) € A,

S(tg,t)va(to,t)v:/ (X(6,t)—1Id)(gowv)de

to

+/t<(Vg)ovS(toﬂ)v—Y(G—tO)X(to,t)v>d9

to

+/ (X(0,t)—1d){((Vg)ov|S(ty,0)v—v)d

to

+ / (X(0,1)R(v,S(t0,0)0) — R(v,Y (0 —to) X (to,)v))do.  (4.2)

to

The proof of Theorem 3.1 is based on lemmas dealing with the terms of (4.2).
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We fix m €N and ug € H™27. For simplicity, in this subsection the function w,, is
denoted by v, and the letter C stands for a (deterministic) positive constant which is
independent of (¢g,t) and may change from line to line. We recall that we assume that
B, o and W satisty (3.2).

LEMMA 4.1. There exists a constant C such that for every (to,t) € A,

Proof. Using the Cauchy-Schwarz inequality and Lemma 4.6, we get

=/ 1(X(0,t) =Td)(gov) = (W (t) =W (0)) A(gov)| rrm dO

< C(t 7t0)1+2a.
LE(H™)

[ (0.0 -1)(gov)ds- 1(ta, ) Algov)

to

| (0.0 -1)(gov)ds - 1(ta, ) Algov)

to

Hm™

<[|A*(gov)|

H/t |W(t)—W(9)\2d9§C/t W () — W(0)[2d0.

Then Lemma 4.10 and (3.3) complete the proof. 0

LEMMA 4.2. There exists a constant C such that for every (to,t) € A,

t
<O (=107 10 [ 18000000 2000001 00 )
to Q

B

/t (Vg) 00| 8(to,8)0— Y (80— to) X (to,1)0)d8 + I (t0,£){(Vg) o] Av)

LE(H™)

Proof. We have

[ (99)001tt0,0)0 Y (010) X (0, )0)d0+ It )(F) 0] 40

to

z/ ((Vg)ov| X (to,0)v— X (to,t)v)dO + I(tg,t)((Vg)ov| Av)

to

+ [ ((T9)ou] (¥ (0—t0) ~ 1) X, B)0— (¥ (0—t0) ~ T X0, 1)0)d9

to

+/t<(Vg)ovS(toﬁ)v—Z(toﬁ)v)dG. (4.3)

to

We then study the terms of the right-hand side of (4.3). By (4.12) and Lemma 4.6, we
have
¢

< [ {(Vg)ov| X(to,0)v — X (to,t)v+ (W (t) = W(0))Av)|[ i db

to

/ (V9)ov| X (to,0)0— X (to,t)u)db+ (Vg) ov| Au)I(to.1)

to HHm

<Cl[(Vg)ou|

H+/ 11X (t0,0)0— X (to,£)0+ (W (£) = W (6)) Av| s d8
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<C|| A%y / W (£) = W (0) |/ TW (£) — W () 2+ [V (8) — W (to) [26.

Then by Lemma 4.10 and (3.2) we get

/t ((Vg)ov| X (tg,0)v— X (to,t)v)dd+ {((Vg)ov| Av)I(tg,t)

Lo(H™)
(4.4)
By (4.12) and Lemma 4.10, we also have
t
| [ (@000l (0-10)-10)X(0.0)0- (00~ t0) - 10X 1)) 9
to Lg(H'rn)
t
<C ||( (9 to) — Id)X(to,G)v — (Y(e —t()) —Id)X(to,t)’U”Lé(Hm)de
<c [ / (0= t0) X (t0,0)0) — 9(¥ (0= t0) X (to,)0))dor 1m0
to to
<C(t—to) HX(tm Jv—X(to,t)0ll g (gm0
to
<C(t—t0)* <C(t—to) 12, (4.5)
and
t B
’/<(Vg)ovS(to,ﬁ)v—Z(to,G)v>d9
to L2 (H™)
t
<C(t—to)"" | |IS(to,0)v— Z(to,0)0]| 5 ... db. (4.6)
" Hm)
By (4.3), (4.4), (4.5) and (4.6), we prove the lemma. d
LEMMA 4.3.  There exists a constant C' such that for every (to,t) €A,
t
‘/(X(G,t)Id)((Vg)ovS(to,Q)vv>d9 <C(t—to)' 2.
to LA™
Proof. By Lemma 4.6, (4.12) and Lemma 4.10, we have
t
[ (0.0 -1)(Va)001S(00.0)0- )t
to H™
t
(W () =W (O)[[{(Vg)ov|S(to,0)v—v)| pym+odb
to
<C(Vg)ovl srmse / W)~ W (O] t0.0)0— o] - ld
Clt—tg)" / (W (6) = WO 1St0,0)0 ] .. . (47)

From Lemmas 4.11 and 4.10 and (3.2), we deduce

B

/t (X(6,t) —1d){(Vg)ov|S(to,0)v—v)db

LE(H™)
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<C(t—t0)5_1/t

to
SO(t _ to)ﬁmin{1+2a;2+a} < O(t _ to)ﬁ(lJrQQ)7

E[(W(t)—W(e))ﬁ((W(a)—W(to))2+(9—to)2)ﬁ/2] a6

which completes the proof. 0

LEMMA 4.4. There exists a constant C' such that for every (to,t) €A,

where R is defined by (4.1).
Proof. We have

tX(H,t)R(v,S(tO,H)v)dG

to

< C(t _t0)1+2a
L&,(H™)

t t
X(@,t)R(v,S(to,G)v)dHH gc/
H™ to

to

S(to,0)v— 2” a9
St 00 —of?

t
SC ||S(t0,9)’U—U||Hm+1||S(t079)1}—7)||Hmd9.

to

By Lemma 4.11, we have
18 (to,0)v — vl grm+1 1S (to,0)v = vl| 5 < C(IW () =W (t0)|* +10 —to]*)
and by (3.2) we prove the lemma. d

LEMMA 4.5. There exists a constant C such that for every (to,t) € A,

where R is defined by (4.1).
Proof. We have

tR(v,Y(G—tO)X(tO,t)v)dG

to

< C(t_to)l-i-?oz
LG,(H™)

t

‘(Y(@ —10)X (to,t)v —v)QHHmdQ.

/tR(uY(H —t) X (to,t)0)d0||  <C

to HHm to

Then the proof is similar to the proof of Lemma 4.4. ]
Finally, we give the proof of Theorem 3.1.

Proof. (Proof of Theorem 3.1.) By (4.2) and Lemmas 4.1, 4.2, 4.3, 4.4 and 4.5,
there exists a constant C' such that for every (tg,t) € A,

B
HS<t07t)U7Z(tht)v7I(t07t)gv”Lé(Hm)

t
SC((t_t0)5(1+2a)—|—(t—tO)ﬁ1/ S(to,@)l]—Z(to,@)l]”ig(}[m)do). (48)
to

Moreover, because of Lemma 2.2, we have

_ B _+\B(1+a)
[S(to,t)o = Z(to, )0l 5 7,y < ClE=t0)
and then, with (4.8),
E[||S(to,t)v — Z(to,t)v — I (to,t)Go| gy ] /P < Ot —to) 1+,

which completes the proof. ]
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4.2. Technical lemmas. Throughout this subsection, m is a positive integer
and, unless otherwise mentioned, W is a general real continuous function.
In the following lemma we establish properties of X.

LEMMA 4.6. Ifve H™Y7 then for every (t1,t2) €A,
(X (1, t2) =Id)o] m < W (E2) = W (E2)|[|v][ o (4.9)
If ve H™29 then for all ty, t1 and to such that to <t; <to, we have
I(X (to,t2) = X (to, t1))v — (W (t2) = W (t1)) Av|[3m
<|W (ta) =W (t0)[2(1W (t2) = W (82) [ + W (t1) = W (t0) [*) [0 7m0 (4.10)
In particular, if to =11 then
(X (1, t2) —Id)v — (W (t2) — W (t1)) Av|

Proof.  We assume that v€ H™+27, If we define r:z+e'* —1—iz then we can
write

(X (t1,t2) —=Id)o— (W (ta) = W (t1)) Av=F 1 (= r(a(&) (W (t2) = W (1)) F(v)(£)).

Because of (2.1), we get

i S |W(t2) =W (e[l e (4.11)

(X (1, t2) = Id)v — (W (t2) = W (t1)) Avl[Fm < W (t2) = W (t2) |*[0]| 720
which gives (4.11). The proof of (4.9) is similar to the proof of (4.11). We have
1(X (t0,t2) = X (to, t1))v — (W (t2) = W (t1)) Av|[m
<C|W (t2) =W (t2)) ][ (X (to, 1) — 1d) Av|[Fm
+CI(X (to,t2) = X (to,t1))v — (W (t2) = W (t1)) AX (to, 1) |3
By (4.9) and (4.11) we get (4.10). 0

The Sobolev inequality ||¢1]|z= <c||¢||z: (for all ¢€ H') implies the following
lemma.

LEMMA 4.7. For every méeN, there exists c,, such that for all ¢y € H™! and
¢2€Hm7
@102l Erm < cml| @1l rms || D2l (4.12)

The following lemma deals with Sobolev norms of a composition of functions.

LEMMA 4.8. Let peN*, v€HP, and f:R?>—=R be a p times differentiable function
such that f(0)=0 and V¥ f is bounded for all k€ {1,---,p}. Then there exists a constant
Cp—1>0, which depends only on f, p and |v| ge-1, and such that

1fovllir < Cprlloll (4.13)

Proof.  Since f(0)=0, we have || fov|r2 <||Vf|lcollv|lz2. Let p>1. By differenti-
ating p times, we get

p k
102(fov)lz2 <CIV fllocllOZ0ll 2 +C Y IV*fllos D [[o%v

k=2 (1, k) Em(k,p) lT=1 L2
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where
w(k,p)={(l1, ) 1<h < <lp<p—-1,1+ -+l =p}

and C is a constant which is independent of f and v, and may change from line to line.
By (4.12), we get

P k
102 (fov)llre <CIV fllsollOBollz +CY IV fllo D Nollgn [T ol

k=2 Iy, lx)Em(k,p) r=2
p k—1
SCUIVAlso4 D IV e >0 llellg [T Nolstess | 10l
k=2 (U1, k) Em(k,p) r=2

P
<C <|Vf||oo+z IV fllo ||v||’§;21-1> [0l] o

k=2

1
where H ---=1. This completes the proof. 0
r=2

The following lemma deals with Lipschitz continuity with Sobolev norms.

LEMMA 4.9. Let p€N*, vy,v5 € HP, and f:R?> =R be a p times differentiable function
such that f(0)=0 and V*f is bounded for all k€ {1,---,p+1}. Then there exists a
constant Cp, >0, which depends only on f, p, ||v1||mr and ||ve||gr, and such that

[f evr = fova|r < Cpllvr —vel| e (4.14)

Proof.  We use the same notation as in the proof of Lemma 4.8. Moreover, we

denote the vector (0L1v,---,0%v) by (0L v)g for v=wv; or v=w,. Differentiating p times,
we get

102(f ovr = fova)llL2 <[V F)(01)(0Fv1) = (Vf) (v2) (07 v2) | 2

3 D@D 0k~ (VF ) (02)(0h w2 o

k=2(l1,--- lp)en(k,p)
Using (4.12), we get

(V) (01)(05v1) = (V ) (v2)(9Fv2) | 2
<V (1) (95v1) = (V) (v2) (OFv1) [ 2 + (V) (v2) (Fv1) — (V. f) (v2) (05 v2) | 2
<V flloollor = val |0 || 12

IV flloollvr = vl e
<V Flloollor e + 1V flloo) 01 — w2 o

For all k> 2,
(V5 ) (01) (85 01)i = (V* ) (02) (0 v2)i]| 2

<I(VF ) (1) (05 v1)k = (Y £) (02) (0% v1)k | 22
F(VE ) (02) (05 01)k — (Y £) (02) (95 v2) k|| 2
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By (4.12), we have
(V5 £) (01) (5 01k = (VF £) (02) (05 01 )i 2

k
<IVE Fllsollon —valla T llonllee o S UVET fllosllor = vall e 01| 7o-
r=1
Moreover,
H(V’“f)(vz)(al'vl)k—(V'“f)(vz)(al'vz) 2
SHV’“fllooZHal v =02 HHHIW 01]l0o H 105 2|0
Jj=1 r=j+1
<[V fllooHvlfvzllngHvlll ool
Jj=1

This completes the proof. 0

The next lemma gives an estimate for the solution u of Equation (2.5).

LEmMA 4.10. Let meN and ug€ H™. There exists a positive constant C, which
does not depend on W, and such that the solution u of Equation (2.5) satisfies for all
te0,1],

[wtll e + g (we) L + 1| (Vg) (we) [ rm < C-

Proof. 1In this proof, C' is a constant which does not depend on W and ¢, and may
change from line to line. We define the sequence {vj}ren such that vo=wug and for all
keN,

Vg1 (1) = X (0,t)ug(x / X(0,t)g(ve(6,2))d0, (t,z)€[0,1] x R. (4.15)

We recall that vy —u in C([0,1],L?) as k— oo (see [15]). Similarly to the proof of
Lemma 3.3 of [15] and by using Lemma 4.8, we prove that there exists a constant C’
such that for all k and t, |Jvg(t,")||gm <C. As in the proof of Lemma 3.6 of [15], w

deduce that for all ¢, |Ju(t,-)||gm <C. We then prove that for all ¢, ||g(u(t,-))|| gm SC
and H(Vg)(u(t,-))HHm < C by using the assumptions on g and Lemma 4.8. |

The next lemma establishes properties of Y, Z, and S.

LEMMA 4.11. Let meN. If uge H™, then there exists a constant C, which does not
depend on W, and such that for all (t1,t2) €A,

1Y (t2 —t1)ue, —ue, |[mm <C(ta—t1). (4.16)

If ve H™Y9, then there ewists a constant C, which does not depend on W, and such
that for every (ti,t2) €A,

1Z(t1,ta)ue, =, [|5rm < C(IW (t2) =W (t2) >+ [ta — 11 ]?) (4.17)
and

IS (t1,t2)ue, —usy [Frm SC(IW (t2) =W (t1)]* + [t2— 11 ]?). (4.18)

Proof.  The proof of (4.16) is a consequence of Lemma 4.8. We get (4.17) and
(4.18) by (4.16) and Lemma 4.6. O
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5. Order estimate
In this section we assume that W is a random process such that for all £ >0,

wio= o(0)dB

where B is a standard Brownian motion and ¢:(0,00) =R is a (deterministic) function
such that there exist Cy >0 and b> —1/2 such that for all ¢ >0,

|6(t)] < Cwt”.

This ensures that W(t) is well defined for all ¢. We can also deduce that there exists
C >0 such that for all (¢,s) € R?,

E[(W(t) =W (s))*] <CJt s (5.1)

where a=1min{2b+1;1}. Following Theorem 2.1, if ug€ HP™ then there exists a
constant C' >0 such that for all (n,h) €4,

et =l 12, 0y < CR. (5.2)

Notice that W has independent increments with mean zero. This enables us to improve
(5.2) by applying Theorem 3.1. In Theorem 5.1 we establish that the order of the scheme
is at least 2« instead of a.

THEOREM 5.1. For every pEN, if ug € HPT2% then there exists a constant C >0 such
that for every (n,h) €4,

||Unh_UZ||L;Z7(Hp) §0h2a. (53)

In this section, the letter C' stands for a constant which does not depend on (n,h),
unless otherwise mentioned, and may change from line to line. The proof of Theorem
5.1 uses Lemmas 5.1, 5.2 and 5.3 which are established at the end of this section. The
proof of Lemma 5.1 uses Theorem 3.1.

Proof. Let peN. For all (n,h) €6 we write
[tnn —upllEre = B1(n,h) + B2 (n, h) + 2R E3(n, h)
where

E1(n,h) =Sk um—1yn — Zhwm—1)nlHe Ba(n,h) = || Zhum—1yn — Zhul ||,

and F3(n,h)= (S’Zu(n,l)h — Zﬁu(n,l)h,Zﬁu(n,l)h — ZZUZ_1>Hp,
and we define
EN =E|lunn —up | Fo] = |[tnn — UZ”zL;“z(Hp)-
By Lemma 2.2, there exists C such that for every (n,h) €4,
E[E;(n,h)] < Ch**2e, (5.4)
By Lemma 5.2, there exists C' such that

Ex(n,h) < exp(Ch)|[ugn—1yn —un 1[50,
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and, therefore,
E[Fy(n,h)] <exp(Ch)E"_,. (5.5)

From (5.4), (5.5) and Lemma 5.1, we deduce

EM <Ch*T2 fexp(Ch)E!_ | +ChIT2 /el |
and then, because

pit2e,Jeh | <ChMAY 4 ChEr |,
we get
EM <O fexp(Ch)EM |

for all (n,h) €4§. Then we deduce (5.3). 0

The remaining part of this section is devoted to lemmas we use in the proof of
Theorem 5.1.

LEMMA 5.1.  Let peN. With the same notation as in the proof of Theorem 5.1, if
ug € HPT29 then there exists C' such that for all (n,h) €4,

[B[REs(n,h)]| < Ch'+2 [el . (5.6)
Proof. For all (n,h) €6, we define
Ri(n,h)= Sﬁu(n_l)h — Zﬁu(n_l)h - Iﬁgu(n_l)h,
and
Ra(n.h) = Zpugn—1yn — Zpup = 1A+ W A) (ugn-yn —up_q)
where W =W (nh)—W((n—1)h). We write

Eg(’fl,h) :<Ir}igu(n—l)ha (Id+W7]ZA)(U(n_1)h 7’11,2_1))}];7
+ (Iﬁgu(n_l)h,Rz(n,h»m
+ <R1 (nah)azsu(n—l)h - Z;LL’U”7171>HP'

From the Cauchy-Schwarz inequality, Theorem 3.1 and Lemma 5.2, there exists C' such
that

[E{(Ry (0, 1), Zhuuryp — Zhih )] S CRIF2 [Eh
By the Cauchy-Schwarz inequality and Lemmas 4.6 and 5.3, there exists C' such that
EULEGuqn- s Ra(n )] < ORI\ [l <ontae feh .
Since Brownian motion has independent increments with mean zero, we obtain

IE[(L}Guin—1yn, Ad+ W A) (ugn—1yn —ult 1)) me]|
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=[EINWIE[(wn—1)h, A(un_1yn — s _1)) ]|
:|E[ISW7}LL]E[<_AU(n71)h7u(nfl)h —ul_ Vgl < Cht2ey[eh_ .

As a consequence, we get (5.6). d

LEMMA 5.2.  Let peN. With the same notation as in the proof of Theorem 5.1, if
ug € HP then there exists C such that almost surely and for all (n,h) €4,

1Z ) uin—1yn = Z w1yl <exp(Ch)|[ugn—1yn = uf, 1|l mo-

Proof. Tt suffices to prove that for all (vy,v) in HP X HP there exists a (deter-
ministic) constant C, which depends only on g, p, ||vi||m» and ||vz] e, and such that
almost surely and for every (to,t) €A,

12 (to,t)v1 — Z(to,t)va2|| mr <exp(C(t —to))|lv1 —val mr.
‘We have
Z(to,t)va — Z(to,t)v1 =X (to,t)va — X (to,t)v1

" / (9(Y (0 t0) X (to,t)v2) — g(¥ (0 to) X (fo,t)vn) ).

to

By Lemma 4.9,

/ <g<Y<0to>X<to,t>v2>g(tho)X(to,t)vl))do]
<C | ||[Y(0—t0)X (to,t)va—Y (0 —1t0) X (to,t)v1||medd

to

HP

and by the Gronwall lemma we get
||Z(t0,t)’l)1 — Z(to,t)’l)z”Hp §exp(C(t—t0))||X(t0,t)(1)1 —’UQ)HHP
=exp(C(t—1to))||v1 —v2|mr-

This completes the proof. 0

LEMMA 5.3. Let peN. With the same notation as in the proof of Lemma 5.1, if
ug € HP*29 | then there exists a constant C such that for every (n,h) €4,

| Ra(n,h) ”L?Z(HP) <Ch*® ||UZ—1 - u(nfl)h”L'g’z(HP)-

Proof. We write

h, h h
Znun—l - Znu(n—l)h

=(1d+ W, A) (ufy_y —t(n—1yn) + (X} =1d =W A) (ugy_y — (1))

nh
+/ (g(Y(0—(n=D)R)Xpup_1) = g(Y (0 — (n—1)h) X u(n—1n))db.
(n—1)h

The proof is completed by Lemmas 4.6 and 4.9. ]
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6. Another splitting scheme

6.1. Setting and results. In this section we deal with another splitting scheme
for Equation (2.2). Using the same notation as in Section 2.2 we define for all (n,h) €6
the (Lie) splitting scheme

_n h
h =7 ..

n- 7};’&0

where 72 :=Z((k—1)h,kh) for all k€ {1,---,n} and Z(to,t):= X (to,t)Y (t—tg) for all
(to,t) € A. This is another Lie splitting scheme. Under the same assumptions as in
Section 2.2 we establish an order estimate for this scheme. The proof is omitted because
it is similar to the proof of Theorem 2.1.

THEOREM 6.1.  Let meN and ug€ H™ . If B, o and W satisfy (2.9) then there
exists a constant C >0 such that for all (n,h) €4,

||unh_ﬂZHLg(Hm)§Oha~ (61)

Under the same assumptions as in Section 3 we have the following result that we
prove in the next subsection.

THEOREM 6.2. Let meN and ug € H™27. If B, a and W satisfy (3.2) then there
exists a constant C such that for every (to,t) € A,

||S(t0>t)uto - Z(t()vt)uto JrJ(t07t)guto ”LEZ(H"L) < C(t*t0)2a+1

t
where J(to,t) = / (W (0) — W (t))d0.
to
Therefore, the local error Sﬁu(n_l)h —7Zu(n_1)h can be approximated by
—JGu(p_1yp, where JI'=J((n—1)h,nh).
As a consequence, we have the following result regarding the global error if W is
Gaussian and have independent increments and mean zero.

THEOREM 6.3. Let W be a process as defined in Section 5. For every peN, if
ug € HP*27 then there exists a constant C >0 such that for every (n,h) €4,

||unh7ﬂ']rll||Lé(HP) SChQa- (62)

We omit the proof of Theorem 6.3 because it is similar to the proof of Theorem 5.1
with —J" instead of I". Notice also that the results of Lemmas 2.2, 5.1, 5.2 and 5.3
still hold if we replace Z with Z.

6.2. Proof of Theorem 6.2. We write

S(to,t)v—7(t0,t)v:/ (X(0,6)— X (t0,8))(gov)d0

to
t

+ [ X(to,t)((Vg)ov] S(to,0)v—Y (9 —to)v)de

to

+/t(X(97t)—X(t07t))<(Vg)oU|S(t076)v—v)d9

to

+ / t (X(0,)R(v,S(to,0)v) — X (to,t)R(v,Y (0 —to)v))dO  (6.3)

to
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where v=1;,. By using the same tools as in the proof of Lemma 4.1 we get

In the same way as for Lemma 4.2 we obtain

t
§C<(t—to)ﬁ(1+2a) +(t —to)ﬁil/ 1S (to,0)v — Z(to,0)0]|" d9> -
to

<C(t—to)'T2e,

/ (X(0.1)— X (to,1))(g0v)d8+ T (f0, 1) A(g o)
L (H™)

to

B

/ X (t0,8){(Vg) 00| S (t0,0)0— Y (60— to)o)db— J (t0.1) ((Vg) ov]| Av)

L&, (H™)

Lé (H'm)

Similarly to Lemma 4.3 we can prove

<C(t—to)tH2,
LG (H™)

/’(X(e,t)_X(to,t))«vg)ov|5(t0,9)v—u>d9

to

By Lemma 4.4 we have

and as for Lemma 4.5 we get

Finally we deduce from above that

< C(t . t0)1+2a
L5 (H™)

/tX(Q,t)R(v,S(tO,G)v)dH

tX(to,t)R(U,Y(a —to)U)d@

to

<C(t—to)tT2,
Lg(an)

||S(t0,t)v—7(t0,t)v+J(to,t)gvHig(Hm)
gC((t—to)ﬁ(l““) +(t—to)?! /tt ||S(to,t9)v—Z(toﬂ)v||ig(Hm)d9>
and we complete the proof as for Theorem 3.1 and by using
||S(t0,t)vff(to,t)vHLg(Hm) <CO(t—to)tte

which is proven as Lemma 2.2.

7. Numerical results

In this section we present numerical simulations. We consider Equation (2.2) with
g(u) =iulul?. We assume that a(¢)= &2, the initial condition is ug(x) = exp(—22/2) and
W is a fractional Brownian motion with Hurst index H € (0,1) (see [16]), namely a

Gaussian process with mean 0 and such that for all (s,t) € [0,1]?,
1
E(W (£)W (5)) = 5 ([H12 + || = [t = s*").

For all ¢ €[0,1] we define L(¢)ug by

L(t)’LLO = ||S(0,t)U0 - Z(Ovt)uO”L%(L2)~
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Fig. 7.1. Sample paths of W, |S(0,-)uo(0)], |Z(0,)uo(0)|, and |S(0,-)uo(0)—Z(0,-)uo(0)| with
H=1/3.
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FiG. 7.2. Sample paths of W, |S(0,-)uo(0)|, |Z(0,)uo(0)|, and |S(0,-)uo(0) — Z(0,-)uo(0)| with
H=2/3.
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H=1/3 H=2/3

Iogz(L(t)uO) and (1+H)Iogz(t)
Iogz(L(t)uo) and (1+H)Iogz(t)

log. (0 log. ()

F1G. 7.3. Log-log plot of t— L(t)ug with H=1/3 and H=2/3 (solid line) and line of equation
y=(14+H)x (dashed line).

As a consequence of (7.1), for all (s,t) €[0,1]?,
E((W(t)—W(s))*) =t —s[*", (7.3)

which implies that W satisfies (3.2) with a«=H and S=1. Moreover, by Theorem 3.1
(and Remark 2.2), there exists C' >0 such that, as t -0,

L(t)ug~CtH+1, (7.4)

whereas Lemma 2.2 gives only an upper bound. We illustrate this result with the
numerical simulation of L(t)ug. This involves the computations of W, X and Y.

The process W is Gaussian, then its computation is obtained from a square root of
its covariance function given by (7.1). The family of operators X is implemented from
(2.6) with the fast Fourier transform. The nonlinearity term is g(u)=1iu|u|?, then Y is
given by Y (t)v(z) =v(x)exp(itjv(z)|?) for all (t,z)€[0,1] xR and v€ L?. We use the
Lie splitting scheme defined by Equation (2.8) with a very small time step in order to
compute the solution w: (t,2)+— S(0,t)ug(z) of (2.2).

Figures 7.1 and 7.2 show sample paths of W with H=1/3 and H=2/3, and their
corresponding |S(0,-)uo(0)], |Z(0,-)uo(0)|, and |S(0,-)ue(0) — Z(0,-)ug(0)|. Figure 7.3
shows that L(t)ug is approximately proportional to t+! with H=1/3 and H=2/3.
This is in good agreement with (7.4). The computational domain for the variable x is
[—2%4V/2,24y/2] with 2! points. The time step is 2719 for the simulation of the solution
u. The mathematical expectations are computed with averages over 1000 samples.
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