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LONG TIME EXISTENCE OF
THE BOUSSINESQ EQUATION WITH LARGE INITIAL DATA IN RV*

GUOWEI LIUT AND WENLONG SUN¥

Abstract. In this paper, we study the long-time existence of smooth solutions to the Cauchy
problem for the Boussinesq equation with large initial data in R™. Due to the strong dispersive effect
in the Boussinesq equation, the method of combining the blowup criterion and Strichartz estimate are
used to show that the lifespan of the solutions can be taken arbitrarily large provided that the dispersive
coefficient is large enough.
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1. Introduction
In this paper, the following Cauchy problem of the Boussinesq equation in R™ is
studied

{uttazAquaQAQuAf(u), (z,t) ER" xRT, (L1)

w(z,0) =up(x), us(2,0) =u (),

where the dispersive coefficient « is a constant and f(u)=+u? or f(u)=+u|u[P~! is the
general nonlinear term with an integer p > 2. The first equation of (1.1) was first derived
to describe shallow water waves by Boussinesq [1] in 1872. It also covers other various
physical phenomena. For example, it was used to model the nonlinear vibrations along
a string in [3,38] and describe two-dimensional irrotational flows of an inviscid liquid in
a rectangular channel in [22].

The Cauchy problem (1.1) has been studied by many mathematicians. Various local
existence theories in different spaces were established in [2,3,10,11,19,22, 33, 35]. For
small initial data, the papers [3,7,11,22,24,26] established the global smooth existence
of solutions. The asymptotic behavior and scattering of solutions were established
in [7,24-26]. For large initial data, the papers [8,16,20,21,23,27-31,37] studied the blow
up and singularity. Later, Liu and Xu [28] and Yang and Guo [37] obtained global weak
solutions. Farah and Linares [13] got the global mild solutions and Farah [9], Farah and
Ferreira [12] established the scattering of mild solutions. Since the Boussinesq equation
actually is a nonlinear hyperbolic equation, as it is well known, it is difficult to obtain
the global existence of smooth solutions because of the possible singularities. As far as
we know, the global existence of smooth solutions to (1.1) for large initial data is still
open.

This paper will make a forward step in this direction to get the long-time existence of
smooth solutions for large initial data. More precisely, we shall show that for given initial
data (ug,u1) € H* x (H*"2NH~') with s>2+2 and time T, there exists a positive
number «a(ug,u1,T") such that the Boussinesq equation admits a unique smooth solution

*Received: October 28, 2019; Accepted (in revised form): December 21, 2020. Communicated by
Feimin Huang.

tSchool of Mathematical Sciences, Chongqing Normal University, Chongqing, P.R. China (guowei
liu@cqnu.edu.cn).

fCorresponding author. School of Information and Mathematics, Yangtze University, Jingzhou, P.R.
China (wenlongsun1988@163.com).

1137


mailto:guoweiliu@cqnu.edu.cn
mailto:guoweiliu@cqnu.edu.cn
mailto:wenlongsun1988@163.com

1138 BOUSSINESQ EQUATION WITH LARGE INITIAL DATA IN R"™

on the time interval [0,T] provided a > a(ug,u1,T). This also gives a lower bound for
the maximal existence time of solutions to (1.1) in terms of the dispersive coefficient «
and initial data.

Since the operator is a zero order Fourier multiplier, there is no difficulty of

A
VIVi-&
loss of derivatives of the nonlinear term while using the contractive mapping argument

to get the following local existence of solutions uniformly with respect to a.

THEOREM 1.1.  Let s€R satisfy s> 5(n>1) and X = H*® x (H*"2NH""). Then for
any given a>1 and U o= (up,u1) € X, there exists a Ty € (0,00) uniformly with respect
to a such that (1.1) admits a unique smooth solution satisfying

uEC([O,To],Hs)

In order to extend the local solutions to be global ones, we derive the high energy
estimate

T
) e <l yems+ ol Jeso ([t ar).

Inspired by the works [17,32] on the Euler equations in the rotational framework (see
also [4-6,15, 34, 36] for other fluid dynamics models in different settings), we will take
full advantage of the dispersive effect in the Boussinesq equation to give the control of
the time integration fOT [u(r)||?='dr by means of a bootstrap argument with the help
of Strichartz estimate (space-time norm). Eventually, we obtain our main result in the

present paper by the continuous argument.

THEOREM 1.2.  Let s€R satisfy s> 5 and X =H"x (H*"2NH™'). Then for any
T e (0,00) and o= (ug,u1) € X, there exists a positive ag=cv(s,T,||Wollx) such that
if a>ap, the Cauchy problem (1.1) possesses a unique smooth solution satisfying

weC([0,1]: H?).

In particular, for ¢>max{4,p—1} there exist a positive constant Co(q) and a positive
constant Cy = C1(s,q) such that the parameter g can be taken so that

—1

_ _p=1 _ q
0o 2 Co [L+ [T |5 Texp{Cr T~ "7 W05 ] (12)

REMARK 1.1. Theorem 1.2 shows that the smooth solution to (1.1) uniquely exists on
any arbitrary finite time interval [0,7] for large initial data Uoe X with large dispersive
coefficient a.

REMARK 1.2. Suppose that the dispersive coefficient « is fixed, from the character-
ization of (1.2), the maximal existence time T, of the solutions to (1.1) has the lower
bound

Cy «

To > ————In(=;),
ITol% " Co

with some positive constants C((q) and C1(s,q).

The outline of this paper is as follows. Section 2 is to prove the local existence.
Section 3 aims to derive a Strichartz estimate for the dispersive operator and Section
4 is to establish the blowup criterion for the Boussinesq equation. In Section 5, we
establish the long-time existence of smooth solutions.
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Throughout this paper, the letter C' denotes arbitrary constants which may differ
from line to line. In particular, C=C(:,-,-) will denote the constant which depends
only on the quantities appearing in parenthesis. The symbols LP(1<p<o0), H*(s€R)
and H 5(s€R) denote the Lebesgue spaces, inhomogeneous and homogeneous Sobolev
spaces, respectively. The Fourier transform and its inverse are denoted by F,F ! or
“,%, respectively.

2. Local existence
Now we derive the explicit representation of the solutions by the method of the
Green function. Consider the fundamental solution to the Cauchy problem

8ttG—Oé2AG+062A2G:0, (2 1)

G(z,0)=0,8,G(x,0)=4. '
Taking the Fourier transform in (2.1), we get

atté+a2\§|26'+a2|£|4é:0.

A . (2.2)

G(£,0)=0,0;G(£,0)=1.

The symbol of the Equation (2.2) is
242 |¢P +a?|¢)r =0.
By a direct calculation, we obtain

T=Fiap([¢]), p(¢]) = ¢V I+[E%, (2.3)

which reflects the dispersive relation associated to the first equation of (1.1). Then
solving the Cauchy problem (2.2), we get

Aoy sinap(Et) 1 iap(€Nt _ ,—iap(l€l)t
CED="00e)  ~ zaip(e) ¢ )

0,GH(E,1) = cos(ap((€]) ) = 5 (eI 4 ¢iontlEDr),

By the Duhamel principle, we obtain the solutions of Cauchy problem (1.1) in the
integral form as follows

u(z,t) =0;G(x,t) xug+ G(x,t) xuy —|—/0 G(x,t—7)x Af(u)dr. (2.4)

In what follows, we will use the symbols |V|%,g(|]V]) defined by F(|V|*f)(§)=
€ F(f)(€) and F(g(|V])f) (&) =g(|€])F(f)(&), respectively. We first recall some useful
results in order to control the nonlinear term, see [7,26].

LEMMA 2.1.

(i) For any s€R, r1 € (1,00],r3 € (1,00), 1

_ 1 1
=t then we have
-1
IV f (W)l < Cllullf ey, [[Voul[ e
11 u,v € n and ||u|| e < V|| <M, then
i) I H*NL*® d <M, <M, th
-2 -2
1f () = ()| rs <Cllu—vl| zoe ([Jullz= + [0 =) (JullF + 01T

—1 —1
ol (a2 + oll225)]

where C' depends only on M.
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Then with the help of Lemma 2.1, we can establish the local existence by means of
the contractive mapping argument.

Proof. (The proof of Theorem 1.1.) To begin with, we construct a suitable
metric space

Y= {u(t) €C(0,To; H*), |[ull o (0,ms0) < 2/ ol

with the natural metric d(u,v)=||u—vl|re(0,1;m+). Then the metric space (Y,d) is
complete, which can be proved by using the standard way, one can refer to [7].

According to the representation (2.4) of solutions to (1.1), we introduce the mapping
N as follows

N(u)(x,t) =0;G(x,t) xug+ G(x,t) xus +/0 G(z,t—7)xAf(u)dr

Next we are going to prove that the mapping N(u):Y —Y is a contractive one.

Step one: We show N:Y —Y. For any u€Y, by the Plancherel identity, o >1,
Lemma 2.1 and the embedding H*® < L for s > %, we have

t
IN ()| e < [[0:G(,t) % uo| 1z +\|G(fﬂat)*u1|\Hs+/ |Gz, t=7)*«Af ()|l meds
0

= /(14 6P)2 cos(ap(€l)t)ioll = + o~ L+ ¢?)/2 SnepiEN 5

eyl
t .
tat / (1+|§I2)S/QW€I2f(f(U))IIdes
t
suuo\|Hs+|\‘7§|u1||Hsfl+ / 1) -
T
<|Tollx +C / 2= o -
T
<[ Tollx +C / /2. ds. (2.5)
0

It follows from (2.5) and uw €Y that

T
Il < Il +C [ e 0085 < [ Tollx + CToll
<[ @ollx +2°CTo|| ol x (2.6)
By choosing T such that 2PCTy <1, we get from (2.6) that
IV (@) Lo 0, 10:) <2/ o]l x

which implies N:Y —Y.

Step two: We verify that the mapping N is contractive. For any u,v €Y, it follows
from the Plancherel identity and Lemma 2.1 that

[N (u) = N(v)|

/||G t—T)x A(f(u)— HHedT</ | f(u )| =dr
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t
—2 —2 -1 -1
SC/O llu—vllze (lull e + ol (ulL+ ol + e —vllae (Jullze +llvlz<)lds.
(2.7)

From (2.7), the embedding H*® < L* for s > % and the fact u,v €Y, we obtain

To
d(N (u),N(v))=|N(u) = N(0)|| o< (0,1 115) < C2P H70H§(_1/0 llw—=vll Lo (0,705 15) ds
< CTy2rtt ||70||§(_1d(u,v),

which implies that, by choosing Ty such that CTp2PH! || |/% ' <1, the mapping N is
contractive in the complete metric space (Y,d).

To summarize, it follows from Step one and Step two that, by choosing Ty indepen-
dently of o and small enough, the existence and uniqueness of solutions u € C(0,Tp; H*)
to the Cauchy problem (1.1) are obtained directly by the contractive mapping principle.

O

3. Strichartz estimate
We first recall the definition of the Littlewood-Paley decomposition.  The
Littlewood-Paley multipliers A ¢z are defined by

A =F T ((5))

where 9 € C§°(R™), suppyp C {£ € R"|1/2 <|€| <2} such that
-
VEAD, Y u(g)=1.
jez
The low frequency multiplier x(V) is defined by
_ 1 S
X(V)f=F A= ()]
j>1
Then, we recall the definition of the inhomogeneous Besov space.

DEFINITION 3.1. For seR and 1 <p,q<o0, the inhomogeneous Besov space Bf),q(R")
is defined to be the set of all tempered distributions such that the following norm is finite

1£1lBs, = 1Ix(V) Flle + {27145 fllze Y521 lla-

According to the representations of G(z,t) and 9;G(z,t) in the equalities above
(2.4), it is necessary to study the dispersive property of the linear propagator eFitar(|V])
which was obtained by Liu and Wang in [26] in the case of a=1.

LEMMA 3.1.  There exists a positive constant C independent of (t,x) €R™™ such that
| [ ererlha(g)de| <C(1+[t) 7%,
Rn

where ®(€) is a Schwartz function satisfying supp ® C {£ € R"[272<[¢] <22} and @=1
on {€€RM2T < ¢ <2}

As an immediate consequence of Lemma 3.1, we have the following lemma.
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LEMMA 3.2.  For all f € L*(R™), it holds that
e PIYD A fl Lo <C(L+[E) 75 [ Ao |-
Proof. Since ®(£) =1 on the support of ¢, we have

eiitp(lv\)Aof(x):/ CTEEIED (€Y (€) fd = F L (eEPID B (€)b(€) ).

n

By the Young inequality, the Hausdorff-Young inequality and Lemma 3.1, we have
e PIVD Ao f ()| oo <CF (= PIEDD(E)) || oo | F 7 (10(6) ) 1
<SCL+[t) ™2 [| Ao f 1

Thus, we complete the proof of Lemma 3.2. 0

With the help of the dispersive estimate of the linear propagator e=*?(VD) namely

Lemma 3.2, we can derive a suitable Strichartz-type estimate for the linear propagator
e*iter(IV) | Firstly, we recall the following classical result obtained by Keel and Tao [18].

LEMMA 3.3.  Let S(t),t€R, be a family of operators. Suppose that, for all t,s€R,
[S(s)S™ () f ()| Loe < (A+[t=5)) [ fllLr,
15(s)S™ () f (@)l 2 < || fll £2-

Then the estimate

1S@) f(@)lLarr <[ fllz2,
holds for all 2<q,r <oo with (q,r,0) # (2,00,1) satisfying
1

—+
q

Now we can obtain the following lemma.

RIS

g
<—.
2

LEMMA 3.4. For4<qg<oo and 2<r<oo satisfying

1 n n

q + 2 = 4’
we have the Strichartz estimate

12z PVD £ Ly < Cam V() O2ZVINA £ 2.

Proof. By Lemma 3.2, the Plancherel’s theorem and Lemma 3.3, we obtain
e P DA fll g1y <CllAOF 22 (3.1)

By the change of variable &+ 27¢, we have for j €7Z

DA f= [ Dy () FIf (5] (€de == DB [f()](Z'n). (32)

Hence by (3.1) and (3.2), we have

127 VD f @) pary < C(2j)’"/’“|\Ao[f(24)] 2 =C@)" 2D A fll 2. (3.3)

J

The scaling in time t+— at and (3.3) give the desired estimate. O
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4. Blowup criterion
In order to extend the local solutions to be global ones, we derive the blowup
criterion by the classical energy method.

LEMMA 4.1.  Let a>1 and u(t) be a solution of (1.1) defined on a time interval
containing [0,T]. Then for any s>2 we have the estimate

T
) e < Clur yems+ ol o ([t ).

Proof.  We apply the operator V=2 on the first equation of (1.1), then multiply
the resulting equation by V*~2u, and integrate to obtain

1d
5%/ 10V 2u? + 2|V 2 Vul? + o* V2 Aul?) dz= | V2 (Af(u)V* 2uda.
R R
(4.1)
By the Holder inequality, Lemma 2.1 and the Cauchy inequality, we have
/ VE(Af () VP uyde < C| VA S ()] 2]V~ 22
SOV f ()2 [V 2 2
< COllullf= 1V ul 2|V~ 2
< Ollull7= (IV5ulZ2 + 11V 2l |Z2). (4.2)
It follows from (4.1)-(4.2) and a>1 that
d ull2 201,112 201,112
10l s 02l 02 ull3.)
<Olfullp= (I18eullys—s +a®[lulFyi—s +a?|lullF. ). (4.3)

Applying the Gronwall inequality to (4.3), we obtain

t
10eullFye— + o [[ullfyems + 0 ullfe < C(IlurllFs -2 +®||uollF- ) exp (/ ||u(r)|§;}d7> :
0

which implies

t
-1
lullFre <C(lua a2+ HUOII%s)eXp(/O [u(T) [T dr)-

5. Long-time existence

To end this paper, we give the proof of Theorem 1.2 in this section. We first recall
an important estimate on the Littlewood-Paley multipliers, namely Bernstein inequality
(see [14])

IVA;flle <C2*A; fll e < C2°|| £l e,

for all s>0, and all 1 <l <.
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Proof. (The proof of Theorem 1.2.) By Lemma 3.4, we find that for ¢ >4,
18X PIVD £ 1oy < Ca 0 (20) 3 [|A;f] 1. (5.1)

In the following, for 8 >0, we are going to derive an estimate for

ey, . =[Pl + smp (271l )

Ly
By (5.1) and the Bernstein inequality, we have for j >1
ngﬁ||Ajeﬂm'ap(|V\)tuOHLgc HLq <Ca 725D Ajug| 12 < Ca” i fuo|| g s.  (5.2)
H
Similarly,

298| A je*ion(IV )1 1=320 5 +0) || A juy || .2

=
t

1
—————uy||p>
v/l

<Ca™ 'l g 40 (5.3)
On the other hand, we have from the Minkowski inequality, (5.1) and the Cauchy
inequality that

2
(V) PV Dbug | o e <C || Y (A€ P IV g | oo

j=—o00
L{

2
<C Z 1A ;e PUV Do oo

j=—00
SC’OF%
j=—00
1 2 1
1 1
<Ca™a( ) 2M)3( Z 18;uol[Z2)? < Ca™ 4 [lugl 2
j=—o00 Jj=—00
(5.4)
Similarly,
1 : 1
fiap(|VDE__ 1—* 77,_] 1 1
x(V)e o <Ca”™ 2"7)2 ( Aj—u 2
Ix(¥) ol j;)o (3 18l
<Ca™ ' lfu g1 (5.5)
Thus (5.2)-(5.5) and o> 1 give
||8tG(x,t)*u0—|—G(x,t)*u1||L§B§C N SC’OF%||70||X. (5.6)

By the Minkowski inequality and (4.1), the property of zero order pseudo-differential
operator, Lemma 2.1 and the embedding H 1% < L, we have, for t € [0,77,

t
HQJ’BHAj/ (Fiop(V - B
0

lZ
t

a|V|\/1+|V|2 drllzz
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T
Sa_l/ 2j,6’||A,eii04P(|V\)(t—7') HL ‘ dT
0 ’ v 1+|VI2
T
Sca—l/ 21 E 0 05 || ATV f(u)(r)|| 2dr
0 ’ VI 1+IVI2

T
scwl—a/o 1£(w)(r)], 3 +sd7 < Ca™t / () E (), 3 s dr
N T
gcofl*a/ lu()I? . (5.7)
0

By the Minkowski inequality, Lemma 2.1, the Cauchy inequality and the property of
zero order pseudo-differential operator, we have, for ¢ €[0,T],

t
v / piap(V () B .
HX( ) o a\V\ 1+|V|2 ||L Lo

||L Loch

<C / A eizap(|V\ Yte—7) =
Z | Oz|V|\/1+|V|2

j=—00

A
/ Z (29) 2||A e Fiap(IV)T || p2dr
=3 NIV vE
<Cat [ @@ usdr
N T
gCa—l—E/ ll?, 5. (5.8)
0

Estimates (5.7) and (5.8) give, for ¢ €[0,7],

T
<Ca™ % [l g e (59)

/eimpuvo(t n__ 8 i
0 04|V|\/1+|V|2

Combining (2.4), (5.6) and (5.9) yields, for t € [0,T7],

LIBE

T
_1 -1
Il o, . <C(aHITolx+a™ 4 [ u(ol g ). (5.10)
Define
T
MT)= [ ular
0

We get from the Young inequality, the embedding Bgopo — L* (5.10) and Lemma 4.1

that

—1

—1 T —1*i q
R e A T el I e
T
_p=1 _1 _1-1 -
<015 (o ol +a [ ol )
0
1_p=1/ _1 —1-1 g R OF A
<CT ~ ™4 (a 7| Wollx +a~ s ||7OHX62 dt)
0
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<C1' "7 (a7 [Tl x +a [ 5 TeEN0)
<OV T o T o5 (1+ \|70|\§;1T6%M<t>)”_1. (5.11)
Suppose that
M(T) <CT"" | |5 (5.12)

By (5.12), we can choose > 1 sufficiently large such that

p— -1 p—1 -2t p— -1
aiTl (1+H7OH§(_1T8%M(T)>Z) Sa*T (1+||70||§(_1T601T1 a H70HX 1)p S%
(5.13)
It follows from (5.11) and (5.13) that
1 _p=1 _
M(T)< 50T T [ olii (5.14)

By the bootstrap principle, we deduce from (5.14) that (5.12) actually holds. Thus
from the local existence Theorem 1.1 and the blowup criterion Lemma 4.1, the Cauchy
problem (1.1) admits a unique smooth solution satisfying v € C([0,T]; H?). |
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