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THE EXISTENCE OF COMPRESSIBLE SUBSONIC IMPINGING
JET FLOW IN AN ARBITRARY NOZZLE∗

XIAOHUI WANG†

Abstract. The main purpose of this paper is to show the well-posedness theory of two-dimensional
symmetric compressible subsonic impinging jet flow. More precisely, for any given atmospheric pressure,
we show that there exists a critical value, such that if the incoming mass flux is less than the critical
value, then there exists a smooth symmetric compressible subsonic impinging jet flow, and the free
boundary of the flow detaches smoothly from the end points of the nozzle. Moreover, the asymptotic
behavior at the far field and the positivity of horizontal velocity of the flow are also obtained. On
the other hand, under the star-shaped condition on the given nozzle, we will get the uniqueness of
compressible subsonic impinging jet flow. Finally, we show that the vertical velocity of the flow is
positive under the monotonous hypothesis on the upper nozzle wall.
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1. Introduction and main results
In this paper, we consider the unique existence of the steady subsonic inviscid

flow through a semi-infinitely long nozzle with arbitrary cross-section, and impacting
on a solid wall. This problem arises naturally in physical experiments and engineering
designs (see references [10,12,26] for concrete applications). The two-dimensional steady
isentropic ideal fluid is governed by the Euler system, which consists of the laws of
conservation of mass and momentum as follows,

∂x(ρu)+∂y(ρv) = 0,

∂x(ρu2)+∂y(ρuv)+∂xp= 0,

∂x(ρuv)+∂y(ρv2)+∂yp= 0,

(1.1)

where X= (x,y)∈R2 represents the space coordinates, (u,v) is the velocity field, ρ the
density, and p=p(ρ) the pressure. For isentropic perfect gas, the pressure p satisfies the
γ-law, that is,

p(ρ) =Aργ , (1.2)

here A>0, and γ>1 is the adiabatic exponent. The sound speed c(ρ) is defined as

c(ρ) =
√
p′(ρ) =

√
Aγργ−1,

andM=
q

c(ρ)
is the so-called Mach number, where q=

√
u2 +v2 is the fluid speed. We

say that the compressible flow is subsonic, sonic or supersonic, if the Mach number M
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satisfies M<1, M= 1 or M>1, respectively. In this paper, we assume that the flow
is irrotational, that is, the velocity field satisfies

vx−uy = 0. (1.3)

To understand the background and motivation of this paper, we introduce some
related works on the impinging jet flow as follows. Tremendous progress has been made
on the study of hydromechanics since 1950s. There are many classical monographs on
the fluid mechanics, such as, [10] by L. Bers, and [21] by R. Courant and K. Friedrichs.
Subsonic potential flows around a bump were studied extensively by M. Shiffman in [30],
L. Bers in [11], etc. Jets are fluid mechanical phenomena that can be found in the
natural world, physics, mechanical engineering and biology. Based on the theory about
the incompressible flow established in [1, 5], by using the variational approach, the
mathematical theory of the incompressible inviscid flow with free streamlines have been
greatly broadened, such as, axially symmetric jet in [4], two-dimensional asymmetric
jet in [2], jet flow with gravity in [3], and jet flow with two fluids in [6, 7]. As a more
physical model, the impinging jet flow issuing from a nozzle and impacting on a wall
is very interesting, which has numerous practical applications. Many mathematicians
have investigated the impinging jet models, refer to the works of G. Birkhoff and E.
Zarantonello in [12], M. Gurevich in [28] and L. Milne-Thomson in [29]. Recently, J.
Cheng, L. Du and Y. Wang did a series of works on the impinging jet problem, such as
axially symmetric impinging jet flow in [15], two-dimensional impinging jet flow with
constant vorticity in [16], oblique impinging jet flow in [18], etc. On the other hand,
based on the theory introduced in [8] for the compressible subsonic flow by H. Alt,
L. Caffarelli and A. Friedman, the authors established the well-posedness results on
the compressible jet and cavity flow in [9]. Later on, J. Cheng, L. Du and W. Xiang
established the existence and uniqueness of the compressible subsonic jet flow issuing
from a nozzle with arbitrary cross-section in [19], and studied the steady compressible
subsonic impinging jet flow in [17]. For more details on the compressible flow in infinitely
long nozzle, please see [13,14], [22–24] and [31–33], etc.

As far as we know, the mathematical research on the compressible impinging jet
flow issuing from the nozzle with curved walls is quite less. For any given constant
atmospheric pressure, J. Cheng, L. Du and Y. Wang showed that there exists a special
incoming mass flux such that the compressible subsonic impinging jet flow existed in [17].
And as a by-product, the authors established the well-posedness theory of the two-
dimensional symmetric compressible subsonic impinging jet flow under the convex (to
the fluid) assumption on the nozzle walls in Section 8 in [17].

The present paper removes the convex assumption on the nozzle walls, and for
any given incoming mass flux m0 less than some critical value, we will employ a new
mechanism to continuing the study of the compressible impinging jet problem in Section
8 [17]. More precisely, for any given incoming mass flux m0 less than some critical value,
we will establish the existence and uniqueness of the symmetric compressible subsonic
impinging jet flow issuing from the nozzle with curved walls by variational approach.
Moreover, we shall show an interesting result in this paper, that is, the vertical velocity
of the compressible subsonic impinging jet flow is positive, provided that the upper
nozzle wall N :y=g(x) is monotone increasing with respect to x.

Recalling that (u,v), ρ and p are not independent, and they are connected by the
constitutive relation. In particular, for ideal polytropic gas, the fluid speed q and the
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density ρ satisfy the following Bernoulli’s law

q2

2
+
Aγ
γ−1

ργ−1 =B, (1.4)

where B is the Bernoulli’s function, which is a positive constant in the whole fluid field
for the irrotational flow. After a straightforward computation, it is easy to see that
there exist some critical quantities

qcr =

(
2Bγ−1

γ+1

) 1
2

, %cr =

(
2B
Aγ

γ−1

γ+1

) 1
γ−1

and %max=

(
B
Aγ

(γ−1)

) 1
γ−1

, (1.5)

such that if q<qcr or %cr<ρ≤%max, then the flow is subsonic, and if q>qcr or 0<ρ≤
%cr, then it is supersonic (see references [10] and [21]).

Fig. 1.1. A symmetric nozzle with arbitrary cross-section and a plate

Next, the semi-infinitely long nozzle with variable section and the plate are defined
as follows (see Figure 1.1). The upper nozzle wall N is defined by

y=g(x), g(x)∈C2,α(−∞,−a] for some α∈ (0,1), (1.6)

and g(x)>0 in (−∞,−a] with a>0. Furthermore, without loss of generality, we assume
that

lim
x→−∞

g(x) =h, and g(−a) = 1. (1.7)

Given an infinite long plate which blocks the jet issuing from the nozzle, and denote the
upper section of the infinite long plate as N0 :{x= 0,y≥0}.

For simplicity, we introduce the following notations.

T : the symmetric axis of the nozzle {(x,0) |x∈ (−∞,0]},
I : the ray {(−a,y) |y≥1},
A : the upper endpoint of the nozzle (−a,1),

Γ : the upper free boundary.

In this paper, we assume that the nozzle walls and the plate are impermeable, and
thanks to T being the symmetric axis, then the flow satisfies the following slip boundary
conditions

(u,v) ·~n= 0 on N ∪T, and u= 0 on N0, (1.8)
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where ~n is the unit outer normal to N ∪T . It follows from the equation of continuity
(1.1)1 and the slip boundary conditions (1.8) that the mass flux is a positive constant,
namely, ∫ g(x0)

0

(ρu)(x0,y)dy=

∫
Π

ρ(u,v) ·~ldS=m0>0, (1.9)

where Π is any surface transversal to the x-axis direction with x=x0<−a, and ~l= (1,0)
is the normal of Π in the positive x-axis direction.

One of the primary features of jet flow is the appearance of the free boundary Γ,
which is assumed to be a streamline in the fluid field, and therefore, the flow satisfies
the slip boundary condition on Γ. Under the classical assumptions on hydrodynamic
flow, with gravity and surface tension neglected, the pressure on Γ is balanced to the
atmospheric pressure, that is,

p=patm on Γ. (1.10)

And it follows from the γ-law (1.2) that the density ρ is a constant on Γ, denoted as,

ρcon=
(patm
A

) 1
γ

.

In this paper, we investigate the compressible subsonic impinging jet problem in
a two-dimensional symmetric semi-infinitely long nozzle with symmetric axis T , and
thus, it suffices to consider the flow with a free boundary in domain R̂+ ={(x,y)∈R2 |
x<0,y >0}.

In order to get the uniqueness of the compressible subsonic impinging jet flow, we
assume the upper nozzle wall N satisfies the following additional condition,

y=g(x) is star-shaped with respect to point O= (0,0). (1.11)

Before stating the main results in this paper, we first introduce the compressible
subsonic impinging jet problem in the following definition.

Definition 1.1 (The compressible impinging jet problem (P )). Given a semi-
infinitely long nozzle and a plate, for some appropriate incoming mass flux m0>0, we
can establish a compressible subsonic impinging jet flow, such that the free boundary Γ
initiates smoothly from the endpoint A of the upper nozzle wall N , and goes to infinity
in y-direction, and the pressure balances to the constant atmospheric pressure patm on
Γ.

Next, we state the main results in this paper as follows.

Theorem 1.1. Given the atmospheric pressure patm>0, suppose that the upper nozzle
wall N satisfies (1.6), (1.7) and (1.11), then there exists a critical value mcr>0, such
that for any incoming mass flux m0∈ (0,mcr), there exist a unique p0∈ (p1,p2) and a
unique subsonic solution (u,v,ρ,Γ) to the compressible impinging jet problem (P ).

Moreover, the subsonic solution satisfies

(1) there exists a unique b>0, called the asymptotic width of the impinging jet flow
downstream, such that the free boundary Γ is expressed by y=k(x)∈C1([−a,−b)).
Furthermore, y=k(x) satisfies

k(−a) =g(−a) = 1, and k′(−a+0) =g′(−a−0), (1.12)

and

k(x)→+∞ as x→ (−b)−.
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(2) (u,v,ρ)∈
(
C1,α(G)∩C(G)

)3
solves the steady compressible Euler system (1.1) in G,

where G is the fluid field bounded by N, N0, T and Γ (see Figure 1.1).

(3) p=patm on Γ, and the horizontal velocity is positive in the fluid field, namely, u>0
in G\N0.

(4) the compressible flow is global subsonic, namely, sup
G

(
u2 +v2−c2(ρ)

)
<0.

(5) the subsonic solution (u,v,ρ) satisfies

(u(x,y),v(x,y),ρ(x,y))→
(
m0

ρ0h
,0,ρ0

)
, and ∇(u,v,ρ)→0,

uniformly in any compact subset of (0,h) as x→−∞, where ρ0 =
(p0

A

) 1
γ

.

Similarly, the subsonic solution (u,v,ρ) satisfies

(u(x,y),v(x,y),ρ(x,y))→
(

0,
m0

ρconb
,ρcon

)
, and ∇(u,v,ρ)→0,

uniformly in any compact subset of (−b,0) as y→+∞, and the asymptotic width b
of the flow is determined uniquely by

m2
0

2ρ2
0h

2
+
Aγ
γ−1

ργ−1
0 =

m2
0

2ρ2
conb

2
+
Aγ
γ−1

ργ−1
con .

(6) mcr is the upper critical mass flux for the existence of compressible subsonic im-
pinging jet flow in the following sense: either

sup
G

(
u2 +v2−c2(ρ)

)
→0 as m0→mcr,

or there is no δ>0, such that for any m0∈ (mcr,mcr+δ), there exists a subsonic
solution to the compressible impinging jet flow and

sup
m0∈(mcr,mcr+δ)

sup
G

(
u2 +v2−c2(ρ)

)
<0.

Remark 1.1. The critical values p1, p2 can be determined uniquely by the atmospheric
pressure patm and the incoming mass flux m0 as follows,

m2
0

2h2
(
p1
A
) 2
γ

+
Aγ
γ−1

(p1

A

) γ−1
γ

=
Aγ
γ−1

(patm
A

) γ−1
γ

,

and

m2
0

2h2
(
p2
A
) 2
γ

+
Aγ
γ−1

(p2

A

) γ−1
γ

=
Aγ(γ+1)

2(γ−1)

(patm
A

) γ−1
γ

.

It is easy to verify that p1<p2, and thus, the interval (p1,p2) is well-defined.

Remark 1.2. The conditions (1.12) are the so-called continuous fit condition and
smooth fit condition to the compressible subsonic impinging jet flow, which indicates
that the free boundary Γ detaches smoothly from the endpoint A of the upper nozzle
wall N .
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Remark 1.3. The authors established the well-posedness theory of the two-
dimensional symmetric compressible subsonic impinging jet flow under the convex (to
the fluid) assumption on the nozzle walls in [17]. The convex assumption on the nozzle
is very special, which in fact implies that the nozzle is convergent. One of the differences
from the impinging jet problem in [17] is to remove the convex assumption on the nozzle
walls in the present paper.

On the other hand, the result in [17] only gave the existence of the symmetric
compressible subsonic impinging jet flow for special incoming mass flux. However,
for other cases the existence result is unknown. In this paper, we will employ a new
formulation for the compressible impinging jet problem, and show that there exists a
critical value for the incoming mass flux, such that if the incoming mass flux is less than
the critical value, then the unique existence of the subsonic impinging jet flow issuing
from the nozzle with curved walls will be established by the variational approach. The
present results seem to be more physically reasonable and natural.

Remark 1.4. In the recent work [19], the authors chose the momentum λ∈ (0,λcr) on
the free boundary as a parameter, and show that there exists a unique λ0∈ (0,λcr), such
that the free boundary satisfies continuous fit condition. However, for the impinging jet
flow in the present case, the positivity of horizontal velocity implies that the parameter λ

has a positive lower bound
m0

a
, which will cause great difficulty to obtain the continuous

fit condition of free boundary, and we need employ other approaches. This is the main
difference to the jet problem in [19].

Remark 1.5. The critical value of incoming mass flux is to guarantee that the
compressible impinging jet flow is subsonic and smooth. And we would like to point out
that in order to employ the elliptic theory to deal with the problem we consider, we will
first take the subsonic cutoff for the density in (2.9). And we will establish the estimate
(3.12) in Subsection 3.1, and therefore, taking the incoming mass flux m0 sufficiently
small, such that Cm0≤zλ−3ε̄, then the subsonic truncation will be removed, and
get the existence of the compressible subsonic impinging jet flow for small incoming
mass flux m0. Furthermore, we will use the observation by L. Bers in [10], similar to
the arguments in Section 5 in [19] to obtain the existence of the critical value of the
incoming mass flux m0, such that the compressible impinging jet problem has a unique
subsonic solution for any incoming mass flux m0∈ (0,mcr).

Finally, we show that the free boundary Γ :y=k(x) is strictly increasing, provided
that the upper nozzle wall N is increasing, that is,

y=g′(x)≥0 for any x∈ (−∞,−a). (1.13)

Theorem 1.2. The assumptions of Theorem 1.1 hold if N satisfies the additional
condition (1.13), then the vertical velocity of the flow established in Theorem 1.1 is
positive, namely, v>0 in the fluid field G, and y=k(x) is strictly increasing in [−a,−b).

The rest of this paper is organized as follows. We will establish the existence of
the minimizer to truncated variational problem in truncated domain and obtain the
uniqueness and monotonicity of the minimizer in Section 2. Furthermore, in Section
3, we first establish the existence of the compressible subsonic impinging jet flow for
small incoming mass flux m0, the positivity of horizontal velocity and the asymptotic
behavior at the far field, the subsonic truncation is also removed for small incoming
mass flux m0. Second, under the star-shaped condition on the upper nozzle wall N , we
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get the uniqueness of the compressible subsonic impinging jet flow. Last but not the
least, we show the existence of critical value of the incoming mass flux m0, and remove
the smallness of m0. Then we establish the Theorem 1.1. In Section 4, under the
monotonous hypothesis on the upper nozzle wall N , we show that the vertical velocity
of the flow is positive in the fluid field, and y=k(x) is strictly increasing in [−a,−b),
and therefore, we finish the proof of the Theorem 1.2.

2. Mathematical setting to the physical problem
In this section, in order to solve the compressible impinging jet problem, we will first

introduce stream function, and set up a Dirichlet problem on stream function with free
boundary. Second, we will restate the free boundary value problem into a variational
problem, and employ the variational method to establish the existence of minimizer.
Moreover, some fundamental properties of the minimizer will be also obtained in this
section.

2.1. Stream function formulation and variational problem. In this sub-
section, we first introduce a stream function and employ the well-known stream function
formulation to formulate the compressible impinging jet problem into the mathematical
problem on stream function as follows.

It follows from the equation of continuity (1.1)1 that there exists a stream function
ψ(x,y) such that

∂xψ=−ρv, and ∂yψ=ρu. (2.1)

As we mentioned earlier, the pressure balances the constant atmospheric pressure
patm on the free boundary Γ, and therefore, the γ-law (1.2) implies that the density

ρcon=
(patm
A

) 1
γ

is a positive constant on Γ. Then the fluid speed on Γ is also a positive

constant, that is,

qcon=

(
2B− 2Aγ

γ−1
ργ−1
con

) 1
2

on Γ,

and thus, ρq is a positive constant on Γ, denoted as,

λ=ρconqcon on Γ, (2.2)

that is, the constant λ is nothing but the momentum of compressible impinging jet flow
on the free boundary Γ.

Noting that

|∇ψ|= ∂ψ

∂ν
=λ on Γ, (2.3)

where ν is the outer normal vector of the free boundary Γ.
In view of the Bernoulli’s law (1.4), we obtain that

λ2

2ρ2
con

+
Aγ
γ−1

ργ−1
con =

|∇ψ|2

2ρ2
0

+
Aγ
γ−1

ργ−1
0 =B in the fluid field G, (2.4)

which implies that λ is determined uniquely by the upstream density ρ0. In order to
obtain the subsonic solution to the compressible impinging jet problem, we first regard
λ as a parameter, which is key to solving the compressible impinging jet problem.
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Furthermore, for any appropriate parameter λ, we will find the subsonic solution to the
compressible impinging jet problem, however, there is only a parameter λ such that the
subsonic solution satisfies the continuous fit condition and smooth fit condition (1.12).
In addition, it follows from (2.4) that once the parameter λ is determined, the upstream
density ρ0 will be determined uniquely. And denote

B(λ2) =
λ2

2

(
A
patm

) 2
γ

+
Aγ
γ−1

(patm
A

) γ−1
γ

.

Similar to the critical quantities in (1.5) with respect to Bernoulli’s constant, we
can obtain some critical quantities with respect to the parameter λ in the following,

qλ,cr =

(
2B(λ2)

γ−1

γ+1

) 1
2

, %λ,cr =

(
2B(λ2)

Aγ
γ−1

γ+1

) 1
γ−1

, %λ,max=

(
B(λ2)

Aγ
(γ−1)

) 1
γ−1

,

(2.5)
such that the compressible impinging jet flow is subsonic if 0≤ q<qλ,cr or %λ,cr<ρ≤
%λ,max.

Set

zλ=%λ,crqλ,cr.

By using the arguments similar to those in [20], we obtain that there exists an upper

bound λcr =
(
Aγργ+1

con

) 1
2 for the parameter λ, such that

λ<zλ for any λ<λcr, and λcr =zλcr ,

and ρ is a monotone decreasing function of |∇ψ|2 for |∇ψ|∈ [0,zλ), and therefore, the
density can denoted as

ρ=ρλ(|∇ψ|2) for any λ<λcr.

In the rest of the article, we assume that λ<λcr, and for any s∈
(
0,z2

λ

)
, denote

Hλ(s) =ρλ(s), and H′λ(s) =
∂ρλ(s)

∂s
.

Fig. 2.1. The possible fluid field Ω

We would like to mention that the compressible subsonic impinging jet flow we
seek in this paper has positive horizontal velocity, then the flow can not turn back, and
therefore, the possible fluid field Ω is bounded by N , T , N0 and the ray I={(−a,y) |
y≥1}(see Figure 2.1).
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Since the flow satisfies the slip boundary conditions on N ∪Γ and T ∪N0, and then,
N ∪Γ and T ∪N0 are streamlines, without loss of generality, we can impose the boundary
conditions as follows,

ψ= 0 on T ∪N0, and ψ=m0 on N ∪Γ.

Then it is easy to see that the free boundary Γ can be expressed as

Γ = Ω∩{x>−a}∩∂{ψ<m0}. (2.6)

Furthermore, based on the irrotational condition (1.3), we obtain that the governing
equation for stream function satisfies

Qλψ=
(
Hλ(|∇ψ|2)δij−2H′λ(|∇ψ|2)∂iψ∂jψ

)
∂ijψ= 0 in G. (2.7)

It is obvious that the quasilinear operator Qλ will degenerate as |∇ψ|→zλ.
Next, we formulate the compressible impinging jet problem (P ) into the free bound-

ary problem on the stream function ψ as follows.

The free boundary problem: For any given m0>0 and λ<zλ, find a pair
(ψλ,Γλ) that satisfies 

Qλψ= 0 in Ω∩{ψ<m0},

ψ= 0 on T ∪N0, ψ=m0 on N ∪Γ,

∂ψ

∂ν
=λ on Γ,

(2.8)

with sup
X∈Ω∩{ψλ<m0}

|∇ψλ(X)|<zλ and Γλ= Ω∩{x>−a}∩∂{ψλ<m0}.

Since the quasilinear elliptic equation (2.7) becomes degenerate at the sonic state,
namely, as |∇ψλ|→zλ, in order to guarantee the uniform ellipticity of (2.7), we first
take a subsonic truncation for Hλ(s) as follows.

Define a C2-smooth function

H̄λ(s) =


Hλ(s) if 0≤s≤ (zλ−2ε̄)2,

Hλ
(
(zλ− ε̄)2

)
if s≥ (zλ− ε̄)2,

(2.9)

where ε̄ is an arbitrary small positive constant, and satisfies

−H̄
′
λ(s)

H̄2
λ(s)

≤ Cε̄
1+s

for some Cε̄>0. (2.10)

Therefore, we first solve the following subsonic truncated free boundary problem with
a parameter λ≤zλ−3ε̄,

Q̄λψ= 0 in Ω∩{ψ<m0},

ψ= 0 on T ∪N0, ψ=m0 on N ∪Γ,

∂ψ

∂ν
=λ on Γ,

(2.11)
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where the operator Q̄λ satisfies

Q̄λψ=
(
H̄λ(|∇ψ|2)δij−2H̄′λ(|∇ψ|2)∂iψ∂jψ

)
∂ijψ= 0, i,j= 1,2. (2.12)

We would like to point out that we will verify |∇ψλ|≤zλ−3ε̄ in Step 3 in Theorem
3.1, and thus, the subsonic truncation in (2.9) will be removed, and H̄λ

(
|∇ψλ|2

)
=

Hλ
(
|∇ψλ|2

)
.

To solve the free boundary value problem (2.11), we introduce the variational ap-
proach in the following. Firstly, define an admissible set

K=
{
ψ∈H1

loc(R̂2
+) |ψ= 0 on T and N0, ψ=m0 lies above N

}
.

Denote

Φλ(s) =

∫ s

0

1

H̄λ(ς)
dς, and Ψλ(s) = 2Φ′λ(s)s−Φλ(s).

Based on (2.10), it is not difficult to verify that for any s∈ [0,+∞)

1

%λ,max
≤Φ′λ(s)<

1

%λ,cr
, and 0≤Φ′′λ(s) =−H̄

′
λ(s)

H̄2
λ(s)

≤ Cε̄
1+s

, (2.13)

and therefore,

Ψ′λ(s) = 2Φ′′λ(s)s+Φ′λ(s)>0 for any s∈ (0,+∞). (2.14)

Furthermore, it is easy to check that there exists a constant θ depending only on
λcr and ε̄, such that

θ|ξ|2≤
2∑

i,j=1

∂2Φλ(|η|2)

∂ηi∂ηj
ξiξj≤θ−1|ξ|2 for any ξ= (ξ1,ξ2),η= (η1,η2)∈R2,

and

θ|η|2≤
(
Φλ(|η|2)

)
η
·η, and θ|η|2≤ Φλ(|η|2)≤θ−1|η|2.

For simplicity, denote

Υ = Υ(λ2) =
√

2λ2Φ′λ(λ2)−Φλ(λ2) for any λ≤zλ. (2.15)

It follows from (2.14) that Υ is determined uniquely by λ∈ (0,zλ).

For any parameter λ∈ (0,λcr), define a function

F (∇ψ,ψ;λ) = Φλ(|∇ψ|2)+
(
Υ2−2λΦ′λ(λ2)∇ψ ·e

)
χ{ψ<m0}∩D, (2.16)

where χD denotes the indicator function of the set D, and e= (−1,0). And define a
functional as

Jλ(ψ) =

∫
Ω

F (∇ψ,ψ;λ)dxdy.
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Thanks to the convexity of the function Φλ(s) with respect to s, we have

F (∇ψ,ψ;λ)≥
(
Φλ(|∇ψ|2)−Φλ(λ2)−Φ′λ(λ2)(|∇ψ|2−λ2)

)
χ{ψ<m0}∩D

+Φ′λ(λ2)|∇ψ−λe|2χ{ψ<m0}∩D

≥Φ′λ(λ2)|∇ψ−λe|2χ{ψ<m0}∩D, (2.17)

which means the function F (∇ψ,ψ;λ) is nonnegative, and therefore, the functional
Jλ(ψ) is nonnegative.

Fig. 2.2. The truncated domain Ωµ

Since the functional Jλ(ψ) is unbounded for any ψ∈K in the unbounded domain
Ω, then we can not use the variational method directly in Ω, and therefore, we truncate
this domain as Ωµ for any µ>a, which is bounded by Nµ, Tµ, σµ, N0 and I (see Figure
2.2), where

Nµ=N ∩{x≥−µ}, Tµ=T ∩{x≥−µ}, and σµ={(−µ,y) |0≤y≤g(−µ)} .

Noting that Ωµ= Ω∩{x>−µ}. Denote

D= Ω∩{−a<x<0},

and introduce a truncated variational functional

Jλ,µ(ψ) =

∫
Ωµ

F (∇ψ,ψ;λ)dxdy. (2.18)

In view of the positivity of horizontal velocity, it is easy to see that the asymptotic
width b of free boundary satisfies b≤a, and then, we shall henceforth always assume
that

λ≥m0

a
. (2.19)

We first consider the following truncated variational problem.

The truncated variational problem (Pλ,µ): For any
m0

a
≤λ≤zλ−3ε̄ and µ>

a, find a ψλ,µ∈Kµ such that

Jλ,µ(ψλ,µ) = min
ψ∈Kµ

Jλ,µ(ψ),

where the admissible set Kµ={ψ∈K |ψ(−µ,y) =hµ(y)} with hµ(y) =
m0

g(−µ)
y.
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2.2. Minimizer of the variational problem. We first show the existence of
the minimizer to the truncated variational problem (Pλ,µ) in the following lemma.

Lemma 2.1. For any
m0

a
≤λ≤zλ−3ε̄ and µ>a, there exists a minimizer ψλ,µ∈Kµ

to the truncated variational problem (Pλ,µ).

Proof. By using arguments similar to those in Theorem 1.1 in [8], it is easy to verify
that the functional Jλ,µ(ψ) is coercive and weakly lower semicontinuous. Therefore, in
order to obtain the existence of minimizer, it suffices to show that the functional Jλ,µ
is finite for some ψ0∈Kµ.

For some large enough R0>1, set

ψ0 =


min{−λx,m0}, if y≥R0 and −a≤x≤0,

ψ̃, if (x,y)∈Ωµ,R0
,

where Ωµ,R0
= Ωµ∩{0≤y≤R0}, and ψ̃ is an arbitrary smooth function in Ωµ, such that

ψ0∈Kµ. Then we have

Jλ,µ(ψ0) =

∫
Ωµ,R0

F (∇ψ̃,ψ̃;λ)dxdy+

∫
Ωµ\Ωµ,R0

F (∇ψ0,ψ0;λ)dxdy. (2.20)

By virtue of F (∇ψ̃,ψ̃;λ) being uniformly continuous in Ωµ,R0
, the first term on the

right side of (2.20) is bounded, then it suffices to check the boundedness of second
term. Indeed, in view of the definition of ψ0, it is easy to see that∫

Ωµ\Ωµ,R0

F (∇ψ0,ψ0;λ)dxdy ≤Φ′λ(λ2)

∫ 0

−a

∫ +∞

R0

|∇ψ0−λe|2dydx

= 0.

(2.21)

Denote the free boundary of the minimizer ψλ,µ as Γλ,µ, that is,

Γλ,µ=D∩∂{ψλ,µ<m0}.

Next, by using similar arguments in [8,9], we can get some fundamental properties
of the minimizer ψλ,µ to the truncated variational problem (Pλ,µ) in the following. The
proof is standard by imitating the demonstration in [8, 9], and therefore, we omit the
concrete proof for shortness.

Proposition 2.1. For any
m0

a
≤λ≤zλ−3ε̄ and µ>a, we have

(1) 0≤ψλ,µ≤m0 in Ωµ.

(2) ψλ,µ∈C0,1(Ωµ). Moreover, for any compact subset Ω0 of Ωµ, which contains a
free boundary point, there exists a constant C>0, such that

‖ψλ,µ‖C0,1(Ω0)≤CΥ,

where the constant C depends on Ω, Ω0, θ, but not on m0.
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(3) ∫
Ωµ

F ′λ(|∇ψλ,µ|2)∇ψλ,µ ·∇ξdxdy≥0 for any non-negative ξ∈C1
0 (Ωµ),

and Q̄λψλ,µ= 0 in Ωµ∩{ψλ,µ<m0}, and ψλ,µ∈C2,α (Ωµ∩{ψλ,µ<m0}).
(4) The free boundary Γλ,µ is analytic, and

|∇ψλ,µ|=λ on Γλ,µ, and
∂ψλ,µ
∂ν

≥λ on I,

where ν is the outer normal to Γλ,µ.

(5) The minimizer ψλ,µ(x,y) is unique. Furthermore, ψλ,µ(x,y) is monotone in-
creasing with respect to y, namely,

ψλ,µ(x,y1)≥ψλ,µ(x,y2) for any y1>y2.

Next, we will give an upper bound to the minimizer ψλ,µ in the following lemma,
it will be used to establish the continuous fit condition of free boundary in Subsection
2.3.

Lemma 2.2. For any minimizer ψλ,µ to the truncated variational problem (Pλ,µ), we
have

ψλ,µ(x,y)≤min{−λx,m0} in Ωµ.

Proof. For simplicity, denote φ0(x) = min{−λx,m0}, and ψ(x,y) =ψλ,µ(x,y).
Next, we show that ψ(x,y)≤φ0(x) in Ωµ. It is obvious that min{ψ,φ0}∈Kµ, and
therefore, we have

Jλ,µ(ψ)≤Jλ,µ(min{ψ,φ0}). (2.22)

Taking a sufficiently large R>0, by using (2.17), we have

JR=

∫
Ωµ,R∩{ψ>φ0}

F (∇ψ,ψ;λ)−F (∇φ0,φ0;λ)dxdy

≥Φ′λ(λ2)

∫
Ωµ,R∩{ψ>φ0}

|∇ψ−λeχ{ψ<m0}∩D|
2−|∇φ0−λeχ{φ0<m0}|

2dxdy

=Φ′λ(λ2)

∫
Ωµ,R∩{ψ>ψ0}

|∇ψ|2−|∇φ0|2dxdy

+λ2Φ′λ(λ2)

∫
DR∩{ψ>φ0}

χ{ψ<m0}−χ{φ0<m0}dxdy

−2λΦ′λ(λ2)

∫
DR∩{ψ>φ0}

∇ψ ·eχ{ψ<m0}−∇φ0 ·eχ{φ0<m0}dxdy, (2.23)

where Ωµ,R= Ωµ∩{x2 +y2<R2} and DR=D∩{x2 +y2<R2}.
A straightforward computation yields that

JR≥Φ′(λ2)

∫
Ωµ,R∩{ψ>φ0}

|∇(ψ−φ0)|2dxdy.
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Letting R→+∞ in the inequality above, in view of (2.22), we have

Φ′(λ2)

∫
Ωµ∩{ψ>φ0}

|∇(ψ−φ0)|2dxdy≤0,

and therefore, we obtain

ψ(x,y)−φ0(x) =C in Ωµ∩{ψ>φ0},

where C is a constant. Noting that ψ=φ0 on N , then we have

ψ(x,y)≤φ0(x) in Ωµ.

Next, we will show that the minimizer converges to a constant flow downstream as
follows.

Lemma 2.3. For any µ>a and small m0>0, if
m0

a
≤λ≤zλ−3ε̄ and Xn= (xn,yn)∈

Γλ,µ with xn→−ζ and yn→+∞ for some ζ≥m0

λ
, then there exists a subsequence

ψn(x̂, ŷ) with ψn(x̂, ŷ) =ψλ,µ(xn+ x̂,yn+ ŷ), such that

ψn(x̂, ŷ)→ψ0(x̂) uniformly in any compact subset of S,

where S={x̂<ζ}×{−∞<ŷ<+∞} and ψ0(x̂) = min{max{−λx̂+m0,0},m0}.

Proof. For any large R>0 and µ0>a, set

Jn,R=

∫
Ωµ0∩{|X̂|<R}

|∇ψn−λe|2χ{ψn<m0}∩Ddx̂dŷ

=

∫
Ωµ0∩{|Xn|−R<|X|<|Xn|+R}

|∇ψλ,µ0
−λe|2χ{ψλ,µ0<m0}∩Ddxdy, (2.24)

for large enough |Xn|>R. Therefore, it follows from (2.17) that

Jn,R≤
1

Φ′(λ2)

∫
Ωµ0∩{|X|>|Xn|−R}

F (∇ψλ,µ0
,ψλ,µ0

;λ)dxdy, (2.25)

for sufficiently large |Xn|>R. Furthermore, since ψλ,µ0 is the minimizer to the truncated
variational problem (Pλ,µ0

), we have∫
Ωµ0

F (∇ψλ,µ0
,ψλ,µ0

;λ)dxdy<+∞.

Then

Jn,R→0 for any R>0 as n→+∞. (2.26)

Due to |∇ψn|≤C, there exists a subsequence {ψn} such that

ψn⇀ψ0 weakly in H1
loc(Ωµ0

),

and

ψn→ψ0 uniformly in any compact subset of S,
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as n→+∞. Then it follows from the similar arguments in Lemma 1.3 in [1] that∫
{|X̂|<R}

|∇ψ0−λe|2χ{ψ0<m0}∩Ddx̂dŷ≤ liminf
n→+∞

Jn,R= 0,

which gives

∂ψ0

∂x̂
=−λ and

∂ψ0

∂ŷ
= 0 a.e. in {ψ0<m0}∩D, (2.27)

that is, ψ0(X̂) depends only on x̂ and is monotone decreasing with respect to x̂. More-
over, noting that ψ0(0) =m0. By using similar method in Lemma 2.8 in [17], we obtain

ψ0(X̂) 6≡m0 in a neighborhood of (0,0). (2.28)

In view of 0≤ψ0≤m0 and (2.28), it follows from (2.27) that

ψ0(X̂) = min{max{−λx̂+m0,0},m0}.

In previous parts, for any
m0

a
≤λ≤zλ−3ε̄ and µ>a, we obtain the existence and

uniqueness of the minimizer ψλ,µ to the truncated variational problem (Pλ,µ), some
fundamental properties of ψλ,µ are also obtained. In particular, we get that ψλ,µ(x,y)
is monotone increasing with respect to y, and thus, the free boundary is an x-graph and
can be expressed by a mapping y=kλ,µ(x).

With the aid of the asymptotic behavior of the minimizer ψλ,µ downstream in
Lemma 2.3, we will obtain that y=kλ,µ(x) is continuous in the following lemma.

Lemma 2.4. For any µ>a and small m0>0, if
m0

a
≤λ≤zλ−3ε̄, then y=kλ,µ(x)

is continuous in [−a,−b) with b=
m0

λ
. Furthermore, kλ,µ(−a) = lim

x→(−a)+
kλ,µ(x) exists,

and

lim
x→(−b)−

kλ,µ(x) = +∞. (2.29)

Proof. Step 1. We will first show that kλ,µ(x) has at most one limit point as
x→x+

0 or x→x−0 for any x0∈ [−a,−d) in this step. Without loss of generality, we
assume −a<x0<−d, and there exist two limit points as x→x−0 , denoted as, y1 and y2

with y2>y1.
In view of the definition of free boundary and the monotonicity of ψλ,µ with respect

to y, we can find two sequences {xn}∞n=1 and {x̃n}∞n=1 with xn<x̃n<xn+1, such that
xn→x−0 , x̃n→x−0 and

ψλ,µ(xn,y) =m0, ψλ,µ(x̃n,y)<m0,

for
3y1 +y2

4
<y<

y1 +3y2

4
. It follows from Proposition 2.1 that ψλ,µ(x,y) is Lipschitz

continuous in a neighborhood of the segment joining

(
x0,

3y1 +y2

4

)
to

(
x0,

y1 +3y2

4

)
.

Denote Dn⊂D∩{ψλ,µ<m0} as the domains bounded by the arcs

x=γn(y), x= γ̃n(y),
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and the segments

y=
3y1 +y2

4
, y=

y1 +3y2

4
,

where (γn(y),y) and (γ̃n(y),y) are free boundary points and γn(y)<γ̃n(y) with

hn= sup
3y1+y2

4 <y<
y1+3y2

4

{γ̃n(y)−γn(y)}→0 as n→∞.

Thanks to the non-oscillation Lemma 4.4 in [9], we have

|y2−y1|≤Chn,

which contradicts y1<y2 when n is large enough. Therefore, we get that lim
x→x−

0

kλ,µ(x)

exists for x0∈ (−a,−d).
Similarly, we can obtain the existence of lim

x→x+
0

kλ,µ(x) for any x0∈ [−a,−d). In

particular, kλ,µ(−a) = lim
x→(−a)+

kλ,µ(x) exists.

Step 2. In this step, we show that

kλ,µ(x0 +0) =kλ,µ(x0−0) =kλ,µ(x0) for any x0∈ (−a,−d),

where

kλ,µ(x0 +0) = lim
x→x+

0

kλ,µ(x) and kλ,µ(x0−0) = lim
x→x−

0

kλ,µ(x).

If we suppose not, without loss of generality, we may assume that there exists x0∈
(−a,−d) such that kλ,µ(x0 +0)>kλ,µ(x0). Denote

Iδ ={(x0,y) |kλ,µ(x0)+δ<y<kλ,µ(x0)+3δ} with δ=
kλ,µ(x0 +0)−kλ,µ(x0)

4
.

The monotonicity of ψλ,µ(x,y) with respect to y gives that ψλ,µ=m0 on Iδ and Iδ is a
part of the free boundary Γλ,µ. It follows from Proposition 2.1(4) that

−∂ψλ,µ(x0 +0,y)

∂x
= |∇ψλ,µ|=λ on Iδ.

For some small ε>0, the assertion (3) in Proposition 2.1 implies that

Q̄λψλ,µ= 0 in Dδ,ε, and ψλ,µ=m0 on Dδ,ε∩{x=x0},

where Dδ,ε={(x,y) |x0<x<x0 +ε,kλ,µ(x0)+δ<y<kλ,µ(x0)+3δ}. The Cauchy-
Kovalevskaya theorem implies that

ψλ,µ(x,y) =m0−λ(x−x0) in Ωµ∩{x0<x<x0 +ε},

which contradicts the fact ψλ,µ= 0 on T .

Step 3. The limit lim
x→(−a)+

kλ,µ(x) is finite. Suppose not, and lim
x→(−a)+

kλ,µ(x) =

+∞, then it follows from the Lipschitz continuity of ψλ,µ that there exist a small ε and
a large R0>1, such that

ψλ,µ(x,y)>0 in {(x,y)∈R2 |−a<x<−a+ε, y>R0}.
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By using Proposition 2.1(4), we obtain

∂ψλ,µ
∂ν

≥λ on I∩{R0<y<2R0}.

Then by using the non-oscillation Lemma 4.4 in [9] again, we have

R0≤Cε,

where C is a positive constant independent of R0, which leads to a contradiction for
sufficiently large R0.

Step 4. kλ,µ(x) is continuous in (−a,−d) with d=
m0

λ
. If we suppose not, without

loss of generality, we can assume that there exists a maximal interval (−a,−ϑ) with
ϑ>d such that kλ,µ(x)<+∞ in (−a,−ϑ) and kλ,µ(−ϑ−0) = +∞. By virtue of ϑ>d,
it follows from the asymptotic behavior in Lemma 2.3 that

ψλ,µ(xn+ x̂,yn+ ŷ)→ψ0(x̂) uniformly in any compact subset of S0

for any Xn∈Γλ,µ with xn→−ϑ and yn→+∞, where S0 ={x̂<ϑ}×{−∞<ŷ<+∞}
and ψ0(x̂) = min{max{−λx̂+m0,0},m0}. And therefore, we have

0 = lim
y→+∞

ψλ,µ(0,y) = lim
yn→+∞

ψn(ϑ,0) =−λϑ+m0<0,

which is impossible.

2.3. Continuous fit condition and smooth fit condition of the free bound-
ary. In this subsection, we will show that the free boundary of compressible subsonic
impinging jet flow initiates smoothly from the end point A of the upper nozzle wall N .

More precisely, for any µ>a, we will show that there exists a λµ∈
[m0

a
,zλ−3ε̄

]
, such

that the free boundary Γλµ,µ satisfies the following continuous fit condition and smooth
fit condition,

1 =g(−a) =kλµ,µ(−a), and g′(−a−0) =k′λµ,µ(−a+0). (2.30)

Firstly, by using arguments similar to those in Lemma 10.4 in Chapter 3 in [25],
we shall show that the minimizer ψλ,µ and the free boundary Γλ,µ are continuously
dependent with respect to the parameter λ. We omit the proof here.

Lemma 2.5. For any µ>a and small m0>0, if
m0

a
≤λn≤zλn−4ε̄, then

ψλn,µ⇀ψλ,µ in H1
loc(Ωµ), and ψλn,µ→ψλ,µ in Cα(Ωµ),

for all 0<α<1, and

kλn,µ(x)→kλ,µ(x) uniformly in [−a,−b),

as λn→λ, where ψλ,µ is a minimizer to the truncated variational problem (Pλ,µ) and
Γλ,µ :y=kλ,µ(x) is the free boundary of the minimizer ψλ,µ.

Next, we investigate the relationship between the initial position (−a,kλ,µ(−a)) of
free boundary and the parameter λ.

Lemma 2.6. For any µ>a and
m0

a
≤λ≤zλ−3ε̄, we have
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(1) if λ0 =
λcr
2

and m0 is small, then kλ0,µ(−a)<1.

(2) kλ,µ(−a)→+∞ as λ→m0

a
.

Proof.
(1) It suffices to show that there exists a small constant c0>0, such that kλ0,µ(−a)<

1 for any m0<c0 and λ0 =
λcr
2

.

Suppose that this assertion is not true, namely, for λ0 =
λcr
2

, there exists a suffi-

ciently small m0>0, such that kλ0,µ(−a)≥1. Taking X0∈D and r0>0 (independent
of µ and m0), such that Br0(X0)⊂Ωµ and B r0

8
(X0)⊂D with B r0

8
(X0)∩Γλ0,µ 6=∅. The

non-degeneracy Lemma 2.5 in [8] implies that

m0

r0
≥ 1

r0

(
1

|Br0(X0)|

∫
Br0 (X0)

(m0−ψλ0,µ)2dxdy

) 1
2

≥C∗Υ0, (2.31)

for the uniform constant C∗>0, where | · | denotes the Lebesgue measure in R2 and

Υ0 = Υ

((
λcr
2

)2
)

, which leads to a contradiction for sufficiently small m0>0.

(2) Suppose not, then we assume km0
a ,µ(−a) = l with 1<l<+∞.

Taking a sequence λn such that λn→
m0

a
as n→+∞. It follows from Lemma 2.2

that

ψλn,µ(x,y)≤min{−λnx,m0} in Ωµ. (2.32)

In view of Lemma 2.5, taking n→+∞ in the equality above, we obtain

ψm0
a ,µ(x,y)≤min

{
−m0

a
x,m0

}
<m0 in D. (2.33)

By the convergence of free boundary, similar to the arguments in Theorem 6.1
in [25], we obtain that the minimizer ψm0

a ,µ(x,y) satisfies the following free boundary

conditions on the segment L={(−a,y) |1<y<l},

ψm0
a ,µ(−a,y) =m0 and

∂ψm0
a ,µ(−a+0,y)

∂x
=−λ for any 1<y<l.

It follows from the Cauchy-Kovalevskaya theorem that

ψm0
a ,µ(x,y) =−λ(x+a)+m0 in D,

which contradicts the fact ψm0
a ,µ(x,0) = 0 for any x∈ (−a,0). Thus we have kλ,µ(−a)→

+∞ as λ→m0

a
.

For any µ>a and small m0>0, set

Σµ=
{
λ |m0

a
≤λ≤zλ−3ε̄, kλ,µ(−a)>1

}
.

Then it follows from Lemma 2.6(2) that the set ΣL is non-empty, and let

λµ= sup
λ∈Σµ

λ. (2.34)
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Finally, based on the facts in Lemma 2.6, by using Lemma 2.5, it is easy to verify
that kλµ,µ(−a) = 1. And it follows from the result in Lemma 2.6(1) that

λµ≤C0m0, (2.35)

where C0 is a constant depending on N, N0 and θ, independent of µ and m0.
And it follows from Theorem 6.1 in [9] that the continuous fit condition yields

smooth fit condition immediately, that is, N ∪Γλµ,µ is continuously differentiable
in a neighborhood of A and ∇ψλµ,µ is uniformly continuous in the {ψλµ,µ<m0}-
neighborhood of A.

3. Existence of the compressible subsonic impinging jet flow
In Section 2, we established the unique existence of the minimizer ψλµ,µ to the

truncated variational problem (Pλµ,µ). Moreover, the free boundary Γλµ,µ :y=kλµ,µ(x)
of ψλµ,µ satisfies continuous fit condition and smooth fit condition. And in this section,
we will show the existence of compressible subsonic impinging jet flow by taking µ→+∞
for ψλµ,µ. Furthermore, the positivity of horizontal velocity and the asymptotic behavior
at the far field can also be obtained in this section.

3.1. Existence of the compressible subsonic impinging jet flow for small
incoming mass flux. In order to establish the existence of compressible subsonic
impinging jet flow, we first define the following variational problem.

The variational problem (Pλ): Find a ψλ∈K, such that for any large µ0>a, it
holds

Jλ,µ0
(ψλ)≤Jλ,µ0

(ψ) for any ψ∈K with ψ=ψλ on σµ0
. (3.1)

Next, we establish the existence of compressible subsonic impinging jet flow for
small incoming mass flux m0 as follows.

Theorem 3.1. For any given sufficiently small m0, there exist a λ∈
[m0

a
,zλ−3ε̄

]
and a subsonic solution (ψλ,Γλ) to the compressible impinging problem (P ), which is
defined in Definition 1.1.

Proof.
Step 1. By using the uniform gradient estimate |∇ψλµn ,µn |≤C in any com-

pact subset of Ω, it follows from Lemma 2.5 that there exist a subsequence λµn ∈[m0

a
,zλµn −4ε̄

]
and a subsequence {ψλµn ,µn}, such that

λµn→λ≤zλ−3ε̄,

and

ψλµn ,µn→ψλ weakly in H1
loc(Ω) and uniformly in any compact subset of Ω,

and ψλµn→ψλ in trace sense of ∂Ω as n→+∞.
It follows from Proposition 2.1(3) and Lemma 2.5 that ψλ is a local minimizer of

the variational problem (Pλ), and we have

Q̄λψλ= 0 in Ω∩{ψλ<m0},

ψλ∈C2,α(E) for any bounded open set E⊂Ω∩{ψλ<m0}, and ψλ satisfies the bound-
ary condition in the trace sense.
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On the basis of Proposition 2.1(5), we get

ψλ(x,y1)≥ψλ(x,y2).

This implies that the local minimizer ψλ(x,y) is monotone increasing with respect to y.
Hence the free boundary Γλ=D∩∂{ψλ<m0} is an x-graph, and can be expressed by
a continuous function kλ(x) in [−a,−b).

And by virtue of Lemma 2.5, we have the convergence of free boundary as follows,

kλµn ,µn(x)→kλ(x) for any x∈ [−a,−b). (3.2)

In particular, we have kλ(−a) = 1.

Since λ≥m0

a
, it follows from (2.35) that

m0

a
≤λ≤C0m0, (3.3)

where C0 is a constant depending only on N, N0, θ, but not on m0.
Furthermore, it follows from Theorem 6.1 in [9] that the free boundary is C1-

smooth near the point A, that is, N ∪Γλ is C1. Similar to Proposition 2.1(4) and due

to λ<zλ−3ε̄, we have that the free boundary Γλ is analytic and

∣∣∣∣∂ψλ∂ν
∣∣∣∣= |∇ψλ|=λ on

Γλ, where ν is the outer normal vector to Γλ.
Therefore, the minimizer ψλ is a solution to the subsonic truncated free boundary

problem (2.11).

Step 2. In this step, by using the blow-up argument, we will obtain the asymptotic
behavior of the minimizer ψλ both upstream and downstream. More precisely, the
compressible impinging jet flow satisfies the following asymptotic behavior at the far
field,

(u,v,ρ̄λ)→
(

0,
λ

ρcon
,ρcon

)
, and ∇(u,v,ρ̄λ)→ (0,0,0),

uniformly in any compact subset of (−b,0) as y→+∞, where ρcon=
(patm
A

) 1
γ

, and

(u,v,ρ̄λ)→
(
m0

ρ0h
,0,ρ0

)
, and ∇(u,v,ρ̄λ)→ (0,0,0),

uniformly in any compact subset of (0,h) as x→−∞, where ρ0 = H̄λ
(
m2

0

h2

)
.

Next, we sketch the proof as follows. We first show the asymptotic behavior of ψλ
upstream. By using the standard Schauder estimates to the quasilinear elliptic equation
in [27], we have

‖ψλ‖C2,α(G)≤C for some 0<α<1, (3.4)

where C is a constant depending only on G.
Let ψn(x,y) =ψλ(x−n,y). It follows from the Arzela-Ascoli lemma and a diagonal

procedure that there exists a subsequence still labeled by {ψn}, such that

ψn(x,y)→ψ0(x,y) uniformly in C2,β(E1), 0<β<α, (3.5)
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for any compact subset E1 of S1 = (−∞,+∞)×(0,h), where ψ0 solves the following
boundary value problem

Q̄λψ= 0 in S1,

ψ= 0 on y= 0, ψ=m0 on y=h,

(3.6)

and due to the results in [31], the boundary value problem (3.6) possesses a unique
solution as

ψ0 =
m0

h
y in S1. (3.7)

Then we obtain

∇ψn→∇ψ0 =
(

0,
m0

h

)
in C1,β(E1),

and therefore,

∇ψλ→∇ψ0 =
(

0,
m0

h

)
uniformly in any compact subset of (0,h) as x→−∞,

which implies that(
∂xψλ

H̄λ(|∇ψλ|2)
,

∂yψλ
H̄λ(|∇ψλ|2)

,H̄λ(|∇ψλ|2)

)
→
(

0,
m0

ρ0h
,ρ0

)
,

uniformly in any compact subset of (0,h) as x→−∞, where ρ0 = H̄λ
(
m2

0

h2

)
.

Furthermore, (3.5) and (3.7) mean

∇
(
∂xψλ
H̄λ

,
∂yψλ
H̄λ

,H̄λ
)
→ (0,0,0) as x→−∞.

Similarly, we can obtain the following asymptotic behavior downstream as y→+∞,(
∂xψλ

H̄λ(|∇ψλ|2)
,

∂yψλ
H̄λ(|∇ψλ|2)

,H̄λ(|∇ψλ|2)

)
→
(
− λ

ρcon
,0,ρcon

)
,

uniformly in any compact subset of (−b,0) as y→+∞, where ρcon=
(patm
A

) 1
γ

, and

∇
(
∂xψλ
H̄λ

,
∂yψλ
H̄λ

,H̄λ
)
→ (0,0,0) as y→+∞.

Step 3. We will establish some estimates of |∇ψλ| in G, and remove the subsonic
cut-off for H̄λ in (2.9) in this step. Recalling that H̄λ(|∇ψλ|2) is monotone decreasing
with respect to |∇ψλ|, and therefore, it is easy to verify that

|∇ψλ| takes the maximum at X0 if and only if q takes the maximum at X0. (3.8)

By a straightforward computation, for some β>0, we obtain

Pq2 =Di

(
eβq

2

aij(X;λ2)Djq
2
)
≥0 in the fluid field G,
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where aij(X;λ2) = H̄λ
(
|∇ψλ|2

)
δij+2H̄′λ

(
|∇ψλ|2

)
Diφ(X)Djφ(X), here φ is the poten-

tial function and satisfies ∇φ= (u,v). It follows from the maximum principle that q2

cannot take its maximum in G. Since the flow is assumed to be symmetric with respect
to T , we can regard T as the interior of the fluid field. Then q cannot take its maximum
at T . And thanks to N0 being a straight line, then q cannot take its maximum at N0.

Next, we consider the following three cases.

Case 1. |∇ψλ| takes its maximum at the far field or on the free boundary Γλ.
Thanks to (3.3), by using the asymptotic behavior of ψλ and the free boundary condition
on Γλ, we have

sup
X∈G
|∇ψλ(X)|≤max

{m0

h
,λ
}
≤C0m0, (3.9)

where C0 is a constant depending only on N , N0 and θ, independent of m0.

Case 2. |∇ψλ| takes its maximum on N ∩{x≥−a−1}. It follows from Proposition
2.1(2) and the previous Step 1 that

sup
X∈G
|∇ψλ(X)|≤Cλ≤C0m0, (3.10)

where C0 is a constant depending only on N , N0 and θ, independent of m0.

Case 3. |∇ψλ| takes its maximum on N ∩{x≤−a−1}. By using the similar
arguments in Section 3 in [32], we have

sup
X∈G
|∇ψλ(X)|≤C0m0, (3.11)

where C0 is a constant depending only on N , N0 and θ, independent of m0.
Combining (3.9)-(3.11), we have

|∇ψλ|≤Cm0 in G, (3.12)

where C is a constant depending only on N , N0 and θ, independent of m0. Thus taking
the incoming mass flux m0 sufficiently small, such that Cm0≤zλ−3ε̄, and the subsonic
truncation defined in (2.9) will be removed, and therefore,

H̄λ
(
|∇ψλ|2

)
=Hλ

(
|∇ψλ|2

)
.

Step 4. The positivity of horizontal velocity of compressible subsonic impinging
jet flow will be obtained in this step. In Step 1, we proved that the minimizer ψλ(x,y) is
monotone increasing with respect to y. Next, we can show that the horizontal velocity
u>0 in G\N0 as follows.

Thanks to the minimizer ψλ increasing with respect to y, we have

ψλ(x,y1)≥ψλ(x,y2) for any y1>y2,

which implies that

∂ψλ
∂y
≥0 in G. (3.13)

Consider ω=
∂ψλ
∂y

in G, which will solve the following quasilinear elliptic equation

Aλij∂ijω+Bλi ∂iω= 0 in G, (3.14)
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where

Aλij = H̄λ
(
|∇ψλ|2

)
δij−2H̄′λ

(
|∇ψλ|2

)
∂iψλ∂jψλ,

and

Bλi = 2H̄′λ
(
|∇ψλ|2

)
(∆ψλ∂iψλ−2∂jψλ∂ijψλ)−4H̄′′λ

(
|∇ψλ|2

)
∂kψλ∂jψλ∂kjψλ∂iψλ,

(3.15)
for i,j,k= 1,2.

First of all, we claim that ω(x,y)>0 in G. In fact, for any compact subset E2⊂G

with smooth boundary, it follows from (3.13) that ω=
∂ψλ
∂y
≥0 on ∂E2. The maximum

principle gives that ω(x,y)>0 in E2.
Secondly, noting that ψλ=m0 along N , the slip boundary condition in (1.8) implies

that

∂xψλ(x,g(x))+g′(x)∂yψλ(x,g(x)) = 0.

Therefore, the outer normal derivative satisfies

∂ψλ
∂ν

(x,g(x)) =∂yψλ (x,g(x))
√

1+(g′(x))2, (3.16)

where ν is the outer normal vector to N .
On another hand, ψλ attains its maximum on N , and thus, it follows from Hopf’s

lemma that

ω=
∂ψλ(x,y)

∂y
=

1√
1+(g′(x))2

∂ψλ
∂ν

(x,g(x))>0 on N. (3.17)

Similarly, we can get that ω>0 on the symmetric axis T . Furthermore, thanks

to the boundedness of g′(x) at A, it follows from Lemma 6.4 in [9] that ω=
∂ψλ
∂y

is

uniformly continuous in a {ψλ<m0}-neighborhood of A, then ω>0 at A.
Next, we claim

ω>0 on Γλ.

Suppose that there exists a X0 = (x0,y0)∈Γλ, such that ω(X0) = 0. In view of the free
boundary Γλ is analytic at X0, by using Hopf’s lemma, we have

|∂xyψλ|= |ωx|=
∣∣∣∣∂ω∂ν

∣∣∣∣>0 at X0, (3.18)

where ν is the outer normal vector to Γλ at X0.
Since |∇ψλ|2 =λ2 on Γλ, we have

∂|∇ψλ|2

∂s
= 0 at X0, (3.19)

where s is the tangential vector of Γλ at X0. On the other hand, it follows from (3.18)
that
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∣∣∣∣∂|∇ψλ|2∂s

∣∣∣∣ =
∣∣∇(|∇ψλ|2) ·s

∣∣
= 2|(∂xψλ∂xxψλ+∂yψλ∂xyψλ,∂xψλ∂xyψλ+∂yψλ∂yyψλ) ·(0,1)|

= 2λ|∂xyψλ|>0,

at X0, we have used the fact
∂ψλ
∂y

= 0 at X0. This contradicts (3.19).

In view of u>0 on Γλ, the implicit function theorem gives that kλ(x) is C1-smooth
for any −a<x<−b. Moreover, the analyticity of the free boundary Γλ implies that
kλ(x) is analytic in (−a,−b).

Therefore, we establish the existence of the compressible subsonic impinging jet flow
for small incoming mass flux m0.

3.2. Uniqueness of the compressible subsonic impinging jet flow. For suf-
ficiently small m0, we get the estimate Cm0≤zλ−3ε̄ in Subsection 3.1, and therefore,
we can remove the subsonic truncation in (2.9). In this subsection, we show that the
solution to the compressible subsonic impinging jet flow obtained in previous subsection
3.1 is unique under the star-shaped condition (1.11).

Denote φ=
m0−ψλ

zλ
and ρ(t) =

ρλ( t
z2
λ

)

%λ,cr
. It is easy to verify that

|∇φ|2

2ρ2
+
ργ−1

γ−1
=

γ+1

2(γ−1)
, (3.20)

and therefore, we obtain that ρ=ρ(|∇φ|2) is decreasing with respect to |∇φ|∈ [0,1).

Proposition 3.1. Under the assumptions of the Theorem 1.1 on the upper nozzle wall
N , for the sufficiently small incoming mass flux m0, the subsonic solution (u,v,ρλ,Γλ)
to the compressible impinging jet problem (P ) obtained in Theorem 3.1 is unique.

Proof. Suppose that there exist two different solutions to the free boundary value

problem (2.8), denoted by (ψλ,Γλ) and
(
ψ̃λ̃,Γ̃λ̃

)
with ψλ 6= ψ̃λ̃.

Considering continuous fit condition and the asymptotic behavior downstream, we
have

kλ(−a) = k̃λ̃(−a) = 1, (3.21)

and

kλ(x)→+∞ as x→−m0

λ
, and k̃λ̃(x)→+∞ as x→−m0

λ̃
. (3.22)

We will divide the proof into the following two steps.

Step 1. λ= λ̃. Without loss of generality, we suppose that λ>λ̃.

Thanks to y=kλ(x) and y= k̃λ̃(x) are continuous in
[
−a,−m0

λ

)
and

[
−a,−m0

λ̃

)
,

respectively, it follows from the asymptotic behavior (3.22) of Γλ and Γ̃λ̃ that Γλ lies

below Γ̃λ̃ for x near to −m0

λ̃
, namely,

kλ(x)<k̃λ̃(x) as x near to −m0

λ̃
. (3.23)
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Set ϕ=
m0−ψλ

zλ
and ϕ̃=

m0− ψ̃λ̃
zλ̃

, then ϕ and ϕ̃ satisfy the following equation

Qφ= div

(
∇φ

ρ(|∇φ|2)

)
= 0 in Ω∩{φ>0}. (3.24)

Consider a function ϕ̃ε(x,y) = ϕ̃(x,y−ε) for ε≥0 and Γ̃ε
λ̃

:y= k̃λ̃(x)+ε is the free
boundary of ϕ̃ε. Choose the smallest ε0≥0, such that

ϕ(X)≤ ϕ̃ε0(X) in Ω,

and

ϕ(X0) = ϕ̃ε(X0) for some X0∈Ω.

Similar to the proof of Proposition 4.1 in [19], the strong maximum principle yields that

X0 /∈Ω∩{ϕ>0}∩
{
ϕ̃ε<

m0

zλ

}
, which together with (3.23) implies that there exists a

free boundary point X0 with |X0|<+∞, such that ϕ(X0) = ϕ̃ε0(X0).
In view of N ∪Γλ and N ∪ Γ̃λ̃ are C1 at X0, we have

λ

zλ
=
∂ϕ

∂ν
≤ ∂ϕ̃

ε0

∂ν
=

λ̃

zλ̃
at X0, (3.25)

where ν is the inner normal vector. On another hand, it is easy to verify that(
zλ
λ

)
λ

=
zλ(λ2−λ2

cr)

(γ−1)λρ2
conB(λ2)

<0,

for any 0<λ<λcr, and therefore, we have

λ

zλ
>

λ̃

zλ̃
for any 0<λ̃<λ<λcr,

which contradicts the fact (3.25). Hence, we get that λ= λ̃.

Step 2. ψλ= ψ̃λ. Suppose that ψλ and ψ̃λ are two different subsonic solutions to
the compressible impinging jet problem with parameter λ, then Γ1 :y=kλ(x) and Γ̃2 :
y= k̃λ(x) are the free boundaries of ψλ and ψ̃λ, respectively. Without loss of generality,
we assume that

kλ(x0)>k̃λ(x0) for some x0∈
(
−a,−m0

λ

)
. (3.26)

By virtue of the assumption (1.11) and the continuous fit condition (3.21), we have
the following facts:

(1) N is star-shaped with respect to point O, and

(2) any segment from O to the free boundary of either ψλ or ψ̃λ does not contain
the points of N .

It follows from the asymptotic behavior (3.22) of the free boundary Γ1 and Γ̃2 that

lim
x→−m0

λ

kλ(x) = lim
x→−m0

λ

k̃λ(x) = +∞. (3.27)
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Let ϕ1 =m0−ψλ and ϕ̃2 =m0− ψ̃λ, and then, ϕ1 and ϕ̃2 satisfy the equation (3.24).
Next, scaling the function

ϕ̃τ2(X) =
ϕ̃2(τX)

τ
with 0<τ <1,

and denote Γ̃τ2 as the free boundary of ϕ̃τ2 , it follows that there exists a positive constant
τ ≤1, such that

{ϕ1>0}⊂{ϕ̃τ2 >0}. (3.28)

Set τ0 to be the largest number, such that

{ϕ1>0}⊂{ϕ̃τ02 >0} and ϕ1(X1) = ϕ̃τ02 (X1) for some X1 = (x1,y1). (3.29)

Furthermore, ϕ̃τ02 ≥ϕ1 in {ϕ1>0}.
It follows from the assumption (3.26) that τ0<1, then the maximum principle yields

that X1 does not belong to {ϕ1>0}, and |X1|<∞. Hence, we obtain that

ϕ1(X1) = ϕ̃τ02 (X1) = 0, and X1 = (x1,y1)∈Γ1∩ Γ̃τ02 . (3.30)

In view of Hopf’s lemma, we have∣∣∣∣∂ϕ1

∂ν

∣∣∣∣< ∣∣∣∣∂ϕ̃τ02

∂ν

∣∣∣∣ at X1,

which implies that λ>λ. And thus, we derive a contradiction.
Therefore, we conclude that ψλ= ψ̃λ̃. Furthermore, it follows from the definition

(2.6) of free boundary that Γ1 =Γ̃2. Then we obtain the uniqueness of the subsonic
solution to the compressible impinging jet problem.

3.3. Existence of the critical incoming mass flux. As we mentioned before,
if the incoming mass flux m0 is sufficiently small, one has that Cm0≤zλ−3ε̄, and the
subsonic truncation will be removed. That is, the smallness of m0 is to guarantee that
the compressible impinging jet flow is global subsonic. Under the small assumption
of m0, we established the existence and uniqueness of the subsonic solution to the
compressible impinging jet flow in previous Subsections 3.1 and 3.2. In this subsection,
with the aid of unique existence results, we will show the existence of the critical value
mcr of the incoming mass flux m0, remove the smallness of m0 and restrict only the
necessary conditionm0∈ (0,mcr). This idea is consistent essentially with the observation
by L. Bers in [10], similar to the arguments in Section 5 in [19], we give the following
proposition.

Proposition 3.2. There exists a critical value mcr, such that if 0<m<mcr, then
there exist a unique λ=λ(m)<λcr and a unique subsonic solution ψλ,m to the com-
pressible impinging jet problem (P ), such that

U(m) = sup
X∈Ωλ,m

(|∇ψλ,m(X)|−zλ)<0, (3.31)

where Ωλ,m= Ω∩{0<ψλ,m<m}. Furthermore, mcr is the upper critical mass flux for
the existence of the subsonic solution to the compressible impinging jet problem in the
following sense: either

U(m)→0 as m→mcr, (3.32)
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or there does not exist a δ>0 such that for any m∈ (mcr,mcr+δ), there are a λ<λcr
and a solution ψλ,m to the compressible impinging jet problem, and

sup
m∈(mcr,mcr+δ)

U(m)<0. (3.33)

Proof. Let {εn}∞n=1 be a strictly decreasing sequence with εn ↓0. Denote ψnλ,m(x,y)
as the subsonic solution to the compressible impinging jet problem, and it is easy to see
that it satisfies the following free boundary value problem

∇·
(

∇ψ
H̄λ,n(|∇ψ|2)

)
= 0 in Ω∩{ψ<m},

ψ= 0 on T ∪N0, ψ=m on N ∪Γnλ,m,

∂ψ

∂ν
=λ on Γnλ,m,

(3.34)

for any sufficiently small m>0 and the free boundary Γnλ,m :y=knλ,m(x) satisfies the

continuous fit condition knλ,m(0) =a, where ν is the outer normal vector. Here, H̄λ,n(s)
is a smooth function satisfying

H̄λ,n(s) =


Hλ(s) if 0≤s≤ (zλ−2εn)2,

Hλ
(
(zλ−εn)2

)
if s≥ (zλ−εn)2,

and H̄λ,n(s)−2H̄′λ,n(s)s<τn<+∞ for some constant τn∈ (0,+∞).
First, for any small εn>0 and small m>0, define a set

Sn(m) =
{
ψnλ,m |ψnλ,m is a subsonic solution to the free boundary problem (3.34)

}
.

For any small εn>0 and small m>0, it follows from Theorem 3.1 and Proposition 3.1
that there exist a λ(m) and a unique subsonic solution ψnλ(m),m to the free boundary
problem (3.34) with

λ(m)≤zλ(m)−3εn, and sup
X∈Ω∩{ψn

λ(m),m
<m}
|∇ψnλ(m),m|−zλ(m)≤−3εn.

Thus ψnλ(m),m∈Sn(m) for small m>0 and the set Sn(m) is not empty.
Denote

λ=λ(m), Un(m) = inf
ψnλ,m∈Sn(m)

(
sup

X∈Ωnλ,m

(|∇ψnλ,m(X)|−zλ)

)
, (3.35)

where Ωnλ,m= Ω∩{0<ψnλ,m<m}.
Define a set

Ξn={m | for any γ∈ (0,m), there exists a subsonic solution ψnλ,m to the

compressible impinging jet problem with Un(γ)≤−3εn}.



1374 COMPRESSIBLE SUBSONIC IMPINGING JET FLOW

It follows from the arguments above that m∈Ξn for any small m>0, and thus, the
set Ξn is non-empty. Obviously, Ξn⊂Ξn+1. Then we can set

mn= sup
m∈Ξn

m, (3.36)

and mn is monotone increasing with respect to n. It is easy to check that

m= ψnλ,m((−a,1))−ψnλ,m((0,0))≤ sup
X∈Ωnλ,m

|∇ψnλ,m(X)|a

≤ zλa≤λcra.

(3.37)

Therefore, denote

mcr = lim
n→+∞

mn. (3.38)

For any m∈ (0,mcr), the definition of mcr in (3.38) gives that there exists a N , such
that m<mn for any n>N . Therefore, it follows from the definition of mn that

Un(m) = inf
ψnλ,m∈Sn(m)

(
sup

X∈Ωnλ,m

(|∇ψnλ,m(X)|−zλ)

)
≤−3εn for n>N.

In the light of Theorem 3.1, we know that there exist a unique λ≤zλ−3εn and a unique
subsonic solution ψnλ,m to the free boundary problem (3.34), such that

Un(m) = sup
X∈Ωnλ,m

(
|∇ψnλ,m(X)|−zλ

)
≤−3εn.

Taking ψλ,m=ψnλ,m, then ψλ,m is the unique subsonic solution to the free boundary
problem (3.34) and U(m) =Un(m)≤−3εn<0.

If sup
m∈(0,mcr)

U(m)<0, there exists a large N , such that

sup
m∈(0,mcr)

U(m)<−3εn, (3.39)

for any n>N . It is easy to see that mcr ∈Ξn, and therefore, mcr≤mn for any n>N .
For any m∈ (0,mn], it follows from Lemma 5.2 in [19] that Un(m) is left continuous

with respect to m, namely, Un(m) = lim
t→m−

Un(t). And thus,

U(mcr) =Un(mcr)≤−3εn. (3.40)

Suppose that there exists a δ>0, such that for any m∈ (mcr,mcr+δ), there exists a
subsonic solution ψλ,m with λ<λcr to the free boundary problem (3.34) and

sup
m∈(mcr,mcr+δ)

U(m) = sup
m∈(mcr,mcr+δ)

(
sup

(x,y)∈Ωλ,m

(|∇ψλ,m(x,y)|−zλ)

)
<0. (3.41)

Thanks to (3.41), there exists a large k>0, such that

sup
m∈(mcr,mcr+δ)

U(m) = sup
m∈(mcr,mcr+δ)

(
sup

(x,y)∈Ωλ,m

(|∇ψλ,m(x,y)|−zλ)

)
≤−3εn+k.

(3.42)
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In the light of (3.39), (3.40) and (3.42), we have

Un+k(mcr+δ) =U(mcr+δ)≤ sup
m∈(0,mcr+δ)

U(m)≤−3εn+k,

for any n>N , which implies that mcr+δ∈Ξn+k. It follows from the definition of mn+k

in (3.36) that

mn+k≥mcr+δ>mcr,

which contradicts the definition of mcr in (3.38).

With the aid of Theorem 3.1, Proposition 3.1 and Proposition 3.2, we establish the
Theorem 1.1 immediately.

4. Proof of the Theorem 1.2
In this section, we suppose that

g′(x)≥0 for any x∈ (−∞,−a), (4.1)

that is, the upper nozzle wall N :y=g(x) is monotone increasing with respect to x (see
Figure 4.1).

Before stating the main result in this section, we first give a useful fact as follows.

For any
m0

a
≤λ≤zλ−3ε̄ and µ>a, it is easy to check that the minimizer ψλ,µ satisfies

ψλ,µ(x,y)≤min

{
m0

g(−µ)
y,m0

}
in Ωµ. (4.2)

Indeed, it follows from Proposition 2.1(1) that 0≤ψλ,µ(x,y)≤m0 in Ωµ, then it
suffices to show that

ψλ,µ(x,y)≤ m0

g(−µ)
y in Eµ= Ωµ∩{y<g(−µ)}. (4.3)

By virtue of assumption (4.1), ψλ,µ(x,y)≤m0 =
m0

g(−µ)
y on Eµ∩{y=g(−µ)}, and

ψλ,µ(x,y) =
m0

g(−µ)
y on σµ, which together with the boundary value of ψλ,µ give that

ψλ,µ(x,y)≤ m0

g(−µ)
y on ∂Eµ. Then it follows from the maximum principle that (4.3)

holds.

Fig. 4.1. Impinging jet flow in a divergent nozzle
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Next, we shall show that the vertical velocity of the minimizer ψλ is positive, and
y=kλ(x) is strictly increasing for any x∈ [−a,−b) as follows.

Theorem 4.1. The assumptions of Theorem 1.1 hold if N satisfies the additional
condition (4.1), then the subsonic solution to the compressible impinging jet problem
(P ) established in Theorem 1.1 satisfying

(1) v>0 in G∪Γλ.

(2) kλ(x) is strictly increasing in [−a,−b).

Proof.
Step 1. We first assume that the incoming mass flux m0 is small, and show

that the minimizer is monotone decreasing with respect to x in this step. For any
m0

a
≤λ≤zλ−3ε̄ and µ>a, it follows from the arguments in Section 2 that there exist

a minimizer ψλ,µ to the truncated variational problem (Pλ,µ) and a continuous function

kλ,µ(x) in [−a,−b) with b=
m0

λ
, such that

ψλ,µ(x,y) is monotone increasing with respect to y,

and the free boundary Γλ,µ of the minimizer ψλ,µ can be expressed by y=kλ,µ(x).
Define a set

Σ̃µ=
{m0

a
≤λ≤zλ−3ε̄ |kλ,µ(x)>1 for any x∈ (−a,−b)

}
. (4.4)

The assertion in Lemma 2.6(2) yields that Σ̃µ is non-empty.
Since the nozzle wall N satisfies the assumption (4.1), we can define ψελ,µ(x,y) =

ψλ,µ(x−ε,y) for ε>0, and the corresponding functional Jελ,µ with the admissible set
Kε
µ={ψ |ψ(x−ε,y)∈Kµ} in the truncated domain Ωεµ={(x,y) | (x−ε,y)∈Ωµ}. Ex-

tend ψλ,µ(x,y) = 0 in Ωεµ \Ωµ and ψελ,µ(x,y) = min

{
m0

g(−u)
y,m0

}
in Ωµ \Ωεµ. For sim-

plicity, denote ψ(x,y) =ψλ,µ(x,y), ψε(x,y) =ψελ,µ(x,y), and denote

φ1 = min{ψ,ψε}, and φ2 = max{ψ,ψε}.

It follows from the assumptions (4.1), (4.4), and the fact (4.2) that

φ1∈Kµ, and φ2∈Kε
µ.

Next, we claim that

ψ(x−ε,y) =ψε(x,y)≥ψ(x,y) in Ωµ. (4.5)

Based on the similar arguments in Theorem 4.2 in [9], it is easy to verify that

Jελ,µ(ψε)+Jλ,µ(ψ) =Jελ,µ(φ1)+Jλ,µ(φ2).. (4.6)

Furthermore, thanks to ψ being the minimizer of the functional Jλ,µ and ψε being the
minimizer of the functional Jελ,µ, we have

Jελ,µ(ψε)≤Jελ,µ(φ1), and Jλ,µ(ψ)≤Jλ,µ(φ2),

which together with the relationship (4.6) implies that

Jελ,µ(ψε) =Jελ,µ(φ1), and Jλ,µ(ψ) =Jλ,µ(φ2). (4.7)
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Noting that ψε>ψ near N0. If this strict inequality does not hold in the entire
domain Ωµ,R with Ωµ,R= Ωµ∩{0<y<R} for any large R>0, then there exists a disc
B with B⊂Ωµ,R, such that

ψε>ψ in B,

and

ψε=ψ at some point X0∈∂B.

Therefore, the Hopf’s lemma implies that

∂

∂ν
(ψε−ψ)<0 at X0∈∂B,

where ν is the outer normal vector of ∂B at X0. Then there exist a smooth curve l0
passing through X0 and a disc B̂, such that

ψε>ψ on one side B of l0

and

ψε<ψ on the other side B̂ of l0,

where B and B̂ are contained in Ωµ,R. And therefore, we have

∂(φ1−ψ)(X)

∂ν
=
∂(ψ−ψ)(X)

∂ν
= 0, X ∈ B̂,

and

∂(φ1−ψ)(X)

∂ν
=
∂(ψε−ψ)(X)

∂ν
→ ∂(ψε−ψ)(X0)

∂ν
<0 as X→X0, X ∈B.

It follows that φ1 = min{ψ,ψε} is not in C1 in a neighborhood of X0. However, in view
of (4.7), φ1 is a minimizer and φ1(X0)>0. Then, by the standard elliptic estimates, φ1

is C2+α in a neighborhood of X0∈Ωµ,R, which leads to a contraction.
We have thus proved that

ψε(x,y)>ψ(x,y) in E, (4.8)

where E is the maximal connected component of Ωµ,R∩{ψ<m0}, which contains an
Ωµ,R-neighborhood of N0.

Denote T0 =Nµ∪ΓR with ΓR= Γ∩{y<R}. Since the part T0 of ∂Ωµ,R is a con-
nected arc, and it follows from the maximum principle that each component of {ψ<m0}
must touch T0, and thus, E coincides with Ωµ,R∩{ψ<m0}. Therefore, one has

ψ(x−ε,y) =ψε(x,y) =φ2(x,y)≥ψ(x,y) in Ωµ, (4.9)

which implies ψ(x,y) is monotone decreasing with respect to x.

Step 2. In this step, for any m0∈ (0,mcr), we show that v>0 in Ω0∪Γλ, and
y=kλ(x) is strictly increasing for any x∈ [−a,−b).

Set

λ̃µ= sup
λ∈Σ̃µ

λ.
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It follows from the Step 1 that the minimizer ψλ,µ(x,y) is monotone decreasing with
respect to x, and therefore, y=kλ,µ(x) is monotone increasing for any x∈ [−a,−b). Then
the continuous dependence of kλ,µ with respect to λ implies that

kλ̃µ,µ(−a) = 1.

Similar to the inequality (2.35), it follows from the definitions of Σ̃µ and λ̃µ that

m0

a
≤ λ̃µ≤C0m0, (4.10)

where C0 is a constant depending on N, N0 and θ, but not on µ and m0. Taking
µ→+∞, and along the proof of Theorem 3.1, we have that

λ̃µ→ λ̃,

and

ψλ̃µ,µ(x,y)→ψλ̃(x,y), kλ̃µ,µ(x)→kλ̃(x),

where ψλ̃ is the minimizer to the variational problem (Pλ), and Γλ̃ :y=kλ̃(x) is the
free boundary of ψλ̃. In particular, we have that ψλ̃(x,y) is monotone decreasing with
respect to x, kλ̃(x) is monotone increasing in [−a,−b), and

kλ̃(−a) = 1.

In view of (4.10), similar to arguments in Step 3 in Theorem 3.1, we have

|∇ψλ̃|≤Cm0 in G,

which implies that if m0 is small enough, then ψλ̃ is the subsonic solution to the com-
pressible impinging jet problem. Furthermore, it follows from the uniqueness of the
subsonic solution in Proposition 3.1 and the existence of critical mass flux in Proposi-
tion 3.2 that ψλ=ψλ̃ and kλ̃(x) =kλ(x) for any m0∈ (0,mcr).

Next, we show that y=kλ(x) is strictly increasing for any x∈ [−a,−b). Suppose
not, and there exist two different x1, x2 with x2>x1, such that kλ(x1) =kλ(x2). Thanks
to y=kλ(x) being monotone increasing, we have

∂ψλ
∂y

=λ on {(x,y) |x1<x<x2,y=kλ(x1)}. (4.11)

Due to ψλ=m0 on {(x,y) |x1<x<x2,y=kλ(x1)}, the Cauchy-Kovalevskaya theo-
rem gives that

ψλ(x,y) =λ(y−kλ(x1))+m0 in {(x,y) |x1<x<x2}∩Ω,

which contradicts the fact ψλ= 0 on T . And thus, we obtain that y=kλ(x) is strictly
increasing for any x∈ [−a,−b).

Finally, by using the similar arguments in Step 4 in Theorem 3.1, we obtain that
v>0 in G∪Γλ.
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