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THE CAUCHY PROBLEM FOR
A NON STRICTLY HYPERBOLIC 3x3 SYSTEM OF CONSERVATION
LAWS ARISING IN POLYMER FLOODING*

GRAZIANO GUERRAT AND WEN SHEN?

Abstract. We study the Cauchy problem of a 3 x 3 system of conservation laws modeling two—
phase flow of polymer flooding in rough porous media with possibly discontinuous permeability function.
The system loses strict hyperbolicity in some regions of the domain where the eigenvalues of different
families coincide, and BV estimates are not available in general. For a suitable 2 X 2 system, a singular
change of variable introduced by Temple [B. Temple, Adv. Appl. Math., 3(3):335-375, 1982], [E.L.
Isaacson and J.B. Temple, J. Diff. Egs., 65(2):250-268, 1986] could be effective to control the total
variation [W. Shen, J. Diff. Egs., 261(1):627-653, 2016]. An extension of this technique can be applied
to a 3x 3 system only under strict hypotheses on the flux functions [G.M. Coclite and N.H. Risebro,
SIAM J. Math. Anal., 36(4):1293-1309, 2005]. In this paper, through an adapted front tracking
algorithm we prove the existence of solutions for the Cauchy problem under mild assumptions on the
flux function, using a compensated compactness argument.
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ing; Wave Front Tracking; Degenerate Systems.

AMS subject classifications. 35L65; 35L.45; 351.80; 351.40; 35L60.

1. Introduction
We consider a simple model for polymer flooding in two-phase flow in rough media

Ors+ 0. f(s,¢,k)=0,

Ohles]+ Dalcf (5,0, k)] =0, (1.1)
0:k =0,
associated with the initial data
(s,c,k)(0,2)=(5,¢,k) (z), z€R. (1.2)

Here, the unknown vector is (s,c¢,k), where s is the saturation of water phase, ¢ is the
fraction of polymer dissolved in water, and k denotes the permeability of the porous
media. We see that k does not change in time, k(t,2) =k(x), and the initial data k()
might be discontinuous.

We neglect both the adsorption of polymers in the porous media and the gravita-
tional force, where the solution to the Riemann problem becomes more complex. For
such Riemann solvers, see [9,12] for the effect of the adsorption term, and [11] for the
addition of the gravitational force term. In particular, when the adsorption effect is
included, the ¢ family described below would no longer be linearly degenerate, while
adding the gravitational force term, the s waves described below could have negative
speed. Both effects would disrupt the carefully designed wave front tracking algorithm
we use to prove the main theorem.
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The conserved quantities and their fluxes are given by, respectively

s f(s,c.k)
G(s,c,k)=|cs ], F(s,c,k)= | cf (s,c,k)
k 0

Denoting the three families as the s, ¢ and k family, we have the following 3 eigenvalues
as functions of the variables (0,7,x) in the (s,c,k) space.

)\s:aaf(o'a’YvK)a )‘CZM7 )\kzov

g

and the three corresponding right eigenvectors (in the (s,c,k) space):

1 _a'yf(07’y7"€) _8Hf(0'7’>/7‘%)
rs=1|0 ; Te= 80’f (0-7’%’{) - f(o’;y,ﬁ) ’ Tk = 0
0 0 9o f (0,7,5)

A straight computation shows that both the ¢ and k families are linearly degenerate.
Furthermore, there exist regions in the domain such that Ay =\, or A; =\, =\, where
the system is parabolic degenerate.

The flux function f(o,7,x) has the following properties. For any given (v,%), the
mapping o — f(0,7,k) is the well-known S-shaped Buckley-Leverett function [3] with a
single inflection point, see Figure 2.1. To be specific, we have

flo,y,k)€[0,1],  Of(o,7,k) 20,  for all (0,7,r),
and, for all (v,k),

f(07,y,/</)207 f(l”-Y?K:):]‘)
05 £(0,7,K) =0, 05 f(1,7,6) =0, (1.3)
050 f(0,7,K) >0, Os0 f(1,7,K) <O0.

Remark that conditions (1.3) guarantee that the eigenvalues and the eigenvectors writ-
ten above are well defined (can be extended) when o =0. For each given (v,k), there
exists a unique o* (v,) €10,1[ such that

Opo [ (0™ (7,8),7,K) =0.

A detailed analysis of the wave properties for this system is carried out in [13], with
the following highlights:

o k waves are the slowest with speed 0. Both f and ¢ are continuous across any
k wave;

e ¢ waves travel with non-negative speed. Both % and k are continuous across
any c wave;

e s waves travel with positive speed. Both ¢ and k are continuous across any s
wave.

In [13], the global Riemann solver is constructed. Here we give a brief summary. Let
(si,¢1,k) and (sp,cp, k) be the left and right state of a Riemann problem, respectively.
In general, the solution of the Riemann problem consists of a k wave, a ¢ wave and
possibly some s waves. They can be constructed as follows.
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o Let (sym,c1,k,) denote the right state of the k wave. The value s,, is uniquely
determined by the condition

f(smcr,kr) = f(si,00,kp).

e For the remaining waves, we have k =k, throughout. We then solve the Rie-
mann problem for the 2 x 2 sub-system

Ors+0.f(s,¢,kr)=0, O (cs)+ 0z (cf(s,¢,k))=0 (1.4)

with Riemann data (s,,,¢) and (s,,c,.) as the left and right states. The solution
consists of waves with non-negative speed.

We now give a precise definition of weak solution to the Cauchy problem (1.1)—(1.2)
and state the main theorem.

DEFINITION 1.1.  The vector-valued function (s,c,k) € L> ([0,+00) x R, [0,1]%) is a so-
lution to the Cauchy problem (1.1)~(1.2) if for any ¢ € C~([0,+00) x R,R) the following
equalities hold

/ (5906 + F(5,¢,K)2] (1) i+ / S(2)6(0,2) dr =0,
Q

R
/[cs&‘tngrcf(s,c,k)azgﬁ] (t,ac)dtdx+/E(x)g(x)qﬁ((),x) dx =0,
Q R
k(t,x)=k(z), Y(tz)€Q,

where =]0,+00[ x R.
THEOREM 1.1. If the initial data (E,ch) satisfy

5€L™(R,[0,1]), ¢€BV (R,[0,1]), k€BV (R,[0,1]),

then there exists a solution to the Cauchy problem (1.1)~(1.2) in the sense of Defini-
tion 1.1.

We emphasize the fact that s=0 is not excluded in our theorem since we do not
make use of Lagrangian coordinates which would have required s>0. Indeed, under
the hypotheses s> s* >0, k(t,z) =counst., system (1.1) is equivalent to its Lagrangian
formulation [15]:

01 ()0, (£ o
6tC:O7 (15)
k = const.,

where y is the Lagrangian coordinate satisfying 0,y=s, dyy=—f(s,c,k). Therefore,
under some additional hypotheses, the result in [2], which holds for scalar equations
since it is based on the maximum principle for Hamilton—Jacobi equation, could be
used to prove the existence of a unique vanishing viscosity solution to the first equation
in (1.5) and hence a (in some sense) unique solution to system (1.5). However, since we
consider the case where s can become 0, the analysis in [2] cannot be applied. Instead,
we need to solve the original non-triangular 2 x 2 system in Eulerian coordinates. Fur-
thermore, since we consider rough permeability function &, the corresponding system in
the Lagrangian coordinate is no longer triangular,
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0.(3) -, (Le52) =0,
8,50 = 0,
0 (%) —o, (M=) <.

Remark that the Lagrangian coordinates introduced in [2, Section 6] for (1.1) make the
system triangular, but still require s> s* >0 and moreover they mix time and space,
therefore the Cauchy problem for (1.1) in Eulerian coordinates is not equivalent to the
Cauchy problem in the coordinates introduced in [2, Section 6].

In this paper, the proof for the existence of solution is carried out by showing that
wave front tracking approximate solutions are compact by a compensated compactness
argument (see for instance [10] for an application of compensated compactness to a 2 x 2
bi—dimensional related model).

The remaining paper is organized as follows. In Section 2 the wave front tracking
approximate solutions are constructed. In Section 3 we prove the necessary entropy
estimates. Finally in Section 4 the compensated compactness argument is carried out
to prove Theorem 1.1.

2. Front tracking approximations
In this section we modify the algorithm constructed in [4] and [11] to adapt it to
system (1.1). We define the functions (see Figure 2.1):

g(or) =08 by )= / 19e (€7, | de. (2.1)

g

Since at 0 =0 both f and its derivative d, f vanish, we define ¢(0,v,x)=0. Hypothe-
ses (1.3) imply that 0,¢(0,7v,x) >0 and that the function o+ g(o,7v,k) has one single
maximum point somewhere between the single inflexion point of f and the point o =1.
The function P is continuous with respect to its three variables and strictly increasing
and invertible with respect to the variable ¢. Fixing initial data (§, c, E) satisfying the

g
(1,1)
f
®
(0,0) (1,0) ¢

F1G. 2.1. Diagrams of the fluz o f(0,v,k) and of the function o+ g(o,v,k)=f(0,7,k) /o for
fized values of v and k.

hypotheses of Theorem 1.1 and fixing an approximation parameter ¢ >0, we can con-
struct piecewise constant approximate initial data (§57ég,k€) with values in [0,1]3 such
that:

‘|EE—E"LM <e, Tot. Var. k¢ < Tot. Var. k,
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c®—cllpe <&, Tot. Var.¢® < Tot. Var. ¢,
15°=8llLa((~2,1)m) <5 (2:2)

Let Z1,...,Zn be the set of points in which k¢ has jumps such that

N-1
k (2) =koX)—o0,2:] T Z kiX)z,,2:01] (%) FEN Xz 5 400l
=1

and let ¢1,...,9p be the set of points in which ¢ has jumps such that

M-—1
& () =CoX]—cogn] F D €iX]7,5y41]) (&) T CMXJgas o0
j=1

Without loss of generality, we can suppose that no g, coincides with any Z;. Define the
constant

L= Ll (vl - (v +20),

7.k

where [« denotes the least integer greater than or equal to the real number a. In the
following we denote by A the logical operator and. We consider the following finite sets
of possible values for the function g:

Go={9lg=9(5(x),&(x),k*(z)), weR},

1
gg={g|g=g<L,cj,ki), i:07...,N,j:O,...,M,K:O,...,L},
QO—{g|g—0r§ngéclg(a,c],k1), 1=0,...,N,j 0,...,M}7

gg: {g|g:g(U,CjJCZ‘):g(0'7Cj*,ki*)/\gs (chjaki)'gs (O',Cj*,ki*) <07
for some 4,i*=0,...,N, j,j*=0,...,M,0 € [0,1]},
Go=GoUGEUGEUG;.

REMARK 2.1.

e The set G} includes all the possible initial values for g;

e The set G2 includes a sufficiently fine grid for g in order that any s grid that
contains all the counter images of G2 through g(-,c;j,k;), for any fixed j,i, is
finer than %;

e The set G2 includes all the possible maxima of g(-,¢j,k;) for any j,3;

e The set G§ includes all the possible values of g where two graphs of functions of
type g(-,¢;,k;) intersect with derivatives of different sign. Because of the shape
of g, this set too is finite.

We start the front tracking algorithm (see Figure 2.2) from the region x < z;. For
this purpose we define the allowed values for s in that region:

So.j={clg(o,¢;j,ko) €Go}-



1496 POLYMER FLOODING

Q14

AN

2

Y1 Y2 T1 Y3 T2 Y4 T3 Ys T4 Y7 Ts

Fic. 2.2. Wave front tracking pattern. k waves in blue, ¢ waves in green and s waves in red

We call f%J(o) the linear interpolation of the map o+ f (0,¢;, ko) according to the points

in Sy ;. Observe that, since we have included G in Go, the set {£},_, is included in
So,; for every j, hence we have the uniform estimate

. — £0,5 <
{|f(g’cj7k0) f (U)|_E7 for all 0 €10,1], j=0,...,M.

|80f(0',0j,k0) _80f0’j(0-)| < N_‘_LMa

We solve all the Riemann problems in x<Z; at t=0 in the following way. Let
z€1y;,Yj+1] (Jo=—00) be a jump in s°. Here we take the entropic solution to the
Riemann problem

0 (n _J&E (@) forz<uz,
Ors+0:f7 () =0, s(0.2)= {55 (z+) for z>7Z.
Since f97 is piecewise linear, the solution to the Riemann problem is piecewise constant
and takes values in the set Sy ; of the kink points of f%/, moreover the entropy condition
in [1, Theorem 4.4] is satisfied. The same Riemann solver is used whenever at ¢ >0 two
s waves interact in some region )y ; defined below.
At the points g;, we solve the Riemann problem according to the minimum jump
condition described in [11] (see also [7]) that we briefly outline (see Figure 2.3). Define

“(gi—)=cj-1, sT=5(g+), = (y+)=c,

w
h
I
|
o
—
S\
L
o
h
Ql

and the two auxiliary monotone functions (the first one nonincreasing and the second
one nondecreasing)

ma’X{g(gchJ{:O)|§€[07SL]}, for O'SSL7
Gl (o) =
min{g(QCL,ko)kE[SL,U]}, for o> s*,
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FIG. 2.3. The graphs of GF and GT are drawn respectively in blue and red. For each graph, a
possible transition level v (the level at which given GT and G® intersect) is drawn in green.

min{g(s,cf ko) |s€ [o,s"]},  for o <s%,
GR(o)=
maX{g(§,cR,ko)|§€[SR,U]}, for o> st

Call v the unique level at which G and G intersect. Because of the hypotheses on
g, v is equal to either g(SL,CLJfo), g(sR7cR,k0), a maximum of either g(~7cL,k0) or
g(-,cR,ko), or a point in which these two functions intersect with derivatives having
opposite sign. In any case v € Gy holds. Define the closed intervals

R (el I () I L L I (o 58

Finally call s~ and sT respectively the unique projections of s and s on the closed
strictly convex sets I* and I™. It is not difficult to show that

v=GF (:3’):g(s*,cL,ko)7 st.s™ €801,
’YZGR(8+)=Q(S+,CR,]<JQ), s st e ;.

Take any wave, with left and right states s;,s, € Sp j—1, of the entropic solution to the
Riemann problem

. L g b
Qs +0, [0 (s)=0,  s(0,2)= {s_ or & <, (2.3)
s for x> y;,

and suppose s <s~. Then, s <s;<s, <s~ and, because of the entropy condition [1,
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Theorem 4.4], its speed satisfies (f%9~1 coincides with f (-,c* ko) on Spj_1):

Ao — f(ST,CL7kQ)—f(Sl,CL,k0> < f(S_,CL,k()) —f(Sl,CL,ko)
® Sy — 81 - §T —8;
g(S_,CLJf()) -9 (Sl,CL7k0)
s—

— 5

:g(S_7CL,]€0) +s1

GL (Si) *g(Sl,CL,ko)
ST —8;

=A.+5;

<Aes

with )\szzg(s_,cL,ko) :g(s+7cR,k0) and where we used the definition of GF. If
instead s~ < s, then s~ <s, <s; <s” and, as in the previous computation, we have

GL (37)—g($l,CL,k‘0)
ST — 8

)\SS)\C‘FSZ §>\c

Therefore, in any case, the solution to the Riemann problem (2.3) can be patched with
a ¢ wave that travels with speed A\, and connect the left state (s*,cL,ko) to the right
state (s*,cR,ko). Similar computations can be done at the right of the ¢ wave so that
the complete solution includes a ¢ wave travelling with speed \., possibly together with
some entropic s waves to its left (solutions to 9;s+ 0, f%/~1(s) =0) and some entropic
s waves to its right (solutions to 9;s+ 38, f%7 (s)=0). We also use this Riemann solver
whenever, for t >0, a ¢ wave interacts with one or more s waves.

We point out the following properties of this Riemann solver that will be needed in
the proof of the main theorem.

e The ¢ wave satisfies Rankine-Hugoniot

{f(s+,cR,ko) —f(s7,c" ko) =Ae(sT—s7),

(s, ko) —cEf (s ¢t ko) = A (cftsT —cls).

e The ¢ wave is an “admissible” path as defined in [11] and satisfies the following
entropy condition:

— If s~ < s™ there exists s* € [s~,s"] such that

g(a,cL,ko) >A. forallce[s,s*], (2.4)

g(o,c% ko) =X for all o€[s*,s™]. '
— If sT < s~ there exists s* € [s*,s7] such that

g(o,c% ko) <A forall o€[sT,s*], 25)

g(a,cL,ko) <A, forall oe[s*,s7]. '

Let y1 (t),...,ynm (t) denote all the ¢ wave fronts at the time ¢. Their initial positions
are the discontinuity points of ¢°. We will show that they do not interact between each
other and keep the same number and order as time goes on.

We define the open regions

Qo,;={(t,z) €[0,400) xR |z <z Ay;(t) <z <y;t+1(t)},
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and the flux
Fe (t,z,0) =" (o), for (t,z)€Q,;.

The wave front tracking approximation s® so constructed is an exact weak entropic
solution to

Ops®+ 0 [F* (t,2,5°)] =0,
O¢ (c°5°) 4+ 0y [c°F* (t,2,5%)], =0,
in the region r <Z;.
Since the ¢ family is linearly degenerate, ¢ waves will not interact with each other.
Indeed, given two consecutive ¢ waves located respectively in y;(t) and y;41(t), the first
conservation law in the previous system implies

d [vi+i(t) ' .
il s () de =911 (1) 57 (64541 () =) =95 (¢) ° (95 (1) +)
y;(t
— [ (5° (6 g () =)+ ™ (5 (Ly; () +) =0
since y=A.= g Hence ¢ waves cannot interact with each other (if s° =0 between two ¢

waves, then they both must travel with zero speed and therefore even in this case they
cannot interact).

Since any interaction with the & wave located at z; cannot give rise to waves entering
the region x < z1, following [11], the wave front tracking algorithm can be carried out
for all times in that region. Observe that for a fixed ¢ the total variation of the singular
variable P introduced in (2.1) is bounded. Since the grid Sy ; contains all the possible
maximum points of g(-,¢;,ko), in the regions Qg ;, P(0,¢;,ko) = [ ‘85% ’ d¢ for any
0 €S8y, ;. The variable P is well behaved in the interplay between the two resonant
waves s and ¢ [8,14]. Unfortunately, this behavior is disrupted by the third family of
waves, the k waves, except in the case where very strong hypothesis are assumed on
the flux as in [4]. In fact, in [4] it is assumed that the point of maximum of g does not
change with & (actually in [4] our k waves correspond to discontinuities in time because
of Lagrangian coordinates). Since such assumptions are not realistic for our model, we
are not able to prove a bound on the total variation of P uniformly in . Instead, we
resolve this difficulty by applying a compensated compactness argument.

Up to now, all the values of (s%,¢%, k%) are determined for x < Z;. Since k° is con-
stant in time, its value at the right of Z; is known. The jump conditions Af=Ac=0
determine all the values of (s%,¢%, k%) to the right of Z;. These values could introduce
new values for the function g that must be added to the grid, i.e.,

G1=GoU{g (s (t,Z1+),c" (t,z1+),k° (T1+))| t >0}.
This gives the new allowed values for s for Z; <z < Zo:
S1,j={0lg(o,cj,k1) €G1}.

Using these values we now build the corresponding approximations f7 (o) of the flux
as the linear interpolation of f(o,c¢;,k1) according to the points in Sy ;. Then we solve,
as before, all the Riemann problems at t=0, Z; <x <Zs and t >0, x=2;. As before ¢
waves cannot interact with each other so, by induction, we can carry out the wave front
tracking algorithm on the semi plane ¢ > 0.
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We define the open regions (Zo=1yo(t) =—00, Ty+1=ym+1(t) =+00)
Qi j={(t,x)€[0,400) xR |Z; <x <Tip1 Ay;(t) <z <y;t1(t)}.
The wave front tracking approximations so obtained are weak entropic solutions to

Ops® + 0, [F© (t,2,5°)] =0,
3t (CsSs) +ax [CEFE (t,l‘,SE)} = 0’

2.6
8,514:5 :0, ( )
(5%,¢%,k%) (0,x) = (5°,6°, k%) (=),
where the flux F© is defined by
Fe (t,z,0)=f" (o), for (t,z) € ;.
For all (t,z) €[0,+00[ xR and o €[0,1], the flux satisfies the estimates
|F€(t,l‘,O’)—f(O',Cs(t,l'),k'E(l’)”SE, (2 7)
|05 F2 (t,2,0) — 05 f (0, (t,2) ,k° ()] < w57 '

We remark that, in any region €; ;, s° is an entropic solution to the scalar conservation
law

0y +0, [f1 (5)] =0.

3. Entropy estimates
Given a smooth (not necessarily convex) entropy function 7 (o) with n(0)=0, we
define the corresponding entropy flux ¢° (relative to the approximate flux F¢) as

q° (t,:ma):/oan’(g)agFE (t,z,)ds. (3.1)

THEOREM 3.1. For a fired convex entropy n, the positive part of the measure
pe =0 [n(s)]+ 0z [¢" (t,7,5%)] (32)

is uniformly (with respect to the approximation parameter €) locally bounded. More
precisely, for any compact set K C|0,+o0o[ xR there exists a constant Ck such that

pd (K)<Ck.

Here the constant Cx may depend on n, [ and on the total variation of the initial data
¢ and k, but it does not depend on the approrimation parameter €.

Proof.  Fixing a non-negative test function ¢ € C$°(]0,4+00[ x R), we compute

<at [77 (SE)] +am [qa (tax7s€)] a¢> = /W(58)5t¢+q5 (tvxvss)az¢dtdx

= /0 Z[Aqi(ﬂ—Am(t)ée(t) o(t,& () dt.  (3.3)
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Here 1,...,&n (1) are the locations of the discontinuities in (s°,c%,k¢), and the notation
A denotes the jumps:

Ane(t) =n(s*(t,€e () +)) —n (s (6, (1) —)),
Ag (1) =7 (1,E0(t)+,5° (1,60 (1) +)) — g7 (,€e(t) =, 57 (£,€0 () ).

We study separately the three different kinds of waves and denote with the superscripts
“~7 and “4” the values computed respectively to the left and the right of the dis-
continuities. We omit the superscript for the values that do not change across the
discontinuities.

s waves: Both c and k are constant while the jump in s satisfies Rankine-Hugoniot
and is entropic according to the approximate flux. If (¢,&,(t)) € Q; ;, then

Se(sT=s7) =" (sT) = (7)== 1.
Hence, applying the definition of ¢ and integrating by parts, we compute

Agj — A= / " 7' (<) [&f MOE &] ds
=[r© (1= =éls=s))]

s—

—/; 7" (<) [fi’j ©—-f —& (g—s_)] ds

+

<0.

Since 1" >0 and the s wave in & is an entropic wave for the flux f%J, therefore for all
¢€[min{s,s"},max{s~,s"}| one has

sign (s* —s7) {f”'(c)—f A )]zo.

st—s—
c waves: Both k£ and g :f are constants and the speed & of the wave equals
g(s™,c,k)=g(sT,ct k), where & is the boundary between the regions ; ; and €; j41.

Denoting by C' a generic constant that depends only on 7 and f, the uniform esti-
mates (2.7) lead to

+

qu—AW&:/O 77’(<)3cfi’j+1(<)d<—/0 7' (§)0cf (s)ds—E (n(sT) —n(s7))
_CNiM—I- ; n’(c)&f(c,e*,k)dg—/o( n' ()0 f (s,¢ k) ds

_/k (s )EedC-i-/ ' (5)&eds
/ k) - 54 ds— /Osn'(<) [&f(c,c‘,k:)—&} ds

N+M
N+M_/0 7" (<) [f( k) — 644 d<+/os 7" () [f((,c_7k)—£e<] ds

<C
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Here we have integrated by parts and used the relations
f(O,ci,k):O, f(si, + k)—s g( + ot k)zsifg.

Suppose s~ <s*, the other case being symmetric. Because of the entropy condition on
¢ waves (2.4) there exists s* € [s7,sT] such that

g(g,c‘,k)zfg for all ¢€[s7,s"],
g(s,ct k) >&  for all ges*,sT].
The estimates (2.7) further lead to

st s

7" (<) [f (s,¢",k) —éec} d<+/

s*

Aﬁ—Am&S—/

*

+C<N+M+|c —c |>

— [ et -ifa [
+C<N+M+|C —c |>

< A
o (g H1aa).

k waves: For a k wave, both ¢ and f are constant and & =0, where &, is the boundary
between two regions 2; ; and ;41 ;. We have

+

Ag Am&—/s Haﬂ“NQ«—AS#@&ﬁMOM

0 (k) do= [/ 0 (6e) de
0

+

+AMO+Mﬂuﬂ@@*$)/ Of (c0.k™)ds

N+M+Ak@|+\f(s+,c,k)—f(s,c,k)y)

—|—\Ak:g|+‘f( —)—f(s+,c,k+)y)

:C<N+M+Akz|>

where we used the fact that o, f (c,c,k~) >0 and that f(s™,c,k™)=f(sT,c,kT).

Finally, if the compact support of ¢ is contained in ]0,7[ X R, equality (3.3) and the
previous analysis on the three types of waves lead to

@A +ou I sy <o (T

< CT (1+ Tot. Var.{c} 4+ Tot. Var.{k}) ||¢]

+ Tot. Var.{c} + Tot. Var. {15}) 9l oo
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for any € €]0,1[, proving the theorem. O

THEOREM 3.2.  For any smooth entropy n (even nonconvex) and decreasing sequence
e; —0 there exists a compact set ICCHI_Oi (Q), independent of j, such that

He; = 9 [n(s*)]+0x[q% (t,2,57)] K.

Proof. We apply standard arguments in compensated compactness theory [6]. In-
tegrating the measure p. over a rectangle (with t; >0) R=[t1,ts] X [-L, L] we obtain

to
ME(R):/ G (L5 (6, L)) = ¢F (t—L—, 5% (t,—L—)) dt
ty

L
+ / (s (1) =5 (=) da

Since s¢ is uniformly bounded, there exists a constant Cg such that |u. (R)|<Cg for
any €€]0,1[. If n is convex, we can apply Theorem 3.1 to estimate the total variation
of pe uniformly with respect to e:

kel (R) = (R)+p (R)=2pf (R) — pie (R) <2Cr + Ch.

If 7 is not convex, then we take a strictly convex entropy n* (for instance n* (o) =0?)
and define 7=7n+ Hn*. The entropy 7 is convex for a sufficiently big constant H. We
denote by p., pi and fi. the measures corresponding to the entropies n, n* and 7. Since
the definition of the entropy flux (3.1) is linear with respect to the associated entropy,
the measures satisfy ji. = p. + Hp?. Hence the inequality

kel (R) <|fic| (R) + H || (R)

holds. This means that |u.|(R) is bounded uniformly with respect to e since both
fie and pf are associated with convex entropies. Since the measure p.=0;[n(s%)]+
0z [¢° (t,x,s%)] restricted to R, lies both in a bounded set of the space of measures
M (R) and in a bounded set of W=1°°(R), [5, Lemma 17.2.2] allows us to conclude the
proof of the theorem. ]

4. Strong convergence
The following result is a step towards the proof of Theorem 1.1.

THEOREM 4.1.  There exists a sequence €; —0 such that (s%9,c¢% k%) — (E,é,l;) in
L ().

loc
Proof.  We suitably modify the proof of [2, Theorem 4.2], omitting some compu-
tations already written there. The proof takes several steps.

(1) Observe that by construction we have
Tot. Var.{c® (t,-)} =Tot. Var.{c"} < Tot. Var.{c}

and the wave speeds are uniformly bounded. Hence Helly’s theorem implies that there
exists a sequence ¢*7 —¢ in L}, (). Since k° is constant in time, we have k% —k=Fk
in Lj,.(Q) as well. In the following we always take subsequences of this sequence and

we will drop the index j to simplify notations. We define the limit flux

F(t,z,0)=f (U,é(t,m),ff(ac)) , forall (t,z)€Q, and o€]0,1]
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and for any entropy n we define the limit entropy flux

o(t2,0) = / 0 () O.F (t,7,6) de.
0

The estimate (uniform in o € [0,1])

lg(t,z,0)—q° (t,z,0 \</ [n' (s (

<C (|5(t,33) — ()| + \l%@:) - ks(a:)‘ —i—e) 0 inLL ()

(c:2(t.2). (@) ) = 0 (e (t) " (@)

10, f (6.6 (b,2) K (2)) — 0. FF (t,x,<>|)d<

implies that
O lq(t,m,5°) — ¢ (t,z,5%)] =0, in H;}(Q).
Together with Theorem 3.2, it implies that the sequence
O [n(s)]+ 0 a (t,2,5%)] = 0¢ [n(5%)] + 0x [¢° (t,2,5%)] + Oa [q (t,2,5%) — ¢ (t,2,57)]
belongs to a compact set in H;,! ().
(2) For any (t,2) €Q and v,w€[0,1] we define

I(t,z,v,w) = (v—w)/ [&,F(t,x,o)]Qda— [F(t,z,v)— F(t,z,w)] 2, (4.1)

The following properties hold.

(i) (v,w)—I(t,x,v,w) is continuous with I(t,z,v,v) =0 for any v € [0,1].

(ii) I(t,x,v,w)>0 for any v,w € [0,1] with v#£w.
Indeed, (i) is trivial, while (ii) follows from Jensen’s inequality and the fact that o—
f(o,7,k) and hence o — F(t,z,0) have a unique inflection point. Indeed suppose w < v,
we observe that o+ 9,F(t,x,0) is not constant over the interval w € [w,v], and we
compute

I(t,z,v,w) = (v— w/w 8Ft:va)} do—(v— w)2{ ! /Ua F(txa)dar

> /8tha do — /8tha 2d0
w w

v—

(3) Fixing (7,y) € and we consider the following entropies and corresponding
limit fluxes

n(U):U? q(t,x,U)ZF(t,x,a),
Noray (0) = F(7,,0), G (t2,0) = / OF (r,y,)0 F (t,2,6) de.
0

The same computations as the ones used to obtain [2, (4.16)] prove that there exists a
constant Cy >0 such that

(,U - w) [Q(T,y) (t,l’,’U) —4(ry) (t,LE,U/)]

> I(t,a:,v,w)+[F(t,a:,v)—F(t,x,w)f—Cg sup |F(T,y,0)—F(t,x,a)|. (4.2)
o€[0,1]
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(4) By possibly taking subsequences, we can achieve the following weak™ conver-
gences in L>(Q):
s5(t,x) = 3(t,x),
F(t,x,s°(t, 3:)) ﬁ'(t,x), (4.3)
I(t,z,s°(t,z),5(t,2)) = I I(t,z).

Taking further subsequences (which this time may depend on (7,y)) we can achieve
these further weak* convergences in L ()

F(T7ya56(t7‘r)) = F(T,y)(tv'r)a d(r,y) (t7x586(t7x)) = d(‘r,y)(twr) (44)

Notice that the weak limits 5, f, I in (4.3) do not depend on the values (7,y). Step 1
implies

O [s°(t,x)]+ 0y [F(t,x,s°(t,x))], 0 [F(7,y,5°(t,%))] + 0 [4(r ) (t.2,5°(t,2))] € K,

where K is a compact set (independent of the subsequence index) in H;,!(Q). By an

application of the div—curl lemma, see for example Theorem 16.2.1 in [5], one obtains
5°(t,2)q(r.y) (t,:c,sf (t,x)) fF(t,:c,ss (t,x))F(T,y,sf (t,x))
~ ~ (4.5)
- g(tax)Q('r,y) (t,.’l?) _F<t7x)F('r,y) (t,l’).

Following the proof of [2, Theorem 4.2] we set v=s°(t,x) and w=3§(t,x) in (4.2) and
take the weak™ limit as e — 0 to obtain
j(t,l’) - [g(tax)(j(r,y) (tax) _F(tax)p(r,y) (t,l’)] +‘§(tax)(j(r,y) (t,fE)

—2F(t,x)F(t,x,§(t7x))—|—F(t,x,§(t,a?))2 < (3 sup |F(T,y,0’)—F<t,.’E,O‘)’.
c€l0,1]

This can be written as
I(t,z)+ [F(t,x) —F(t,x,é(t,x))]Q <(C3 sup |F(T,y,0) —F(t,x,a)|
o€[0,1]
+ |F‘(tax)HF(‘r7y) (tax) —F‘(t,l‘”,
which holds for any fixed (7,y) €2 and a.e. (t,) € Q2. Taking the weak* limit in
— sup |F(r,y,0) = F(t,z,0)| < F(ry,5°(t,x)) = F(t,z,5°(t,2))
o€[0,1]

< sup |F(T,y70')*F(t,I’,O')|,
o€[0,1]

we obtain

— sup |F(r,y,0)— F(tw,o)‘gﬁ'(ﬂy)(t,x)—ﬁ'(tw)
o€l0,1]

< sup ‘F(T7y,0')—F(t,£L'7O')’.
o€l0,1]

Hence for any fixed (7,y) € Q2, we have for a.e. (t,z) €Q

f(t,x)+[F(t,x)—F(t,x,é(t,m))]Q < Cy il[lopl]|F(7',y,cr)—F(t,x,0)|. (4.6)
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(5) We call F; the set of Lebesgue points of the left-hand side of (4.6). Moreover,
for each 0€]0,1] let E, be the set of Lebesgue points of the map (t,x)+— F(t,x,0).
Defining

E=En| () E|.
qeQnIo,1]

we observe that its complement Q\ F has zero measure. Take any (7,y) € E and fix
€>0. Let F. CQnN|[0,1] be a finite set such that in}f_ |¢— 0| <e for every o €[0,1]. Then
qe€S e

we have

sSup |F(T,y,0’)*F(t,1',0')|SmaX‘F(T,y,q)*F(t,l’,q)|+2L6
0€l0,1] qEF.

<> |F(r,y.9)— F(t,,q)| +2Le, (4.7)
qEF.

where L is a uniform Lipchitz constant for ¢+— F'(t,z,5). Let Bs(7,y) be the disc in §2
centered in (7,y) with radius J >0 whose area is 762. Integrating (4.6) and using (4.7)
we obtain

1

— I(t,2)+ [F(t,2) - F(t,2,5(t,2))]") dtdw
mo? Bs(ﬂy)( [ ( )
<G | Py el 2ciLe
7T(5 Bg( y

qEFe.

Since (7,y) is a Lebesgue point for the map (¢,x)+— F(¢,x,q), for all g € F¢, letting § — 0
we obtain

[(r,y)+ [F(r.y) — F(7,5,3(r,y))]* < CuLe.
Since € >0 is arbitrary, this implies
f(T,y) + [F(T,y) —F(T,y,E(T,y))]2 <0 for every (1,y)€E.

Hence I(t,z) <0 a.e. in Q. Since, by Step 2, I(t,x,ss(t,x)j(t,m)) >0, its weak* limit

I(t,z) must be greater or equal to zero almost everywhere. Therefore we get

I(t,x)=0, and F(t,z)=F(t,z,5(t,x)), a.. in Q.

Since I(t,x,ss(t,x),é(t,x)) >0 converges weakly* to zero, we conclude that it converges
strongly in L}, (€2). We can thus take a subsequence such that I(¢,z,s(¢t,z),5(t,z)) =0

a.e. in Q. Finally, property (ii) proved in Step 2 implies s°(t,x) — 5(¢,x) a.e. in Q,
completing the proof. ]

Proof. (Proof of Theorem 1.1.) By Theorem 4.1 we know that there exists
a subsequence of wave front tracking approximate solutions constructed in Section 2

(s°,¢°,k?) which converges strongly in L () to a limit (5,5, l?:) Clearly k; =0. Let ¢
be a test function with compact support in [0,+00[ x R. By construction (see Section 2)

the approximate solutions satisfy

/[sgqﬁt—&-F‘E(t,x,sgww](t,m)dtdw—i—/gs(m)qb(o,m) dz =0,
Q

R
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/[cssa(bt—FcEFs(t,a:,se)(bx] (t,z) dtda:—!—/éE (2)5%(x)¢(0,2) de =0,
Q

R
K (t,2) =k (x), V(t,x)e€.

The uniform estimate (2.7) and the strong convergence of approximate solutions allows

us to pass to the limit and to conclude that the limit (5,5, IZ:) satisfies Definition 1.1. O
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