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AN ENERGY PRESERVING DISCRETIZATION METHOD FOR
THE THERMODYNAMIC KURAMOTO MODEL

AND COLLECTIVE BEHAVIORS∗

SEUNG-YEAL HA† , WOOJOO SHIM‡ , AND JAEYOUNG YOON§

Abstract. We provide an energy preserving discretization method for the thermodynamic Ku-
ramoto (TK) model on a lattice and investigate its emergent dynamics, and show a smooth transition
from the proposed discrete model to the corresponding continuous model. The thermodynamic Ku-
ramoto model describes the temporal evolution of the phase and temperature at each lattice point
in a domain. To integrate the continuous model numerically, one needs to discretize the continuous
model in a suitable way so that the resulting discrete model exhibits the same emergent features as
the corresponding continuous model. The naive forward Euler discretization for phase-temperature
configuration does not conserve a total energy, which causes inconsistency with the continuous model.
Thus, we instead propose an implicit scheme which preserves energy and satisfies entropy principle, and
provide several sufficient frameworks leading to the emergent collective behaviors and uniform-in-time
smooth transition from the discrete model to the continuous model.
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1. Introduction
In this paper, we propose and investigate an energy preserving discretization for

thermodynamic Kuramoto (TK) lattice model [25]. The TK (lattice) model describes
the synchronization of phases/frequencies and homogenization of temperatures of Ku-
ramoto oscillators at each lattice point, and it consists of the Kuramoto-like phase
dynamics and autonomous temperature equations. Here, “synchronization” is a col-
lective phenomenon which represents an adjustment of rhythms of the coupled oscilla-
tors [4, 13, 15, 16]. Since Christiaan Huygens’ first observation in 1665, synchronization
behavior in nature, such as firing neurons and flashing fireflies, were observed by ap-
plied mathematicians, physicists and biologists [1–3, 5, 30, 31, 33, 39, 40]. After Vicsek’s
seminal work [38] on the modeling of collective dynamics, the velocity alignment of in-
teracting individuals moving with a constant speed were also successfully described by
a synchronization of their heading angles [10–12,17]. Despite its omnipresence in nature
and human society, a rigorous mathematical study had been initiated by two pioneers,
Arthur Winfree and Yoshiki Kuramoto about a half-century ago. In [29], Y. Kuramoto
suggested a mathematical model to describe synchronization phenomenon from the sys-
tem of linearly coupled Stuart-Landau oscillators. Consider a lattice Λ consisting of
N lattice points xα∈Λ with α=1, ·· · ,N , and assume that Kuramoto oscillators are
located at each lattice point. Denote θα=θα(t) the phase of the Kuramoto oscillator
at each lattice point xα. Then, in the absence of thermal interaction, the dynamics of
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phase θα is governed by the following ODEs:
θ̇α=να+

κ

N

N∑
β=1

sin(θβ−θα), t>0,

θα(0)=θ
in
α , α=1, ·· · ,N,

(1.1)

where κ>0 is a global scale parameter of coupling strengths and να is a real-valued
constant representing the natural frequency of α-th oscillator in the absence of coupling.
Recently, complete synchronization of the Kuramoto model [29] has been extensively
studied in various settings, e.g., phase-locking [7, 8, 16, 28, 36, 37] for a restricted initial
configuration, a generic initial configuration [20], locally interacting topology [24], effects
of inertia and frustration [22, 23], temperature effect [25], etc. For readers who are
interested in the related works, we also refer to a survey article [15]. In particular, the
authors in [25] introduced a generalization of (1.1) coupled with temperature equation
from the thermodynamic Cucker-Smale model [9, 21, 26]. In what follows, we call such
a coupled model as the thermodynamic Kuramoto (TK) model. More precisely, let
θα=θα(t) and να be the phase and natural frequency of the α-th oscillator, respectively,
and let Tα=Tα(t) be a corresponding temperature of α-th oscillator. Then, the temporal
evolution of {(θα,Tα)}Nα=1 is given by the following first-order system

θ̇α=να+
κ1
N

N∑
β=1

ψαβ
Tα

sin(θβ−θα), t>0,

Ṫα=
κ2
N

N∑
β=1

ζαβT
2
∗

(T 2
∗ +η

2Tα)

(
1

Tα
− 1

Tβ

)
, t>0,

(θα,Tα)
∣∣∣
t=0

=(θinα ,T
in
α ), α=1, ·· · ,N,

(1.2)

where κ1 and κ2 are positive coupling strengths, and coefficients ψαβ ,ζαβ represent the
positive, symmetric newtork topology on lattice Λ:

0<ψαβ=ψβα<∞, 0<ζαβ= ζβα<∞, ∀ α,β=1,·· · ,N.

As a thermomechanically consistent model, (1.2) follows the energy conservation and
entropy principle, where the energy E and entropy S are defined as

E :=

N∑
α=1

(
Tα+

η2

2T 2
∗
|Tα|2

)
, S :=

N∑
α=1

lnTα.

The constants T∗ and η are physical constants with dimensions [T ] and [T− 1
2 ], which

are assumed to be unity (T∗=1 and η=1) for simplicity.

Then, system (1.2) has also been extensively studied from diverse perspectives, e.g.,
emergence of complete synchronization [25], continuum limit [18] and a mean-field limit
[19]. However, discrete-time approximation of (1.2) was not considered in follow-up
research of [25]. For the Kuramoto model (1.1), the discrete-time approximation can be
written as

θi(n+1)=θi(n)+νih+
κh

N

N∑
j=1

sin(θj(n)−θi(n)), i=1,·· · ,N, (1.3)
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where h :=∆t>0 is a fixed time step.

In [6], Choi and Ha first proved the complete phase synchronization of (1.3) with
identical oscillators (νi≡ν) when initial phases are confined in a half circle and κh is
sufficiently small. More precisely, if

ν1= ·· ·=νN =ν, 0<κh<1, max
1≤i,j≤N

|θi(0)−θj(0)|<π,

(1.3) exhibits complete phase synchronization as n tends to infinity:

lim
n→∞

(θi(n)−θj(n))=0, ∀ i,j=1,·· · ,N.

Then, Zhang and Zhu [41] provided a synchronization estimate for the first-order Euler-
type discrete Kuramoto model (1.3) by utilizing the finite-in-time consistency of Euler
method and showing the convergence of generic discrete gradient system under the
uniform boundedness assumption of phases. Recently, Shim [32] presented a critical
value of time-step to achieve phase/frequency synchronization for generic initial data
without using any consistency result between discrete and continuous Kuramoto models.
Therefore, it is natural to address the following two questions:

• (Q1): What is a structure-preserving discretization of (1.2)?

• (Q2): If such structure-preserving discretization exists, under what conditions
on system parameters and initial configurations, does the proposed discretized
model exhibit emergent collective behaviors and smooth transition toward the
continuous model (1.2)?

The first question (Q1) deals with the discretization of (1.2), which enjoys the same
qualitative and quantitative properties as in the continuous TK model. Since the first-
order Euler discretization for (1.2) does not conserve the total energy (see Section 2.2),
we propose the following discretization of (1.2) to satisfy energy conservation and en-
tropy principle:

θα(n+1)=θα(n)+ναh+
κ1h

NTα(n)

N∑
β=1

ψαβ sin(θβ(n)−θα(n)), n∈Z≥0,

f(Tα(n+1))=f(Tα(n))+
κ2h

N

N∑
β=1

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)
, f(x)=x+

x2

2
,

(θα(0),Tα(0))=(θinα ,T
in
α ), α=1, ·· · ,N,

(1.4)

where h>0 is a fixed time step. Then, for the discretized entropy and total energy
functional

E(n) :=
N∑
α=1

(
Tα(n)+

1

2
|Tα(n)|2

)
, S(n) :=

N∑
α=1

lnTα(n), n∈Z≥0, (1.5)

one can also verify that the energy and entropy functionals satisfy

E(n)=E(0), S(n)≥S(0), n=0,1,2, ·· · .

We refer to Lemma 2.1 for details.
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The main results of this paper are devoted to settle (Q1)–(Q2). First, we pro-
vide a sufficient framework leading to the temperature homogenization and complete
synchronization of the discrete TK model (1.4) in terms of system parameters and ini-
tial configurations: Let {(θα,Tα)}Nα=1 be a solution to (1.4) subject to the initial data
{(θinα ,T inα )}Nα=1, and suppose the initial data {(θinα ,T inα )}Nα=1, coupling strengths κ1,κ2
and communication weights (ψαβ)αβ ,(ζαβ)αβ satisfy

0≤D(ν) := max
1≤α,β≤N

|να−νβ |≤
κ1ψm
T inM

, D(Θin) := max
1≤α,β≤N

|θinα −θinβ |<π−γ,

ψm := min
1≤α,β≤N

ψαβ>0, γ := sin−1

(
D(ν)T inM
κ1ψm

)
≤ π

2
, T inM := max

1≤α≤N
T inα >0.

(1.6)

Then, if the time step h is sufficiently small to satisfy

0<
κ1hψM
T inm

<1, 0<κ2hζM <f(T inm )T inm ,

ψM :=max
α,β

ψαβ , ζM := max
1≤α≤N

1

N

N∑
β=1

ζαβ , T inm :=min
α
T inα >0,

(1.7)

there exists a constant vector (θ∞1 , ·· · ,θ∞N ,T∞) such that (see Theorem 3.1 and Theorem
4.1 for details),

lim
n→∞

max
1≤α≤N

(
|θα(n)−(θ∞α +nνch)|+ |Tα(n)−T∞|

)
=0, νc :=

1

N

N∑
α=1

να.

In particular, for a homogeneous ensemble with the same natural frequency ν, we
show that the complete phase synchronization emerges exponentially fast, and there
exists a constant vector (θ∞,T∞) such that

lim
n→∞

max
1≤α≤N

(
|θα(n)−(θ∞+nνh)|+ |Tα(n)−T∞|

)
=0.

Second, we show the smooth transition of our discrete system (1.4) to its continuous
counterpart (1.2). Let {(θα,Tα)}Nα=1 and {(θhα,Thα )}Nα=1 be the solution of system (1.2)
and (1.4), respectively. Under the conditions (1.6)–(1.7), one can derive a uniform-in-
time convergence (see Theorem 5.1 for details),

lim
h→0

sup
0≤n<∞

(
∥Θh(n)−Θ(nh)∥∞+∥T h(n)−T (nh)∥∞

)
=0,

where Θ and T represent N -vectors of phases and temperatures:

Θh(n) :=(θh1 (n), ·· · ,θhN (n)), T h(n) :=(Th1 (n), ·· · ,ThN (n)), n=0,1,2, ·· · ,
Θ(t) :=(θ1(t), ·· · ,θN (t)), T (t) :=(T1(t), ·· · ,TN (t)), t≥0.

The rest of this paper is organized as follows. In Section 2, we briefly review
the emergent dynamics of continuous TK model (1.2) and some elementary a priori
estimates of the energy conserving discretization (1.4). In Section 3, we provide
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sufficient conditions to satisfy entropy principle and emergence of temperature homog-
enization. In Section 4, we provide estimates for the emergence of phase/frequency
synchronization. In Section 5, we study a uniform-in-time convergence of (1.4) to (1.2)
as h→0. Finally, Section 6 is devoted to a brief summary of our main results.

Notation: The relation A(t)≲B(t) represents an inequality A(t)≤CB(t) for a positive
constant C and all t≥0. For notational simplicity, we also use following handy notations
from time to time:

max
α

:= max
1≤α≤N

, max
α,β

:= max
1≤α,β≤N

,
∑
α

:=

N∑
α=1

,
∑
α,β

:=

N∑
α=1

N∑
β=1

.

Throughout the paper, we denote Θ and T the N -vectors of phases and temperatures,
respectively, i.e.,

Θ :=(θ1, ·· · ,θN ), T := (T1, ·· · ,TN ).

For given index set I (e.g. Z≥0 or R≥0) and arbitrary N -vector valued function X=
(x1,·· · ,xN ) :I→RN , we denote xM (u),xm(u) and xc(u) the maximum, minimum and
average of xα(u)’s, respectively:

xM (u) :=max
α
xα(u), xm(u) :=min

α
xα(u), xc(u) :=

1

N

∑
α

xα(u), ∀ u∈I.

We also denote D(X) the maximal difference between xα’s:

D(X) :=max
α,β

|xα−xβ |=xM −xm.

Moreover, if there is no confusion on X, we set M(·) :I→{1, ·· · ,N} and m(·) :I→
{1,·· · ,N} as the functions satisfying

xMu(u)=xM (u), xmu(u)=xm(u), ∀ u∈I.

Finally, following the notations in (1.6) and (1.7), we denote

ψm :=min
α,β

ψαβ , ψM :=max
α,β

ψαβ ,

ζm :=min
α,β

ζαβ , ζM :=max
α,β

ζαβ , ζM :=max
α

1

N

∑
β

ζαβ .

2. Preliminaries
In this section, we first introduce the continuous TK lattice model and its emergent
dynamics in [25], and then present several a priori estimates for the energy conserving
discretization scheme.

2.1. Continuous TK lattice model. Recall that the dynamics of temperature
fields at each lattice point xα is given by the following coupled system:

Ṫα=
κ2

N(1+Tα)

∑
β

ζαβ

(
1

Tα
− 1

Tβ

)
, t>0,

Tα(0)=T
in
α , α=1, ·· · ,N.

(2.1)
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Then, the temperature configuration {Tα}Nα=1 exhibits an asymptotic homogenization.

Proposition 2.1. [25] Let {Tα}Nα=1 be a global solution to (2.1) with the initial data
{T inα }Nα=1, and suppose the coupling strength κ2, communication weights (ζαβ)αβ and
initial temperatures {T inα }Nα=1 satisfy

κ2>0, T inM :=max
α
T inα , T inm =min

α
T inα >0, (ζαβ)αβ=(ζβα)αβ , ζm>0.

Then, the following assertions hold.

(1) TM and Tm are monotonically decreasing and increasing in t, respectively:

0<Tm(0)≤Tm(t)≤TM (t)≤TM (0), ∀ t∈R≥0.

(2) The functionals E and S satisfy

E(t)=E(0), S(t)≥S(0), ∀ t∈R≥0.

(3) The temperature diameter D(T ) converges to zero exponentially:

D(T (t))≤D(T (0))exp

(
− κ2ζmt

|T inM |2(1+T inM )

)
, ∀ t∈R≥0,

and all temperatures T1, ·· · ,TN converge to a positive constant T∞ determined by
the energy conservation:

T∞+
1

2
|T∞|2= 1

N

∑
α

(
T inα +

1

2
|T inα |2

)
.

On the other hand, the phase dynamics of system (1.2) is given by the following
Kuramoto-like ordinary differential equation, which is not closed by itself:

θ̇α=να+
κ1
N

N∑
β=1

ψαβ
Tα

sin(θβ−θα), α=1, ·· · ,N, t∈R≥0. (2.2)

Note that as long as Tα’s are all constants and ψ≡1, system (2.2) reduces to the
Kuramoto model (1.1) with coupling strength κ̃1=

κ1

T∞ .

Proposition 2.2. [25] (Homogeneous ensemble) Suppose that the coupling strengths,
natural frequencies and the initial data {(θinα ,T inα )}Nα=1 satisfy

κ1>0, κ2>0, να≡ν0, α=1,·· · ,N, 0<T in1 ≤···≤T inN <∞,

and let {(θα,Tα)}Nα=1 be a solution to (1.2) subject to the initial data {(θinα ,T inα )}Nα=1.
Then, the following assertions hold.

(1) (Dichotomy in asymptotic dynamics): If ψαβ=1 for all α,β and the initial Ku-
ramoto order parameter Rin is strictly positive,

Rin :=

∣∣∣∣∣∣ 1N
∑
β

eiθ
in
β

∣∣∣∣∣∣>0,

there exists a constant φ∞∈R such that Θ∞ := (θ∞1 , ·· · ,θ∞N ) is either one-point clus-
ter or bi-polar configuration:

lim
t→∞

(θα(t)−ν0t)=:θ∞α ∈{φ∞,φ∞+π}, ∀ α=1,·· · ,N.
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(2) (Formation of one-point cluster): If the initial phases are confined in a half circle,

D(Θin)<π,

there exists a common constant phase θ∞∈R such that for any Λ∈
(
0, κ1

T∞

)
,

|θα(t)−νt−θ∞|≲e−Λt as t→∞, α=1,·· · ,N.

For the Kuramoto model (1.1) with distributed natural frequencies, the complete
phase synchronization as in Proposition 2.2 (2) cannot be achieved, whereas asymptotic
phase-locking will emerge, i.e., relative phases (θα−θβ)1≤α,β≤N converge to constant
values in a large coupling regime (κ1≫D(ν)). A key ingredient of the complete syn-
chronization for generic initial data in [20] is a reformulation of (1.1) as a gradient flow
with analytical potential [13,20,35]. Unfortunately, the phase dynamics (2.2) cannot be
rewritten as a gradient flow due to presence of Tα in the coefficient of sin(θβ−θα) as it
is. Instead, it can be written as a gradient flow with exponentially decaying source term,
which is still enough to derive an emergence of phase-locked state in a large coupling
regime.

Proposition 2.3 ([25] (Heterogeneous ensemble)). Suppose the coupling strengths,
natural frequencies and the initial data {(θinα ,T inα )}Nα=1 satisfy

κ2>0, 0<T in1 ≤···≤T inN <∞, κ1ψm>D(ν)T inN >0, ν := (ν1, ·· · ,νN ),

D(Θin)<π−γ, γ :=arcsin

(
D(ν)T inN
κ1ψm

)
<
π

2
, ζm>0,

and let {(θα,Tα)}Nα=1 be a solution to (1.2) subject to the initial data {(θinα ,T inα )}Nα=1.
Then, there exists a constant vector Θ∞=(θ∞1 , ·· · ,θ∞N ) such that

lim
t→∞

(θα(t)−νct)=θ∞α , να+
κ1

NT∞

∑
β

ψαβ sin(θ
∞
β −θ∞α )=0, α=1, ·· · ,N,

where T∞ is the asymptotic temperature determined by the energy conservation in
Proposition 2.1(3). Moreover, the set

{Θ:D(Θ)<π−γ}

is positively invariant.

Remark 2.1. Although it is not stated in [25] in detail, one can also show that the set

{Θ:D(Θ)≤D}

is positively invariant, for every D∈ [γ,π−γ] (see Lemma 4.1 for the analogous result
for discrete TK model).

2.2. An energy preserving discretization scheme. In this subsection, we
briefly explain a motivation for our discretization scheme. As the most simple and naive
discretization scheme based on the first-order Euler method, one might have

θhα(n+1)−θhα(n)=ναh+
κ1h

NThα (n)

∑
β

ψαβ sin(θ
h
β(n)−θhα(n)), n∈Z≥0,

Thα (n+1)=Thα (n)+
κ2h

N

∑
β

ζαβ
1+Thα (n)

(
1

Thα (n)
− 1

Thβ (n)

)
, n∈Z≥0,

(2.3)
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and also consider a discrete total energy for (2.3), similar to (1.5):

Eh(n) :=
∑
α

(
Thα (n)+

1

2
|Thα (n)|2

)
, n∈Z≥0.

Then, one can check the monotone increasing property of the energy functional Eh:

Eh(n+1)−Eh(n)

=
∑
α

((
Thα (n+1)−Thα (n)

)
+

1

2

(
Thα (n+1)−Thα (n)

)(
Thα (n+1)+Thα (n)

))
=
∑
α

(
Thα (n+1)−Thα (n)

)(
1+

1

2

(
Thα (n+1)−Thα (n)

)
+Thα (n)

)

=
∑
α

κ2h
N

∑
β

ζαβ
1+Thα (n)

(
1

Thα (n)
− 1

Thβ (n)

)
×

1+Thα (n)+
κ2h

2N

∑
β

ζαβ
1+Thα (n)

(
1

Thα (n)
− 1

Thβ (n)

)
=

1

2

(
κ2h

N

)2∑
α

∑
β

ζαβ
1+Thα (n)

(
1

Thα (n)
− 1

Thβ (n)

)2

≥0. (2.4)

Therefore, as long as temperatures are away from the homogenized state, the R.H.S. of
(2.4) is strictly positive and energy is strictly increasing:

Eh(n+1)>Eh(n), ∀ n∈Z≥0,

which is inconsistent with the corresponding result for the continuous model (see Propo-
sition 2.1 (2)). Since the limit temperature of (2.3) is larger than its counterpart on
(1.2), the difference of equilibrium phases in (1.2) and (2.3) does not coincide asymp-
totically by the nonlinear relations

να+
κ1

NTh(∞)

∑
β

ψαβ sin(θ
h
β(∞)−θhα(∞))=0,

να+
κ1

NT (∞)

∑
β

ψαβ sin(θβ(∞)−θα(∞))=0,

where

θhα(∞) := lim
n→∞

θhα(n), Th(∞) := lim
n→∞

Th1 (n)= ·· ·= lim
n→∞

ThN (n),

θα(∞) := lim
t→∞

θα(t), T (∞) := lim
t→∞

T1(t)= ·· ·= lim
t→∞

TN (t), T (∞)<Th(∞).

This motivates us to propose an energy preserving discretization model. Therefore,
without any modification of phase difference equation (2.3)1, we consider the following
discretization for temperatures:

f(Tα(n+1))−f(Tα(n))=
κ2h

N

∑
β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)
, ∀ n∈Z≥0,

Tα(0)=T
in
α , α=1,·· · ,N,

(2.5)
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where f(x)=x+ x2

2 . In this way, the temperature dynamics is given implicitly to achieve
the conservation of total energy E . This is critical for later analysis, since the total
energy E indeed determines the asymptotic temperature T∞, and the different choice
of T∞ would lead to a different asymptotic phase configuration even up to translation.

Now, we derive an analogous result to Proposition 2.1 for discrete system (2.5),
except the monotone increasing property of discrete entropy S.

Lemma 2.1 (Energy conservation). Let {T (n)}n≥0 be a solution to (2.5) subject to
the initial data {T inα }Nα=1, and suppose the coupling strength and initial temperatures
satisfy

κ2>0, T inm :=min
α
T inα >0, f(T inm )T inm >κ2hζM . (2.6)

Then, we have the following results:

(1) {TMn
(n)}n and {Tmn

(n)}n are non-increasing and non-decreasing in n, respectively:

0<Tm0
(0)≤Tmn

(n)≤TMn
(n)≤TM0

(0), ∀ n∈Z≥0.

(2) The energy functional E is conserved:

E(n)=E(0), ∀ n∈Z≥0. (2.7)

Proof. (1) For the desired monotonicity of Tm, we use an induction argument.
Suppose that

0<T inm =Tm0
(0)≤···≤Tmk

(k), ∀ k=0,·· · ,n. (2.8)

Then, we have

f(Tmn+1(n+1))−f(Tmn(n))

=
κ2h

N

N∑
β=1

ζmn+1β

(
1

Tmn+1
(n)

− 1

Tβ(n)

)
+f(Tmn+1

(n))−f(Tmn
(n))

≥ κ2h

N

N∑
β=1

ζmn+1β

(
1

Tmn+1
(n)

− 1

Tmn
(n)

)
+f(Tmn+1(n))−f(Tmn(n))

≥
(
f(Tmn+1(n))+

κ2hζM
Tmn+1

(n)

)
−
(
f(Tmn

(n))+
κ2hζM
Tmn

(n)

)
≥0,

where we used (2.8) and the monotone increasing property of the function

x 7→f(x)+
κ2hζM
x

=x+
x2

2
+
κ2hζM
x

,

for all x satisfying x2(1+x)≥κ2hζM . Moreover, by using

x2(1+x)≥xf(x) for every x>0,

we have

f(Tα(n))+
κ2h

N

N∑
β=1

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)
≥f(Tmn

(n))−κ2hζM
1

Tmn
(n)

>0.
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Then, since f(x)=x+ x2

2 is strictly increasing for x>0, this implies that the equation

f(x)=f(Tα(n))+
κ2h

N

N∑
β=1

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)
(>0)

always has a unique positive solution x=Tα(n+1). Finally, by using similar argument,
one can also show that TMn

(n) is nonincreasing.

(2) It suffices to check that
∑N
α=1f(Tα(n)) is conserved. Thus, we add (2.5) over α and

use ζαβ= ζβα to obtain∑
α

f(Tα(n+1))−
∑
α

f(Tα(n))

=
κ2h

N

∑
α,β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)
=
κ2h

N

∑
α,β

ζαβ

(
1

Tβ(n)
− 1

Tα(n)

)
=0,

which is the desired result.

Remark 2.2. Compared to the result in Proposition 2.1, the smallness of h in (2.6) is
the only condition to add to guarantee the same energy conservation law for the discrete
TK model.

3. Emergence of temperature homogenization
In this section, we study emergent dynamics of system (1.4) following the methods

in [25] for the continuous-time TK model. Although our presented results slightly
differ from the original ones, all the results in what follows are still consistent with the
continuous-time TK lattice model as h→0. First, we present an exponential decay of
temperature diameter.

Lemma 3.1. Suppose the coupling strength and initial temperatures satisfy (2.6), and
let {T (n)}n≥0 be a solution to (2.5) with the initial data {T inα }Nα=1. Then, the sequence
of temperature diameter {D(T (n))}n≥0 satisfies

D(T (n))≤D(T (0))

(
1− κ2ζmh

|T inM |2
(
1+T inM

))n , ∀ n∈Z≥0.

Proof. First, observe that (f−1)(x)=−1+
√
1+2x and

f(Tmn+1
(n+1))−f(Tmn

(n))≥ κ2ζmh

N

N∑
β=1

(
1

Tmn
(n)

− 1

Tβ(n)

)
=:an>0,

f(TMn+1(n+1))−f(TMn(n))≤
κ2ζmh

N

N∑
β=1

(
1

TMn
(n)

− 1

Tβ(n)

)
=: bn<0.

Then, the temperature diameter at (n+1)-th time step D(T (n+1)) satisfies the follow-
ing inequality:

D(T (n+1))−D(T (n))

≤f−1(f(TMn
(n))+bn)−f−1(f(Tmn

(n))+an)−D(T (n))

=
√

(1+TMn
(n))2+2bn−

√
(1+Tmn

(n))2+2an−D(T (n))
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=
2bn√

(1+TMn
(n))2+2bn+(1+TMn

(n))
− 2an√

(1+Tmn
(n))2+2an+(1+Tmn

(n))

≤ bn−an
1+TMn

(n)
=

κ2ζmh

1+TMn
(n)

(
1

TMn
(n)

− 1

Tmn
(n)

)
=−

(
κ2ζmh

(1+TMn(n))TMn(n)Tmn(n)

)
D(T (n))

≤−
(

κ2ζmh

|T inM |2(1+T inM )

)
D(T (n)), (3.1)

where the second inequality comes from

an≤κ2hζM
(

1

Tmn
(n)

− 1

TMn
(n)

)
≤f(Tmn(n))Tmn(n)

(
1

Tmn
(n)

− 1

TMn
(n)

)
≤ (TMn

(n)−Tmn
(n))

(
1+

Tmn
(n)

2

)
≤ 1

2

[
(1+TMn

(n))
2−(1+Tmn

(n))
2
]
,

and the monotone decreasing property {TMn(n)}n≥0 is used in the last inequality. Fi-
nally, we apply (3.1) n times iteratively and conclude the desired result.

Remark 3.1. Fix a finite time t<∞, and let hn :=
t
n . Then, the result in Lemma 3.1

says that for the mesh size h=hn, the temperature diameter D(T ) at n-th step satisfies

D(T (n))≤D(T (0))

(
1− κ2ζmt

|T inM |2(1+T inM )
· 1
n

)n
,

which converges to the decay rate in Proposition 2.1(3) as n→∞ (i.e.,hn→0).

However, showing the entropy nondecreasing property is more complicated than
others, since we have to compare the multiplicative terms ΠαTα(n) and ΠαTα(n+1).

Lemma 3.2 (Monotonicity of entropy). Suppose the coupling strength and initial
temperatures satisfy

T inm >0, 3f(T inm )T inm >16κ2hζM >0,

and let {T (n)}n≥0 be a solution to (1.4)2 with the initial data {T inα }Nα=1. Then, we have

S(n+1)≥S(n), ∀ n∈Z≥0.

Proof. We first recall the following inequality, which can be found from basic
calculus:

ln(1+x)≥x−x2, ∀ x≥−1

2
. (3.2)

Note that the increment of entropy S at the n-th step can be written as

S(n+1)−S(n)=
∑
α

ln

(
1+

Tα(n+1)−Tα(n)
Tα(n)

)

=
∑
α

ln

(
1+

√
(1+Tα(n))2+2hcα(n)−(1+Tα(n))

Tα(n)

)
=:
∑
α

ln(1+dα(n)), (3.3)
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where cα(n) is given by the right-hand side of (1.4)2 divided by h and satisfies:

|cα(n)|=

∣∣∣∣∣∣κ2N
∑
β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)∣∣∣∣∣∣≤ κ2ζM
T inm

≤ f(T inm )

2h
≤ f(Tα(n))

2h
.

Therefore, we have

√
(1+Tα(n))2+2hcα(n)−(1+Tα(n))

Tα(n)
≥

√
1+Tα(n)+

1
4Tα(n)

2−(1+Tα(n))

Tα(n)
=−1

2
,

and apply (3.2) to each summand of (3.3) to obtain

S(n+1)−S(n)≥
∑
α

(
dα(n)−dα(n)2

)
.

On the other hand, dα(n) also satisfies

− hcα(n)

Tα(n)(1+Tα(n))

=
2hcα(n)

Tα(n)
(√

(1+Tα(n))2+2hcα(n)+(1+Tα(n))
)− hcα(n)

Tα(n)(1+Tα(n))

=
2hcα(n)

Tα(n)

 1+Tα(n)−
√
(1+Tα(n))2+2hcα(n)(√

(1+Tα(n))2+2hcα(n)+(1+Tα(n))
)
(2+2Tα(n))


=− (2hcα(n))

2

Tα(n)

 1(√
(1+Tα(n))2+2hcα(n)+(1+Tα(n))

)2
(2+2Tα(n))

.
This implies the following inequalities for each n∈Z≥0:

dα(n)≥
hcα(n)

Tα(n)(1+Tα(n))
− 8h2cα(n)

2

9Tα(n)(1+Tα(n))3
,

dα(n)
2=

(2hcα(n))
2

Tα(n)2
(√

(1+Tα(n))2+2hcα(n)+(1+Tα(n))
)2

≤ 16h2cα(n)
2

9Tα(n)2(1+Tα(n))2
. (3.4)

Therefore, we substitute (3.4) into (3.3) to obtain the lower bound of the entropy in-
crement:

S(n+1)−S(n)

≥
∑
α

[
hcα(n)

Tα(n)(1+Tα(n))
− h2cα(n)

2(24+16Tα(n))

9Tα(n)2(1+Tα(n))3

]
=
κ2h

N

∑
α,β

ζαβ
Tα(n)(1+Tα(n))

(
1

Tα(n)
− 1

Tβ(n)

)
−
∑
α

h2cα(n)
2(24+16Tα(n))

9Tα(n)2(1+Tα(n))3
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=
κ2h

2N

∑
α,β

ζαβ(1+Tα(n)+Tβ(n))(Tβ(n)−Tα(n))2

Tα(n)2Tβ(n)2(1+Tα(n))(1+Tβ(n))
−
∑
α

h2cα(n)
2(24+16Tα(n))

9Tα(n)2(1+Tα(n))3

=
κ2h

2N

∑
α,β

ζαβ(1+Tα(n)+Tβ(n))

(1+Tα(n))(1+Tβ(n))

(
1

Tα(n)
− 1

Tβ(n)

)2

−
∑
α

h2cα(n)
2(24+16Tα(n))

9Tα(n)2(1+Tα(n))3

=
κ2h

2N

∑
α,β

ζαβ(1+Tα(n)+Tβ(n))

(1+Tα(n))(1+Tβ(n))

(
1

Tα(n)
− 1

Tβ(n)

)2

−
(
κ2h

N

)2∑
α

(24+16Tα(n))

9Tα(n)2(1+Tα(n))3

∣∣∣∣∣∣
∑
β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)∣∣∣∣∣∣
2

≥ κ2h

N

∑
α

1

2(1+Tα(n))

∑
β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)2

−
(
κ2h

N

)2∑
α

8

3Tα(n)2(1+Tα(n))2

∣∣∣∣∣∣
∑
β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)∣∣∣∣∣∣
2

≥ κ2h

N

∑
α

1

2(1+Tα(n))

∑
β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)2


−
(
κ2h

N

)2∑
α

8

3Tα(n)2(1+Tα(n))2

∑
β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)2
∑

β

ζαβ

,
where we used the Cauchy-Schwartz inequality in the last inequality. Finally, the con-
dition

3f(T inm )T inm >16κ2hζM

makes the above lower bound nonnegative, as a consequence of the following inequality:

κ2h

N

∑
α

(
1

2(1+Tα(n))
− 8κ2hζM

3Tα(n)2(1+Tα(n))2

)∑
β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)2
≥0.

Remark 3.2. From (3.3) and (3.4), one can easily verify that the entropy increment
satisfies

S(n+1)−S(n)= κ2h

2N

∑
α,β

ζαβ(1+Tα(n)+Tβ(n))

(1+Tα(n))(1+Tβ(n))

(
1

Tα(n)
− 1

Tβ(n)

)2

+O(h2),

which is consistent with Proposition 2.1 as h→0.

Now, we show the temperature homogenization of (2.5) as n tends to infinity. In
fact, this is an immediate consequence of Lemma 2.1 and Lemma 3.1. It also satisfies

Theorem 3.1. Suppose the coupling strength and initial temperatures satisfy (2.6),
and let {T (n)}n≥0 be a solution to (2.5) with the initial data {T inα }Nα=1. Then, there
exists a positive temperature T∞ such that

lim
n→∞

Tα(n)=T
∞, ∀ α=1,·· · ,N.
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Proof. It follows from Lemma 2.1(1) that there exist positive constant tempera-
tures T

∞
and T∞ such that

lim
n→∞

Tm(n)=T∞ and lim
n→∞

TM (n)=T
∞
.

On the other hand, since D(T (n))=TM (n)−Tm(n) tends to zero, one has

0= lim
n→∞

(TM (n)−Tm(n))=T
∞−T∞.

This yields the desired estimate:

T
∞
=T∞=:T∞.

4. Emergence of complete synchronization

Now, we show the emergence of synchronizations of (1.4), which correspond to
the results for continuous TK model (1.2) in Section 2.1. In [25], the authors verified
that the TK model can be viewd as a perturbed system of the Kuramoto model with
exponentially decaying error, and they employed the dissipative nature of perturbed
gradient system to deduce the desired synchronization results. However, we provide
an alternative approach without showing any dissipative property of discrete perturbed
gradient system. First, we define the complete phase/frequency synchronization and
phase-locked state for the discrete TK model (1.4).

Definition 4.1. Let {(Θ(n),T (n))}n≥0 be a solution to system (1.4).

(1) {(Θ(n),T (n))}n≥0 exhibits complete phase synchronization if and only if

lim
n→∞

max
α,β

|θα(n)−θβ(n)|=0.

(2) {(Θ(n),T (n))}n≥0 exhibits complete frequency synchronization if and only if

lim
n→∞

∣∣∣(θα(n+1)−θβ(n+1)
)
−
(
θα(n)−θβ(n)

)∣∣∣=0, ∀ α,β=1, ·· · ,N.

(3) The state (Θ∞,T∞)=(θ∞1 ,·· · ,θ∞N ,T∞) is a phase-locked state of (1.4) if and only
if (Θ∞,T∞) satisfies

T∞>0, να+
κ1

NT∞

∑
β

ψαβ sin(θ
∞
β −θ∞α )=0, ∀ α=1, ·· · ,N.

(4) {(Θ(n),T (n))}n≥0 exhibits the asymptotic phase-locking if and only if

lim
n→∞

(θα(n)−θβ(n))=:θ∞αβ ∈R, ∀ α,β=1.·· · ,N.

In fact, the phase-locked state represents the equilibria of (1.4), and the frequency
synchronization means an asymptotic coherence of all discrete frequencies {θα(n+1)−
θα(n)}Nα=1 as n tends to infinity. Moreover, the limit of {(Θ(n),T (n))}n≥0 is always a
phase-locked state if it exists, and the emergence of asymptotic phase-locking directly
implies the emergence of complete frequency synchronization.
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4.1. A positively invariant set. In this subsection, we present two elementary
lemmas to be used in the proof of our main result, the emergence of asymptotic phase-
locking. First, we set a framework (A) as:

• (A1): system parameters κ1,κ2,ν and initial data {(Θin,T in)} satisfy (2.6) and

κ1,κ2>0, 0≤D(ν)≤ κ1ψm
T inM

, ψm>0. (4.1)

• (A2): time-step h satisfies

0<
κ1hψM
T inm

<1. (4.2)

Recall that for the continuous-time TK oscillator ensemble (1.2), the authors in [25]
verified the positive invariance of the set

Sπ−γ :={Θ:D(Θ)≤π−γ}, γ := sin−1

(
D(ν)T inM
κ1ψm

)
,

and showed the convergence of associated TK flow (Θ,T ) to a fixed point (Θ∞,T ∞),
provided that the system parameters κ1,κ2,ν and initial data {(Θin,T in)} satisfy (4.1)
and

νc=0, Θin∈Sπ−γ . (4.3)

According to [25], the t-derivative of the phase diameter dD(Θ)
dt becomes non-positive

whenever the Θ configuration of the TK flow touches the boundary of Sπ−γ . For
the discrete TK model (1.4), however, the temporal evolution of the phase-diameter
{D(Θ(n))}n≥0 becomes more complicated. Since the arguments of the phase maxima
and minima among {θα(n)}Nα=1 now change discretely in n, we cannot compute the exact
value of the difference between the n-th and (n+1)-th phase diameters from (1.4), and
the discrete TK flow (Θ(n),T (n))n≥0 barely touches the boundary of Sπ−γ . Still, we
can obtain analogous results of [25] by using the similar arguments in Lemma 3.1.

At the end of this section, we show the emergence of asymptotic phase-locking of
(1.4) under the framework A and (4.3) for sufficiently small h>0. First, we define an
admissible set for initial phase configuration:

SD :={Θ:D(Θ)≤D} , D∈R.

Then, the following preparatory lemma is necessary to proceed our argument further.

Lemma 4.1. Suppose that the framework (A1)−(A2) hold. Then, the set SD is
positively invariant set of (1.4) for every D in [γ,π−γ].

Proof. LetMn and mn be the argument indices of maximum and minimum phases
among {θα(n)}Nα=1, i.e.,

θMn
(n)=max

α
θα(n), θmn

(n)=min
α
θα(n), n∈Z≥0.

Then, as long as D(Θ(n)) is smaller than π, we have

D(Θ(n+1))=θMn+1
(n+1)−θmn+1

(n+1)
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=θMn+1(n)−θmn+1(n)+(νMn+1 −νmn+1)h

+
κ1h

N

∑
β

[
ψMn+1β

TMn+1
(n)

sin(θβ(n)−θMn+1
(n))−

ψmn+1β

Tmn+1
(n)

sin(θβ(n)−θmn+1
(n))

]
≤θMn+1(n)−θmn+1(n)+D(ν)h+

κ1hψM
T inm

(
θMn(n)−θMn+1(n)−θmn(n)+θmn+1(n)

)
+
κ1h

N

∑
β

[
ψMn+1β

TMn+1
(n)

sin(θβ(n)−θMn(n))−
ψmn+1β

Tmn+1
(n)

sin(θβ(n)−θmn(n))

]
≤θMn+1

(n)−θmn+1
(n)+D(ν)h+

κ1hψM
T inm

(
θMn

(n)−θMn+1
(n)−θmn

(n)+θmn+1
(n)
)

+
κ1hψm
NT inM

∑
β

[
sin(θβ(n)−θMn

(n))−sin(θβ(n)−θmn
(n))

]
≤D(Θ(n))+

(
D(ν)− κ1ψm

T inM
sinD(Θ(n))

)
h,

where we used sin(x+y)≤ sinx+siny for 0≤x,y≤x+y<π and

θMn
(n)−θMn+1

(n)−θmn
(n)+θmn+1

(n)≥0,
κ1hψM
T inm

<1

in the last inequality. On the other hand, the condition (4.2) also implies that the
function

x 7→x+

(
D(ν)− κ1ψm

T inM
sinx

)
h

is strictly increasing. Therefore, if we further assume D(Θ(n))≤D, we have

D(Θ(n+1))≤D(Θ(n))+

(
D(ν)− κ1ψm

T inM
sinD(Θ(n))

)
h

≤D+

(
D(ν)− κ1ψm

T inM
sinD

)
h≤D, ∀ D∈ [γ,π−γ].

Remark 4.1. The assumptions (4.1) are also consistent with their corresponding
assumptions in Proposition 2.3. In particular, if D(ν)=0, the phase diameter satisfies

D(Θ(n+1))≤
(
1− κ1ψmh

T inM

sinD(Θ(n))

D(Θ(n))

)
D(Θ(n))≤

(
1− κ1ψmh

T inM

sinD(Θin)

D(Θin)

)
D(Θ(n)),

and the phase diameter D(Θ(n)) converges to zero exponentially:

D(Θ(n))≤
(
1− κ1ψmh

T inM

sinD(Θin)

D(Θin)

)n
D(Θin).

In fact, one can also show that the basin of attraction of the set Sγ contains Sπ−γ−ε
for every ε∈ (0,π−2γ).

Corollary 4.1. Suppose that the framework (A1)−(A2) hold. Then, for every
ε∈ (0, π2 −γ), all discrete TK flows started from Sπ−γ−ε arrive at Sγ+ε in finite time.
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Proof. Let {(Θ(n),T (n))}n≥0 be a solution to (1.4) subject to the initial data
(Θin,T in), and suppose that Θin satisfies

D(Θin)≤π−γ−ε.

Then, as long as D(Θ(n))∈ [γ+ε,π−γ−ε], we have

D(Θ(n+1))≤D(Θ(n))+

(
D(ν)− κ1ψm

T inM
sinD(Θ(n))

)
h

≤D(Θ(n))+
κ1ψmh

T inM
(sinγ−sin(γ+ε)).

Therefore, if Θ(n) /∈Sγ+ε for all integers n≤nε−1, where nε is a positive integer satis-
fying

nεh≥
T inM (π−2(γ+ε))

κ1ψm(sin(γ+ε)−sinγ)
,

we immediately obtain Θ(nε)∈Sγ+ε:

D(Θ(nε))≤D(Θ(0))+
κ1ψmnεh

T inM
(sinγ−sin(γ+ε))

≤π−γ−ε+ κ1ψm
T inM

(sinγ−sin(γ+ε)) · T inM (π−2(γ+ε))

κ1ψm(sin(γ+ε)−sinγ)

=γ+ε.

From now on, we rewrite the discrete TK model (1.4) as a difference equation

in a rotating frame with angular velocity νc=
1
N

∑
ανα: for θ̂α(n) :=θα(n)−nνch and

ν̂α :=να−νc, we have

θ̂α(n+1)− θ̂α(n)= ν̂αh+
κ1h

NTα(n)

∑
β

ψαβ sin(θ̂β(n)− θ̂α(n)), ∀ n∈Z≥0,

f(Tα(n+1))−f(Tα(n))=
κ2h

N

∑
β

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)
, f(x)=x+

x2

2
,

(θ̂α(0),Tα(0))=(θ̂inα ,T
in
α ) :=(θinα ,T

in
α ), α=1, ·· · ,N,

∑
α

ν̂α=0.

(4.4)

Then, one can prove that the phase configurations Θ̂(n) are uniformly bounded in n
under the framework (A) and if initial phase Θin satisfy D(Θin)≤π−γ. To see this,

we set the average phase θ̂c:

θ̂c(n) :=
1

N

∑
α

θ̂α(n),

and prove its uniform boundedness in n.

Lemma 4.2. Let (Θ̂,T ) be a solution to (4.4) subject to the initial data (Θ̂in,T in),
and suppose the initial data (Θ̂in,T in) satisfies

D(Θ̂in)≤π−γ.
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Then, under the framework (A1)–(A2), the phases θ̂α(n)=θα(n)−nνch are uniformly
bounded in n for each α.

Proof. Since
{
D(Θ̂(n))

}
n≥0

is uniformly bounded, it suffices to show that

sup
0≤n<∞

|θ̂c(n)|<∞.

On the other hand, the increment of the average phase θ̂c is bounded by

∣∣∣θ̂c(n+1)− θ̂c(n)
∣∣∣=
∣∣∣∣∣∣
∑
α,β

κ1hψαβ
N2Tα(n)

sin(θ̂β(n)− θ̂α(n))

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑
α,β

κ1hψαβ
N2

(
1

T∞ − 1

Tα(n)

)
sin(θ̂β(n)− θ̂α(n))

∣∣∣∣∣∣
≤ κ1hψM

(T inm )2
D(T (n))≤ κ1hψM

(T inm )2
D(T in)

(
1− κ2ζmh

(T inM )2
(
1+T inM

))n .
Therefore, we obtain a desired n-independent upper bound of |θ̂c(n)|, which is also
independent of h:

|θ̂c(n)|≤ |θ̂inc |+
κ1ψM (T inM )2

(
1+T inM

)
κ2ζm(T inm )2

D(T in)<∞, ∀ n∈Z≥0, h>0.

Remark 4.2. From the proof of Lemma 4.2, one can also see that the average phase
θ̂c(n) converges as n→∞.

4.2. Emergence of asymptotic phase-locking. Now, we show the emergence
of asymptotic phase-locking for the discrete TK model (1.4).

Lemma 4.3. Let (Θ,T ) and (Θ̃, T̃ ) be solutions to (1.4) subject to initial data

(Θin,T in) and (Θ̃in, T̃ in), respectively. Moreover, suppose the system parameters

κ1,κ2,ν and initial data (Θin,T in), (Θ̃in, T̃ in) satisfy (A1)−(A2) and

ε>0, 0≤D(Θin),D(Θ̃in)≤γ+ε≤ π

2
, T inα ,T̃ inα ⊂ [L,U ]⊂ (0,∞) ∀ α=1, ·· · ,N.

(4.5)
Then, if the two solutions have the same total energies, we have

D(ϕ(n))≤ (1−bh)nD(ϕ(0))+a
(1−bh)n−(1−ch)n

c−b
,

where ϕα :=θα− θ̃α,ϕ(n)=(ϕ1(n), ·· · ,ϕN (n)) and

a :=
4κ1ψM (U−L)

L2
, b :=

sin(2(γ+ε))

2(γ+ε)
· κ1ψm
T∞ , c :=

κ2ζm
U2 (1+U)

,

f(T∞)=
1

N

∑
α

f(T inα )=
1

N

∑
α

f(T̃ inα ), T∞>0.
(4.6)

Proof. First of all, Theorem 3.1 implies that all temperatures Tα(n) and T̃α(n) con-

verge to T∞ as n tends to infinity. In addition, we also have {Θ(n)}n≥0 ,
{
Θ̃(n)

}
n≥0

⊂
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Sγ+ε from the positive invariance of Sγ+ε in Lemma 4.1. Now, for each nonnegative
integer n, we set

Aα,β(n)=
θβ(n)−θα(n)+ θ̃β(n)− θ̃α(n)

2
, ∀ α,β=1, ·· · ,N,

ϕMn(n)=max
α
ϕα(n), ϕmn(n)=min

α
ϕα(n), Mn,mn∈{1,·· · ,N} .

Then, the difference between ϕMn+1
(n+1) and ϕMn

(n) is given by

ϕMn+1(n+1)−ϕMn(n)

h

=
κ1

NT∞

N∑
β=1

ψMn+1β

(
sin(θβ(n)−θMn+1

(n))−sin(θ̃β(n)− θ̃Mn+1
(n))

)

+
κ1
N

N∑
β=1

ψMn+1β

(
1

TMn+1
(n)

− 1

T∞

)
sin(θβ(n)−θMn+1

(n))

− κ1
N

N∑
β=1

ψMn+1β

(
1

T̃Mn+1
(n)

− 1

T∞

)
sin(θ̃β(n)− θ̃Mn+1(n))

+
ϕMn+1(n)−ϕMn(n)

h
=:I1+I2+I3+I4.

In the sequel, we estimate each Ii one by one.

• (Estimate on I1): From the definition of Aα,β , we have

|Aα,β(n)|≤
D(Θ(n))+D(Θ̃(n))

2
≤γ+ε, ∀ α,β=1, ·· · ,N, n∈Z≥0.

Then, for each β=1,2,, ·· · ,N , one can find an upper bound of the summand of I1.

sin(θβ(n)−θMn+1
(n))−sin(θ̃β(n)− θ̃Mn+1

(n))

=2cos
(
AMn+1,β(n)

)
sin

(
ϕβ−ϕMn+1

2
(n)

)
≤2cos

(
AMn+1,β(n)

)
sin

(
ϕβ−ϕMn

2
(n)

)
+2cos

(
AMn+1,β(n)

)(ϕMn
−ϕMn+1

2
(n)

)
≤−2(cos(γ+ε))sin

(
ϕMn

(n)−ϕβ(n)
2

)
+ϕMn(n)−ϕMn+1(n),

where we used |sinx−siny|≤ |x−y| in the first inequality. Therefore, we have

I1≤
κ1ψm
NT∞

N∑
β=1

(
−2(cos(γ+ε))sin

(
ϕMn(n)−ϕβ(n)

2

)
+ϕMn(n)−ϕMn+1(n)

)

≤−2(cos(γ+ε))κ1ψm
NT∞

N∑
β=1

(
sin

(
ϕMn

(n)−ϕβ(n)
2

))
+
ϕMn(n)−ϕMn+1(n)

h

=−2(cos(γ+ε))κ1ψm
NT∞

N∑
β=1

(
sin

(
ϕMn

(n)−ϕβ(n)
2

))
−I4,
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where we used κ1ψmh
T∞ <1 obtained from (A2) in the second inequality.

• (Estimate on I2 and I3): From direct calculation, we have

|I2|=

∣∣∣∣∣∣κ1N
N∑
β=1

ψMn+1β

(
1

TMn+1(n)
− 1

T∞

)
sin(θβ(n)−θMn+1(n))

∣∣∣∣∣∣
≤ κ1
N

N∑
β=1

ψMn+1β

∣∣∣∣ 1

TMn+1
(n)

− 1

T∞

∣∣∣∣≤ κ1ψMD(T (n))

L2
,

where we used

L≤T inm ≤TMn+1
(n), L≤T∞, |T∞−TMn+1

(n)|≤D(T (n)),

in the last inequality. Similarly, the upper bound of |I3| can be estimated by

|I3|=

∣∣∣∣∣∣κ1N
N∑
β=1

ψMn+1β

(
1

T̃Mn+1(n)
− 1

T∞

)
sin(θ̃β(n)− θ̃Mn+1

(n))

∣∣∣∣∣∣
≤ κ1
N

N∑
β=1

ψMn+1β

∣∣∣∣∣ 1

T̃Mn+1
(n)

− 1

T∞

∣∣∣∣∣≤ κ1ψMD(T̃ (n))

L2
.

Then, we combine the estimates of Ii, i=1,2,3,4, to obtain

ϕMn+1(n+1)−ϕMn(n)

h

≤−2(cos(γ+ε))κ1ψm
NT∞

N∑
β=1

sin

(
ϕMn

(n)−ϕβ(n)
2

)
+
κ1ψM (D(T (n))+D(T̃ (n)))

L2
.

Moreover, by taking ϕ̃α := θ̃α−θα and applying the above argument to ϕ̃α, we have

ϕmn+1(n+1)−ϕmn(n)

h

≥−2(cos(γ+ε))κ1ψm
NT∞

N∑
β=1

sin

(
ϕmn

(n)−ϕβ(n)
2

)
− κ1ψM (D(T (n))+D(T̃ (n)))

L2
.

Therefore, we have

D(ϕ(n+1))−D(ϕ(n))

h

≤−2(cos(γ+ε))κ1ψm
T∞ sin

D(ϕ(n))

2
+

2κ1ψM (D(T (n))+D(T̃ (n)))

L2

≤−2(cos(γ+ε))κ1ψm
T∞ sin

D(ϕ(n))

2
+

4κ1ψM (U−L)
L2

(
1− κ2ζmh

U2 (1+U)

)n
≤− sin(2(γ+ε))κ1ψm

2(γ+ε)T∞ D(ϕ(n))+
4κ1ψM (U−L)

L2

(
1− κ2ζmh

U2 (1+U)

)n
, (4.7)
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where we used sin(x+y)≤ sinx+siny for 0≤x,y≤x+y<π and

0≤ ϕMn
(n)−ϕβ(n)

2
=

(θMn
(n)−θβ(n))−(θ̃Mn

(n)− θ̃β(n))
2

≤γ+ε,

0≥ ϕmn
(n)−ϕβ(n)

2
=

(θmn
(n)−θβ(n))−(θ̃mn

(n)− θ̃β(n))
2

≥−(γ+ε).

Then, the inequality (4.7) is equivalent to

D(ϕ(n+1))

≤
(
1− sin(2(γ+ε))

2(γ+ε)
· κ1hψm
T∞

)
D(ϕ(n))+

4κ1hψM (U−L)
L2

(
1− κ2ζmh

U2 (1+U)

)n
,

which can be simplified as

D(ϕ(n+1))+
a

c−b
(1−ch)n+1≤ (1−bh)

(
D(ϕ(n))+

a

c−b
(1−ch)n

)
,

a :=
4κ1ψM (U−L)

L2
, b :=

sin(2(γ+ε))

2(γ+ε)
· κ1ψm
T∞ , c :=

κ2ζm
U2 (1+U)

.

Therefore, we have

D(ϕ(n))≤ (1−bh)nD(ϕ(0))+a
(1−bh)n−(1−ch)n

c−b
.

Remark 4.3. Under the framework (A1)−(A2), the positiveness of 1−bh and 1−ch
are always guaranteed. To see 1−bh>0, we use the assumption (A2) and obtain

bh≤ κ1ψmh

T∞ ≤ κ1ψMh

T inm
<1.

To see 1−ch>0, we use (2.6) in (A1) and obtain

ch≤ κ2ζ̄Mh

|T inm |2(1+ T in
m

2 )
<1.

Moreover, if (Θ,T ) and (Θ̃, T̃ ) are the solutions of continuous TK model (1.2), one can
also obtain the following analogous estimate for ϕ(t):

D(ϕ(t))≤D(ϕ(0))e−bt+
a

c−b
(
e−bt−e−ct

)
.

Now, we are ready to show the main result of this section.

Theorem 4.1. Let {(Θ̂,T )} be a solution to (4.4) subject to the initial data
{(Θin,T in)} satisfying (A1)−(A2), and suppose that initial phase diameter D(Θin)
is strictly less than π−γ. Then, the solution {(Θ̂,T )} converges to a phase-locked state
as n→∞.

Proof. Fix ε∈
(
0, π2 −γ

)
. From Lemma 4.1 and Corollary 4.1, there exists a

positive integer n′ε such that

n≥n′ε=⇒D(Θ̂(n))≤γ+ε.
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Then, we apply Lemma 4.3 to{(
Θ̂(n′ε+n),T (n′ε+n)

)}
n≥0

and
{(

Θ̂(n′ε+n+1),T (n′ε+n+1)
)}

n≥0

to obtain

max
α,β

|(θ̂α(n′ε+n+1)− θ̂α(n′ε+n))−(θ̂β(n
′
ε+n+1)− θ̂β(n′ε+n))|

≤ (1−b′h)n ·max
α,β

|(θ̂α(n′ε+1)− θ̂α(n′ε))−(θ̂β(n
′
ε+1)− θ̂β(n′ε))|

+a′
(1−b′h)n−(1−c′h)n

c′−b′
,

where

a′ :=
4κ1ψM (T inM −T inm )

T inm
2 , b′ :=

sin(2(γ+ε))

2(γ+ε)
· κ1ψm
T∞ , c′ :=

κ2ζm

T inM
2(
1+T inM

) .
Therefore, for each pair (α,β), there exists a constant θ∞αβ satisfying

θ∞αβ= lim
n→∞

(
θ̂α(n)− θ̂β(n)

)
.

On the other hand, recall that Lemma 4.2 and Remark 4.2 imply the convergence of
θ̂c(n) as n→∞. The convergence of θ̂α(n) is then given by

lim
n→∞

θ̂α(n)= lim
n→∞

(θ̂α(n)− θ̂c(n))+ lim
n→∞

θ̂c(n)=
1

N

∑
β

θαβ+ lim
n→∞

θ̂c(n), ∀ α=1, ·· · ,N,

which is the desired result.

5. From discrete model to continuous model

In this section, we study the uniform-in-time convergence from the discrete TK
model to the continuous model as h→0. Since all norms in RN are equivalent, we
consider the ℓ∞-norm throughout this section.

5.1. Finite-in-time transition. Recall that the discrete TK model is

θα(n+1)−θα(n)=ναh+
κ1h

NTα(n)

N∑
β=1

ψαβ sin(θβ(n)−θα(n)), ∀ n∈Z≥0,

f(Tα(n+1))−f(Tα(n))=
κ2h

N

N∑
β=1

ζαβ

(
1

Tα(n)
− 1

Tβ(n)

)
, f(x)=x+

x2

2
,

(θα(0),Tα(0))=(θinα ,T
in
α ), α=1, ·· · ,N.

(5.1)

This implicit difference equation is indeed a first-order Euler scheme for phase-energy
states {(θα,Eα :=f(Tα))}Nα=1. To see this, consider the restriction of function f to
(0,∞):

f : (0,∞)→ (0,∞), f(x)=x+
x2

2
,
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and denote its inverse g. Since all Tα’s have a positive lower bound T inm under the
condition (2.6), one can obtain the following alternative form:

θα(n+1)−θα(n)=ναh+
κ1h

Ng(Eα(n))

N∑
β=1

ψαβ sin(θβ(n)−θα(n)), n∈Z≥0,

Eα(n+1)−Eα(n)=
κ2h

N

N∑
β=1

ζαβ

(
1

g(Eα(n))
− 1

g(Eβ(n))

)
, n∈Z≥0,

(θα(0),Eα(0))=
(
θinα ,f(T

in
α )
)
, α=1, ·· · ,N,

Tα(n) :=g(Eα(n)), n∈Z≥0, α=1, ·· · ,N.

(5.2)

In addition, the right-hand sides of (5.2)1 and (5.2)2 are globally Lipschitz in{
(θ1, ·· · ,θN ,E1,·· · ,EN ) :θα∈R, 0<Em≤Eα≤EM <∞

}
,

for every fixed Em :=T inm +
|T in

m |2
2 and EM :=T inM +

|T in
M |2
2 . Therefore, the classical theory

of the Euler discretization method yields the consistency and convergence of Euler
discretization to its continuous counterpart.

Proposition 5.1 ([34]). Suppose that the function p :Rd→R has a global Lipschitz
constant L. Then, the Cauchy problem

dx

dt
=p(x), x(0)=xin, t>0,

and the corresponding one-step Euler method

xhn+1=x
h
n+hp(x

h
n), xh0 =x

in, n∈Z≥0

satisfy the following error estimates:

(1) Consistency: As time step h tends to 0, the truncation error

Eh1 (n) :=
1

h
∥x((n+1)h)−x(nh)−hp(x(nh))∥

converges to zero uniformly in any finite time, i.e.,

lim
h→0

max
0≤n≤ τ

h

Eh1 (n)=0, ∀ τ <∞.

(2) Convergence: As time step h tends to 0, the global error

Eh2 (n) :=
∥∥x(nh)−xhn∥∥

can be controlled by the truncation error and Lipschitz constant. More precisely,

Eh2 (n)≤
max0≤n≤ τ

h
Eh1 (n)

L

(
eLnh−1

)
, ∀ (n,h,τ) satisfying 0≤nh≤ τ.

This result shows that the Euler discretization gives a consistent approximation to
given ODE in any finite time, but the error grows exponentially in general. Therefore,
the convergence result we want to verify beyond this general theory is to show the
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uniform-in-time convergence of (5.1)(or equivalently, (5.2)) to (1.4) as the time step
tends to zero. Below, we define the uniform-in-time convergence of discrete TK model,
inspired from the definitions in [27,41].

Definition 5.1. Let (Θ,T ) be a solution to the continuous system (1.2) and (Θh,T h)
be a solution to the discrete system (1.4).

(1) The discrete system (1.4) converges to (1.2) in [0,τ ] if and only if

limsup
h→0

sup
0≤n≤ τ

h

(
∥Θ(nh)−Θh(n)∥+∥T (nh)−T h(n)∥

)
=0.

(2) The discrete system (1.4) converges to (1.2) uniformly in time if and only if

limsup
h→0

sup
0≤n<∞

(
∥Θ(nh)−Θh(n)∥+∥T (nh)−T h(n)∥

)
=0.

On the other hand, note that the functions f(t)= t+ t2

2 and
(
f−1

)
(t)=−1+

√
1+2t

satisfy

f(x)−f(y)=(x−y)
(
1+

x+y

2

)
,
(
f−1

)
(x)−

(
f−1

)
(y)=

2x−2y√
1+2x+

√
1+2y

for every positive real numbers x and y. Therefore, since the temperatures have uniform-
in-time positive upper and lower bounds along the continuous and discrete TK flows,
Proposition 5.1 yields the convergence of (1.4) to (1.2) in every finite time interval [0,τ ].
Moreover, the discrete system (1.4) converges to (1.2) uniformly in time if and only if:

limsup
h→0

sup
0≤n<∞

(
∥Θ(nh)−Θh(n)∥+∥E(nh)−Eh(n)∥

)
=0,

where E is an abbreviation of a vector (E1, ·· · ,EN ).

5.2. Uniform-in-time transition. Now, we show the uniform-in-time transition
of (1.4) to (1.2) by combining the results in Section 3 and Section 4.1. The following
lemma gives a uniform-in-time convergence from finite-time convergence, which was
used implicitly in [14].

Lemma 5.1. Let {ah(n)}h>0 be a one-parameter family of sequences in RN , and let
a(·) be a curve on RN . Suppose that

ah(∞) := lim
n→∞

ah(n), a(∞) := lim
t→∞

a(t)

exist and there are two continuous functions p1 and p2 satisfying

∥ah(n)−ah(∞)∥≤p1(nh), ∥a(nh)−a(∞)∥≤p2(nh), ∀ n,h>0,

lim
t→∞

p1(t)= lim
t→∞

p2(t)=0.

If we further assume

limsup
h→0

sup
0≤n≤ τ

h

(
∥a(nh)−ah(n)∥

)
=0, ∀ τ >0, (5.3)

then {ah(n)}h>0 converges to a(·) uniformly in time.
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Proof. First, fix arbitrary ε>0. Then, one can find a positive constant τ0 such
that

|p1(t)|<
ε

5
, |p2(t)|<

ε

5
∀ t>τ0.

On the other hand, from (5.3), one can also find a positive constant h0<1 such that

sup
0≤n≤ τ0+1

h

∥a(nh)−ah(n)∥< ε

5
∀ 0<h<h0.

Then, we have

∥ah(n)−a(nh)∥≤∥ah(n)−ah(∞)∥+∥ah(⌊τ0+1

h
⌋)−ah(∞)∥

+∥ah(⌊τ0+1

h
⌋)−a(h⌊τ0+1

h
⌋)∥

+∥a(h⌊(τ0+1)/h⌋)−a(∞)∥+∥a(∞)−a(nh)∥

≤p1(nh)+p1(h⌊
τ0+1

h
⌋)+ ε

5
+p2(nh)+p2(h⌊

τ0+1

h
⌋)<ε,

for every 0<h<h0 and n> τ0+1
h . Hence, we obtain

limsup
h→0

sup
0≤n<∞

∥a(nh)−ah(n)∥≤ε, ∀ ε>0,

which implies the desired result.

Theorem 5.1. Let (Θ,T ) and (Θh,T h) be solutions to (1.2) and (1.4) subject to the
same initial data (Θin,T in) . Moreover, suppose the system parameters κ1,κ2,ν and
initial data (Θin,T in) satisfy (A1)−(A2), and the initial phase diameter satisfies

D(Θin)≤γ.

Then, as h tends to zero, (Θh,T h) converges to (Θ,T ) uniformly in time.

Proof. First, we show the uniform transition of discrete phases to its continu-
ous counterpart. From Proposition 2.3 and Theorem 4.1, θ̂α(nh)=θα(nh)−νcnh and

θ̂hα(n)=θα−νcnh converge as n→∞, for each α=1, ·· · ,N . Therefore, we apply Lemma

4.1 to ϕα(n) := θ̂
h
α(n)− θ̂h,∞α := θ̂hα(n)− limn→∞ θ̂hα(n) and obtain∣∣∣θ̂hα(n+1)− θ̂hα(n)

∣∣∣
≤ κ1h

NThα (n)

N∑
β=1

ψαβ

∣∣∣sin(θ̂hβ(n)− θ̂hα(n))−sin(θ̂h,∞β − θ̂h,∞α )
∣∣∣

≤ κ1hψM
T inm

(
(1−bh)n

(
max
α,β

{
θ̂inα − θ̂inβ − θ̂h,∞α + θ̂h,∞β

})
+a

(1−bh)n−(1−ch)n

c−b

)
,∣∣∣θ̂h,∞α − θ̂hα(n)

∣∣∣
≤ κ1ψM

T inm

(
(1−bh)n

b

(
max
α,β

{
θ̂inα − θ̂inβ − θ̂h,∞α + θ̂h,∞β

})
+a

(1−bh)n
b − (1−ch)n

c

c−b

)

≤ κ1ψM
T inm

(
e−bnh

b

(
max
α,β

{
θ̂inα − θ̂inβ − θ̂h,∞α + θ̂h,∞β

})
+a

e−bnh

b + e−cnh

c

|b−c|

)
=:p1(nh),
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where a,b,c are the constants independent of h and n as in (4.6). Similarly, we have

|θ̂α(nh)− θ̂∞α |≤p1(nh), θ̂∞α := lim
t→∞

θ̂α(t).

Therefore, we apply Lemma 5.1 to obtain the uniform-in-time transition of θhα(n) to
θα(nh).

For the transition of temperatures, we use Proposition 2.1, Lemma 3.1 and apply
Lemma 5.1 to obtain the desired result.

6. Conclusion
In this paper, we have provided an energy conserving discretization scheme for the

thermodynamic Kuramoto model on a lattice. The thermodynamic Kuramoto model on
a lattice was recently introduced in a series of works by the first and third authors and
their collaborators in [25] as a correction of the Kuramoto model in an externally applied
temperature field. The effect of temperature appears in the coupling strength part in-
versely. Thus, smaller temperatures can enhance the degree of collective behaviors which
is consistent with our intuition. A naive and simple first-order Euler-type discretization
does not conserve a total energy. In order to cure this apparent inconsistency with
the continuous model, we proposed an energy conserving implicit discretization scheme
for the thermodynamic Kuramoto lattice model so that the resulting discrete system
exhibits the same dynamic features as the continuous one. For the proposed discrete
model, we provided sufficient frameworks leading to the temperature homogenization
and complete synchronization in terms of system parameters and initial configurations.
Moreover, we also provided estimates for continuous passage from the discrete model to
the corresponding continuous model in any finite interval for any generic initial data,
whereas we can also extend finite-time lattice limit to the whole time interval for some
admissible class of system parameters and initial data.
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