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GLOBAL SOLUTION FOR EQUATIONS GOVERNING THE
LOW-FREQUENCY ION MOTION IN PLASMA*

DAIWEN HUANG! AND JINGJUN ZHANGH

Abstract. Equations describing the interactions between Langmuir waves and the low-frequency
response of ions are considered in the present work. Existence of global smooth solution is established
for suitably small initial data. The proof is based on the analysis of higher order energy estimate and
lower order decay estimate.
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1. Introduction
In this paper, we mainly concentrate on the following set of equations:

ng+ V- (nu)=0,
n(us+ (u-V)u) +Vn=pgAu+pu V(V-u) - V|E|?, (1.1)
2ieE;+3AE=(n—1)E.

Here, n:RT xR? =R denotes the low-frequency density of ions, u:RT x R? = R? de-
notes the velocity of ions, E: R x R3 — C? is the slowly varying complex amplitude of
the high-frequency electric field, e =+/m/M with m, M the mass of the electron, ion
respectively, pg >0 and p; >0 are viscous constants.

The third equation in the above system describes the propagation of a finite ampli-
tude Langmuir wave packet in plasma, and the first two equations in (1.1) describe the
motion of the low-frequency ions. By decomposing the motion of a plasma into lower
frequency part and higher frequency part, system (1.1) can be derived from two-fluid
system under the charge neutrality condition n; ~n. and the action of viscosity, see [3]
for more details. So we can also regard (1.1) as a simplified two-fluid model.

If one neglects the effects of electric field, system (1.1) is then reduced to the com-
pressible Navier-Stokes equations. Using energy methods, Kawashima [9] proved global
existence result of classical solution with initial data sufficiently small. Decay asymptotic
results for such system have been studied systematically in LP with p>1 by Hoff and
Zumbrun [7]. In that case, the potential for electric field is governed by a self-consistent
Poisson equation, Li, Matsumura and Zhang [10] observed the Poisson equation could
make the decay rate for the momentum more slower.

When pg = p1 =0, general theory of finite amplitude envelope solitons was presented
by Schamel, Yu and Shukla [14], and Liapunov stability of the Langmuir solitons was
shown by Laedke and Spatschek [11]. In the viscous case, Guo and Huang [4] obtained
global existence of weak solutions to the 1D initial-boundary value problem of (1.1) in
Sobolev-Orlicz space, and later in [5], they proved existence and uniqueness of global
strong solutions to the initial-boundary value problem in 2D case for small initial data.
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However, as far as we know, there are few results of system (1.1) in three dimensional
case. In particular, we want to know the influence of the coupled electric field in the
existence theory and the time decay problem of the solution. This is the main motivation
of the work.

Throughout the paper, LP (p>1) is the usual Lebesgue space, and H" denotes the
inhomogeneous Sobolev spaces equipped with the norms

laall o = ([ (L&) N2 2.
Here, u=1u(§) is the Fourier transform of u, namely,

(&) =Fu:= W /RS ey (2)dx.

The default integral domain is always taken over R3. For x,y>0, the notation x <y
means that there exists a constant C'>0 such that = <Cly.

Now we state the main result of the paper. We endow (1.1) with the following
initial data

(n,u, E)(0,2) = (no(x),uo (), Eo())- (1.2)
THEOREM 1.1. Assume N >6 and the initial data satisfies

(no —1,u0)|| g~ +1|(no —1,u0)| L+ < eo,

(1.3)
[ Boll zrv +[2]* Eoll 12 < eo

with €g > 0 being sufficiently small, then the Cauchy problem (1.1)~(1.2) admits a unique
global solution (n(t,z),u(t,x),E(t,x)) satisfying

n(t,x)—1€CRT;HY), u(t,x)cC(RT;HY), E(t,2)e C(RT;HY),
and for all t>0,

H(n(t,x) - Lu(t?x)?E(tv'r))HHN §607

In(t2) =T utDll o S o= w4
1B~ S o

Theorem 1.1 states that global smooth solution exists for a small perturbation
around the constant equilibrium state (n*,u*, E*)=(1,0,0). The proof is to establish
energy estimates and decay estimates in suitable spaces (see Section 2.2 for the strategy
of the proof). As we will see later, it is crucial to obtain the quadratic contribution of
the electric field in decay estimates by using precisely the null structure. As a result,
we see that although linearized equations for the motion of ions and the propagation of
the Langmuir wave evolve separately, the coupled term of electric field may eventually
reduce the asymptotic decay rate in the nonlinear solution. The proof of Theorem 1.1
will also imply some decay estimates concerning the first and second derivatives of the
solution.
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2. Preliminaries

2.1. Linear decay estimates. Let p:=n—1, then linearized system of (1.1)
around the constant equilibrium state (n*,u*, E*)=(1,0,0) reads

Pt+v'u207
ug+Vp—poAu—puy V(V-u)=0, (2.1)
2ieEy+3AFE=0.

The first two equations in (2.1) are of coupled hyperbolic-parabolic type, and we rewrite
them in the following form

U,=B(V)U, (2.2)

where U :=(p,u)! and B(V) is a Fourier multiplier 4 x 4 matrix. Solution of (2.2) with
initial data U(0,z)=Uy(x) is then given by

Ut,x)=e BV Uy :=G(t,x) Uy(z), (2.3)

where x denotes the convolution, and G(t,x) is the Green’s function, which in Fourier
space can be expressed by

G(t.6)= = e e e (2.4)
TR (g )4 A -
In (2.4), A+ and A_ are the roots of the equation
2 +ul¢Pr+ € =0
with
v=po+p >0,
namely,
he =~ vl 5 VAR~ e (25)

The representation of G was derived in [7]. For G(t,£), we have the following two
lemmas, which present pointwise estimates for the low-frequency case and the high-
frequency case respectively.

LEMMA 2.1.  Assume G(t,€) is given by (2.4). Then for any R>0 and |£| <R, there
exists o> 0 such that

|G(t,6)] S el (2.6)

with the implicit constant depending on R.

LEMMA 2.2. Let CAv'(t,§) be defined by (2.4). Then there exists Ry >0 sufficiently large
such that

GO <e™, fr=min{, k) (27)
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~ 1 _ _ M0 |g)2 _
IVG(t,6)| Se 2t |¢| 72 e 2 [E gt (2.8)
|AG(1,6)| Semmtg| 3 e Pl g -2 (2.9)
for |€] > Ro.

Estimates in Lemma 2.1 and Lemma 2.2 are actually obtained in [7]. To make the
paper self-contained, we give the proof in the appendix. Here, Lemma 2.2 is proved
in a more straightforward way. In particular, we remark that applying the weighted
inequality (2.13) below, L> decay bound for the linear solution (2.3) can be established
only using up to second order derivative estimates for G.

THEOREM 2.1. For any t>0 and multi-index vy, we have
DY PV || 2@y St 42 (| Uo| L ) + 1D Uo | 2 @) (2.10)
ID7e BV || oo sy S22~ P2 U | 11 sy + 1 D Vol o< (m3))- (2.11)

Proof. Let Ry be determined by Lemma 2.2. According to (2.3), we use
Plancherel’s identity and (2.6)—(2.7) to obtain

| DB, 2, = /R GO PIDTo(©)de

- / 1G(1.) 2 DT (€)de + / G (1,)[2 DT (€) e
[€1<Ro

|€1>Ro

< / €21 =206 T ¢) e + / =P BT (€) 2 de
[€1<Ro |€]>Ro

— 2
SITOI~ [ | €FMe o1 ag =2 D70y
S PTG+ = DTy 3

Hence, the desired estimate (2.10) follows.
To prove (2.11), we introduce a smooth cut-off function ¢ (r) defined by

_ 17 |T‘SR07
w(r)= { 0, |r|>Ro+1,

then we decompose G into
G=GL+Gn
with
Gr=CtOv(El). Gr =GO -w(E)).
For the low frequency part, we use Hausdorff-Young inequality and (2.6) to obtain
1DV (G x U)o SNEMGL - Tl
SE Gl a1 Tollos

SIEM e o || U
<t 3202 g || (2.12)
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For the high frequency part, applying the weighted inequality (see [1, Lemma 2.1])

1oy S I 1 2 £ (2.13)
which together with the estimates (2.8) and (2.9) yield that
DG+ Uo)l| Lo S NG mllLr [|1D"Uol =
NGl e PGl 51D Us o~
St e | DU L (2.14)
for some 0> 0. Hence, the desired estimate (2.11) follows from (2.12) and (2.14). o

The last equation in (2.1) is a Schrédinger equation, and it is known that (see, for
example, [2]) for p € [2,+00],

ik 1 1 1
lle tAf”Lp(Rg)5W||f||LP’(R3)a ;)"‘17:1, KRi==. (2.15)

2.2. Strategy of the proof. In order to prove the main theorem, we define the
following norms associated to the work space (recall that U = (p,u)?)

Ul := sup (U]l + (148> VU |[wr
te[0,T)

+ (1P 0NU L2+ (L+6)Y AU 2),
I1E|lyz = sup (1B~ + |z flle2+ 0+ Fllr2),
t€[0,T)

where 0 >0 is sufficiently small, and set
A= Ul xz + [ Ellyr- (2.16)
Note that in the norm ||E|ly,, f denotes the the profile of F, namely,
f = e—thAE
which yields || f||g= =|| E|| g~ for all s€R, and

ik

fi=e WA (E, —ikAE)=— 3 e A ((n—1)E). (2.17)

The introduction of weighted norms for the profile f in space Yr is crucial, which in
turn controls the decay estimates for E. Indeed, using (2.13) and (2.15), one sees that

1Bl 2o = le"2 fl| oo Smin{L,t >}l Lianz S L+8) " Ellyy. (2.18)

Meanwhile, by Gagliardo-Nirenberg inequality, the above work space also implies

U |z SIUIGA AU S (1) /8404 A, (2.19)
IVU| 22 SIUIZIAUYE S (L+6)71+0/2 A, (2.20)

In the following sections, our main attention is to prove the key a priori estimate

Ar Seo+ A3, (2.21)
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where ¢ is related to the size of initial data, and the implicit constant in (2.21) is
independent of T'. Then applying the standard continuation argument, we finally obtain
the existence of global solution as stated in Theorem 1.1 which satisfies A, Sep. As
shown in the definition of the work space, the proof will consist of higher order energy
estimate and lower order decay estimate. Using the dissipative structure of the fluid
equation, loss of derivatives can be avoided by means of integration by parts, and closed
energy estimate is obtained in the next section.
To derive decay estimates, we use Duhamel’s principle to obtain

Ut,z)=eBPUy(x) + /0 te(t_s)B(v)F(U(s,x))ds, (2.22)
E(t,m):ei“tAEo(a:)—ig /O L9852V B (s,2)ds, (2.23)
where the nonlinear term F(U):= (F1(U),F2(U))" with
F(U):=—V-(pu), (2.24)
FAU) =pal s~ DBt - DT )
—(ﬁ—l)Vp—(wV)u— $V|E|2. (2.25)

When applying (2.10)—(2.11) to estimate decay norms for U, one may see that the
problematic term comes from the coupled electric term in (2.25), i.e., ﬁlle|E|2. Indeed,
using (2.10)—(2.11) forces us to estimate L' norm of the term ﬁIpV|E|2, which is nearly
equal to V|E|? if one ignores cubic and higher order terms. However, Holder’s estimate
such as L? x L? type does not work here since there is no decay estimate for E or VE
in L2, To overcome this difficulty, we use the idea of the works [6,8,13] (see also [1])
and take advantage of the weighted norm for E as introduced in (2.16). Taking Fourier
transform for this term yields that

VIER(s,€) =i§/RSE(8,§—n)E(3,n)dn

=i¢ [ e eEn f(s,6—n) f(s,m)d, (2.26)
R3
where the phase ¢(&,n) is given by

o(&n) =—E—=nl*+nl. (2.27)

A key observation is that the derivative nonlinear structure in (2.26) provides a null
resonance form for ¢, namely,

V=2, (2.28)

we then use this identity to integrate (2.26) by parts in 1 and obtain extra decay factors
which are sufficient to derive desired bound for the term ||V|E|?||L:. See Section 4 for
the detailed proof of decay estimates.

Now it remains to establish weighted estimates for the electric filed E, which are
given in Section 5. To this end, we deduce from (2.23) or (2.17) that

)= F0.0) =5 [ 72 p(a)(e2 ps.)is,
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and in frequency space,

ik [T e R
F.6)= 1095 [ [ i) fs.c ~npands. (229)
where
Bl&,m) =€~ el (2.30)

Although applying operator V¢ (or A¢) to (2.29) will produce extra growth factor s (or
even s?), we note that the LP decay property for fluid equation would eliminate nicely
some of these growth factors and eventually lead to the desired estimates for xf and

|z[2f.

3. Energy estimate of the solution
We show the energy estimate for system (1.1) in this section. During the proof, we
need the following calculus inequalities [12, Lemma 3.4].

LEMMA 3.1.  Assume m is a nonnegative integer, then for all u,v € L (R3)NH™(R3),
we have

[wvllzm S lullzm o]l zoe + [ull oo o]l (3.1)
> DY (wo) = u(D70)| 2 SVl e [0 m—s + ull o] o< (3.2)
0<[v|<m

PROPOSITION 3.1. Assume that (p=n—1,u,E) € C([0,T); HN x HN x HN) is a smooth
solution of system (1.1) satisfying AT < 1, where Ar is defined by (2.16). Then there
holds

sup (ot )t B(t) i S oot o) Bofa v +43%, - (33)
telo,
where the implicit constant C' is independent of T .
Proof. System (1.1) admits the following energy identities:
d
2| pdz=o, 3.4
& oo (3.4)
d 2
= [ |E]Pdz=0, (3.5)
dt s
d
—M—&-uo/ |Vu|2dx+u1/ |V-ul?dz =0 (3.6)
dt R3 R3
with
1
M::f/ n|u|2d1‘—|—/ |VE|2dm—|—/ (n—1)|E|2da:—|—/ nlnndz.
2 Jps R3 R3 R3
Since

1
nlnn=(1+p)ln(1+p)=p+ §p2+0(p3),
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we then deduce from (3.4)—(3.6) that

t
paadlza+ 1Bl + [ [ [Vuls.o)Pdods < [ osu)lloo + | ol (37)
0 JR

Therefore, it remains to prove (3.3) for the highest order of derivative.
Let v be a multi-index satisfying |y|=N. The density equation of (1.1) implies that

pt+V-u+V-(pu)=0, (3.8)
and performing energy estimate for this equation gives

1d

5%/ \D7p|2dx+/ DY(V-u)D7pdx+ | DV -(pu)D”pdx=0. (3.9)
RS RS RS

Meanwhile, taking energy estimate for the momentum equation of (1.1) yields that

D7 (nuy)D"udx+ [ D (n(u-V)u)DVudx
R3 R3

o [ DVulds - [ D70 de
R3 R3
— / DV|E|?D"udx — / DYVnD"udx. (3.10)
R3 R3

Note that the second term in (3.9) cancels the last term in (3.10) since Vn=Vp.
The third term in (3.9) can be decomposed as

DYV - (pu)D pdx= [ DY (p(V-u))Dpdz+ | D7 (Vp-u)D? pdx
R3 R3 R3

By (3.1), we have
L <D (p(V-w))| 2| D7 pl| L2
S Ulellanv [[Vullpes +pll Lo [[Vull g3 ) [|D7 pl| 2
S(A+1)74 A3 4 (141) 734 A2 || V|| v
S(L+1) 1AL + €| Va3, (3.12)

and by (3.2),

1| < ‘ 10T~ (70w pda| 4 [ (07F5) )07

SUpllax IVullze + [V pll = [ull g ) DV pl 22 + | Vull L= | D7 ol 7
S(141)75/4 A5 (3.13)

Hence, one sees from (3.11)—(3.13) that

S(141) A3+ & Vu| % (3.14)

/ DYV - (pu) D7 pdx
R3
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Similarly, we can obtain

‘— DYV|E*D"udx
R3

:‘/ DY|E|>?D'V -udx

R3

SIDYEP|| L2 |1DVV | 12

SIE| e Bl g~ ||Vl g

S(141) 2 A%+ & Vu| % (3.15)

For the first term in (3.10), we treat it as

D7 (nuy) DV udx = /

[D7 (nuy) anvut]DVuder/ nD uy DY udzx
R3

R3 R3

1
:/ [D”’(nut)anA’ut]Dvuderf/ n|DVu|?dx (3.16)
R3 2 R3 )
with

S (Il lluel e + VRl oo gLy -) [ DY ull 2

/ [D” (nu;) —nD7u ) DV udz
R3

S+ AL 4| V| %, (3.17)
where we have used the following estimates in the last step
utll e = | = (u V)utn"" (poAu+pu V(V-u) = V| E[* = Vn)|| =

<+t Ay,
llutl| gv— SIVull gn + Ar.

In a similar way, we have
D7 (n(u-V)u)DVudx
R3

:/ [D”((er)u)f(nu~V)D”’u]D7ud:c+/ (nu-V)DVuD " udx
R3 R

3

:/ [DV((nu.V)u)—(nu.V)DVU]D”/uder%/ ng|DVu)?dx (3.18)
R3 R3

with

/ [DY((nu-V)u) — (nu-V)D u] DV udx
R3
Slnull g [Vl Lo + IV (nw) || Lo [l v ) [ D7 ] 22
S(141)71/8+0/4 42 (3.19)
Combining (3.9), (3.10) and (3.14)—(3.19), one sees

1d
2 dt
S(1+4)754 A3 4-¢| V| 4 - (3.20)

([ 40 o407 uP)ae) 4 no|D7Ful D79
R
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Finally, we take energy estimate for the Schrodinger equation in (1.1) and obtain
e |D7E|2dx—1m/ DY (pE)D"Edx
SUlplz 1DV El| L2 + 1DV pl 2| El| L) | DVE] .2
S(1+8) /307 A, (3.21)

Integrating (3.20)-(3.21) in time and summing over |y|=N, then the desired bound
(3.3) follows from (3.7) and the above two estimates by choosing ¢ sufficiently small. O

4. Decay estimates for U
This section deals with the L> and L? decay estimates for U. Recall the represen-
tation (2.22) for U, that is,

t
U(t,z)=e B Uy (x) + / BV p(U(s,2))ds, (4.1)
0

where F(U) denotes the nonlinear term defined in (2.24)—(2.25). Note that F'(U) has at
least quadratic nonlinearity with at most two derivatives on U. As we will see later, the
coupled term V|E|? in the momentum equation will affect nonlinear decay rate. Decay
estimates for this term are very important in our analysis. In particular, we remark that
the derivative nonlinear structure in the argument is crucial. We first give the following
key lemma.

LEMMA 4.1.  Assume (U,E)€C([0,T); HN x HN) satisfies system (1.1) with T >0. If
Ar <1, then there hold

IFU ) S 1+1) 7 AT, (4.2)
IVEU )l S 1+~ 150 A, (4.3)
IE(U(t2)lwre S (1+8)5/1AF, (4.4)

IFU (@) me S (L41) 754 AF. (4.5)

Proof.  For small t such as 0<t<1, we have 1+t~ 1, so the estimates (4.2)-(4.5)
follows directly from the definition of F'(U) by Hoélder inequality and Sobolev inequality
only using the following energy bounds

[Ullg~y S Az, | Ellgy S A (4.6)
Hence without loss of generality, we may assume ¢ >1 and thus 1+¢~t.
Since
1
—1l=—p+ 34..=p+0(p), 4.7
) p+p°—p p+0(p) (4.7)

then using the decay bounds coming from the definition Ar,
U2 St Ag, (VU2 St A7, AU |2 S50 A7, (48)

we see that all the terms (see (2.24) and (2.25)) in F(U) except the term V|E|? can be
treated by Cauchy-Schwarz inequality,

IV (pu)llzs SV pllzzlullze + llpll 2| Vul g2 S ~7/420/2 A7,
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||(U'V)u||L1 Sllull 2| Vul 2 St/ 43,

II(i ~1)Vplls Sllpllez Vol e St=7/4F72 A3,

1
I (m ~DAul g S ol rellAul g2 S0 AF,

I V|E| Iz SIVIEP]| 2.
So in order to show (4.2), it suffices to prove
V1B ) 1 St A2 (49)
From (2.26), we have

VIEP() =i [ €2 ft.e =)t

1

into (&) ;
=t Jo V1 D f(8,6 =) f (¢,m)dn, (4.10)

where we have used the null resonance condition of ¢ (V,p=2¢) in the second equality.
We integrate (4.10) by part in 7 to obtain

VIER(tE) =5 9 &G, (1,6 —n) f(t,n)dn

o iktp(E,m) £ tE— 3 t.m)dn.
Cyn Rse f&,E=n)V, f(t,n)dn

Returning back to the physical space yields

S @f)- B+ B-e ™A (o )]

VIE|*= 5

from which we can get
IVIEP | StTHIE 2|l fll o2 St7HAT

Hence, the bound (4.9) is proved.
The proof for (4.3) is similar. By (4.8), (2.18) and the bound

IV Al 2 S | Aul 22| D*ull 2 S 747,
it is easy to see that for j=1,2,3,

102,V (o)l s S 180l 2 2 +llpll 2 | Al 2 + [V pl 12 | Va2 S 2+ A2,
10, (- V)l o < 2| Al = + [ Vul32 S 0>+ A3,

1
10z, [(T— s = 1)Vpllze SlollzzllAplre +[IVplZ. St A7,
1 _
10, [(1+ ~ DA SIVellel|Aullz + ol 2 [V Aul g2 S50 AF,

10z, (7 VIE er SN0s, VIEP|| 1 + 100, pV | B 1
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<119z, VIRl + [ Vpll | Bl o~ | VE
<192, VI B 17044572 42,

For the term including the electric field, we obtain from (2.26)
Fi0u,VIBRI(t6) = [ €6 ft.6 —n)(tn)dn.

Using the derivative structure and (2.27)-(2.28), we integrate by part twice in 7); and
7, then there holds

Fl0x, VIEP(t,€)

:4,€2t2 /]RS emtﬂgm)vnvmﬂtaf_U)J?(tﬂl)dn

1 ) ~ o
/ MG, F(t,6—n)Vy f(tn)dn

+ 4/‘62t2 R

1 . . .
+ 4K2t2 /Rse t@(gm)vﬁf(tvg_n)vm f(tﬂ?)dn
+ 41‘{/21;2 \/]R?’ einw(é,n)f(t,g_n)vnvm f(tan)dna

S0 it can be seen that

102, VIEP |20 St72 (1" (wa £ 2| Bl e
72| (@ f)ll 2 e (@ )| 2
72 (@ f) e lle ™ (2 )| e
+t72| Bl [le™ 2 (225 f) | 2
Sl Al I Bl e + e f1172)
St3/2 A2,
Therefore, the bound (4.3) follows from the above estimates. Note that we need one

extra derivative to produce better decay rate.
From (4.8) and the L> decay bounds

Uz S35 Ap, || VU ||y St Ar, (4.11)

it is easily to obtain the bounds (4.4) and (4.5) by using Holder inequality and Sobolev
inequality (note that the worst bound comes from the coupled term). We skip the
details here for simplicity. 0

PROPOSITION 4.1.  Assume (U,E)€C([0,T); HY x HN) satisfies system (1.1) with
T>0. If Ar <1, then we have

(L+8) "4 VU [wie SIUo(@) | L1nms + A7, (4.12)

for all t€[0,T), where the implicit constant is independent of T.

Proof.  From (2.6) and (2.7), one sees e!P(V) is a bounded linear operator from
H* to H,

[e"B) I cerr—mry ST (4.13)
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So for small ¢ such as 0 <t <1, we use (4.6), (4.13) and Sobolev embedding H?(R3)
L>(R?) to obtain

t
VUl S 12T fusoe + [ e IPOVED) e
0

1
SlCalls+ [ NPW)ids
0
SIUoll s + A7
Since in this case 1+t~ 1, we thus obtain the bound (4.12).

From now on we assume ¢ >1. Decompose the expression for VU as

1
VU(t,x):etB(v)VUo(x)+/ BV R (U (s,2)ds
0

t
- / =BG E(U(s,2)ds. (4.14)
1

From the linear estimate (2.11), we see
e BV Up|| Lo S| Uol| prrree- (4.15)

Also, from (2.11), there holds

1
/ =BV E(U)ds

1
1
5/ 72||F(U)|\L10W1,ood8
0 wiee Jo (¢

—S)

1 1 )
< ——A4d
~A<F@2T§

1
< T A2
~ (t_l)QAT

1
~ ?A%, (4.16)

where we have used the following rough bounds
IF@)lIe SAT, |IFU)llwe S AF

To estimate the third term in (4.14), we use (2.11) and Lemma 4.1 to get

t
/ e=IBNVIVR(U)ds

t
1
' §/1 WHVF(U)HLlandS
Loe

[t Lo
S, Gy watr®
t/2 1 1
< A2 .
NAT/1 (t—s)3/2 s

t
1 1
2 — —
+AT/t/2 (t—s)32 S7ads

1 2
S o3, (4.17)
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and
t v
| [ e, vrwas| 5 [t IV F@nsmds
1 ' L1 (E—s)
! 1
< T .= A2
N/1 (i=s) 85/4ATd5
L oo
< WAT' (4.18)
Therefore, the desired bound (4.12) follows from the estimates (4.14)—(4.18). O

With a similar argument as above, we can obtain L2-type decay estimates.

PROPOSITION 4.2.  Under the same assumptions as Proposition /.1, there hold that

sup (1+6)*/*=°|U(t,2)| > S| Uoll i + AT, (4.19)
te[0,T)

sup (1+8)*/ AU (t,2)| 22 SIUoll s + AT (4.20)
tel0,T)

where the implicit constant is independent of T.

Proof.  As shown in Proposition 4.1, without loss of generality, we may assume
t>1. Also, we only consider the time integral form 1 to ¢. One sees from (2.10) with
|v]=0, (4.2) and (4.5) that

t t
1
(t=)B(V) p(1)d </ - \F(U d
\/16 ( ) S L2N 1 (t—8)3/4H ( )||LlﬁL2 S

b 1
<[ = A2
< s

Lo
S tS/T_(;AT’
which yields (4.19) as desired.
From (4.1), we have
t
AU (t,z) =PV AUy (z) + / e=IBNVIAR(U(s,x))ds, (4.21)
0
so using (2.10) with |y| =2, there holds
1
1) AUy ()| 2 S w7alUollpane- (4.22)

For the Duhamel’s term, we use (2.10) with |y|=1, (4.3) and (4.5) to obtain

t
/ e=IBVIAR(U)ds
1

t
1
A G W linds

< til L AZd
~ )y (t—s)3/A AT s
1 2

Thus, the bound (4.20) follows from (4.21)—(4.23). O
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5. Weighted estimates for F
Now we prove the weighted estimates for the profile of E, which can control the L>°
decay estimate as shown in (2.18). Recall the expression (2.29), i.e

F.9=70.9-5 [ [ 605050 0.6 ~myinds
= f(0.6)+N(8,9) (5.1)
with
G(&m) = E? =€ —nl* =26 n—n*. (5.2)
The main result of this section is stated as follows.

PROPOSITION 5.1.  Let (p,u,E) be the solution of system (1.1) on [0,T)x R3 with
T>0. If Ap <1, then we have

S[LolpT)(llwaLz + ()22 fll2) Sl Boll 2 +ll|2*Eoll e + A7 (5.3)
te|o,

Proof. We first note that if xEy, |z|?Eo € L?, then as the argument shown in [15],
we can obtain xf,|z|2f € C([0,T); HY). Since f:=e "**AF, one has

2/ (0,2) ]| L2 = [lwEo(@) |2, [l2*f(0,2)l|z2 = [[|2|* Eo ()] 2
Hence, in order to prove (5.3), we only need to show

sup (|[#N (t2) ]| 2+ (1+8) 722N (E,2) | 2) S AT (5.4)
te[0,T)

As shown in Section 4, we can easily treat with the case 0 <t <1 or the contribution
of the time integral from 0 to 1. So without loss of generality, we may assume ¢ >1 and
only consider the contribution coming from the time integral in the interval [1,¢]. We
now denote

ik [ o A R
_3/1 /R3 emssa(ﬁm)p(s,??)f(&f—n)dnds. (5.5)
Applying V¢ to N7 gives

AL / [ ve i myands -5 / [ e Ve (€~ nydnds
R3 R

2 [ et temmanas =5 [* [ ot ese—mas

then we use the Holder inequality to obtain
[N |22 = [[VeN L2

t t
S [ 1ol Blldst [ ol o fl 2ds
1 1

t t
1
<A2f 5 o [ 1
NAT/1 (1+s)9/4‘5/2d5+AT/1 (1+3)9/8—6/4d5~AT' (5.6)
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Furthermore, taking A¢ to (5.5), we get

A&Nl K1+ Ko+ K3, (5.7)

where

_ i // ey 2p(n) f(€ —n)dnds,

-4 / | st V(e —mnds,

- iRS”LLA iy _
3 /1 /Rse p(mAef(§—n)dnds.

The term K is estimated by a direct L? x L™ estimate

t
1K1l S [ 18l B s
1
t 2
<Az [ 24
~ T/; (1+8)5/2 §
S(1+t)1/2A2, (5.8)

and term K3 is estimated by L™ x L? type estimate

t
| Ksllze < / ol [/ ]| z2ds

<A2T/t(1+s)1/2 s
~ 1 (L45)9/8-6/4
< (141)3/8+9/1 A2, (5.9)

To estimate the middle term, we first note that, by interpolation,

1
1/4 3 4
IS EA V4

2
L2 ~ (1+S)19/16—6/8AT

and by (2.15),

iKks 1
e A(xf)”L“SWfo”LMS
1
< g eI N A1

1

< -
Sy T

then using L* x L* type estimate gives

t
1Kall e < / SV plla €75 ()| pads
1

t
< A2 5
NAT/1 (1+5)25/1676/8d8
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S (141)7/16+0/8 42 (5.10)
Inserting estimates (5.8)—(5.10) into (5.7), we obtain
2P A llz2 = | AN 22 S (1+8)/2 AF,

which together with (5.6) yield the bound (5.4) as desired. This ends the proof of
Proposition 5.1.

Finally, combining Proposition 3.1, Proposition 4.1, Proposition 4.2 and Proposition
5.1, we thus obtain the desired bound (2.21). d
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Appendix.
In this appendix, we prove Lemma 2.1 and Lemma 2.2.

Proof. (Proof of Lemma 2.1.) Recall (2.4) for the representation of é(t,ﬁ) For
sake of simplicity, we denote

)ure)"t _ )\76)\+t

(/;\ t7§ = ;
19 I
—~ .e)\+t_e,\7t .
GQ(tvg) C _lﬁg ,
o _e>‘+t_e)\,t
Galt.8) = Ay
Ga 2 ¢ Apt A_t ¢t
Ga(t,&) = Holél t(]gxg,ﬁ)Jr)\w +_\_e -t gte

€12 A —A- 12

Our aim is to show all the above four multipliers satisfy (2.6). Since
2
)P —4€P =0 €] =0 or |¢|=r¢:= 3
there holds

(A1)

\ {—?fPiQKI4—ﬂ§P7|ﬂ<m,
=

*%V|§|2i%’/|f|2\/1*ﬁ, €| >1ro.
We begin to prove (2.6) for the multiplier Go. Notice first that
— 1 —(1 _ _

HEY €10 i|¢|\/A—12|E2
i HEIRP PO

-0 ilely/A— 2[R
:0,

gt

then we split this proof into the following three cases.
Case 1: 0< [¢| < Zro and (| < R. From (A.1), this case implies

|e>\+t| _ |e)\,t| :e—%u\ﬂzt,
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thus we see
]+

N N e [€lv/4—v2lEf?

Case 2: 21 <[¢|< Hrg and [¢| < R (we may assume -£ro < R, otherwise this case
does not ex1st) We use mean—valued theorem to get

€| S emvIEle,

Mt At = A=A\ X Yt he(0,1).
So if |¢| < g, we have
S~ 12 C1e2t, —1yle)? _ _1e?
Gal = e BISP g = AP (o ISP 2] e g emhviel,
and if |£| > rg, we have
|é\2‘:e—%u|§|2t€%l’\5\2q/1*%(29*1)“5“

< e3Pt F VIt gt
—3vIEPe

Case 3: r> 11 and || < R (one can again assume 1+7ro < R, or this case is empty).
In this case, it is easy to see that there exist two constants c1,co satisfying

11
0<cr<1l—y/1— 2|£‘2<02<1 ET0<|§|<R,

_1 24 (1— __ 4 _
Mt — e svIElft- (1=, /1 ”2|5‘2)<6_%y|£|2t.

This bound together with the trivial bound

then

|e)\_t| Se—%v|§|2t

yield

* 1A

|Ga| < €] Se FrIEr,

v[§|? _W

Combining the estimates in Case 1-Case 3, we thus obtain (2.6) for G3. The proof
for G is the same since G3=G}. Note that [A\L| <1 if || <R and

py e}\_t_>\_e>\+t e)\+t_6)\ t
+ W S At N, S (A.2)
)\ 6)‘+t—>\,6>‘*t e/\+t_e)\7t
+ S :euﬂ*ih_x_ , (A.3)

applying similar treatment as Go for the second term of (A.2) and (A.3), the desired
bound for G; and G4 thus follows. 0
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Proof. (Proof of Lemma 2.2.) We first show the estimates (2.7)—(2.9) hold for
Gs. For |£| > Ry with Ry large enough, Taylor’s formula implies

N S T
vRlE2 T RE vhfet ol

so we have
1 1 2

Np=— e Ad
FE TR R T (A4)

1 1 2
A =—v|eP+ i —— = A.
VIEF+ D+ e et (A.5)

2 2 4
)\+f)\_:y|§\27577— e (A.6)

Vg volgl
Let r=¢|, from (A.4)—(A.6), it can be seen that

Ap~—v7 A ~—vr?,  Ap—A_~uvr?,

N~ 2073773 No~=2vr, N —X_~2vr, (A7)

N~ —6r73r74 XN o~=2u, N[ =N ~2u

Define

DV
using the bounds in (A.7), a direct computation gives

e—%t +€—1/T2t

9=l S ——5—

Vo(©) <lg'(r)|s S (A8)
2 e"mt e

80(6) =g () + 2 ()] £ e

Since Go=—ig(£)&!, one can easily see
— 1 2
|G| S (e vt e g,
VGal S (e 2! e 216 g2, (A.9)
AGs| S (73" e B¢ 2.

Clearly, the estimates in (A.9) still hold if we replace G» by Gs. In virtue of (A.2) and
(A.3), we use the bounds (A.7), (A.8) and

Mt Sem vt [VeM S e B, (At S et

T e o
|e)‘*t|§€ vig] t |V6)"t|§|§‘ Lo—5l¢l t ‘Ae)\,tlgml 2,- %1€l t
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then it is not hard to find that
G| S |6 2e e et
IVGL|S[€ e 8167 e3¢ 30t (A.10)
IAGH| S |€ e 16 gt t

and
|é?1|,§€7“0|5|2t+|€|7267%t’
VGal Sl e I g 2o =, (A.11)
|Aé;| NI e~ BlElt + |f‘_4e_it,
Therefore, the desired bounds (2.7)—(2.9) follows from (A.9)—(A.11) clearly. 0
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