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REACTION-DIFFUSION EQUATIONS DERIVED FROM KINETIC
MODELS AND THEIR TURING INSTABILITY*

MARZIA BISIf AND ROMINA TRAVAGLINT#

Abstract. We consider a binary mixture composed by a polyatomic (diatomic) and a monatomic
gas, diffusing in a gaseous background (typically, the atmosphere), and undergoing reversible and ir-
reversible chemical reactions. We show the derivation of proper reaction—diffusion equations for the
number densities of the constituents, starting from suitably rescaled kinetic Boltzmann equations. The
dominant process is assumed to be the elastic scattering with the host medium, while we present two
different scalings for the various chemical reactions: the first option leads to a system of three reaction—
diffusion equations, while the second regime leads to two reaction—diffusion equations similar to the
classical Brusselator system. Then, we study the Turing instability properties of such macroscopic sys-
tems, showing their dependence on particle masses, on collision frequencies of the Boltzmann operators,
and, above all, on particle internal energies.
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1. Introduction

Reaction—diffusion equations are extensively used in mathematical physics, since
they often constitute simple but reliable models able to describe time and space evolution
of physical quantities. An excursus of the basic models of this type used in mathematical
biology, with particular reference to the epidemiology (diffusion of infectious diseases),
may be found in the books [29-31,46]. Reaction—diffusion systems appear also in ecology
[8], in the physics of hot plasmas [47], in astrophysics [48], and of course in chemistry [23].

Mathematical aspects of these systems, as existence and uniqueness of solutions
for Cauchy—Dirichlet problems, stability of solutions, symmetry properties have been
extensively investigated, see for instance [22,34,45]. An important feature worth to be
analyzed is the Turing instability [44], occurring when a steady state which is stable in
space homogeneous conditions becomes unstable in presence of diffusion. This situation
generates the formation of patterns, namely solutions of the reaction—diffusion equations
that turn out to be heterogeneous in space (with some regular or periodic structure)
and stable in time. This kind of instability has been recovered in several problems, as
models for morphogenesis [27], prey—predator systems [26], epidemic models [14], neural
networks [50], models for metal growth [7] or for multiple sclerosis [28], just to mention
some of them.

Many of such reaction—diffusion systems have been built up starting from phe-
nomenological considerations, therefore diffusion coefficients and parameters appearing
in the reaction part are taken as arbitrary constants, and are not directly related to
microscopic interactions between cells, preys and predators, etc. Even the physical or
biological meaning of some reaction terms sometimes is not very clear, and some tools
enabling to relate them to the microscopic activities would be very welcome.

In this respect, kinetic theory, originally proposed by Boltzmann to describe rarefied
gas dynamics, may be useful. Indeed, it is based on a mesoscopic approach, providing
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the evolution of the distribution function of particles (or individuals); the Boltzmann
collision term is an integral operator taking into account the interaction mechanisms at
the microscopic level. Major macroscopic fields can be recovered as suitable moments
of the distribution function. In proper hydrodynamic regimes, a closure of macroscopic
equations may be obtained resorting to an asymptotic Chapman—Enskog procedure [10].
In fluid-dynamics, the most common hydrodynamic systems are FEuler and Navier—
Stokes equations [9].

In the framework of reacting gas mixtures, the connection between reactive ki-
netic equations and reaction—diffusion systems has been explored starting from BGK or
Fokker—Planck models [41,42], from discrete velocity models [49], and also from Boltz-
mann operators for a single bimolecular chemical reaction [5]. Rigorous results on this
kind of limit have been recently proved in [16,33]. Under suitable assumptions on the
macroscopic fields and on the distribution functions, the diffusive asymptotic limit leads
to reaction—diffusion systems of Maxwell-Stefan type [1,2]. Also, in different physical
frameworks, some attempts to derive reaction—diffusion equations from kinetic equations
or as mean—field limit of interacting particle systems have been performed [11,43].

This paper fits into this research line. We consider a gaseous mixture with several
species, undergoing elastic collisions, inelastic transitions and chemical reactions, and,
following the strategy suggested in the paper [5], we derive reaction—diffusion equations
from the kinetic level in two different hydrodynamic limits. Specifically, we consider two
species, one monatomic and the other polyatomic (diatomic) diffusing in a background
medium (typically, the atmosphere). The host medium is itself a mixture, constituted
by particles with different masses, and as a whole it is assumed accommodated at a
Maxwellian distribution, with fixed mean velocity and temperature. The kinetic system
is composed by three Boltzmann equations, one for the distribution of the monatomic
species and the others for the distributions of the two components of the diatomic gas,
each one with its value of internal energy. Intra—species and inter—species elastic scat-
tering is allowed, as well as elastic scattering with the background medium. Inelastic
transitions may also occur, where polyatomic particles pass from one energy state to
the other. Moreover, two bimolecular and reversible chemical reactions are taken into
account, involving the considered monatomic and polyatomic constituents and the host
medium as well. In the diffusive limit, the dominant process is assumed to be, as usual,
the elastic scattering with the background. Two different regimes are explored, corre-
sponding to different scales assumed for the chemical reactions. The first one, where all
reactions have the same order of magnitude, leads to a system of three reaction—diffusion
equations for the number densities of the monatomic gas and the two components of
the polyatomic one. The second one, where a reaction is assumed to be faster than the
other chemical and inelastic interactions, allows to explicitly get one density in terms
of the other two, so that the final reaction—diffusion system is constituted by only two
equations, similar to the classical Brusselator system [35]. This reduction resembles
the classical quasi—steady—state approximation, a standard procedure in the study of
chemical reaction kinetics in situations where certain species have a very short time of
existence and therefore their variation may be neglected, thus reducing the number of
equations. A detailed description of such kind of reductions can be found in [39,40]
and it is applied in the particular case of the Brusselator in [12].

Diffusion coefficients and reaction terms of our macroscopic systems explicitly de-
pend on particle masses, background density, collision frequencies of all interaction
phenomena, and internal energies of the species. We investigate the occurrence of Tur-
ing instability by varying these microscopic parameters. More precisely, for the system
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of two reaction—diffusion equations we are able to find explicit conditions on the internal
energies allowing (or preventing) the pattern formation; the analytical results are also
validated by some numerical simulations. An analogous study is then performed also
for the system of three equations, that is much more involved, since the number of coef-
ficients is higher and the Turing instability conditions are more complicated. We apply,
in this case, results derived in [38], where a generalization for Turing bifurcation un-
der certain conditions in n-dimensional systems is provided. Analogies and differences
between the instability properties of our two systems are commented on.

In more detail, the paper is organized as follows. In Section 2 we present the physical
setting we are considering, and the kinetic Boltzmann equations with explicit collision
operators for elastic, inelastic, and chemical encounters for involved components are
written. Section 3 is devoted to the diffusive asymptotic limit leading from the kinetic
level to a closed set of three reaction—diffusion equations for species number densities.
Then, in Section 4 a modified hydrodynamic regime is explored, obtaining a reduced
set of only two macroscopic equations. In Section 5, the analysis of stability properties
of the systems derived in Sections 3 and 4 is shown. Finally, Section 6 contains some
concluding remarks.

2. Physical setting and Boltzmann equations

We consider a mixture of two rarefied gases diffusing in a background medium: one
species Y is supposed to have two possible energy levels, £; and FEs, thus, according
to the way of modelling proposed in [19,21], it can be decomposed into two different
components, Y; and Ys; the other gas Z is monatomic and has only one energy level,
E ;. Particle masses of these gases are denoted by my and my, respectively.

The host medium, which from the physical point of view could be seen as the
atmosphere, is a gaseous mixture and is much denser than the considered species Y7,
Y5, Z. Specifically, in this model the background is provided by a mixture of three gas
species A, B and C, with different particle masses my, mp, mco. These background
species are supposed to have only one possible energy level, expressed by E4, Ep, E¢,
respectively. Their distributions are supposed to be fixed Maxwellians, with constant
number densities n4, ng, nc, temperature equal to one and zero mean velocity:

3 2
Fi(V)=nsMy(v)  My(v)=ny, (%J) * exp <m"2v|> J=A,B,C.

We shall write and investigate (in different asymptotic limits) kinetic Boltzmann
equations for the evolution of distribution functions of species Y1, Y2, Z, denoted by fi,
fo, fz, respectively. Besides on molecular velocity v, they depend also on time ¢ and
on the space variable x. Particles, in addition to elastic collisions with the background
medium and among themselves, are subject to the following inelastic transitions or
chemical reactions

A+Y] - A+Y5,
Z+Yo—Z+Y7,
B+Y1 S A+C,
Yi+Y1SZ+B.

NN
D = —

1
2
3
4

o~ o~ o~ o~

The interactions (2.1) and (2.2) are inelastic transitions where particles of species Y,
colliding with the background (in (2.1)) or with the other species Z (in (2.2)), pass from
one energy state to the other, namely a particle of the component Y7 transforms itself
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into a particle of the component Y5 or vice versa. The collisions (2.3) and (2.4) represent
bimolecular and reversible chemical reactions: (2.3) describes creation or disappearance
of a particle of species Y7 through interactions with the background medium; in (2.4) a
pair of particles Y7 produces a particle Z and a background particle or the other way
round. From the physical point of view, the reactions (2.1)—(2.4) represent a simple set of
bimolecular interactions (that can be easily modelled by Boltzmann operators) allowing
to recover, in a suitable hydrodynamic limit that will be detailed in Section 4, the well
known Brusselator system [35]. External production of particles is provided by chemical
interactions with the fixed background, and passages from one component to another
(with the same mass) occur through inelastic transitions. The possibility of modelling
auto—catalytic reactions of the Brusselator system introducing an intermediate unstable
state Z has also been outlined in [24], by one of the authors of the original paper [35].

The kinetic Boltzmann equations for distributions f;(¢,x,v), with I=1,2,7, may
be cast as

%+V~fo1: Z Qb (fryngMy)+ Z Qb (fr. fx)+Qin(£) +QEy (£).

ot J=A,B,C K=12,2

(2.5)
Here QIE (fr,nyMy) denotes the collision operator for the elastic scattering between
the considered species I and one background species J=A,B,C. Then, the operator
QL (f1,fK) describes the elastic collisions between particles of the species I and parti-
cles of only one other species K =1,2, 7, including of course the case K =1I. Finally, the
operator QF/(f) takes into account the effects on species I due to inelastic transitions
(2.1), (2.2), and QL (f) takes into account the effects due to the chemical reactions
(2.3), (2.4); here f denotes the whole set of distributions, the precise dependencies will
be specified here below.

Elastic operators between a gas component I and the background are

QIEL(fIanJMJMV):/; ZUIJ(gaQ'Q’)g{fl(vl)nJMJ(W/)—fI(V)”JMJ(W)}deQ'
R3xS

(2.6)
for I=1,2,7Z and J= A, B,C, while elastic operators between a gas component I and

another component K are

QIEL(fIafK)(V):/

UIK(!LQ'Q/)g{ff(v/)fK(W/)—fI(V)fK(W)}deQ/~ (2.7)
R3x S?

Here, (v,w) stand for the pre—collision velocities and (v/,w’) for the post—collision ones;
in addition, g= gQ:v—w is the relative velocity vector, where g is its modulus and
€ its direction, and € is thus the direction of the post—collision relative velocity. The
functions o7(g,2- Q) and o (g,€2- ') denote the so-called differential cross sections,
depending on the relative speed and on the impact parameter of the collision. More
details on such operators may be found in classical kinetic theory books [9,10]. A
Maxwell molecule assumption will be adopted throughout the paper, implying that

/ O'IJ(g,Q'Q/)ng/I:l/]J, / UIK(g,Q-Q’)ng’::VIK, (2.8)
S2 g2

where vy; and vy are constant collision frequencies.
As concerns inelastic transitions, components Y; and Y5 are involved in both inter-
actions (2.1) and (2.2), therefore their inelastic operators may be split into two parts

Qin(E)=Qin(f1,f2.naMa)+Qin(f1, f2.f2), I=1,2.
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Inelastic collision operator for Y7 related to the collision (2.1) is simply provided by a
loss term as

Qin(fi,fanaMa)(v)=— / H(g?—647) 043 (9,2 ) g fr(V)naMa(w)dwdS¥'.

R3x 5?2
(2.9)
Here and below the notation 67 stands for
2AEHK
i p—E A (2.10)

where pry=mrmy/(m;+my) is the reduced mass and AEES =Ey+ Ex —E;—E;.
Moreover, in (2.9) the symbol H(-) is the unit step Heaviside function, taking into
account the fact that an inelastic transition A;j+A;— Ay + Ak occurs only if the
ingoing kinetic energy %‘LLIJ g? overcomes the potential barrier AEZE . Again oK (g, Q-
94 ) denotes the differential cross section of the considered transition.

On the other hand, collision (2.1) produces a gain term for component Y3, that,
according to the derivation of reacting operators presented in [36], may be cast as

N2

G fanad))= [ H(=58) 086 2 L i nadta(w)awasy.
R3x S2

(2.11)

Analogous operators are in order for transition (2.2), with a gain term for Y7 and a loss

term for Y5:

N2
Q}N(flafoz)(V):/ H(g27§§%) agé(g/’ﬂ.ﬂl) (gg) f2(v/)fz(wf)dwdﬂ” (2.12)

R3x S2
Q?N(flanafZ)(V):—/ . H(92_5%)a%(gfz.Q/)ng(v)fZ(w)dwdQ/, (2.13)
R3 % §2

The species Z is involved only in the inelastic transition (2.2), and its inelastic Boltz-
mann operator may be cast as

{H (¢~ 622) 230,00 9 £, (v fy(w)

Q?N(f):Q,ZN(fl,fz,fz)(v)=/ g

R3xS2

—H (g*—023)023(9.2- Q) g f2(v) fo(w) | dwdS¥'. (2.14)

More details on the construction of the Boltzmann gain and loss terms for non—
conservative interactions may be found, for instance, in [19,36]. In this paper we shall
need only the computations of contributions appearing in number density equations,
that, for Maxwell molecules, become manageable resorting to the Jacobian of the trans-
formation between pre- and post—collision velocities:

/
H((g)2 = 655) av'aw'dQr =2 H (g2 — 675 dvdwds¥ . (2.15)
g

Boltzmann collision operators relevant to chemical reactions (2.3) and (2.4) are
more standard, since bimolecular reversible reactions have been extensively studied in
kinetic theory [5,6,21]. Component Y7 is involved in both reactions (2.3) and (2.4),
therefore the relevant operator is the sum of two terms

Qén(6)=Qty(fi,naMangMp,ncMc)+Qty(f1,fz,neMp),
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where the first one, taking into account the reaction (2.3), is provided by

Qby(funadansdsneMo)v)= [ (g ~049) o (0.0-0)g
R3xS

dwdSY (2.16)

X (mBmy>3 Me(v' N~
neMc (VI naMa(w')— fi(v)ngMp(w)
mamcgc

and the second one, accounting for the effects of (2.4), reads as

QL (frr f7,m5Mp)(v) = /R H(P - 00) o 0.0 )
3% 52

m2 \° R
X [( Y ) fz(V)npMp(w')— fi(v) fi(w) | dwdSY'. (2.17)

mzmp

In the construction of such operators [36], use has been made of the microreversibil-
ity condition relating the cross sections of the direct and of the reverse reaction. The
ratio between the reduced masses of reactants and of products appearing in front of the
gain term is due to the Jacobian of the transformation between pre- and post—collision
velocities, that is explicitly reported for a generic encounter in the Appendix, as well as
the expressions of post—collision velocities.

The other component Y3 of the polyatomic gas is not involved in reactions (2.3)
and (2.4), therefore Q% ;(f) =0. The monatomic gas Z appears only in reaction (2.4),
and we have

QZu(6)=QZy (f1, f2,n5Mp)(v) = /R | H{ - 05) a0, 00 0

dwdSY'. (2.18)

Y

3
x [(m;TB) A W) = F2 (v M (w)

Even for inelastic transitions (2.1), (2.2) and for the direct reactions in (2.3), (2.4),
cross sections will be assumed of Maxwell molecule type as

/32 oHE (g,80- Q) gdSY = v (2.19)

with v2K denoting constant collision frequencies.

3. Derivation of a three—component reaction—diffusion system

In this section we derive a reaction—diffusion system for the number densities of the
two components Y; and Y5 of the polyatomic gas, and of the monatomic constituent Z
as well, in a suitable hydrodynamic limit. To this aim, we rescale the set of Boltzmann
equations (2.5) in terms of a small parameter ¢, standing for the Knudsen number (ratio
of the particle mean free path to a macroscopic length). We assume different time scales
for collisions among particles, as follows: The dominant phenomenon is provided by the
elastic collisions with the much denser background medium, that are taken of order 1/e;
binary elastic collisions between particles of the species Y7, Y5, Z are less frequent, of
order € with p>0; inelastic and chemical encounters (2.1), (2.2), (2.3) and (2.4) are
assumed to be slow processes of order e. Since we are interested also in the effects on
species number densities of inelastic or chemical interactions, we take the same O(e)
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scaling in front of the temporal derivatives. Thus, the rescaled Boltzmann equations for
distribution functions of Y7, Y5 and Z read as

a €
€ a{jw-vxff
LS QLMY+ S QLI e Qin (B)+eQhy (), (3.1)

J:A,B,C I:l,Q,Z

6 €
€ 5;2 +v-Vxfs

1
== > QufEnsM)+e’ Y Qbr(f5f1)+eQin (D), (3:2)

J=A,B,C 1=1,2,7

ars .
€ 8t +V'vfo
LS QUM e S QR 1) e Qb (B)+eQEn (). (33)

J=A,B,C 1=12,Z

In order to stress the fact that the solution of this system depends on the scaling
parameter €, distribution functions are denoted by ff, I =1,2,7, and the corresponding
number densities will be given by n{, n5, n%, respectively. We have skipped here
the rigorous dimensional analysis leading to the rescaled system (3.1), (3.2), (3.3). A
detailed derivation of dimensionless Boltzmann-like or BGK kinetic equations may be
found in several references, as for instance [3,4,9,32,37].

We immediately note that in the kinetic Equations (3.1), (3.2) and (3.3) the Boltz-
mann operators describing collisions with the background play the dominant role,
namely

3N QLi(ffnsM)=0(e), =122
J=A,B,C

Consequently, taking into account the well known mathematical properties of the lin-
ear Boltzmann operator (boundedness, self-adjointness, and validity of the Fredholm
alternative) [5,9], distributions f;, for I=1,2,Z, may be seen as perturbations of their
collision equilibrium:

fit,x,v)=n5(t,x) M (v)+ehi(t,x,v), 1=1,2,7, (3.4)

M) = (52) e (240

being a Maxwellian distribution sharing the same zero mean velocity and unit tem-
perature as the host medium. The function h§ is of order O(1) and, without loss of
generality, we may assume that it fulfills the constraint

/ h$(v)dv=0.
R3

Indeed, as already noted in [5], if we suppose f§(v)=n5M;(v)+ehS(v) such that
€ Jps hS(v)dv =n$ — @5, we may recover (3.4) setting h$(v)=h$(v)+ L (A5 —ng) M (v).

Therefore, in this hydrodynamic regime, in order to describe the evolution of dis-
tribution functions fj at leading order accuracy, it is enough to build up consistent

evolution equations for number densities n{, n$, n%.

with
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3.1. Equation for n{. By integrating (3.1) with respect to the kinetic vari-
able v, we get

FEdv+ Vs / viidv=c / (@b (B)+ QL (£)) v, (3.5)
R3 R3 R3

since elastic contributions obviously vanish [9] (the nature of particles does not change
in elastic collisions):

/3Q}EL(ff,nJMJ)dv:0, J=A,B,C, and /JQ}EL(ff,ff)dv:O, 1=1,2,Z7.
R R

Bearing in mind the expression of the distribution functions provided in (3.4), the
Equation (3.5) becomes

e%ni+evx~/ vhidv:e/ (Qiny (M) + Q¢ (nM)) dv +O(e?), (3.6)
R3 R3

with nM the whole set of Maxwellian distributions n§M; (I=1,2,Z) and ny; M, (J=
A, B,C).

Inelastic and chemical collision contributions may be explicitly computed (for
Maxwell molecules interactions) when distributions are accommodated at a Maxwellian
shape [6,19,21]. Detailed calculations for a general bimolecular and reactive encounter
are reported in the Appendix, here we summarize the results relevant to species Y.
Contributions due to inelastic transitions (2.1) and (2.2) read as

/Q}N(niMl,ngMg,nAMA)(v)dv— UA1\5> (3 @(AE ))nAni, (3.7)
R3
[ @tidn st b)) v =2 ot (SOAEH) Jusns,  (38)

respectively. As expected, contribution (3.7) is negative, since transitions (2.1) produce
a loss of particles Y7, while term (3.8) is positive, since in encounters (2.2) one gains
a particle Y;. Reactive source terms due to collisions (2.3) and (2.4) are provided,
respectively, by

/Q}:H(”iMl7nAMA,nBMB,ncMc)(V)dv
3

_ac 2 p <3,@(AE§?)) [(’”Bmy) eXp(AEglc)nAnannE], (3.9)

Vb1 ﬁ 2 mamec

/3QlCH(niMlanezsznBMB)(V)dv
R

mpmz

3
3 m32 2 . .
=vZB f ( G(AElle)) l( - ) eXp(AElle)nZnB—(nl)Q] , (3.10)
and they turn out to be a balance between a gain and a loss term, since reactions

(2.3) and (2.4) are reversible. In (3.7)(3.10), symbols v/ denote collision frequencies
defined in (2.19), while T is the incomplete Euler gamma function

+oo
I‘(a,y):/ T e Tdr, (3.11)
y
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and O(y) =max{y,0}. The presence of these functions is due to the fact that if a reaction
is endothermic (namely with a positive internal energy gap AE EK >0), it occurs only if
the kinetic energy of the ingoing particles is enough, as already explained in Section 2.

By inserting results (3.7)—(3.10) into Equation (3.6), we get

a € €
prid +Vi- R3vh1dv
e 2y §@(AEA?) nAnE+VZI—2 r §@(AEZl) nSns
Alﬁ 9’ Al 1 Z2\/7T[_ 9’ Z2 Z'2

3
2 3 mpmy 2 e
+1/§10ﬁ1“ (279(AE§?)> [(W) eXP(Ang)“Anc—an]

2 3 m3 3 . .
—&—ulZlBﬁF (2,@(AE1ZlB)> [(mB;Z> exp(AEZBYnGnp — (n$)?| +O(e). (3.12)

We would like to express even the integral [p;vh{dv in terms of our unknown
macroscopic fields (number densities); to this aim we resort to the momentum equation
for species Y;. More precisely, we multiply (3.1) by the weight function v and integrate
in dv:

€= fodv+Vx~/ (vev)fidv
Ot Jps R3

—2 > [ vehUraMavee Y /}RSVQ};L(ff,f;)dv

J=A,B,c'R =12,z
+e€ / vQly (f)dv+e / vQLy (f)dv. (3.13)
R3 R3

By substituting the expansions (3.4) for I =1,2,7, we obtain

ng

V-

]I+er-/ (v@v)hidv
my R3

= Z /VQlEL(hianJMJ)dV“FEPJrl Z /VQlEL(hi,nerI)dV
R3 R3

J=A,B,C 1=1,2,Z

+et Z /RSVQ}EL(niMhh?)vare/Rv(Q}N(nM)JrQlCH(nM))dv+O(E2), (3.14)

I=1,2,Z 3

Here it has been taken into account that, since all Maxwellians share the same zero
mean velocity, it clearly holds

> /JVQ}EL(niMl,nJMJ)dV: > /3VQ}3L(n§Ml,n§MI)dV:07
RS R

J=A,B,C 1=1,2,2
(3.15)
and use has been made also of the trivial results
/ vniMydv=0, / (vev)niMidv= g (3.16)
R3 R3 my
Neglecting O(e) terms, (3.14) may be cast as
nE
Vi —=1= Lo (hS,ngMy)dv +O(e). 3.17
Ta= Y [ @kt Mav+0() (317)

J=A,B,C
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We aim now at computing the elastic contribution on the right-hand side of (3.17),
bearing in mind that the weak form of the bi—species elastic Boltzmann operator reads
as [9]

[em@entsninav={ [ (o) =et)]onle.0-0)g i) 1w dvawas,
R3 S2 JR3 xR3 (3 18)

where v/ is the post—collision velocity provided by v/ =ar;v+a w+a g€, with
agy being the mass ratio ayy=my/(mr+my). In our case we have

/ VQlEL(hi,TLJMJ)dV:/ / (v =v)o15(g, - Q) ghS (v)ny My (w)dvdwdSY,
R3 52 JR3 xR?

(3.19)
where v =ay jv+ajy w+ajy g€, therefore we have to compute

/ / 017(9,Q2-Q ) ga sy (g —v+w)h(v)ns My (w)dvdwdQY.
S2 JR3 xR3
With Maxwell molecules assumption we have that the following quantity is constant
/ 017(9,2-0)gdQY := v, 5,
SZ
and by parity arguments
/ o1 (g, - ) gV dY = 0.
S2
Consequently, in the integral (3.19) we have to compute

—Vljajy/ vhi(v)dv/ nJMJ(W)dW+V1]O[JY/ h{(v)dv | wnyM;(w)dw;
R3 R3 R3 R3

last term obviously vanishes, and in conclusion we get
/ VQlEL(hi,TLJMJ)dV: 7Z/1JTLJ01Jy/ Vhi (V)dV. (320)
R3 R3

By inserting this result into (3.17) we obtain

nE
Ve lbi=— [ Y vnsany /Rgvhi(v)dv—i—O(e). (3.21)
J=A,B,C

In this way we have expressed the sought streaming contribution appearing in (3.12) in
terms of masses, collision frequencies and number densities; more precisely, by substi-
tuting (3.21) into (3.12), we get the reaction—diffusion equation

0 . Axng

—nj —

ot

my E vanjgaogy
J=A,B,C

2 (3 . 2 (3 L.
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3
2 3 B €
+raf 2T <§,®(AE§1C)> |:<mBmY) exp(AEglc)nAnc—anl]

VLS mamc
zB 2 3 ZB m : ZB\, € €2
+v17 ﬁr 5,@(AE11 ) m exp(AEu )nZan(nl) +O(6) (322)

It’s important to remark that an evolution equation of this kind could be obtained
also without Maxwell molecule assumptions on collision kernels. At first, even for hard
potentials or for hard spheres with cutoff, the spectral properties of the linear Boltz-
mann operator [9] allow to conclude that distributions functions in the present scaling
take the form (3.4). Moreover, looking at the detailed computations of inelastic and re-
active contributions outlined in the Appendix, we note that their dependence on species
number densities may be recovered without any assumption on cross sections JEJK (see
formula (A.9)); the Maxwellian potential allows only to explicitly compute the coeffi-
cient in front of the classical Arrhenius term, vanishing at chemical equilibrium. The
major additional difficulty arising for non—-Maxwell collisions concerns the computation
of the integral [, vh{dv, since in general it is not directly amenable to the moment of
the linear operator [osvQp (h{,nsM;)dv as in (3.20). By inserting expansions (3.4)
into the rescaled Boltzmann Equation (3.1), we get that h§ should be a solution to the
linear problem

> QEr(hS.ngMy)(v)=vM(v)-Vyns +O0(e).
J=A,B,C

It can be proved [5,13] that the problem QL; (k1s,mnyM;)(v)=vM;(v) has a unique
solution that may be cast as ki;(v)=—k1s(|v|)v, where k;;(|v|) depends only on
the modulus of v. Consequently, the sought perturbation takes the form h{=

- (ZJ:A,B,C];U(WD) v-Vxni+0(e), and the streaming term of the macroscopic

equation for n{ becomes

vx-/ vhidv=—[ Y /li |v\ dv Ayns,
R3

J=A,B,C

therefore it is again a diffusion operator, but with a non-explicit diffusion coefficient.
Since the final aim of our work is to investigate the stability properties of reaction—
diffusion systems derived from the kinetic level, in this paper we consider only the case
of Maxwell molecule interactions, in order to have diffusion and reaction coefficients
completely explicit in terms of the microscopic parameters of the gas mixture.

3.2. Equation for n5. Now we perform the same procedure in order to obtain
an equation for density n§. By integrating (3.2) in dv we get

eg/ fgdv+Vx~/ fng:e/ Q3 (f)dv, (3.23)
ot Jps R3 R3

since
/ QZEL(fQEanJMJ)dv:(L J:A,B7C and / QQEL(fgvfI)dVZ(L 12172aZ
R3 R3

Substituting again for I =1,2,7 the asymptotic expansions (3.4) we have

gth—i—eV /Vhst—E/ Q% (nM)dv +O(e?). (3.24)
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Inelastic collision contributions may be computed as described in the Appendix, giving

9 ¢
e —n5+Vx - vhsdv

—yﬁ%} ( JO(AE4 ))nAnl yg} ( JO(AFEZ )>n;n§+0(e), (3.25)

where the first term appearing on the right side is due to encounters (2.1) and the
second one due to interactions (2.2). In order to have an explicit expression for the
streaming term, similarly to previous subsection we multiply (3.2) by v and integrate
in dv, getting

eg/ vf§dv+Vx-/ (VRV) fodv
ot -

Z /VQEL fz,ngMy)dv+e? Z /3

JABC 1=1,2,z" &

VQbL (5 fr)dv + /R VO (B)dv. (3.26)

We again substitute, for I=1,2,7, the expansions (3.4) for the distribution functions
obtaining, as above,

Vx / (vev)nsMadv = Z /VQEL hs,nyMjy)dv+O(e),
J=A,B,C

since all elastic contributions vanish to the leading order accuracy. This leads, as for
the component Y7, to

Ve —2[=— Z VN oy /VhE(V)dV‘FO(G)- (3.27)
my J=AB,C R3

Finally, inserting (3.27) into Equation (3.25) we have the reaction—diffusion equation

€
9O e Axng
2
ot my Y vasngagy
J=A,B,C

—uﬁ} (3 O(AE4 ))nAn1 yggff (3 O(AFEZ )>n;n§+0(e). (3.28)

3.3. Equation for n%. Once again, we start from the rescaled kinetic equation
(3.3) and integrate in dv, obtaining

0
[ ziv e [ visav=c [ QA +QEu®)dv. (329
at R3 R3
being
/ Q%L(f%’nJMJ)dvzov J:A,B,C a‘nd / Q%L(f%’fl)dv:(h I:1a27Z
R3 R3
Substituting the asymptotic expansions (3.4) we have

d
atnz—i—ev thZdV:e/ (Q%y (mM) + QZ;; (nM)) dv +O(€?). (3.30)
RS RS



MARZIA BISI AND ROMINA TRAVAGLINI 775

We note that the contribution given by the inelastic encounter (2.2) is null, since there
is no net production of particles of species Z; we compute the chemical integral due to
the bimolecular and reversible reaction (2.4) and we get

a € €
anz—&-vx- R3thdv
2 3 m3 H . .
:—ylleﬁ (2,@(AE1Z13)> [(mB:”bz) exp(AElle)nZnB—(nl)Q +0(e). (3.31)

By multiplying (3.3) by v and integrating in dv we have
a € €
e— | vfzdv+Vx- [ (vevV)fgdv
6t R3 R3

:% z /RSVQgL(fganMJ)dV+€p Z AvagL(févf;)dv

J=A,B,C 1=1,2,2
ve [ v(Qh(0+QEy 1) av. (332

and use of expansions (3.4) now gives

Vx| (v@Vv)nGMzdv
R3

1
== Z /3VQ§L(WEZMZ77LJMJ)dV+ Z /SngL(hGZ,nJMJ)dv
R R

J=A,B,C J=A,B,C

e [ (@ (M) +QZ () v+ O(e?), (3.33)

leading again to the equality

Vx~n—Z1I:— Z Vzgnjo iz /Vhez(V)dV‘i‘O(E)- (3.34)
mz J=A,B,C R?

We have now obtained the third reaction-diffusion equation for the density of species Z

0 . Axns,
D e
ot my Z Vzinjajz
J=A,B,C
— 28 2 1 (3 oapZB) my %exp(AEZB)nen — (52| +0(e). (3.35)
11 \/77_ 27 11 mpmy 11 zZ'"'B 1 . .

3.4. Reaction—diffusion system. By passing to the limit e —0 in Equations
(3.22), (3.28), and (3.35), and denoting by (ni,ng,nz) the limit of the sequence of
density functions (n{,n5,n%), we have that (nq,n2,nz) is a solution of the system of
reaction—diffusion equations:

0 1

—n—
ot my E vignjagy

J=A,B,C

Agny :éf(5+6)n1 +ﬁnzn2+énszn%



776 REACTION-DIFFUSION EQUATIONS FROM KINETIC MODELS

0 1 ~ .

Mo — Axng=bny —fnzns

0" my Y mymagy

J=A,B,C

) 1 .

—ng— Axngz = fni—éng, (3.36)

Ot my Y wzmsagz

J=A,B,C
with
d—uAcll" §@(AEAC) By %exp(AEAC)nAnC (3.37)
51\ g Bl mATe B1 :
2 3

b—yﬁfﬁf (2,@(AE§3)> na (3.38)
- 2 3
c:ygf%r <2,®(AE§10)) np (3.39)
_ 71 2 3 Z1
n=vzz =l 5,@(AE22) (3.40)
~_ 7B 2 3 ZB ¥\ ZB
é=vij 7F LO(AEL) p— exp(AE7" )np (3.41)
;7B 2 3 ZB
=V11 ﬁ i’G(AEll ) . (342)

In Section 5, the stability properties of system (3.36) will be investigated in a
regular open space domain 2. If we suppose that the rescaled distribution functions fy,
1=1,2 7, satisfy the initial conditions

fi0x,v)=fl(x,v), 1=122Z, (3.43)

and the specular reflection boundary conditions
fi(t,x,v)=fi(t,x,Rv) Vi>0, xe€d, veR® I1=1,2 2, (3.44)
with Rv=v—2(v-i)fi, with fi(x) being the outward normal vector to 02 at a point
x, then, as proved in [5], by integrating the rescaled kinetic system (3.1)—(3.3) over

(t,x,v) € (0,+00) x 2 x R? and passing to the limit ¢ — 0, we get exactly the weak form
of the reaction—diffusion system (3.36), with initial data

nr(0,x) :/ A(x,v)dv, 1=1,2,Z, (3.45)
R3
and homogeneous Neumann boundary conditions
iW-Vyny=0 on (0,+00)x0Q, I1=1,2,7, (3.46)

that will be assumed valid in Section 5.
Changing the time variable { =&t and defining

, (3.47)
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—1 -1
Di=|émy > wingagy| ,  Da=|émy > wvangagy|
J=A,B,C J=A,B,C
4 (3.48)
Dy=|cmy Z VzJnjojz )
J=A,B,C

we have that the system (3.36) for ny, ny and nz may be rewritten as

onq 2

5 " DiAxni=a— (b+1)ny+nnzne+eny — fn]

0

% —DQAXTLQanl —nNnzng (349)

0

% —DZAan:fn%—enZ.

Diffusion coefficients Dy, Do, Dy are essentially due to the very frequent inter-
actions with the host medium; indeed, they depend on collision frequencies of such
dominant collisions, on number densities of background species, and on masses of the
colliding particles. The terms on the right-hand sides are due to inelastic transitions
and chemical reactions (2.1)—(2.4). Notice that, besides quadratic contributions due
to binary reactions involving a pair of the considered components Y7, Ys, Z, there are
linear terms caused by non—conservative interactions with background particles, and in
the equation for n; there appears also a constant source term, taking into account the
production of particles Y7 due to the background only (see the reverse reaction in (2.3)).
As we will show in Section 5, the occurrence of this “external” particle source allows
the system to have a unique homogeneous state, independent of initial data. A great
advantage of the present derivation from the kinetic level is that diffusion and reac-
tion coefficients are explicitly provided in terms of the microscopic parameters of the
colliding system, namely particle masses, collision frequencies and internal energy.

4. Derivation of a reduced two—component reaction—diffusion system

In this section we present a derivation from our kinetic model of a closed system
of reaction—diffusion equations for the two components Y7, Y5 of the polyatomic gas
only. In this hydrodynamic regime, the other gas Z will play the role of a very unstable
particle state, quickly disappearing through proper interactions. The final macroscopic
system will turn out to be similar to the classical Brusselator system; the presence of
an intermediate unstable state Z in the Brusselator—type reaction has been already
explored in [12], where such intermediate gas is assumed non—diffusive and at an almost
steady configuration, namely with the reaction term vanishing at leading order accuracy.

We show that it is possible to derive such a reduction for system (3.49) assuming
faster time scales for elastic collisions between the background and the species Z, and
for the reaction (2.4). In particular, we prove that in the considered scaling the number
density n¢, is completely determined in terms of the number density n{ and other fixed
parameters (masses, internal energies, and background density), therefore it will suffice
to derive a system of two coupled reaction—diffusion equations for nf, ns.

In the present scaling, elastic scattering with the host medium is again the dominant
process: Collisions of the two components of the gas Y with the background are taken of
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order 1/¢ as in the previous section, while scattering between the monatomic gas Z and
the background is assumed faster, of order 1/e2. All other bi-species elastic collisions
are of order €?, p>0, as above. Inelastic encounters (2.1), (2.2) and chemical reaction
(2.3) are of order € (slow as above), while the bimolecular reaction (2.4), involving the
unstable state Z, is faster, of order 1. This means that a pair of particles Y7 easily
recombines to give rise to a particle Z, and then such particle Z, colliding with the
host medium, very quickly dissociates again into a pair (Y7,Y7). We use here a separate
notation for the chemical collision operator for reactions (2.3) and (2.4), respectively:

Qb (B)=QLy(ff,naMa,npMp,ncMe), Qb (£)=Qby(f, 15 msMsg),

Qi () =Q&x (ff, [5.,n5Mp). (4.1)
Thus, rescaled Boltzmann equations for Y7, Y5 and Z read as:
f1
81&
> Qur(finsMy)+e” D Qpr(ff.ff) +€Qin (£) +€Qby (F)+ Qip (£),
J=A,B,C 1=1,2,2
(4.2)
f2
- LY @ulsmaM e Y Qi) e Qin (D), (4.3)
J=A,B,C 1=1,2,2
fz
6t fo
1 € € € o
) Z QiL(fgnsMy)+e? Z Q% (f5, 1) +€Qfn (£)+ Q&p (f). (4.4)
J=A,B,C 1=1,2,2

Also in this case the dynamics is dominated by collisions with the background, and
specifically it means that

Z QIEL(f}E:nJMJ):O(e) 121725 Z QIEL(f;anJMJ):O(€2) I=2Z.

J=A,B,C J=A4,B,C
Consequently, the perturbed expressions of distributions are
fit,x,v)=n5(t,x) M7 (v)+ehi(t,x,v), I=1,2, (4.5)
fi(t,x,v) =n5(t,x) M (v)+ €2 hS(t,x,v), I1=7, (4.6)

where we may assume
/ h$(v)dv =0, I=1,2,Z. (4.7)
R3

4.1. Equation for nf. By integrating the Boltzmann equation (4.2) with
respect to the velocity variable v, and substituting the expressions (4.5) and (4.6) for
distributions we get, eliminating vanishing terms,

8 . -
—nj+eVy- vhidv:e/ (Q}N(nM)—f—QéH(nM)) dv+/ Q&g (nM) dv
8t R3 R3 R3
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e / GLisy (S S My v+ O(e?), (4.8)
R3

where Q& 5 (h§,n§ M) is the first order (O(e)) correction of the dominant chemical term
Q& (f) given in (2.17), that turns out to be

Qi) ==2 [ [ H(G-52)ofP(g.0-0)ghi(v)ns M (w)wa'. (49)
RS J §2
Leading order of Equation (4.8) provides
[ @t mmav=oce) (4.10)
R3

which after the explicit computation of collision contribution, following the lines outlined
in the Appendix, becomes

3
2 3 m? 2 . .
P o (Geartn)) [(mzéﬁB) exp(ABEP )ngnp - <n1>2] =0(9. (@)
We note that this provides an explicit expression for number density n¢, to the leading
order accuracy, as function of nf:

nS = (nf)>2 Km%> * exp(AEZE)ny | +0(e). (4.12)

mzmp

With this result at hand, by writing explicitly next order (O(e€)) of Equation (4.8) we
get

a . )
Enl—i—vx- R3Vh1dv
:/R3 (Q}N(nMHQEH(nM))dv+/R$Qg;( € nSMy)dv+O(e). (4.13)

Under a Maxwell molecule assumption for the direct reaction in (2.4), the last integral
in (4.13) is explicitly provided by

/Qlc*;(hi,niMl)dv

R3

:72V1Zan§/ / H (g* = 6{P) h{(v) My (w)dvdw. (4.14)
R3 JR3

If we suppose that the quantity AEZP =Ep+ E; —2E, <0, we have H (¢> —677) =1
and thus the whole integral is zero, owing to (4.7). In the opposite case, the contribu-
tion cannot be made explicit without further assumptions on the perturbation h§(v).
Anyway, we expect that such contribution would be very small (bearing in mind (4.7)),
and therefore negligible in the final macroscopic equation; moreover, we will see in next
section that the assumption AE#P <0 is almost not restrictive in determining the con-
figurations of masses and energy values allowing pattern formation, therefore it may be
reasonably adopted.
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Also in Equation (4.13) we need an expression for fRsvhﬁdv in terms of number
densities; we multiply (4.2) by v and integrate in dv. Substituting again expansions
(4.5) and (4.6) and taking only the leading order terms, we obtain

Vx- [ (vev)niMidv= Z / VQ};L(hi,nJMJ)dv—i—/ vQ& i (mM)dv+O(e).
R? J=A,B,c”'R? R?
(4.15)
But for AE{P <0 we easily get

/ vQb (nM)dv =0, (4.16)
R3

since it is enough to perform the change of variables (v,w)— (g,G) expressed in the
Appendix and to observe that

1
Gexp (—my GQ) dG = / gexp <—my g2) dg=0.
R3 R3 4

Thus the following relation holds again

n€
Vx.mii/}l:— Z V1N oy /Rgvhi(v)dv—l—O(e). (4.17)
J=A,B,C

It is now sufficient to insert this into the Equation (4.13) and to compute inelastic and
chemical collision integrals in order to obtain the reaction—diffusion equation

€
€ AX ny

A -
ot My D j_a p.cV1INIOY

2 (3 . 2 (3 .
— vt 2r (S0aE nan +v23 o (3 0ABE) ) ngns

3
9 3
—|—1/ACF(3 @(AES?)) [(mBmY> exp(AES Ynanc —npn$ | +0(e). (4.18)

Bl T 2’ mamc

Substituting on the right-hand side the expression (4.12) for the density of the unstable
state ng, it becomes

€
I Ao
<
ot mYZJ:A,BchIJnJOéJY

2 /3 .

3
2 3 m? 2 D e
g 2r(Genrg) l(mZ;B) exp(AEﬁBmB] (nf)?n

+0(e). (4.19)

3
2 3 mpmy 2 €
ot Jor (Gotari)) | (R ) cp(a i ane o

4.2. Equation for n$. Since the component Y3 is not involved in reaction
(2.4), that is the only one with a modified scaling with respect to previous section, the
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derivation of the reaction—diffusion equation for density n$ is really analogous to the
one performed in Section 3, thus we skip the details here. With the usual asymptotic
procedure we derive the equation

Axn$

9 s
Ot = my};_apcVeIniary

2 (3 ) 2
ZVQ%FF (2,9(AE2‘12)> nani—vy; N

Again we substitute the expression for ng, provided by (4.12), obtaining

r <g,@(AE§21)> ngns+0(e).  (4.20)

9
ot

B Axn§
My Y j_a.p.cV2INI0Y

2 (3 .

3

3
2

712 r<3,@(AE§§)> [( my )exp(AEﬁB)nB]_1(ni)2n§+0<€>-

— i —
ZQﬁ 2 mzmp

(4.21)

4.3. Reaction-diffusion system. We pass to the limit ¢ —0in (4.19) and (4.21)
obtaining the following reaction—diffusion system for the unknown number densities n1,
ng, which denote the limiting values of the sequences n{, n5:

0 1 ~ ~
an_ Axny =a— (b+E)ny +dning
o my Y vmsagy
J=A,B,C
(4.22)
0 1 - -
a2 _ Axng=bng — dn%ng,
o my Y wymsagy
J=A,B,C
with
2 (3 H
- mpmy
a:yéfﬁf (Q,G(AE§?)> <mAmC> exp(AES Ynanc (4.23)
2 3
- 2 3
c:uélc—ﬁl_‘ (2,9(AE§§)> np (4.25)
3 —1
;g1 2 3 Z1 m%, : ZB
d:yz2 ﬁl—‘ 57@(AEZ2) Fo— eXp(AEH )nB . (426)

Notice that coefficients @, b, ¢ coincide with the ones obtained in the previous section
for the system of three equations (see formulas (3.37), (3.38), (3.39)). The coefficient d
may be instead recovered from (3.40), (3.41), (3.42) as d=1) f/é. Indeed, system (4.22)
could also be formally obtained from the macroscopic system (3.36) in a suitable scaling.
In order to do this, one has to carefully check the implications at the macroscopic
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level of the additional assumption AE#P <0 introduced in this section. Specifically,
this requirement makes the chemical contribution (4.14) vanish, implying that nj =
f(n$)?/é+0(e?). For this reason, the right scaling allowing to derive (4.22) from (3.36)
consists in putting 1/€2 in front of the right-hand side of equation for n¢, in (3.36) and
in the analogous contribution appearing in the equation for n{. The derivation of a
system of type (4.22) as a reduction of a system of three equations may be found also
in [12], where one of the species (Z) is assumed non—diffusing and unstable, so that
it may be considered accommodated at an equilibrium configuration, with its number
density related to the ones of other constituents as in (4.12).

We will investigate Turing instability of system (4.22) in a bounded domain 2, and
to this aim, as already motivated in Subsection 3.4, we set an initial datum

nr(0,x) :/ Ax,v)dv, I=1,2, (4.27)
R3
and we assume Neumann boundary conditions
n-Vyny=0 on (0,00)x0Q, I=1,2. (4.28)

For convenience, we perform again the change of time variable t=ét and define

7 b d
=2 =t 4=l (4.29)
c c c
-1 —1
D1 = 5my Z mgnjga gy y DQ = (~}my Z VognN g jy ; (4.30)
J=A,B,C J=A,B,C
in this way, the evolution system for n; and no reads as
6’111 9
B —D1Axni=a— (b+1)ng +dni*no,
(4.31)
0
% — DQAXTLQ = bn1 — dn12n2.

The system (4.31) is similar to the classical Brusselator model, whose stability
properties were investigated for the first time in [35] and [24] (the only difference is the
presence of our coefficient d instead of 1). In that context, coefficients of the system
were expressed in terms of the kinetic constants of the individual reaction steps of
the auto—catalytic process and of concentrations of constant reactants involved. Here,
coeflicients of the system play a similar role; indeed, their dependence is on microscopic
quantities that, besides masses and energy levels, are collision frequencies (determining
the interaction rates between elements of the mixture) and densities of the background
species.

5. Discussion of Turing instability of reaction—diffusion systems

The classical Brusselator was introduced in order to model the behavior of cross—
activator—inhibitor chemical reactions for which pattern formation predicted by Tur-
ing [44] could be observed. One example is the chloriteiodide-malonic acid (CIMA)
reaction [25] and other analogous models, and results can be found in [20]. Analytical
conditions on the parameters involved in the equations leading to Turing instability
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were originally given in [35]. The target was to find a homogeneous stationary state
that in presence of diffusion turns into spatially non-homogeneous structures.

In this section, we want to proceed in the same direction with systems (3.49)
and (4.31), that have been consistently derived from kinetic equations. We start from the
reduced system of two equations, that allows us to derive completely explicit conditions
on internal energies and other microscopic parameters giving rise to Turing instabil-
ity. Then we take into account the more complicated system of three equations (3.49),
involving a higher number of parameters, and both an analytical investigation and a
numerical study are performed in order to deduce its stability properties.

5.1. Turing instability for the reduced two—component system. Consid-
ering system (4.31), we first look for conditions on the coefficients a, b, d and on diffusion
coefficients D1, D5 in order to have Turing instability, then we discuss the fulfillment
of such conditions for varying microscopic quantities, energy levels in particular. The
first step consists in imposing the stability of a space homogeneous steady state, and to
this aim we consider the system in absence of diffusion:

% =a—(b+1)ny +dni’ny

(5.1)
on
87; —b’fll 7d’fl1 o

We note that this set of ODEs admits a unique stationary state, provided by

= (a.2).

Uniqueness of the equilibrium is due to the presence of a source term a, related to
chemical interactions with the host medium. Indeed, in self-contained reacting systems,
involving for instance four gases undergoing only a bimolecular and reversible chemical
reaction, one has that the collision contribution in equations for number densities is
provided by an Arrhenius-type law, having a manifold of steady equilibria (of the form
ning = KTL3 TL4) [5, 36} .

In order to study the equilibrium stability in spatially homogeneous conditions, we
linearize the system (5.1) getting

OW
— =AW 5.2
N —aw, (52)
. ny — ’ﬁl b -1 a2d .. e
with W= _ and A= 9, | - Conditions to have the stability of the
Ng — Mo —b —a“d

stationary state are tr A <0 and det A > 0. Since in our model coefficients of the system
are all positive quantities, the determinant is trivially positive while for the sign of the
trace we get the constraint

b<1+a’d. (5.3)
The linearized system including diffusive terms in a space domain Q€RY with
zero—flux boundary conditions reads as
oW
—— =DAYW+ AW on (0,00) x Q
ot (5.4)
n-ViW=0 on (0,00) x 00
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D, 0

with diffusion matrix D= ( 0 Dy

) . We look for solutions of this system represented
in Fourier series as

V\/’(X,t):che’\kt\‘f\/'k(x)7 (5.5)
k

with k€N and the eigenfunction Wy(x) denoting a solution of the time-independent
problem

AW 4+ kW =0 on (0,00) x Q
) (5.6)
n-VeW=0 on (0,00) x 9.

In our numerical simulations we will consider as domain €2 a one-dimensional segment
Q=10,L], and solutions of (5.6) in this case are

W () =C, cos(kn ) (5.7)
with wavenumbers k,, given by
kn:%”, neN. (5.8)

Going back to (5.4), the linear PDE provides

D> ke Wi(x) =D (—k)ekeM Wi(x) + A e Wi (x),  (5.9)
k k k

and this means that, for each k, \; is an eigenvalue of the matrix A—k2D. Imposing
det(A—k?D — A1) =0, we find

1
Moo= [trA— k2(Dy+ Do) £ \/[trA—k2(D; + Do) ]2 _4h(k2)} , (5.10)

being the function
h(k?)=k*Dy Dy +k?[Da(1—b) + Dya?d) +a*d. (5.11)

Turing instability occurs if there exists at least one wavenumber k such that the cor-
responding solution W (x,t) has ReA; >0 [30]. This implies that h(k?) is needed to
attain a negative value for some k0. To this aim, we have to require firstly that

Dy(1—-b)+ D1a*d <0. (5.12)
If we introduce the quantity ¢ := g—;, conditions (5.3) and (5.12) may be recast as
b—1
I<——<1 5.13
<l (513)

and consequently it must be § <1 and b>1. Compared to the classical theory of Turing
systems [31,44], this result states that the component Y3 of gas species Y corresponding
to the energy level Fy plays the role of “inhibitor”, while the component Y7 plays the
role of “activator” in the reaction—diffusion dynamics, being known that Turing patterns
may appear only below a critical value for the parameter J, representing the ratio of the
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diffusion constants of the activator to the inhibitor. A second condition to be satisfied
in order to have h(k?) <0 is that A,,i, <0, and being
[Dg(l - b) + D1a2d}2 — 4D1D2a2d

Promin = — , 5.14
4D, D (5-14)

it becomes
62a*d? —25(1+b)a*d+(1—b)* >0. (5.15)
By solving this algebraic equation with respect to the parameter ¢, we get

(Vb—1) (Vo+1)?

0<——— V >—7>—"— 5.16

< a?d - a?d (5.16)

but, bearing in mind (5.13), only the first of the two inequalities above provides admis-
sible values for 4.

In conclusion, necessary conditions to have unstable modes can be summed up as

follows
b—1

0<——<1
<a2d<,

—1)2
a?d
The range of possible wavenumbers k such that Re)j >0 is then k; < k < ko, where k?,
k3 are the solutions of the equation h(k?)=0, reading as

(5.17)

b—1-da?d+ /(1 —b+da2d)% —4a2d
2D, '

We should bear in mind that for finite domains the relevant wavenumbers are discrete
(see (5.8) for a one—dimensional problem), therefore Turing instability occurs only if at
least one of them belongs to the interval (kq,ks).

We investigate now conditions (5.17) in terms of the parameters of the mixture. Be-
fore proceeding in this direction, we introduce some assumptions, especially concerning
the fixed parameters of the host medium. Indeed, since the background may be consid-
ered as a unique external medium, we may suppose that collision frequencies relevant to
elastic scattering of species Y7 with the background take a unique value, independently
of the species A, B, C of the colliding molecule: 144 =11 =v1c =04, and analogously
for scattering involving species Y5 and the background: vos =1vop =19c =0s. Also, for
background number densities we assume for simplicity ny =np=nc=n. We fix par-
ticle masses of background species and of gases Y and Z, bearing in mind the obvious
conservations of masses prescribed by encounters (2.1)—(2.4). We fix also background
energies, and for convenience we pick a value for Ey in such a way that AEAY <0. This
implies T’ (%,@(AES?)) = ?, but the presence of a different value would not change
the main results of the investigation below.

With these assumptions, the analysis of Turing instability depends only on the
difference F5 — F4 and on Ez, which has to be chosen such that AElle <0 in order to
have an exact (not approximated) computation of integral (4.14). Reaction coefficients
of system (4.31) may be recast as

2 _
k1,2*

(5.18)

3
mpmy \ 2 ACH —
= —- AFE 5.19
a (mAmC) exp(AEH] ) (5.19)
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p=Viip(3 o(AE42)) 2 (5.20)
CvA¢T I\ 27 e N '
Z1 NG 2 3 -1
v 3 T m 2
d=—22T( ,0(AEZ}) ) | Y L4 AEZP)R? 5.21
V§1C (27 (AEZ;) 2 \mgmp exp(AE”)n ) ( )
while the ratio between diffusion coefficients is simply provided by
Dy 1y
= — ==, 5.22
Dy~ o (5.22)
By defining the following functions
3 AC
G(Ey—Ey):=T (,@(AEﬁf)) 7%@ (5.23)
2 viy 2
AC 2
3
HﬂbEQ:V%(TGUMﬁﬂ>VW2W] (5.24)
viy 2
3
R EC ) (5.25)
with
3 3 Z1
mpmz VZ2
= 2B+ E¢)—-3Ep )| 4% 5.26
0 <m20m124> exp( ( A+ C) B)Vglca ( )
conditions (5.17) can be written as
G(E2—E1) g
0< e“Z <1 5.27
N(Ey—Ey) (5.27)
H(E2—E1) g
§< z 5.28
N(E;—Ey) (5.28)

We observe that H(FEy— F1) >0 and N (Es — E;) >0, thus the first requirement to have
Turing instability is

G(Ey— Ey)>0. (5.29)

AC
This is possible only if the ratio ”Vé,g is less than one. More precisely, for Fy— Fq <0
Al

AC
we have G = @ (1 - 1;241% ), while in the range Fo — E7 >0 the function G is decreasing

AC
14 AC
and lim Gg= fﬁ% <0. Therefore, if “BL- < 1, there exists a unique value E*
E>;—FE1—+o00 2 Al Vai
such that G >0 for every Es — F1 < E* and G is negative after this threshold.

In this admissible range, conditions (5.27) and (5.28) can be summarized as

N(Bs—E\) _ p, N(B—E)
HE—Br) ¢ GB-B)

(5.30)

At this point, we notice that there could be admissible values for E only if the inequality

G(Ey—E)

o= 7
H(E2— Er)

<1 (5.31)
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holds. It’s easy to check that the function 5% is increasing where G is posi-
tive, and its limit for Ey—FE; — E* is +o0o. Since for Ey— F; <0 we have 6%5

—1
VAO IJAC . . . . .

o 1+ V’f_‘g 1— ,}3412 , only if collision frequencies are chosen in such a way
Al Al

that this quantity is less than one we can find a nonnegative value E (less than E*)
such that ¢ % <1 for every Ey —FE; < E. Another condition for the existence of values
for the energy Ey fulfilling (5.30) is that the right-hand side has to be greater than one
(since energy E is positive):

N(E;—En)

S - (5.32)

But, the function A—/ being increasing where G is positive and ranging from zero (for

Ey— E; — —0) to +oo (for E5 — E1 — E*), we get that there exists a unique E such that

%/(E) =1, and N >1 for By — E; >E. Thus, we can conclude that Turing instability

may occur only 1f E <F and we take values for E» — F; in the interval ( , ) With
E5— E; in this range, inequalities (5.30) are fulfilled for Fz such that

log (8) +log (N (B2 — E1)) —log (H(E2 — E1)) < Ez
<log(N(Es— E1)) —log (G(Es— E1)). (5.33)

As test case, we choose the following set of masses and background energies for the
mixture:

ma=2 mp=35 mc=4 my=25 myz=1.5, (5.34)

Eo=45 Ep=36 Ec=4 (5.35)

and we fix Fq =7.2. We remark that masses fulfill conservations prescribed by chemi-
cal reactions (2.3)—(2.4), namely mp+my =ma+mc and 2my =mz+mp. Collision
frequencies are the ones listed below

V4220004, vZ1=03, va€=00001, vZP=1, =150, »=20. (5.36)

Elastic collisions frequencies 7, U, are much higher than the others in order to take
into account that scattering with the host medium is the dominant process; concerning
the other collision rates, v{;® =1 is the highest (recall the assumption that the chemical
reaction (2.4) is faster).

The region of energy parameters allowing Turing instability is depicted in Figure
5.1. The first value that we highlight is E*~4.77, for which G(E*)=0. Then we plot

the critical curve given by
Cl:Ez=log(N(Fy—Ey))—log(G(Ey— E)), (5.37)

whose intersection with the Fs — F; axis is at the point E~-9.03. For points (Fy—
E1,Ez) in the region under this curve we have linear stability of the stationary state.
Moreover, we have the other critical curve

C%:Ez=log(6)+log(N (Ez— Ey)) —log(H(E; — Ey)), (5.38)
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Fic. 5.1. Values for Ez and E2— E1 satisfying requirements for Turing instability in system
(4.31). Values for masses as in (5.34), background energies as in (5.35), frequencies as in (5.36) and
E1=17.2. The region allowing Turing instability is depicted in black. The meaning of the plotted curves
is explained in the text.

and the intersection of curves C! and C? occurs at E~4.36. For (Ey— E1,Ez) in the
region between curves C? and C!, conditions (5.17) for Turing instability hold. We
should recall that we have to take Fz <2F; — Eg=10.8 to have the computation of
(4.14) explicit, therefore, in conclusion, energy levels for which pattern formation can
be expected are the ones in the black area of the picture. It is worth noticing that Turing
instability may occur both if F5— F; is positive, namely with the inelastic transition
(2.1) endothermic and (2.2) exothermic, and also if Es — E; is negative, thus with (2.1)
exothermic and (2.2) endothermic.

We perform some numerical simulations for the system (4.31) in a one-dimensional
domain Q = [0, L], taking values for masses, background energies and collision frequencies
as in (5.34), (5.35) and (5.36), and fixing energy of component Y7 as Ey =7.2. Initial
data are random perturbations of the space homogeneous equilibrium state. We take
values for the difference of energy values F; — E; and for E7 in the region where Turing
instability is expected. It is important to remark that pattern formation occurs only
if at least a squared wavenumber k2 = (nm/L)? belongs to the interval individuated by
the roots (5.18); in our simulations we fix L =30.

Firstly, we choose E5 — E1 =1 and take three possible values for Ez. The results of
this case are shown in Figure 5.2. In the panels (a), (b), (c), we plot the configuration at
time ¢ =30 of number densities ni, ny, compared with the relevant space homogeneous
equilibrium value. We see that the density of the two components is considerably het-
erogeneous and we notice that the two distributions oscillate around the homogeneous
equilibrium values. As Ez increases, we observe for the quantity n; a bigger fluctuation
from the equilibrium, giving rise to regions where n; is nearly zero alternated to regions
with higher density. For ns, instead, oscillations are not equally sharp and for higher
values of Ez its plot remains mostly under the equilibrium value. In the other plots
of Figure 5.2 we show the time and space behaviour of number densities (panels (d),
(e), (f) for ny and panels (g), (h), (i) for ng): in the trend from the initial data to the
oscillating configurations at t=30 one can appreciate the formation of space periodic
patterns.

Analogous behaviours appear in different tests, we show here two of them focusing
the attention mainly on density ni, which shows higher oscillations. In Figure 5.3 we
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Fi1G. 5.2. Panels (a), (b), (c): Configuration at time t=230 of the densities compared to their
equilibrium state ni (dotted line) and na (solid line) taking E2 — E1=1 and Ez =9.3,9.8,10.3, respec-
tively. Panels (d), (e), (f): behaviour of density m1 in space and time for the energy levels taken
above. Panels (g), (h), (i): behaviour of density na in space and time. Values for masses as in (5.34),
background energies as in (5.35), frequencies as in (5.36) and E1 =7.2.
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Fic. 5.3. Panels (a), (b), (c): Configuration at time t=230 of the densities compared to their
equilibrium state nq1 (dotted line) and na (solid line) taking Ez =10.3 and E2 — E1 =1,1.6,2.2, respec-

tively. Panels (d), (e), (f): behaviour of density ni in space and time for the energy levels taken
above. Values for masses as in (5.34), background energies as in (5.35), frequencies as in (5.36) and
=7.2.
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Fic. 5.4. Panels (a), (b), (c): Configuration at time t=30 of the densities compared to their

equilibrium state ni (dotted line) and na (solid line) taking Eo — E1 =
Panels (d), (e), (f): behavior of density n1 in space and time for the energy levels taken

spectively.
Values for masses as in (5.34), background energies as in (5.35), frequencies as in (5.36) and

above.
E1=17.2.

—2 and £z =8.2,8.9,9.6, re-
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fix Fz=10.3 and we increase Fs — F; starting from 1 to a value close to the highest
one allowing Turing instability. We note that for higher values of Ey — F4, the number
of space oscillations for n, decreases, but the space amplitude of the peaks increases.
Fixing, instead, in Figure 5.4, a negative value for F5 — E1 =—2, when E is higher we
observe that the number of oscillations for ny is lower, but peaks are high and narrow,
thus the component Y7 is highly concentrated in few points.

5.2. Turing instability for the complete three—components system. This
subsection is devoted to the investigation of stability properties and pattern formation
for system (3.49). First of all, we look for stationary states for our model in absence of
diffusion, given by the system

on
6—;:a—(b+1)n1 —H]nzng—«—enz—fn%
0
—;2 =bn; —nnzne (5.39)
a’nz
5 = fn3—eng.
By imposing in the system above % = % = ag—tz =0, we get a unique steady state
(ﬁlyﬁQaﬁZ): aaﬁvfia? .
anf’ e

The state (71,72,77) is Turing unstable if it is locally stable for the homogeneous system
(5.39), but unstable for the system with diffusion (3.49). We linearize at first the system
in spatially homogeneous conditions, writing it in the following form

oW
——=BW, 5.40
5 (5.40)
ny—ny
with W= ng—no and
ng—iz
2
—b—1—-2af nf e<b+1>
e af
B= a’nf be . (5.41)
b _ _=
e af
2af 0 —e

The stability of the stationary state is achieved if all the eigenvalues of B have negative
real part. They are provided by the roots of the characteristic polynomial

N4+ \2trB— A +detB, (5.42)
with
trBz—b—1—2af—a27nf—e<O,
]\:2(1377]02 —|—a277f—|—(12—?7f —eb+e

(& (&
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and detB=—a’nf <0. Applying the Routh-Hurwitz criterion [18], all roots have neg-
ative real part if the condition

AtrB < detB (5.43)

is satisfied. Of course this is possible only if the term A is positive; more precisely, since
in this case we would have AtrB=detB+T with T’ a negative quantity, the condition
A >0, that we rewrite as

[2af—|—1

= +J 2nf>b—1, (5.44)

is also sufficient for the equilibrium stability.
Now we consider the linearized system including diffusive terms in Q with zero—flux
boundary conditions

\L\%
ow =DAxW+BW on (0,00) xQ
ot (5.45)

n-VeW=0 on (0,00) x 99

with diffusion matrix

D,y 0 0
D= 0 Dy O
0 0 Dg

As in the subsection above, we look for solutions in the form
x t):cheA’“tVVk(x), (5.46)
k

with W, (x) being a solution of the time-independent problem. Choosing as domain {2
a one—dimensional segment of length L it can be checked that wavenumbers allowing
the existence of a solution to the time—independent problem are again k, =mn/L, with
n€N. Concerning the global problem (5.45), for each k, the exponent A\; has to be an
eigenvalue of the matrix B — k2D, hence a root of the characteristic polynomial

—N+Ntr(B—k*D) —AA+det (B—k*D), (5.47)
with tr (B—k*D) =trB—k?(D1+ D2+ D7) <0,

A=(D1Dy+D1Dy+DoDy)k*

2
+<D2+2afD2+D1 77f+2Dzaf+Dzb+Dz+2D1Dz f+Dze>k
—i—a:f f +a’nf—eb+te (5.48)

and

B(k?):=det(B—k?D)=—D1DyD zk°

(DlDza nf +2D2Dzaf+eD1D2+bD2DZ+D2DZ> Kt
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a3 2 a2
—<2DZ zf +Dia’nf+Dy :f

—D2€b+€D2) k* —a’nf. (5.49)

Turing instability may occur only if for some k the characteristic polynomial (5.47) has
roots with positive real part. Again for the Routh—Hurwitz criterion, this happens if
there exists k such that

det(B—k*D)>0 (5.50)
or
Atr(B—k?D) > det(B—k*D). (5.51)

We notice that last five terms of A in (5.48) are exactly the quantity A that we have
supposed to be positive in (5.44) for the stability in the homogeneous problem, and
consequently we have A>0. Since we have

Atr(B—k*D)=det(B—k*D)+T, (5.52)

" being a negative quantity, we see that (5.51) can never be satisfied. It means that the
matrix B — k2D has eigenvalues with positive real part only if condition (5.50) holds.
We aim at finding more specific conditions on the parameters of the system (3.49).
As in Subsection 5.1, we suppose that collision frequencies for the elastic scattering
with the background take a unique value for each species: V14 =v1g=v10 =01, Voa =
Vop =Vso =Us, Uza=Vzp=Vzc =Vyz, and also background number densities have the
common value ng =ng=nc=n. We fix energies F4, Ep, Ec, and E; in such a way
that AEAY <0, so that I'(2,0(AEAY)) :@. The analysis of conditions allowing
pattern formation still depends on the difference F5 — FE; and on Ez: We restrict our
investigation to Ez such that AEZP <0 (just for convenience, in order to be able to
compare results with the ones obtained for the two—component system in the previous
subsection). Moreover, as usual in kinetic models dealing with energy levels [19,21], we

assume Fo > E7, then also T' (%,G(AE%)) = @ With these assumptions at hand, the

parameters appearing in the reaction—diffusion system (3.49) read as

3
mpmy \ > ACH -
= AFE 5.53
o= (2270 ) exp(ABAS)n (559)
vaz /3 2
b=—4LT <,@(AEA2)> — (5.54)
I/glc 2 Al \/77'
Z1
vy 1
=_Z2 _ 5.55
n VAC & (5.55)
ZB 2 2
U1 my ZB
e=—— exp(AFE 5.56
A () en(aES?) (5.56)
ZB
vii?® 1
=L - 5.57
f VAT 7 (5.57)
-1
7
Dy = |vaSmynin g njo gy , DZZ;;DM

J=A,B,C
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-1
Dy = l/élcmzﬁflz Z njojz . (5.58)

J=A,B,C

Our first purpose is to find suitable values for energies Fo — F; and Ez in order to
have condition (5.44) for the linear stability in the space homogeneous problem satisfied.
We find convenient rewriting condition (5.44) as

(1—b)e* +eanf+(2af +1)a*nf >0. (5.59)

If b< 1 this inequality is obviously fulfilled, while the case b>1 is much more in-
volved. The condition b>1 means

L(Es—E -—”ilzir §®AEA2 —1>0; 5.60
( 2 1)-_ AC 2’ ( Al) > ( )
I/B1 Vs

the function £ has the same behavior as that of the function G introduced in the previous
subsection, thus also in this case there exists a unique value £* such that £ > 0 for every
E;— E; < E*. Notice that in the inequality (5.59) the dependence on E is included
only in the parameter e. Therefore, by defining a second function

Lt J1aan (742 2 0 (3 oapazy) -1 5.61
+ +ax | —aa ,O( Al) ) (5.61)
VpT VT 2

T(EQ —El) ::%

with 7 as in (5.26) and

3 -1 3 -1
mpmy \ 2 N mpmy acy Vg
=2 AFE —== 2AFE iy veTe
X [<mAmC> EXP( Bl )Vglc + MAmG exp( B1 ) (V§10>2 y
(5.62)
condition (5.59) leads to the explicit constraint:
E,-FE
epz o T(E2 = E1) (5.63)

L(E,—Eq)’

Since we are dealing with positive energies, we have e >1, so we must require that
the right-hand side of (5.63) is greater than one. But, being £’ >0 and

<7’>'_7 (—\/1+4xc—1—2><£)£/
L2\/1+4xL ’
.

L
the function - is increasing where L is positive, and its limit for Ey — Ey; — E* is +oo0,

while for Fs — E1 =0 we have
I/A2
5 {1+\/1+4X(y25 —1)}
B1

A2
()
B1

Consequently, if masses, background energies and collision frequencies are chosen in
such a way that the quantity above is less than one, then there exists a unique £ < E*
for which 7/L£>1 is satisfied for every Es— E; > E; otherwise, if the same quantity
is greater than one, then 7 /L >1 holds for every Es— E;>0. In conclusion, for Es—

(5.64)

2

(5.65)

(Y
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E; € (max{E,0},E*), condition (5.59) guaranteeing stability of the steady state of the
homogeneous problem is fulfilled for

Ey <log(T(E2 —El)) —1Og(£(E2 —El)).

As concerns Turing instability, it has been proved in [38] that it is prevented if all
minors of order ¢ of the matrix B given in (5.41) have a determinant with the same
sign as (—1)? (with 1<¢<3, in our three equations system). Consequently, it’s easy
to check that in our problem a bifurcation leading to Turing instability is possible only
when the determinant of the submatrix extracted from B by eliminating the second row
and second column, given by

—b—1-2af e<abf+1> 7 (5.66)
2af —e

is negative. This implies the condition > 1, namely Ey— F; < E*, analogously to the
result obtained in previous subsection for the reduced two—component system. In this
region, we are able to find a necessary condition on parameters F; and Ey— E; for
Turing instability, recalling that unstable modes are possible only if the determinant of
the matrix B — k2D, given by (5.49), is positive for some k. According to the Descartes
rule, the cubic function 8(k?) may have two positive roots (and consequently it may
assume positive values) only if the coefficient of k2 in (5.49) is positive, which means

D D
(lfb)e2+D—;a2nfe+ D—jaan(Qaf+1)<o. (5.67)

Keeping in mind (5.44) (that has to be valid for the stability of the homogeneous
equilibrium), the above relation implies that at least one of coefficients D; and Dy
must be smaller than Ds. Defining the function

Dy (v4% 2 3 12
1+\/1+4D1X(V§§\/7? Q,G(AEAl) 1)1, (5.68)

D
S(Eg—El)::%D—;

condition (5.67) becomes

5, SE2—B1)

T L(E—E)

(5.69)

The behaviour of the ratio % is analogous to that of % discussed above. We point out

that condition (5.69) is compatible with (5.63) only if

T(Ey—Eq) o1

S(E,—Fy) & (5.70)

but this is ensured if we take also D1 >D.

One should also check that the cubic 8 assumes a positive value in correspondence
of its positive stationary point, but with this analysis we are not provided with any
information about the sign of det(B—k?D) as function of k. Nevertheless, as proved
in [38], a wider range of k for which det(B — k?D) > 0 can be obtained taking the diffusion
coefficients Dy and Dy sufficiently smaller than Dy. More precisely, taking D1 =a Dz =~
w, with w small positive quantity, we have

det(B—k*D)= Dae(b—1)k* —a’*nf — O(w). (5.71)
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0 0.5 1 1.5 2 25 3 3.5 4 45 E* 5

F1G. 5.5. Values for Ez and E2 — E1 satisfying (5.63) and (5.69). Values for masses as in (5.34),
background energies as in (5.35), frequencies as in (5.72), (5.73) and E1="7.2.

In this case, the component Y5 can be seen as inhibitor and component Y; and gas
species Z as activators.

Just for illustrative purpose, we report the conditions established in this subsection
in Figure 5.5, choosing as particle masses and background energies the same as in
(5.34) and (5.35), fixing Fy =7.2, taking as collision frequencies for the inelastic and the
chemical collisions the ones below

v42=0.004, vZi=03, va¥=0.0001, vEP=0.1, (5.72)
and adopting the following choice for collision frequencies with the background
7 =1.5x%x10%, Uy =2, vy, =3x103, (5.73)

in order to have diffusion coefficients given in (5.58) such that Dy > Dy and Dy < D.
With these data we have again E* ~4.77 such that L(E*)=0, and Turing instability is
prevented for Ey — E7 > E*. In Figure 5.5 we show the critical curve given by

C?:Ey=log(T(Ey—Ey)) —log(L(Ey—Ey)), (5.74)
under which we have linear stability of the stationary state, and also the second curve
C*:Ez=log(S(Ey—E,))—log(L(Ey— Ey)), (5.75)

above of which the determinant of the matrix B —k?D might have positive roots. We
also plot the line Ez =2F; — Ep, below of which the assumption AEZP <0 is satisfied,
and the region where Turing instability might occur is thus the black one.

We may compute det(B —k%D) numerically: In Figure 5.6 we plot it versus k for
some values of F7 and F5 — E7, and in Table 5.1 we show its maximal value in the right
half-plane.

We notice that for £z =10 and E; — E; =2.5 there is a particularly wide range in
which there could exist wavenumbers k leading to unstable modes. For these values we
perform a simulation of the behaviour in time and space for functions ny, no, nyz in
a one—dimensional domain of size L =0.15 and we report the result in Figure 5.7. We
see that for a time ¢=>50 the component Y; and the gas species Z, characterized by a
very low diffusion coefficient, turn out to be concentrated in one point of the domain,
while we have a low but nearly uniform concentration of component Y5, due to the much
higher diffusion coefficient.
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Ez | E;—FE; | Max det(B—k?D)
7.5 1 1.16x10°
10 2.5 5x 107
6.4 2.5 6.27 x 10°
8 3.5 —3.1x10%

TABLE 5.1. Mazimal values of determinant det(B —k?D) as function of k picking some values for

Ez and Eo — E1 when values for masses are as in (5.34), background energies as in (5.35), frequencies
as in (5.72), (5.73) and E1=7.2.

[uN
o

= B(K?) ¢

0.5

F1c. 5.6. Panel (a): Behavior of the quantity in (5.49) as function of wavenumbers k, taking
values of Ez and Eo — E1 as in Table 5.1 (the graph corresponding to the values Ez =10,E2 — E1 =2.5
is reduced by a factor 5). Panel (b): Zoom of the area close to k=0 of panel (a).

3 05 3
@ t=50 () t=50 © =50
2 2
0
1 /\ 1
0 X 05 < 0 S
0 005 01 X 015 0 005 01 Xo015 0 005 01 X 0.15

F1G. 5.7. Panels (a), (b), (c): Configuration at time t =300 of the densities n1, na and nyz (solid
lines) compared to their equilibrium state (dotted lines), respectively, taking Ez =10 and Eo — E1 =2.5.
Values for masses as in (5.34), background energies as in (5.35), frequencies as in (5.72), (5.73) and
E1=17.2.

6. Conclusions

We have derived reaction—diffusion equations from the kinetic level for a mixture
of two gas species in a dense background medium in two different hydrodynamic limits.
The mixture is assumed to be composed of a monatomic and a polyatomic gas, this last
one having two possible internal energy levels, thus it is considered to be separated into
two different components. Different interactions between particles have been taken into
account. In particular, apart from elastic scattering with the background (the dominant
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process), intra—species or inter—species elastic collisions (both less frequent), also two
inelastic transitions and two reversible chemical reactions have been supposed to take
place among particles at different time scales. In the first scenario, all inelastic and
chemical transitions have been assumed of the same order. This has allowed to derive
from the rescaled Boltzmann equations suitable macroscopic equations for the number
densities of the monatomic gas and of the two components of the polyatomic one. In
the system of reaction—diffusion equations obtained, coefficients of both the diffusive
and the reactive part are actually functions of microscopic quantities such as particle
masses, background densities, collision frequencies and internal energy amounts. The
same asymptotic procedure has been repeated in a second case in which one of the
two chemical reactions has been considered faster. In this case, in the derivation of
the reaction-diffusion system the number density of the monatomic component can be
expressed in terms of the other two concentrations. This has led to a system similar to
the classical Brusselator, known to exhibit Turing instability for particular choices of
the coefficients.

In this framework, a natural step has been the investigation of Turing instability for
our reaction—diffusion systems and its discussion upon the dependence of the coefficients
on microscopic quantities. We started from the two equations system and we focused
our analysis on collision frequencies and energy levels. First of all, we pointed out that,
as in any system showing formation of Turing patterns, the diffusion coefficient of the
inhibitor species has to be bigger than the one of the activator, and in our case this
means that collision frequencies of the inhibitor component with the background have
to be less than the ones relevant to the activator. We have explicitly individuated a
region that provides values for the internal energy of the monatomic gas and for the
difference of the two energy levels of the polyatomic species leading to spatial oscillations
in the equilibrium configuration. We have also verified the appearance of a spatial non—
homogeneous solution owing to some numerical simulations, and we have discussed the
dependence of the number of oscillations on the values of the energy levels. Moreover
we noted, as expected, that the component with the higher diffusion coefficient shows
a more homogeneous profile at equilibrium. Concerning the complete system of three
equations, we have been able to derive necessary conditions on microscopic parameters
allowing Turing instability, but, the number of parameters involved being higher than
those in the two—component Brusselator—type system, it has not been possible to verify
analytically when such conditions really lead to unstable modes. To this aim we have
numerically simulated a test case, obtaining as final state a configuration in which the
polyatomic component having the lower energy is concentrated in a small region, as
well as the monatomic species, while the density of the second polyatomic component,
characterized by a much higher diffusion coefficient, is basically constant in space.

The derivation performed in this paper, based on a diffusive asymptotic limit of
a system of kinetic equations, has provided reaction—diffusion systems in which the
diffusion matrix is diagonal and constant. Actually, in many physical situations the
Brusselator—type dynamics is better described if the diffusive part is nonlinear, as for
instance in [17], or if there is also a cross diffusion term, as in [15]. In these cases the
discussion of Turing instability requires a deeper analysis of parameters appearing in
the diffusion part. Our future aim is to look for a different set of possible interactions
among particles of the mixture and also to investigate different hydrodynamic limits of
the kinetic equations, that may lead to the appearance of nonlinear diffusion or cross
diffusion terms, in order to study their dependence on microscopic quantities.
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Appendix. Computation of chemical collision contributions. We consider
here a generic chemical encounter

Ci1+Cys03+Cy. (Al)

For the purposes of this paper (see Sections 3 and 4), we may suppose to have Maxwellian
distributions, that are

F1(v) =ns M (v), M,<v)=n1(’2”;)gexp(_m’£v|2>, 1=1,234. (A2

We want to calculate the net production of particles of species C, provided by
Q' (nM)(v)dv. (A.3)
]R3

It’s easy to check [21,36] that the following relations are in order for the source terms
of the four gases:

RBQl(nM)(V)dVZ Q*mM)(v)dv=— | Q*(nM)(v)dv=— [ Q"(nM)(v)dv,

R3 R3 R3
(A.4)
since in each direct reaction in (A.1), to the disappearance of a pair of particles (Cy,C5)
there corresponds the creation of a pair of particles (C3,Cy), and vice versa in the reverse
reaction.
The reactive Boltzmann operator Q! is provided by [36]

Q' (nM)(v) = / H(g? — 5%)0%(0.92-9)g
RS S2

3
y [(ﬂhmz) nsMs(V ) ngMy(w') —ny My (V)na My (w) | dwd€Y', (A.5)
ms3my

where, as already explained in Section 2, H(:) is the unit step function, o35 is the
differential cross section of the direct reaction, and 633 =2AE?3 /112, being AEFS =
E3+Ey—E1 — Ey and pi12 =mymsy/(mq +mso).

We denote by g the relative velocity, by G the velocity of the center of mass, and

by g’, G’ the corresponding post—collision quantities, defined as
g=V—W g =v-w (A6)
G=apv+agw G’ =agv' +au3w/, ’
with Q5 = m:—rﬁl-;nj

that G=G' and

. From the conservations of global momentum and energy, one deduces

|
|

mim . 2 Mam, 3
H'Ln;n;(g?éf%)] H(g*—533), g{“(g”(sﬁ) H(g?—812), (A7)
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and consequently one has the relations allowing to pass from pre—collision to post—
collision quantities and vice versa

V' = 1oV + o W+ ausg'
, iy (A.8)
w = oVt e w—azqeg Y.
Using the conservation of total energy:
1 1
imlv +E1+2m2w + Fo= §m3( ) +E3+§m4(w/)2+E47
the integral of the Boltzmann operator Q! can be expressed as
[ Q@ mwiv
(mym % 1 1
= 1 2 / H(g*—635)035(g,Q- Q' )gexp (—m1v2 - m2w2> dwdvdQ
]RS XRS 52 2 2
mimso 2
X AFE — . A9
[(m3m4> exp(A B} )ngna —ning (A.9)

We adopt a Maxwell molecules assumption on the differential cross section of the direct
reaction, setting

/ 033(g, - ) gdQY ;=133 constant. (A.10)
52

Inside the six—folds remaining integral

1 1
/]R3 s H(g®—633)exp (—2m1v2—2m2w2> dwdv (A.11)
X

we perform the change of variables (v,w)— (g, G), obtaining

1 1
/ exp <—G2(m1 —i—mg)) dG/ exp (—nglmz) dg
R3 2 gz>5:13§1 2 mi1+mo

16— (3,@(AEf§)) , (A.12)
(m1m2)§ 2

with I'(a,y) being the incomplete Euler gamma function defined in (3.11) and
O(AE?}) =max{AFE?}3,0}. In conclusion we get

Q' (nM) (v)dv
R3
—y?é} (3 @(AE%)) [(mlm2>2eXp(AEf§)n3n4—n1n2‘|. (A.13)
msimmy

In case of an irreversible reaction of the type
C1+Cs— C5+CYy, (A.14)

in the production rate for Q' only the loss term remains

. Q' (aM)(v)dv =~} \2[ ( @(AEIQ)) ning, (A.15)

and relations (A.4) are still in order for the other species.
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