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STABILITY OF MEASURE SOLUTIONS TO A GENERALIZED
BOLTZMANN EQUATION WITH COLLISIONS OF
A RANDOM NUMBER OF PARTICLES*

HENRYK GACKIT AND LUKASZ STETTNER?

Abstract. In the paper we study a measure version of the evolutionary nonlinear Boltzmann-type
equation in which we admit a random number of collisions of particles. We consider first a stationary
model and use two methods to find its fixed points: the first based on Zolotarev seminorm and the
second on Kantorovich-Rubinstein maximum principle. Then a dynamic version of Boltzmann-type
equation is considered and its asymptotic stability is shown.
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1. Introduction
In the paper we consider a nonlinear evolutionary measure-valued Boltzmann type
equation of the form

dy
J—Hﬂ—]}”w for t>0 (1.1)

where the operator P maps M;j (R ) the space of probability measures on R =[0,00)
into itself. We are looking for ¢ : Ry — M, (R4) with b9 € M (Ry), where M;0(R4)
(or shortly My;,) is the space of all signed measures on Ry.

Equation (1.1) is a generalized version of the equation considered in [27] (see also
Section 8.9 in [17], or [6] for the motivation),

augt’x)—|—u(t,a:)2/C;y/u(t,y—z)u(t,z)dz::Pu(:c) t>0, x>0, (1.2)

x

which describes energy changes subject to the collision operator Pu(x) and which was
obtained from Boltzmann equation corresponding to a spatially homogeneous gas with
no external forces, using Abel transformation. To be more precise, in the theory of
dilute gases Boltzmann equation in the general form %:C(F(t,x,v)) gives us
an information about time, position and velocity of particles of the dilute gas. This
equation is a base for many mathematical models of colliding particles. In particular,
for a spatially homogeneous gas we come to the Equation (1.2) with additional conditions
saying that its solution w, for fixed ¢, is a density with first moment equal to 1, which
in turn corresponds to the conservation law of mass and energy. The operator Pu is
a density function of the random variable 7(£1+&2), where random variables 7, & and
&y are independent and 7 is uniformly distributed, while &1, & have the same density
function u. The assumption that n has uniform distribution on [0,1] is quite restrictive
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878 STABILITY OF SOLUTIONS TO BOLTZMANN EQUATION

and there are no physical reasons to assume that the distribution of energy of particles
can be described only by its density (is absolutely continuous). Moreover collision of
two particles maybe replaced by collision of a random number of particles. This is
a reason that in what follows we shall consider a measure-valued version (1.1) of the
Equation (1.2).

Let

D:={peM;i(Ry):my(n)=1}, with ml(,u):/xu(d:c), (1.3)
0

and denote by D a weak closure of D, which is of the form
D:={peMi(Ry):m(p) <1} (1.4)

The operator P defined in (1.2) describes collision of two particles. In what follows
we shall consider a general situation of collision of a random number of particles. To
describe the collision operator in this case we start from recalling the convolution oper-
ator of order n and the linear operator F,, which is related to multiplication of random
variables.

For every n €N let P., : Mg — Mg, be given by the formula

Pap:=p, Pyppiyp:=p*xPup for pe Mgy, (1.5)

It is easy to verify that Pu,(Mi(Ry))C M (Ry) for every neN. Moreover,
Pin|ay (v, has a simple probabilistic interpretation: If £i,...,&, are independent ran-
dom variables with the same probability distribution p, then P,,u is the probability
distribution of & +...4+&,.

The second class of operators we are going to study is related to multiplication of
random variables. Formal definition is as follows: Given p,v € My, we define product
uov by

(Mov)(A)::/RJr /R+ 14(zy)p(dz)v(dy) for AeBg,. (1.6)
and
(fonor)= [ [ fenntdoyoiay (L7)
R. JR,

for every Borel measurable f:R; — R such that (z,y)— f(zy) is integrable with respect
to the product of |u| and |v|. For fixed ¢ € M; define

Pop:=¢op for peMsgy. (1.8)

Similarly as in the case of convolution it follows that P,(M;) C M. For y1€ M; the
measure P, has an immediate probabilistic interpretation: If ¢ and u are probability
distributions of random variables £ and 7 respectively, then P, is the probability
distribution of the product &n.

We introduce now definition of more general version of P allowing infinite number
of collisions:

o0 o0
P:=> ;P P, => P, (1.9)
1=1 =1
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where we have P;:=P, P, > o;=1, >0, @,eM; and my(p;)=1/i
and the limit of the series is co;lsidered in the weak topology sense, that is,
ZazP P, :>ZazP . P.,, which means Za,P P (f )—)Zaz i(f) as n— oo, for

any continuous bounded function f deﬁned on R From (1.9) 1t follows that PM{ C M.
Using (1.5) and (1.8) it is easy to verify that for p€ D,

my(Pyp)=1 and my(Py,p)=1/1. (1.10)

Given p € M; the value of Py can be considered as the probability distribution of
a random variable ¢ defined as

:nT(Z£Tj)7 (111)

where we have sequences of independent random variables 7;, &;;, 7=1,2,..., and 7, such
that &;; have the same probability distribution p for j=1,2,..., random variables ; have
the probability distribution ¢; and random variable 7 takes values in the set {1,2,...}
with P{r=j}=q;. Physically this means that the number of colliding particles is
random and energies of particles before a collision are independent quantities and that
a particle after collision of i-th particles takes the n; part of the sum of the energies of
the colliding particles.
We can also define 7; :=in; and consider

C=i (23 6) (112)
and write

P=> a;P, P, (1.13)

where Ij’%. = Pz, with ¢; being the probability distribution of i7;, and ﬁ*iu is the prob-
ability distribution of &ttt

Measure-valued solutions to the Boltzmann-type equations with different collision
operators and even in the multidimensional case were studied in a number of papers,
see e.g. [1,21] and [23]. In the paper [21], existence and stability of measure solutions to
the spatially homogeneous Boltzmann equations that have polynomial and exponential
moment production properties, is shown. In the paper [1], existence and uniqueness
of measure solutions to one dimensional Boltzmann dissipative equation and then their
asymptotics is considered. In this paper, first stationary (steady state) equation for
a specific collision operator is studied and then dynamic fixed-point theorem is used.
Asymptotics of solutions to the Boltzmann equation with infinite energy to so-called
self-similar solutions was studied in [7]. Asymptotic property of self-similar solutions
to the Boltzmann Equation for Maxwell molecules was then shown in [9]. Long-time
behaviour of the solutions to the nonlinear Boltzmann equation for spatially uniform
freely cooling inelastic Maxwell molecules was studied in [5]. Stability of Boltzmann
equation with external potential was also considered in [28] and in the case of exterior
problem in [16]. Solutions of the Boltzmann equation with collision of N particles and
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their limit behaviour when N — oo over finite time horizon were studied in [2]. In [§],
the N-particle model, which includes multi-particle interactions was considered. It is
shown that under certain natural assumptions we obtain a class of equations which can
be considered as the most general Maxwell-type model.

In [26] an individual based model describing phenotypic evolution in hermaphroditic
populations which includes random and assortative mating of individuals is introduced.
By increasing the number of individuals to infinity a nonlinear transport equation is
obtained, which describes the evolution of phenotypic probability distribution. The
main result of the paper is a theorem on asymptotic stability of trait (which concerns
the model with more general operator P) with respect to Fortet-Mourier metric.

Stability problems of the Boltzmann-type Equation (1.1) with operator P corre-
sponding to collision of two particles was studied in the paper [18]. The case with
infinite number of particles was considered in [19] using Zolotariev seminorm approach.
Properties of stationary solutions corresponding to collisions of two particles were stud-
ied in [20].

In this paper we study stability of solutions to one dimensional Boltzmann-type
Equation (1.1) with operator P of the form PP defined in (1.9). We show that if this
equation has a stationary solution p*, such that its support covers R,, then taking
into account positivity of solutions to (1.1)-(1.9) we have its asymptotical stability in
Kantorovich - Wasserstein metric to u*. We consider first stationary equation and look
for fixed points of the operator P. For this purpose we adopt two methods to show
the existence of fixed point of P with the first moment equal to 1. The first method is
based on Zolotarev seminorm and in some sense simplifies the method used in [19]. The
second method is based on Kantorovich-Rubinstein maximum principle and generalizes
the results of [14] and then also of [18] to the case of a random number of colliding
particles. We also show several characteristics of fixed points of P. Results on the
stationary equation are then used to study stability of the dynamic Boltzmann equation.
The novelty of the paper is that we consider the Boltzmann-type Equation (1.1) with
random unbounded number of colliding particles and show its stability in Kantorovich
- Wasserstein metric using probabilistic methods, generalizing former results of [18,19]
and [14]. To improve readability of the paper an appendix is added to the paper where
some important results, which are used in the paper, are formulated and their proofs
are sketched.

2. Properties of the operator P
We study first several properties of P.

ProprosiTiON 2.1. Operator P transforms the set D or D into itself.
It is continuous with respect to weak topology in Mi(Ry) i.e. whenever
Mi(Ry) D pn = p we have Pu, =Pu as n—oo. Furthermore whenever m,(p;)=
J 2"pi(dx) <oo and my(p)= [ a"p(dz) <oo forr>1,i=1,2,... then

R, R

m(Pu) < Zaimr(‘)"i)irmr(u)- (2.1)

i=1

Proof.  Note first that for each e M;(Ry) we have that P,, P, ;e M;(Ry) for
i=1,2,... and therefore Py e M (Ry). Moreover for e D

mi (Py, Py, 11) :/OOO.../OOO:E(yl +yo+...+yi)ei(de)uldyr) ... u(dy;) = %i:l (2.2)
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so that P,,P,,u€D and consequently P: D+ D. Similarly P: D+ D. For a given
continuous bounded function f:R; —R and M;(R4) 3 p, = u we have

PorPogin() = [ [ Faln gm0 ) )
/OOC e /OOO flelyi+y2+...+yi))pi(dz)u(dyr) ... pl(dy;) = Pp, Pr, 1(f) (2.3)

as n—o00. In fact, from continuity of

(Y1,92,---,Yi) —>/Ooof(95(y1 +y2+...+yi))pi(dr),

and weak convergence of the measures i, (dy1) ... pin (dy;) = p(dyy) ... p(dy;), using (2.3)
we immediately obtain that Pu, =Pu which is the desired continuity property. Now
using ¢ defined in (1.12), independence of random variables, as well as convexity, we
obtain

T

1 i
o (B = [ a"Butde) = Zaz CALEA N EDWE
j=1

Ry
< Zaimr (n:)i"my (), (2.4)
i=1
which completes the proof. 0

We comment below on the formula (2.1).

REMARK 2.1. Note that since m1(¢;) =1 we have [ zyp;(dz)< (f " p; dm)) and
Ry

so that in general we may not have that Z a;my(p;)i" < oo.
i=1

This sum is finite however when for example we know that for a sufficiently large

i we have that a;m.,.(p;) < %ﬁ with 8>14r. Finiteness of the sum above shall play an

important role in the approach to study fixed points of P with the use of Zolotariev

seminorm (see Section 3).

1
7177

consequently m,.(¢;) >

In what follows we are interested to find a fixed point of the operator P in the set
D. It is clear that p=4y is a fixed point of P in D. Typical way to find a fixed point
is to consider iterations Py for € D and since the measures {IP’,u,IP’2,u,...} are tight,
expect a limit to be a fixed point. However even when such iteration converges in a
weak topology, its limit will be in D and it is not clear that such limit will be a fixed
point. Note furthermore that when we have more than one particle, the operator P is
nonlinear and we can not use several techniques typical for linear operators.

REMARK 2.2. Notice that fixed point of P is not necessary in D since the set D is
not closed in the weak topology. In fact, when u, {%} =47 and pp {n}= n%rl, then
tn € D and p, = =0y so that total mass of u is concentrated at 0, and fooo xp(dx)=0.
Similary for 0<a <1, letting iy, (1—a)=1—21, 1, (1)=1=% and p,(n) =2 we clearly

have that p, € D and p, = 0,_q, as n—>00. One can show that the closure D of the
set D in the weak topology consists of all probability measures v € M;(R,) such that
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mi(v)<1. Consider the following example: P{p;=0}= "7, P{oi=(n+1)1}= ni_l
and p([A,00)) =1 with my(p) =1, A >0 and fixed integer n > 1. Then the Support of Pu
consists of 0 and the second part contained in [A(%)po) and inductively the support
of P*ju contains 0 and its second part is contained in [A("F)* 00), for positive integer
k. Since P*p(0)= 47 it is clear that P* 1= 6y, as k— 00, so that limit of P¥x, which
is also a fixed point of P, is not in D. 4

= and P{p;=(n+1)1} =250

On the other hand, when P{p,=d}= CERyEs =Sy
with 0 < 1 and u([A,00)) =1 with m; () =1, A >0 we have that Ugsupp(P*u) is dense
in [0,00).

When support of ¢; contains a sequence of positive real numbers converging to 0,
then Upsupp(P*p) is dense in [0,00) no matter what p€ D is chosen. Assume addi-
tionally that % € suppy; for each i=1,2,.... Then supp(P* ) C supp(P*T1p), so that we
have an increasing sequence of closed sets supp(P*u) which cover the interval (0,00).

Next two propositions show properties of the fixed point of P.
Let A:={i:a; >0}

PROPOSITION 2.2. Let we D be a fizred point of P. When there are at least two
elements of A and ¢, =061 for i€ A then either p==35 or mg(u) =00 for any 5>1.
When =46, then ¢; =01 for i€A.

Proof.  Using (1.13) we have that the law of f]T(%Z;ﬂ&j), when the law of ;; is
i, is also . Then for g>1 we have

1 T oo
ﬁf(; &) e = aims(@)E wa =mpg(p). (2.5)
j=1 i=1

) B
1
Notice now that by strict convexity we have for §>1 that <1 > fij) <= Z £B- with
j=1

equality only when &;; =¢;; for j'€{1,2,...,i}.
Therefore when there is at least one element in A before i€ A and ¢; =0, for j€A
we have

G i) <Y B} =matimstm =ms)  (20)

with strict inequality whenever mg(p) < oco. Since §;; and &;;» are independent for j' # j,
they should be deterministic and because m1(u) =1 we have that p=40;. When p=14;
by (2.5) and (2.6) we have

Z&'] =mg %)mﬁ(ﬂ):mﬁ(ﬂ), (27)

which implies that mg($;) =1=m1(®;), which is again true only when @; =4d;. |
In the next proposition we adopt some arguments of Proposition 2.1 of [20].

PROPOSITION 2.3.  Assume that for 1 £k € A there are q1,q2 € supppy, such that q; > %,
q2 < % Under the above assumptions, when p* is a fixed point of P, its support is either
{0} or [0,00).
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Proof. Notice that the support of each ; contains an element not greater that 1
Therefore taking into account that go < we have that when 0##r € suppu™ then the
support of Pu* contains an element not greater than

oo oo 1
Z ;1 + agpgokr = Zair—i—ak(qg — E)kr =r(l1—(1—kg2)ay).
i=1,i£k i=1

Since (1—(1—kg2)ay) <1 iterating the operator P we obtain that 0 € suppu*. There-
fore to show that suppu®, in the case when suppu*#{0}, covers the whole inter-
val [0,00) it suffices to show that for any re€(0,00)Nsuppu* we have that A:=
supp{[%u*, for i:1,2,...} is dense in [0,7]. For a given £ >0 we can find a positive

integer m such that (%)m < Tkeql and (kg2)™ <1. Then we can find a positive integer n
such that (kq1)" ' (kg2)™ < ($)™kq1 <1 and (kg1)"(kg2)™ >1. Consequently we have
that ¢5"(kq1)" << and k™q5"(kq1)" >1. Therefore i3 (kq)"re A for i=1,2,....k™,
and ¢3"(kq1)"r <e while k™¢5"(kq1)™r >r. Since e can be chosen arbitrarily small and
A is closed we have that [0,00) C A, which we obtain taking into account that together

with 7 the values kq! are in suppu*. 0

REMARK 2.3. In some cases there is only one fixed point of P which is 09 ¢ D. Given
probability measure 1 on Ry consider its characteristic function ¢(t)= [e"*pu(dz). If
w18 a fized point of P then in the case when A={2}, 1 satisfies the following functzon
equation

vlt)= [ ()P ealdo) (2.8
Ry
Assume po = %50—&— %51. Then (2.8) takes the form

1 1

v(t) =5+ 5 ). (29)

The solutions to this quadratic equation are constant functions ¥ (t) and since (0)=1
the only solution which is a characteristic function is ¥(t)=1, which corresponds to
1w=209. Consequently we don’t have fixed point of P in the set D.

In the space M;(R,) consider Kantorovich - Wasserstein metric (see [15], Defini-
tion 4.3.1 or [10]) given by the formula

[ = pollic =sup{lpa (f) —p2(f)|: fEK}Y  for  p,p2 € Mi(Ry), (2.10)

where C is the set of functions f:R; — R which satisfy the condition

[f(@)—fW)l<lz—y| for wz,yeRy.

We recall now another, Forter-Mourier metric || - ||z in M;(R4)

[ = pell 7 =sup{|pa (f) —p2(f)l: fE€F}  for 1, pe € Ma(Ry), (211)

where F consists of functions f from K such that ||f||sup = sup |f(z)| <1.
reR
Almost immediately we have that || f||= <||f|x for € M;(R4), which means that

Kantorovich - Wasserstein metric is stronger than Fortet-Mourier metric. Notice how-
ever that the convergence of probability measures in Fortet-Mourier metric is equivalent
to weak convergence (see [13] or [10]). We have:
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LEMMA 2.1. The operator P is nonexpansive in D in Kantorovich - Wasserstein
metric.

Proof.  We are going to show that for each i=1,2,... the operators P; are non-
expansive in Kantorovich - Wasserstein metric. In fact, for f €/ and p€ D we have

Piu(f):/.../f(r(xl +xo4...+x;))pi(dr)p(de ) p(des) . .. plda;). (2.12)

R, R,

Define for ve D

f(x)::/.../f(r(a:+x2—|—...—|—xi))cpi(dr)(u(d:c2)...,u(da:i)—i-

R, R
v(dea)p(des) ... u(de;) +v(dee)v(des)p(dey) ... p(da;) + ...+
v(dzs)v(das)...v(dz;)). (2.13)

Then f €K (since my(p;)=1). Furthermore

Pip(f) =P (f) = u(f) —v(f)- (2.14)
Hence ||P;u—P;v||x <||#—v|x and consequently
IPr—Prlc <Y o [Pip—Pirlx <lln—v, (2.15)
i=1
which completes the proof. ]

REMARK 2.4. One can notice that operator P is not nonexpansive in Fortet-Mourier
metric.

We also have:

COROLLARY 2.1.  Operator P transforms D into itself and is defined also as a limit of
n

> o P; in Kantorovich - Wasserstein metric. Furthermore D is conver and closed in
i=1

Kantorovich - Wasserstein metric.

(2

1
n
Proof. Notice that for € D we have <Z aZ-)

n
o;Pipp=Pu as n— oo and
i=1 =1

ml( <ZO&Z> ZaiPiu)zlzml(Pu).

i=1

n
Therefore by the second part of Theorem A.2 we have that Py is a limit of > a;P;u
i=1
in Kantorovich - Wasserstein metric. Convexity of D is obvious. Closedness of D in

Kantorovich - Wasserstein metric follows almost immediately from the following argu-
ments: Convergence in Kantorovich - Wasserstein metric implies weak convergence and
therefore the limit is a probability measure. Furthermore convergence in Kantorovich -
Wasserstein metric implies convergence of the first moments. ]
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3. Fixed point of P using Zolotariev seminorm
In this section we shall introduce Zolotariev seminorm. Namely for pe Mg;q(Ry)
and r € (1,2) define

el :==sup{u(f): feF} (3.1)

where F,. consists of differentiable functions f:R; — R, which satisfy the condition

[f'(@) ='Wl <le—y["™" for zyeR,.

One can notice that when f & F, then also function f(x)+a+ 8z is in F,. Therefore
llee|l- =00 whenever p(R;)#0 or mq(p)#0. The following properties of Zolotariev
seminorm will be used later on.

LEMMA 3.1.  Assume that

D aimy(¢;)i" < 00 (3.2)

i=1

then for p,v € D, whenever m,.(u) <oo and m,(v)<oo fori=1,2,..., we have

1 1 1 [,
Sl ) =) < vl < =)= [ lu-rd), (33
Ry
||P*ilu_P*iV|7'§iHM_V||T7 (34)
| Po. P, my(@i)illp—vr, (3.5)
PPl < asme(¢4)ill— vl (3.6)
=1

Proof. When f € F, then f(gc):f(O)—l—fO1 af!(tx)dt. Therefore

_ / /1 f (t) p(dz) — / /1 of! (tx)dtv(de)
R, 0
/ / 0))dtp(d) /R + / £(0))dtv(d)

/ / 2l f'(t2) — F(0)|dt|u(der) — v(d)|

-/ / " dt|(dr) —v(d)| =~ (a—0), (3.7)

Ry 0
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which completes the proof of the second part of (3.3). For f(z)= %x’” we have that
f € F, and then

=il 1| / o () - / ()] > L (1)~ (0] (3.8)

Therefore we have (3.3).
To prove (3.4) notice that P. ju— P v= ) pj*pu— Y pj*v where ;= (Ps,_,pu)*
i=1 e
v) with Pyypu=P,,v=0p. When feF, then f(y)= [ f(xz+y)u;(dz) is in F,.

R

(P*j

-1

Therefore

Iy (n =)l = sup \ // F((+y) 5 (dr) (= v) ()|

= s || FW)(p=v)(dy) <|p—v., (3.9)
=

from which (3.4) easily follows. Now

| Pp; Pt — PPZ/HT—sup //fzxapldz P, p(dx) //fzxgozdzPV(dx)

Ry Ry

<m,(p;) sup /f P,,u(dx)— /f x) Py, v(dz)

ferr

Smr(wi)HP*vufP* Vllr, (3.10)

where f(z)= f f(zx)pi(dz) is an element of F,., provided that feF,. The

mr(w
estimation (3.5) follows now directly from (3.4). From (3.5) we immediately obtain
(3.6). O

The main result of this section is the existence of a fixed point of P. We use the
same assumptions as in the paper [19], where similar result was obtained. Our proof is
different and shows other properties of the fixed point of P. It is formulated as follows.

THEOREM 3.1.  Assume that for some r € (1,2) we have m,(¢;) <+ for alli € A, (3.2) is
satisfied and there is p € D such that m,(u) <oo. Then P™u converges in Kantorovich -
Wasserstein metric to a unique pu* € D, which is a fized point of P such that m,.(u*) < co.

Proof.  Under (3.2) using Proposition 2.1 we have that m,. (IF’" )<ooforn=1,2,....

By (3.6) we have that ||P/ Ty —P7pl|, <M |Pu— pl|,, where A= Z a;m,(¢;)i. Therefore
i=1

P = palle =Y PP =PI | <N [P — g, (3.11)
Jj=1 j=1

where P = p. Since by (3.3)

" 1 n
B po = pull = e (B 1) = ()], (3.12)
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we therefore have that for n=1,2,...

r
) <

1B — s+ (1) = R < o (3.13)

The sequence of probability measures { /L,}P’,u,]lﬂ,u,...} is tight and therefore there is p*
and subsequence (ny) such that P™ p=-p* as k—oo. By (2.1) and Corollary A.1 we
have that ||P™ p—p*||x — 0 as k— oo. Consequently p* € D. Since for K >0

/ (" AK)P™ u(da) < (B™ 1) < (3.14)

Ry

and therefore letting £ — co we have that fR+ (" AK)p*(dz) < k, which by Fatou lemma
gives that m,(u*) <k. Now

[P Pp— B e =[PP =Pl > [P == (315)
and
[P B = Jim (PR j— PE™ | >
T [[PB" B e = B — = B, (3.16)

so that taking into account that |PPu* —Pu*||xc <||Pu* — p*||x we obtain that ||PPu* —
Pu*|x =||Pu* — p*||xc. By small modification of (3.15) and (3.16) we obtain that for
any n=0,1,...

[Pt =P e = [P — 1. (3.17)

On the other hand by (3.6) we have that |[P"*1u* —P"u* ||, < A\"||Pu* — p*||,. There-
fore lim ||P"Ty* —P"u*||,,=0. By Theorem A.3 we also have that lim |P"H1u*—
n— o0 n— 00

P?u*||ic =0. Therefore |Pu* —p*||x =0 and p* is a fixed point of P. If there is another

weak limit v* of subsequence of Py, then ||P"u* —P"v*||,, —0, as n— 0o and by The-

orem A.3 again we have that ||u* —v*||x= lim ||[P"*1u* —P"u*||x =0. Consequently
n— oo

any weak limit of a subsequence of P" is equal to p*, which means that P"u=-u* and
the convergence also holds in Kantorovich - Wasserstein metric. ]

REMARK 3.1.  We may not exclude the case in which we have another fixed point
v*e€ D of P such that m,(v*) =00 for each r>1. Notice furthermore that in the case
when ¢; is uniformly distributed over the interval [0,1] we have m, (;) = ril (%)r <1
for all r€(1,2) and i€ A\ {1}. Therefore if (3.2) is satisfied and 1¢ A, by the above

theorem we have existence of a unique fixed point of P in D with finite r-th moment.

4. Contraction property of the operator P
We have the following generalization of Theorem 5.2.2 of [14]

THEOREM 4.1. Assume for some i € A we have that 0 is an accumulation point of ¢;,
where my(p;)=+. Then for p,v €D such that p#v and

supp(Py(i—1)(n+v)) =Ry (4.1)
we have

IPip =Pl <[ln—vlx (4.2)
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and consequently

[Pu—Prllx <l[lp—vlk. (4.3)

Proof.  Recall that P;=P,,P,, and assume that ||P;u—P;v|x=|p—v|k. By
Theorem A .4 there is fy € KC such that

[Pip—Pivic = (fo, Pipp —Piv). (4.4)

Then

ln=vlie= [ Jol(or st rar)odn)

R+7,+1

[p(dxy)p(das). .. p(de;) —v(der ) v(das)...v(de;)]| = (f1,n—v), (4.5)
where

filz)= A ifo((a:+x2+...+xi)r)<pi(d7‘) [u(dza)...p(dz;)+

v(des)p(des)...u(de;) +v(des)v(des)u(dey) ... p(day) + ...+

v(dxg)v(des)v(des)... p(de;) +v(dee)v(des)v(des)...v(de;)]. (4.6)

Clearly, using again the fact that mq(y;) :% we have that f; € K.

By Theorem A.4 there are two points z1,22 € R4 such that z7 <xo and |fi(x2)—
fi(x1)| =22 —x1. Since f; is nonexpansive (Lipschitz with constant less or equal to 1) we
have that fi(x)=0x+o0, for x € (x1,22) with |#]=1. Therefore |fi(x1+¢)— fi(z1)|=¢
for e € (0,292 — x1). Replacing fo by —fo we may assume that fi(z1+¢)— f1(z1)=¢ for

g€ (0,29 —x1). We are going now to show that for x e R4
fo(z)=x+c (4.7)

with a constant ¢€R. Consider now uj,us € Ry such that u; <uy. We want to show
that then

foluz) = fo(ur) >ua —uy, (4.8)

which by nonexpansiveness of fy implies that fo(us)— fo(u1) =us —wu; and therefore f
is of the form (4.7). Assume conversely that fo(us)— fo(u1) <us—up. Since fy as a
Lipschitzian mapping is almost everywhere differentiable there is @ € (uy,us) such that
fi(@) <1 and for 6 € (0,dy) we have

fo(u+6)— fo(u)

5 <1. (4.9)

Define

h(ya;.--,Yi,m,€) = Jol(@y +E+y2+"'+yi)r€)r_ fol(z1 —i—yg—i—...—i—yi)r). (4.10)

By definition of f; for € € (0,29 —x1) we have

_ fi(w1+¢)
B €

) — fi(z1) :/ | h(ya,...,yi,re)rd;(dr) [u(dys2)
Ry )1 IRy

o pldys) +v(dy2)p(dys) - p(dyi) + v(dyz)v(dys) p(dya) ... p(dy:) +
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<t vldy2)v(dys)v(dys) .. p(dy:) +v(dy2)v(dys)v(dya) ... v(dy;)] =
/ h(yQJ'--uyi7T7E)q(dy23"'adyi7dr)> (411)
(R4)?

where we define implicitly, probability measure ¢. Since 0 is an accumulation

point of supp¢ there is 7€ suppp such that x;7<@. Then there is (§2,7s3,-..,7i) €
supp(P,(i—1)(pp+v)) such that

ﬂ—,fEl?::(fle—Fgg—l—...,gi)f. (412)
Consequently for every € € (0,22 —x1) such that &F <dy we have

h(g2+y3+....7:,7,6) = fo(a+§§;_f0(ﬂ)

<1. (4.13)

Since h <1 by continuity of A and full support of P,;_1)(1+v) we have that

/ h’(y27"'7yi7r75)Q(dy27'-'7dyiadr)<17 (414)
R4)

i

a contradiction to (4.11). Therefore we have equality in (4.8). Consequently fo(z)=z+
¢ for a constant ¢. Since P;u and P;v € D we therefore have (fo,P;ju—Pv) =mq (Pu) —
m1(P;v)=0 and by (4.4)

IPip—Piv|c=lln—vllx =0,
which contradicts the fact that p#v. ]

REMARK 4.1.  Condition supp(P;—1)(p+v)) =R, is not very restrictive. It holds in
particular when supp(p+v) =R or when suppu=R,.

We have the following consequences of Theorem 4.1.

COROLLARY 4.1. If for some i € A we have that 0 is an accumulation point of ¢; and
w* is a weak accumulation point of P"u for p€ D i.e. there is a sequence (ng) such that
Pt = u*, as k— o0 and suppu* =Ry, p* €D, then p* is a fized point of P.

Proof.  Notice that mq(P™ u)=m;(u*) so that by Theorem A.2 we have that
[P — p* || — 0 as k — oco. Therefore

[Pt P — P e < [P P — P i <[P Pp— P gl < ([P — gl
(4.15)
so that there is a limit limy_, o ||P"*Pu—P" pu|| 7, := B and by continuity

[P B — P il = [PP™ =P s [P =i =B (416)

If Pu* # p* and assumptions of Corollary 4.1 are satisfied, then by Theorem 4.1 we have
that ||PPup* —Pu* || < ||Pu* — p*||x =5, while

PR Pl = lim [PPR™ s~ BB | >
—00
Tim [[PP"— P = [Pt — = B (4.17)

and we have a contradiction. Therefore Pu* = u*. ]
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COROLLARY 4.2. If for some i € A we have that 0 is an accumulation point of ¢; and
w* €D is a fivred point of P, then there is no other fixed point v* € D. Consequently for
veD we have that any weakly convergent subsequence P™ v either converges to p*, as
n— 00, or to a measure i€ D\ D.

Proof. By Proposition 2.3 since p* € D we have that suppu*=R. Then we use
again Theorem 4.1. Namely when v* € D is another fixed point of P we have

" = v e = [Pp" —Brr||x <[ln* = vl (4.18)

which is a contradiction. Any sequence (P"v) is compact in Fortet-Mourier metric and
its subsequence converges to a measure fi, and the convergence is also in Kantorovich-
Wasserstein metric whenever ms(u)=1. In the last case we have = p* by uniqueness
of fixed point of P in D. 0

Using Theorem A.1 we can now strengthen the last corollary.

COROLLARY 4.3. Assume there is i€ A such that 0 be an accumulation point of
w;. Assume that p* € D is a fized point of P. Then for ve D for any limit of weakly
convergent subsequence P v which belongs to D 1is also in Kantorovich-Wasserstein
metric. Furthermore if the sequence n— P"v is uniformly integrable we have

lim ||P"v—pu*|x=0. (4.19)
n—oo

Proof.  As above using Proposition 2.3, since p* € D, we have that suppu*=R,.
The first part easily follows from Corollary 4.2. It remains to notice only that uniform
integrability of n — P"v together with weak compactness implies compactness of n—
P"v in Kantorovich-Wasserstein metric. Since any subsequence converges to the same
limit in Kantorovich-Wasserstein metric, we have (4.19). |

5. Asymptotic stability of the nonlinear Boltzmann-type equation
Consider now the following equation in the space of signed measures

dy

EH/}:IW for t>0 (5.1)

with initial condition

¥ (0) =1, (5.2)

where 1 € M1 (R4) and ¢ : Ry — M, (Ry). In this section we show that the equation
(1.1) may by considered in a convex closed subset D of a vector space of signed measures
Mig(Ry). This approach seems to be quite natural and it is related to the classical
results concerning the semigroups and differential equations on convex subsets of Banach
spaces (see [11,19]). For details see Appendix.

We finish the paper with sufficient conditions for the asymptotic stability of solutions
of the Equation (5.1) with respect to Kantorovich—Wasserstein metric.

Equation (5.1) together with the initial condition (5.2) may be considered in a
convex subset D of the vector space of finite signed measures Mg;,. We have

COROLLARY 5.1.  Assume p; € M1,i€{1,2,...,} is such that my(p;) = %, P is given by
(1.9) with > a;=1, a; >0. Then for every 1y € D there exists a unique solution 1 of

i=1
problem (5.1), (5.2) taking values in D.
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The solutions of (5.1), (5.2) generate a semigroup of Markov operators (P');>o on
D given by
Plug=u(t) for teRy, ug €D. (5.3)
Now using Theorem 4.1 we can easily derive the following result.

THEOREM 5.1.  Let P be the operator given by (1.9). Moreover, let (p1,02,...) be
a sequence of probability measures such that ml(ga):% and o; >0 be a sequence of

oo
nonnegative numbers such that Y «a;=1. Assume that 0 is an accumulation point of
i=1
suppyp; for some i€ A. If P has a fized point p* € D then
Jim [[6(0) — 1*[ e =0 (5.4)
for every sequentially compact (in Kantorovich-Wasserstein metric) solution ¢ of (5.1),
(5.2).

Proof. First we have to prove that (P');> is nonexpansive on D with respect to
Kantorovich-Wasserstein metric. For this purpose let 19,99 € D be given. For teR,
define

v(t) = P'1no— P . (5.5)
Using (A.13), Corollary 2.1 and (5.3) it is easy to see that
¢
o(t) :e*tv0+/e*<t*3>(P(Psno) —P(P%0y))ds for teR,. (5.6)
0
From Corollary 5.1 it follows immediately that

t

lo®lle < Yol + [ e lots)lleds for teRs. (5.7)
0
Consequently
t
OOt [fs)ds for teks, (5.8)
0

where f(t)=e¢!||v(t)||x. From the Gronwall inequality it follows that

Ft) <e'|[v(0)]|x- (5.9)

This is equivalent to the fact that (P')>; is nonexpansive on D with respect to Kan-
torovich - Wasserstein metric. Notice that p*, as a fixed point of P, is a stationary
solution to the Equation (5.1) i.e. P'u*=p*. To complete the proof it is sufficient to
verify condition (A.2) of Theorem A.1l.

From (A.13) and Proposition 2.3 and Theorem 4.1 it follows immediately that for
YPo€D and t>0

t

1Pt — 1 e < e[| o — ¥ 1 + / e~ (=5) PPy — Pu* | ds
0
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<e o —pllc+ 1 —e ) [P0 — 1" [lic < [lvho — 17| (5.10)
By Theorem A.1 we immediately obtain (5.4). d

We shall now study nonlinear Boltzmann Equation (5.1) using Zolotariev seminorm
following the results of [19]. Consider time discretized version of (5.1) with discretization
step h e (0,1)

T (1) () =P (1)) for 20 (511)

with initial condition

¥n (0) =0, (5.12)
where ¢ € M1(R4) and dp,(t) =nh for t € [nh,(n+1)h). Then
Yn((n+1)h) = (1=h)n(nh) +hPiy(nh) :=Prips(nh). (5.13)

Notice that fixed point of the operator P is also a fixed point of P, and vice versa. We
have:

LEMMA 5.1.  Under assumptions of Theorem 3.1 we have that
(i) when m, (1) <oo then m,(Ppu) <oo for any positive integer n and p € Mq(Ry),
(i7) |Prp—Ppv|, <An|lmu—v|, for p,v e My(Ry) such that m, (1) < oo, m,(v) <
oo with A\p, =1—h(1—X), where A=Y a;m,.(p;)1,
i=1
(tii) ||Ppp—p* |l < 21+%/\§ (||,u—u*||,n)% <K with p*€D being the unique fived
point of P and K = 1214+ (m,. (1) +m,(u*)).
Proof.  Under (3.2) using Proposition 2.1 we have that m,.(Pu) < oo and therefore
also m, (P p) < 0co. Then (i) follows by induction. (ii) follows directly from the definition

of P and (3.6). For fixed point p* of P, which is also a fixed point of P, and p € M (R4)
such that m,(u) <oo we have

[Py llr < Aplln—=vllr- (5.14)

Therefore using Theorem A.3 and then (3.3) we obtain
n * 1\ * 1
1Bl <2 A (la—p ) < K (5.15)

with K = L1215 (m,. (u) +m,.(1*)). 0
We recall now Lemma 3 of [19].

LEMMA 5.2.  Under the assumptions of Theorem 3.1, when p=1)g is such that m,(u) <
00, we have

[n(t) = (8)|lx <4KR(e* —1). (5.16)
We can now formulate:

THEOREM 5.2.  Under assumptions of Theorem 3.1 when u=1y is such that m,(u) <
oo we have that

9 (t) = p* [l < Ke™r Y, (5.17)
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Proof. We follow the arguments of the proof of Theorem 1 of [19]. Fix ¢ >0 and
for a given € >0 find positive integer n such that %4K(62t —1)<e. Then by Lemma 5.2

[9() ="l <[ (#) =@l + 19n () —p*llx <e+ K(1 - %(1 =A)T. (518)

Since 1 —x < e~ for £ >0 we have that (1—L(1—X))* < e~ +(1= and the claim follows
from (5.18) taking into account that e could be chosen arbitrarily small. 0

Acknowledgement. Research supported by the National Science Center, Poland
(grant UMO - 2016/23/B/5T1/00479).

Appendix. On a given complete metric space (F, p) consider a continuous operator
T or continuous semigroup (7%), for ¢ >0 transforming (E, p) into itself. Denote by w(x)
the set of all limiting points of the trajectory n—T"x or t — Tix respectively. We say
that n—T"x or t—T;x is sequentially compact if from every sequence T"™*x, Ttnkm
respectively, one could choose a convergent subsequence. Let Z be the set of all z such
that the trajectory t—Tix (n—T"x) is sequentially compact. We shall assume that

Z is a nonempty set and let Q= |J w(u). We have the following result formulated for
neEZ
semigroup 7, which naturally holds for continuous operator 7.

THEOREM A.1 (see Theorem 5.1.2 of [14]). Assume that T; is nonexpansive i.e.

p(Tyx, Tyy) < p(z,y) (A1)

for t>0 and there is x* € Q) such that for every x €, x#x* there is t(x) such that

P(Ti(a)x, To(y ™) < p(x,27). (A.2)

Then for z€ Z we have

tliglop(th,x )=0. (A.3)
DEFINITION A.1.  Sequence of probability measures p, defined on Ry is uniformly
integrable when

sup/xun(dx)%Q (A.4)

"M
whenever M — co.
THEOREM A.2. Assume that for sequence of probability measures ., defined on

Ry we have that mq(p,) <oo and pn, =, as n—o00. Then mq(u,)—mi(p) if and
only if measures pu, are uniformly integrable. Furthermore for sequence of probability
measures iy, defined on Ry such that mi(uy,) < oo and we have that convergence pu, = u,
as n— 00, together with convergence of mq(p,)—m1(p) is equivalent to convergence

[t = pall i = 0.

Proof. By Skorokhod theorem (25.6 of [3]) there is a probability space (2, F,P)
and nonnegative random variables X,, X with laws p, and p respectively such that
Xn(w) = X (w) for each weQ. Uniform integrability of p, is equivalent to uniform
integrability of X,,. By Theorem II T21 of [22] uniform integrability of X, is equivalent
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to the convergence mj (i) —mi(u). To prove the last statement of the theorem, notice
that when ||, —p|lx — 0 we have also ||pn, —p|| 7 —0, so that u, = p and mq(u,) —
mi(p). Assume now that p, = u, as n— o0 and mq(u,) —mi (). Then X,, defined
above converges to X in L'(P) norm. In particular for any function f with Lipschitz
constant not greater than 1 we have

ln (f) = (N = E[f(Xn)] = E[f(X)] < E[If(Xn) - f(X| S E[Xn - X[ =20 (A5)

as n— oo, which means that we have also convergence in ||-|x norm, which completes
the proof. O

REMARK A.1. The result above in not unexpected. For given measure p€ D define
ju(A):= [zp(dz) for Borel measurable set A. Then compactness of the closure of the
A

sequence {fi,, € D} is by Theorem 6.2 of [4] equivalent to the tightness of measures {fi,, },
which is equivalent to (A.4).

COROLLARY A.1.  Whenever D3 u, = p and sup,, mg(u,) < oo for some 8> 1 we have
|t — pellc =0 as n—oo.

Proof. 1t is clear that

x X 1 F B=1
sup/xun (dx) <bup /xﬁlun da: B /lsz,un(da:)) o (A.6)
" 0 0

Now f Lp>mpin(dz) < ﬁ so that p,, is uniformly integrable and it remains to use The-

orem A 2. 0

Before we formulate the next theorem we define metric d, in the space of proba-
bility measures defined on R, with finite 7-th moments, where r €[1,2). Namely for
probability measures p and v such that m,. (1) <oo and m,.(v) < oo let

1
dy () =it { (B(X =Y[")" }, (A7)
where infimum is taken over probability measures P on Ri such that their marginals
are p and v respectively. We have

THEOREM A.3.  For p,ve€ D such that m,(u) <oo and m.(v)<oo with r€(1,2) we
have

1
ln=viie <2@lp—vl) (A.8)
Proof. By [25] we have that d.(;1,) <2(2||pu—vll,)*. Clearly dy(u,v) <dy(p,v).
Since by Theorem 20.1 of [12] d; (p,v) = || — v/ we obtain (A.8). |

We recall now Kantorovich-Rubinstein maximum principle for our metric || - ||«, see
Corollary 6.2 of [24].

THEOREM A.4.  For probability measures p,v defined on Ry there exists fo € K such
that

=Vl = (fo,n—v). (A.9)

Moreover when fo €K satisfies (A.9) for measures p#v defined on Ry then there are
two different points x1,22 €Ry such that |fo(x1) — folx2)| =21 — 22|
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Finally we recall now some known results related with ordinary differential equations
in Banach spaces. For details see [11].

Let (E,|-||) be a Banach space and let D be a closed, convex, nonempty subset of
E. In the space E we consider an evolutionary differential equation
du ~
E:_U_FPU for teRy (A.10)

with the initial condition
u(0) =wuo, up €D, (A.11)

where P:D— D is a given operator.
Function u:Ry — E is called a solution to the problem (A.10), (A.11) if it is strongly
differentiable on R, u(t) € D for all t € R, and u satisfies relations (A.10), (A.11).
We have:

THEOREM A.5. Assume that the operator P:D — D satisfies Lipschitz condition
|[Pv—Puw| <l|v—w]| for w,we D, (A.12)

where l is a nonnegative constant. Then for every ug € D there ezists a untque solution
u to the problem (A.10), (A.11).

The standard proof of Theorem A.5 is based on the fact, that function w:R —D
is a solution to (A.10), (A.11) if and only if it is continuous and satisfies the integral
equation

t
u(t):e*tuo—k/e*(tfs)l—j’u(s)ds for teR;. (A.13)
0

Due to completeness of D, the integral on the right-hand side is well defined and equation
(A.13) may be solved by the method of successive approximations. Observe that, thanks
to the properties of D, for every ug€ D and for every continuous function u: Ry —D
the right-hand side of (A 13) is also a function with values in D. The solutions of (A.13)
generate a semigroup of operators (P “)¢>0 on D given by the formula

P tug=u(t) for teRy, up € D. (A.14)
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