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THE CAHN-HILLIARD-BOUSSINESQ SYSTEM WITH
SINGULAR POTENTIAL*

MAURIZIO GRASSELLI' AND ANDREA POIATTI

Abstract. We consider a Cahn-Hilliard-Boussinesq system with positive heat diffusivity and
singular potential on a two-dimensional bounded domain with suitable boundary conditions. For the
corresponding initial and boundary value problem we prove the existence of strong solutions and the
well-posedness for weak solutions. Then we set the diffusivity equal to zero. In this case, the model
can be viewed as an approximation of the two-dimensional compressible Navier-Stokes-Cahn-Hilliard
system proposed in [J. Lowengrub, L. Truskinovsky, Proc. R. Soc. Lond. A., 454:2617-2654, 1998]. In
particular, the heat equation turns out to be the continuity equation for the fluid density. In the case of
zero diffusivity, existence and uniqueness of weak and strong solutions are established. In addition, we
show that the solution to the diffusive problem does converge to the solution to the diffusionless when
the diffusion coefficient goes to zero. In particular, we provide an error estimate for strong solutions.
The validity of the uniform separation property from the pure states is finally proven for both the cases.

Keywords. Boussinesq equations; Cahn-Hilliard equation; logarithmic potential; weak and strong
solutions; uniqueness; strict separation property.
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1. Introduction

One of the oldest approaches to multi-phase problems is the phase-field method
characterized by the notion of diffuse interface. This means that the transition layer
between the phases has a finite size. Thus there is no tracking mechanism for the
interface, but the phase state is incorporated into the governing equations. The (diffuse)
interface is associated with a smooth, but highly localized variation of the so-called
phase-field variable. In the diffuse interface theory, the motion of a mixture of two
incompressible viscous fluids and the evolution of the interface that separates them are
described by the Model H (see, e.g., [4,30,31]). Although it is assumed that the fluids are
macroscopically immiscible, the model accounts for a partial mixing on a small length
scale measured by a parameter a >0, called capillary coefficient. Therefore the classical
sharp interface between both fluids is replaced by an interfacial region and an order
parameter related to the concentration difference of both fluids is introduced, leading
to the coupling with the Cahn-Hilliard equation.

A compressible version of the model H is obtained in [40] with a rigorous physical
derivation. Consider a mixture of two immiscible substances A and B, which is ho-
mogeneously distributed and isothermal. Let Q be a bounded domain in RY, N =2,3,
filled with a binary solution consisting of A and B atoms. We define their relative mass
fraction (assumed to be non-uniform) as p4(z) and pp(x), with ¢ :Q—[0,1], k=A, B
and pa(z)+pp(x)=1. The order parameter is then defined as ¢(x):=pa(z) —¢p(x)
so that ¢ : Q2 — [—1,1]. The model H is thus expressed through the following compressible
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898 THE CAHN-HILLIARD-BOUSSINESQ SYSTEM WITH SINGULAR POTENTIAL
Navier-Stokes-Cahn-Hilliard (NSCH) system

poru+p(u-V)u+Vr —div(v(p)Du) — V(div u) = —a div(pVe @ Vo) + pg
Pat<P+Pu'v<P:A(*%diV(PVQQ)JF\Iﬂ(‘P)) (1.1)
Op+u-Vp+pdiv(u) =0,

in Qx(0,T), for some given T' >0, with suitable boundary and initial conditions. Here
u represents the (volume averaged) velocity, Du is the strain rate tensor, = denotes the
pressure, v(¢) >0 is the viscosity of the mixture (possibly depending on ¢), g=—ve,
is the gravitational force and ¥ is the double-well potential defined by

U(s)= g((l+s)ln(1+s)+(l—s)ln(l—s)) - %82 Vse[-1,1], (1.2)

with @ such that 0 <@ < ag, constants related to the temperature of the mixture. The
potential defined in this way is called singular. However, many authors (see, e.g., [18,42]
and references therein) considered a proper approximation, which avoids the fact that ¥’
is unbounded at the pure phases —1 and 1. The most common choice is a polynomial of
fourth degree, typically ¥(s)=1(s*—1)? and usually called regular potential. However,
the polynomial approximation does not ensure the existence of physical solutions, that
is, solutions whose values are in [—1,1], due to the lack of comparison principles for the
Cahn-Hilliard equation.

As shown in the Appendix, performing a (formal) perturbation argument [26], we
can obtain the following approximating system, which is the main subject of our analysis

dru+(u-V)u+ p%VW —div ("(“0) Vu) =—a div(Ve®Vy) - Lye,

o
divu=0 (1.3)
dptu-Vo=A (—%A@Jr p%qﬂ(g;))

Op+u-Vp=0.

Assuming now p*=1 and v=—1, setting § =p, and imposing suitable boundary and
initial conditions, we thus have the following problem for (u,¢,6)

dpu+(u-Vi)u+Vr —div(v(p)Vu) = uVe+ ey

divu=0

dip+u-Vo=Apu

0+u-Vo=0 (1.4)

p= —alp+¥'(p)

u(0)=ug, @(0)=pe, 6(0)=0 in Q

Onp=0, Ohu=0, u=0 on 9Q,te (0,7),

where p is the so-called chemical potential. Observe that the so-called Korteweg force
—a div(Ve® V) can be equivalently rewritten as uVe. Indeed we have

« .
pVeo=V (§|V90|2+‘I’(<P)) —a div(Vea Vo),

so that the first term on the right-hand side can be viewed as an extra-pressure. Note
that the fluid density p is here denoted by 6, and it is interpreted as the temperature
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of the mixture. Indeed, in the Boussinesq approximation the two quantities are linearly
dependent: p=pg—apo(0—0y), where po>0 and & >0 are a given density and the
coefficient of thermal expansion, respectively. System (1.4) is also known as Cahn-
Hilliard-Boussinesq system without diffusivity. We recall that the mere coupling of
Navier-Stokes system with the convection-diffusion equation for 6, named Boussinesq
equations, has been widely studied in the literature. We refer the reader, for instance,
to [6,11,33,34,36-38,54] for the case without diffusivity and to [7,10,12,33,51] for the
diffusive case.
Problem (1.4) with diffusion reads

Opu+(u-V)u+Vr—div(v(p)Vu) = uVe+ e,

divu=0

Orp+u-Vo=Ap

Of+u-VO—rAO=0 (1.5)
p= —alp+¥'(p)

u(0)=ug, @(0)=pe, 6(0)=0 in Q

Onp=0, Opu=0, u=0, fO=g on 09, t€(0,T).

Here x>0 and g is a given boundary datum.

Problems like and (1.4) and (1.5) have been considered in the literature, as far as we
know, for regular potentials only. Problem (1.5) in the inviscid case has been analyzed
in [52,53] in a two-dimensional bounded domain. The first contribution contains global
existence and uniqueness of smooth solutions with smooth initial data. The latter is
concerned with large-time behavior of solutions. The inviscid case is also considered
in [15]. Here, some blow-up criteria for smooth solutions in three dimensional bounded
domains are shown. In [41] the viscous case with no diffusivity and the inviscid case with
diffusivity are analyzed. Global well-posedness results in a two-dimensional bounded
domain are obtained. The viscous case with no diffusivity is also considered in [14].
The existence of a strong solution is proven, passing through the strong solutions to the
system with diffusion, letting the thermal conductivity vanish.

On the other hand, it is worth recalling that the theoretical literature on NSCH
systems is much richer. We just mention some contributions. The incompressible NSCH
system was firstly considered in [46] and [8] (see also [5,21-23] and the references
therein). The case of singular potential and constant mobility was analyzed in [1]
and, more recently, in [28]. Concerning the non-homogeneous case (i.e. non-constant
density), in [29] the reader can find a detailed analysis of the literature on this subject.
Model (1.1) has been studied in [3] where the existence of a global weak solution was
obtained (see also [13]). Then the existence of local (in time) strong solutions have been
proven in [2].

The main goal of this work is the analysis of problems (1.4) and (1.5) in a two-
dimensional bounded domain with the physically relevant potential ¥. Some basic
ideas originated from the techniques devised in [28]. From now on, for the sake of
simplicity, problems (1.4) and (1.5) will be called CHBy and CHB,, respectively. Our
results are the following:

(1) existence (and uniqueness) of a strong solution to CHB,;
2

(2)
(3) continuous dependence on data and uniqueness of weak solutions to CHB,;
(4) existence and uniqueness of weak and strong solutions to CHB;

existence of a weak solution to CHB;
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—
(@24
=

error estimate for the difference of strong solutions to CHB, and CHB;

—~
D
=

regularization in finite time for any weak solution to CHB;

A
-
-

validity of the instantaneous separation property for any weak solution to CHB,
namely,

Vr>0 36=6(1)>0:[lot)c@m<1-6 Vt=m;

(8) any strong solution to CHBy is strictly separated in [0,7T], T € (0,00).

It would be challenging to extend our analysis of (1.5) to the case of non-constant
viscosity (see [28] for NSCH). Indeed, even though the existence of weak solutions can be
shown using a suitable Galerkin approximation scheme (see Remark 4.3), the existence
of more regular solutions is not at all straightforward. A further issue could be the long-
time behavior of the solutions, namely, the existence of global and exponential attractors
as well as the convergence of a given (weak) solution to a single equilibrium. It would
also be very interesting to study the behavior of solutions to (1.5) when the viscosity

v vanishes (see, e.g., [12] for the Boussinesq equations and [16] for the incompressible
NSCH).

Plan of the paper. In Section 2 we introduce the main assumptions and the
functional framework as well as we report some basic tools from functional analysis. In
Section 3 we give the notions of weak and strong solutions to problems CHB,,, CHB,
together with the main results of the paper. The other sections are devoted to the proofs
of our main results. More precisely, Section 4 contains the proofs related to problem
CHB,; (see (1)-(3)). In Section 5, the proofs of (4)-(5) are given, while regularization and
strict separation property (see (6)-(8)) are demonstrated in Section 6. The Appendix
contains a derivation of (1.4) from (1.1) through a formal perturbation argument.

2. Preliminaries

2.1. Assumptions on the potential and its approximation. We take a
slight generalization of the logarithmic potential ¥, namely a quadratic perturbation
of a singular (strictly) convex function in the closed interval [-1, 1]. More precisely, we
consider

U(s)=F(s)— 02 (2.1)

where F'€ C([—1,1])NC3(—1,1) is convex and fulfills

lim F'(s)=—00 lim F'(s) =+o0 F'(s)>a Vse(-1,1),

s——1 s—1

namely we consider a double well potential, assuming &=y —a > 0.

This means that
U’ (s)>—a Vse(-1,1). (2.2)

We also extend F'(s) =+o0 for any s ¢ [—1,1]. Notice that the above assumptions imply
that there exists sg € (—1,1) such that F’(sg) =0. Without loss of generality, we assume
that so=0 and that F(sg)=0 as well. In particular, this entails that F(s)>0 for any
s€[—1,1]. Moreover we require that F” is convex and

F"(s)<CeCF'G vse(—1,1) (2.3)
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for some positive constant C. Also, we assume that there exists v € (0,1) such that F”
is nondecreasing in [1 —+,1) and nonincreasing in (—1,—1++]. These hypotheses are
fulfilled by the logarithmic potential defined by (1.2) and extended by continuity at —1
and 1.

In the first existence result we need to introduce a suitable approximation ¥y of
W. Let us recall the existence of a sequence of regular functions F which approximate
the singular function F. For any A>0 we introduce Wy (s)=Fx(s) — % s*, where F)
(see [19, (3.7)] and [28, Thm.4.1]) and we recall that F enjoys the followmg properties:
There exist 0< A<y <1 and C >0 such that

(1) Up(s)>2s2—C>—C, YAE€(0,N],VsE€R;
(2) ¥y eC%(R) for every 0 <A< A;

(3) asA—0, F\(s) = F(s) forall seR, |Fy(s)|— \F’(s)| for se (—1,1) and F converges
uniformly to F’ on any compact subset of (—1,1). Furthermore, |F(s)|— +oc for
every |s| >1. Moreover, we have, for A € (0, )], F,\(s) F(s), for every s€[—1,1] and
|F{(s)| <|F'(s)], for every s€ (—1,1);

(4) Fy'(s)>0 Vs€R for 0< A<, entailing

U (s)>—ap VseR; (2.4)

(5) there exists a positive constant C'=C(,) (see [19] and [24]) such that, for 0 <A<,

[IB@a<c ] | Bee-pyis|+c, (2.5)
Q Q

provided that @, € (—1,1), where we denote by f the integral mean of f over Q.

2.2. Notation and function spaces. Let {2 be a smooth bounded domain of
R2. For the velocity field we set

(L2 (Q)]? (H' ()]

H,=Tuec [C(Q): divu=0} —Tue CF(Q: divu=0}

W, =[H*(Q)]*NV,.
For the order parameter we define
V=HY(Q), Va={veH*Q): dav=0 on 9Q}.
For the temperature field we set
H=1*Q), Vy=H}Q) Vi=VenH?*Q).

We denote by (-,-) the standard inner product in H, (or in H) and by ||| the
induced norm. In V,, owing to Poincaré’s inequality, we can define the inner product
(u,v)v, =(Vu,Vv) and the induced norm ||v|jy, =|Vv||. We then indicate by (-,-)
the canonical inner product in V', while ||-||; stands for its induced norm (we define as
|| |l1 the canonical norm of [H!(£2)]? as well). Moreover, we consider the Stokes operator
A =—PA, with domain D(A)=W,, where P is the Leray orthogonal projector onto
H, and we define ||[v[]3y :=(Av,Av).
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We also recall that the trilinear form defined by

2
b(u,v,w)= Z /Qu]gzzm dx,
J

ij=1
for any u, v, w € [H(2)]?, satisfies
1 1 1 1
[b(u,v,w)| <C|[Vul|z[[u]| 2[[Vv] [[w]z[|[Vw]2 (2.6)

for any u, v, w € V,. Moreover, due to its antisymmetry, for any v, we€ H'(Q) and ue
V., we have that

1 1 1 1
[b(w, v, w)| < [lufz[afl V][> [[v]IF [Iw]- (2.7)

2.3. Basic inequalities and tools. = We now recall some classical inequalities
used in the proofs, valid for Q C R? being any bounded domain with smooth boundary

0.
- Trudinger-Moser inequality (see, e.g., [43])

/e'“‘dxgcecl\u\|%7 YueV. (2.8)
Q

We also recall the following density result. Let X and Y be two Hilbert spaces such that
Y is continuously and densely embedded into X. Let T'>0 and p,q satisfy 1 <p,q < cc.
Applying [17, Thm.5.0.27] to L9(0,T; X ), together with the representation formula of [9,
Prop.I1.5.11], we infer

LEMMA 2.1. C*°([0,T];Y) is dense in

d
Epq:= {uGL”(O,T;X) : dtueLq(O,T;X)}.
Referring, for instance, to [28, Appendix B, we denote by A~ the inverse map of the
Stokes operator so that ||f], :=||VA ™| is an equivalent norm on V/,. We then have,
due to regularity results, that

3C>0 s.t. [|ulgz) <Cllullw, YueW,. (2.9)

Furthermore, we introduce the Riesz isomorphism Ag:Vy— Vy by setting < Agu,v>=
(Vu, V) for every v € Vy. Then, denoting by Ay its inverse map, we have that || f||; :=
VA f| is a norm on V, equivalent to the natural one and (see, e.g., [48, Ch.2])

145" Fllez @) <CIfIl YfeH. (2.10)

Finally, recalling [28, Appendix A], we set Vo={v€V:9=0} and its dual V. The
restriction Ay to Vj of By:V — V' defined by < Bou,v>=(Vu,Vv) for all veV, is an
isomorphism from V; onto V. Thus we denote by Ay its inverse map and we set
| f]«:= \|V§071f||, which is a norm on VJ equivalent to the canonical one.

2.4. The lift operator. We analyze the case of nonhomogeneous Dirichlet
boundary conditions for 6 and we introduce the lift operator 6, presented, e.g., in [7,
Sec.2): It is the harmonic extension of the boundary datum g in Q for any t€[0,7].
Since Q is smooth, from [39], if g belongs to LP(0,T; H™/2(99)) for some m > —1 and
some p € [1,00], and dyg € LI(0,T; H*~1/2(99)) for some k > —1 and some g € [1,00], then
0,€ LP(0,T; H™(Q)) and 9,0, € L1(0,T; H*(Q)).
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3. Main results

In this section, the generic constants C' >0 (and in some cases C> 0) appearing in
the estimates, unless otherwise indicated, depend on T, the norms of the initial data,
the domain €2, the potential F, the parameters and the coefficients of the problem, but
are independent of ¢.

3.1. Weak and strong solutions.

CHB,, system. The basic assumptions are
(1) k,v>0;
(2) ge H'(0,T;H'/(09));
(3) o€ VNL>(Q) with [l¢o|lL= (@) <1, [Fol <1
(4) uwpeH,;
(5) 6peH.
Here f stands for the spatial average of f.
Let us introduce the notion of weak solution to CHB,.
DEFINITION 3.1. Let hypotheses (1)-(5) be satisfied. Given T >0, a triple (u, ¢, 0) is
a weak solution to CHB,; on [0,T] if
o uc L>=(0,T;H,)NL*(0,T; V,)NH(0,T; V,);
o meWL(0,T;H);
o e L>=(0,T;V)NL*0,T;Vo)NL2(0,T;W2P(Q))NH(0,T; V'), 2<p< o0;
o e L>®(0x(0,T)) and |p(x,t)| <1 for a.a. (z,t)€Qx(0,T);
e € L>(0,T;H)NL*(0,T;V)NH(0,T;Vy) and =g a.e. on 9Qx (0,T) in the
sense of traces;
< Ou,w> +b(u, u,w)+ (vVu,Vw) = —(oVy,w)+ (0,e2- w) Ywe V, (3.1)
<O, v>4+(Vu,Vu)+ (u-Vo,v) =0 YoeV .
<0:0,6>+(kVO,VE) + (u-VH,£)=0 VEeVy (3.3)

for almost every t € (0,T);
o u=—alp+V'(p) a.e. in Qx(0,T) with ue L?(0,T;V);
b ’UJ(O):'U,(), QD(O)ZQDOa 0(0):90

REMARK 3.1. Notice that any ¢ in the class of admissible initial conditions has finite
energy &(pg) < 0o, where

&)= [ (5196l +u(e)do. (3.4)

Indeed, by |@olre() <1, we easily infer that ¥(pg)€L'(Q). The assumption on
the total mass [gy| <1, however, prevents the existence of the pure phases (i.e.
wo=1 or pg=—1). Besides, we notice that any solution satisfies the mass conserva-
tion property, namely

D(t)=py(t) Vt>0.

REMARK 3.2. Note that ue C([0,7],H,), ¢ €C([0,T7],H) and € C([0,T],H) by
standard results. Thus the initial conditions make sense in L?. Moreover, it can be
shown (see Remark 3.13 or [1]) that ¢ € C([0,T];V).
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REMARK 3.3. As is customary, the pressure term 7 is dropped in the weak formulation.
The pressure can be recovered (up to a constant) thanks to the classical de Rham’s
theorem (see [9, Sec.V.1.5] or [47]): There exists, up to an additive constant, the pressure
7 in W=5(0,T; H).

REMARK 3.4. Due to regularity estimates, since u € L?(0,T;V) we immediately deduce
from the definition of p itself and from [28, Thm.A.2] that p€ L?(0,T;W2P(Q)), 2<
p<oo.

Let us now introduce the definition of strong solution.

DEFINITION 3.2. A weak solution to CHBy, is a strong solution if
o we L=(0,T; V,)NL2(0,T; W,) N H(0,T; H,);
o 7€ L?(0,T;V);
o e L0, T;W2P(Q)NVa)NHY(0,T;V), with 2<p< o0o;
o e L>®0,T;V)NL20,T; H3(Q)NVo)NHY(0,T;V");
e 0 L>(0,T;V)NL?(0,T; H*(Q))NHY(0,T;H) and =g almost everywhere on
00 x (0,T) in the sense of traces.
Therefore this solution satisfies (1.5) almost everywhere in Qx (0,T).

REMARK 3.5. Again we can recover the pressure as in Remark 3.3, but in this case,
arguing as in [47], we can obtain higher regularity. Indeed, we have

f=uVey—ou—(u-V)utbe, € L2(0,T;[L*(Q))?),

where § € L?(0,T;H). Then we deduce that the pressure 7 satisfies

T T
| s e [ e <o,
0 0

therefore m € L?(0,T;V) and —vAu+ V7 =f almost everywhere in Qx (0,7 .

REMARK 3.6. Since we have that pe€ L°°(0,T;V)NL2(0,T;H3(Q))NH(0,T;V’), we
also get 0,1 =0 almost everywhere on 92 x (0,7).
CHB, system. We now introduce the notions of weak and strong solutions to

CHBy or, equivalently, to the incompressible approximation of compressible NSCH sys-
tem (see (1.3)). Concerning the weak solution, we have

DEFINITION 3.3. Letv>0. Given T >0, a triple (u, @, 0) is a weak solution to CHBy
on [0,T] if

o uc L>=(0,T;H,)NL*(0,T; V,)NH(0,T; V,);

o meWL(0,T:H);

o e L=(0,T;V)NLA0,T;Vo)NL2(0,T;W2P(Q))NH(0,T;V'), where 2<p<

00;
o e L>®(0x(0,7)) and |p(x,t)| <1 for a.a. (z,t)€Qx(0,T);
o 0 L®(0,T;H)NL®(Qx (0,T))NH(0,T;V});

<Opu,w>+b(u, u,w)+ (vVu,Vw) = —(oVu,w)+ (0, e2-w) Ywe V, (3.5)
<Opp,v>+(Vu, Vo) + (u-Ve,v) =0 YvevV, .
<0,0,6>—(uh,VE) =0 VeV, (3.7)

for almost every t € (0,T);
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o p=—alp+V'(p) a.e. in Qx(0,T) with pe L?(0,T;V);

e u(0)=u, (0)=¢o  0(0)=0by,
REMARK 3.7. The initial condition 6(0)=6y is still meant in the strong sense. In-
deed, thanks to the DiPerna-Lions theory of renormalized solutions for the transport

equation, it can be shown that any weak solution to the transport equation satisfies
0eC([0,T];L*(2)), for any 1 <p< oo (see, e.g., [9, Thm.VI.1.3]).

The notion of strong solution reads as follows.

DEFINITION 3.4. A weak solution to CHBy (see Definition 3.3) is a strong solution if
e uec L>(0,T; V,)NL*0,T; W,)NL2(0,T;[W?P(Q)]?)NH(0,T;[LP(Q)]?), for

any 2 <p<oo;

7€ L*(0,T;V);

@€ L>(0,T;W21(Q)NV2) NHL(0,T;V), for any 2<q<oo;

lp(z,t)| <1 a.e. (x,t)eQx(0,T);

pn€ L=(0,T;V)NL2(0,T; H3(Q)NVo) NHL(0,T;V');
e 0 L>®(Qx (0,7))NL>(0,T; H*(Q))NWL(0,T; H).

Thus the solution satisfies (1.4) almost everywhere in Q x (0,T).

REMARK 3.8. The pressure m can be recovered as above (see Remarks 3.3 and 3.5).

We can now state our main results.

3.2. Well-posedness of CHB,,. Let us begin with the existence (and unique-
ness) of strong solutions to CHB,.

The additional hypotheses to (1)-(5) are the following:

(6) wo€Va;

(7) po=—alpo+¥'(pg) €V;

(8) uo€Vy;

(9) g€ L*(0,T; H3/2(0Q))NH (0,T;H'/?(09));

(10) 6o €V and 0y =g(0) on O in the sense of traces.

REMARK 3.9. On account of [49], since o €V, we notice, from [28, Thm.A.2], with
f=po+aopo €V, that g € W2P(Q) for every p>2 and F’(pg) € LP(Q) for every p>2.
Moreover, from property (2.3) of F and again by [28, Thm.A.2] (see also [27, Lemma

5.1]), since f €V, we deduce that F" (o) € LP(Q) for every p>2. Since @y belongs to
V and F' € C?((—1,1)), we can apply the chain rule to obtain

VF'(po)=F"(¢0)Veo,
but then HVF/(@O)”LP(Q) < HF”(@O)”sz(Q)||th0||L2p(Q) < 00, since V(poEWl’q<Q) for

every ¢>2. Therefore we get F'(po) € W1P(Q) for every p>2, implying that F'(ipg) €
L>(Q) and thus we obtain that the initial field ¢ is strictly separated. Indeed, there

exists 6 >0 such that

lollogm < 1-6.

The existence of a strong solution is given by
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THEOREM 3.1.  Let hypotheses (1)-(5) and (6)-(10) be fulfilled. For any given T >0,
there exists a triple (u, p, 0) which is a strong solution to CHB,; according to Definition
3.2. Moreover, if 0y € L (Q)NVy and ug € W,,, then we have the additional regularity:

o uc L>(0,T; V,)NLA0,T;[W%4(Q)]?) with d;ue L*(0,T;[L1(Q)]?), for every
q=2,
e 0 L>(Qx(0,T)),
and

101 o @x(0,m) C5 N0l 20,7529 02)12) + 1wl L2(0,75w2.0 (0))2) S C (3.8)
independently of k.

REMARK 3.10. If 6y € L*>(Q), for a strong solution we infer that

101 Lo (x (0,7)) S C (100l (), 9]l L= (902 (0,7 )+

also in the case g#0, as long as g€ L>°(9Q x (0,7)), which is ensured by assumption
(I4). This can be deduced from [35, Ch.ITI, Thm. 7.2] or more simply by the following
argument. Let us define x = |0 o (r,), where I'r =002 x [0,T]UQ x {0} and set {=
(6—x)" in (3.3). Note that, by construction, £(0)=0 and £=0 on 9N for almost any
t€[0,7T]. Therefore we can integrate by parts without considering the boundary terms,
and, recalling that (u-V6,(6—x)")=0 due to the zero-divergence property of u, we

obtain, owing to the regularity of # and u,
L) 24 V(6—x) =0
2 dt ’

which implies that 6 <||6]| L) almost everywhere in €2 x (0,7'). Applying the same
argument using £ = (6 + x)~, we eventually reach the desired conclusion. If 6y € L ()
and g=0, we easily infer that, also for a weak solution, ||0||za(q) < |00l La(q) for almost
any t € (0,T) and for every ¢> 2, implying that [|0]| e (ax(0,7)) <100l £ (0)-

REMARK 3.11. Given a strong solution, there exists Ty > 0 sufficiently small such that
the solution is strictly separated on [0,7p]. Indeed, p€ L2(0,T;H?(2))NH(0,T;V)
for any T>0. Then, by [9, Thm.IL.5.14], we get e C([0,T7; [HQ(Q),V]%), but

[Hz(Q),V]% = H3/2(Q) (with equivalent norms) and H?3/2(Q)< C (). Thus we infer
0 €C([0,T];C(2)) and, by Remark 3.9, there exists Tp > 0 such that lellc@ <1 — 4 for
every t € [0,Tp).

We now state a stability estimate for the strong solutions, which entails uniqueness.

THEOREM 3.2. Consider two sets of initial data (up1,%01,001) and (uo2,po2,002)
satisfying the assumptions (1)-(5) and (6)-(10), with the same Dirichlet boundary datum
g, and denote by (u1,01,01) and (ua,p2,02) the corresponding strong solutions. Then
the following continuous dependence estimate holds.

(|1 (t) — w2 (t)[| +[l01 () =2 ()| + 101 (t) — O2(2) |
<C(||uor — o2l + |01 — woz ||+ [|6o1 —boz2|))  Vt€([0,T7]. (3.9)

Let us introduce the total energy E of the Cahn-Hilliard-Boussinesq system (3.4)

1 1
E(u,¢,0) ::§IIUH2+5(<P)+§H9*99||2~ (3.10)
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REMARK 3.12.  We notice that (3.10) does not take into account the energy coming
from an external source, which is here represented by the boundary datum g.

As we shall see, the existence of a weak solution can be deduced by constructing a
suitable sequence of strong solutions. More precisely, we have

THEOREM 3.3. Let hypotheses (1)-(5) be satisfied. For any given T >0, there exists a
triple (u, @, 0) which is a weak solution to CHBy; according to Definition 3.1. Moreover,
the following energy identity holds

d

T B(0.0) +v[Vul® + x| VO + ||V
=(0,u-e) —(0:04,0) —k(V0;,VO) —(u-V0,,0) a.e. in (0,T), (3.11)
where ©=0—0,.

REMARK 3.13. From the energy identity (3.11), we deduce the regularity ¢ €
C([0,T];V) (see, e.g., [1]). Actually, the energy identity entails o € AC([0,T];V). More-
over, we have that the function ¢+ [, F(¢(t))dz is bounded for all ¢ >0. Therefore we
also have

sup|[(t)|| L= () < 1.
>0

The weak solution is also unique. Indeed, we have

THEOREM 3.4.  Let (u;,p4,0;), i=1,2 be weak solutions given by Theorem 3.3 cor-
responding to initial data (uo;,po0i,00:) and boundary datum g. If Gy =Py, then we
obtain the estimate

w1 (8) — w2 ()| vr, + 1 (£) — 02 () | +[[62.(2) — O2()]| v,
<C(||uor — ozl v, + |01 — wozllm + (|01 —bo2(|v;,) ~ VEE[0,T], (3.12)
for some positive constant C. If also the initial data coincide, we have (ui,p1,01)=
(u2,p2,02) almost everywhere on [0,T].
Let us now state the corresponding results for CHBy.

3.3. Well-posedness of CHBy. Our assumptions are:
(11) v>0;
(12) o € VNL>(Q) with |[pol| (o) <1 and [By] < 1;
(13) upeH,;
(14) e HNL>(Q).
The existence and uniqueness of a weak solution is given by
THEOREM 3.5.  Let (11)-(14) hold. For any given T >0, there exists a unique triple

(u, @, 0), which is a weak solution to CHBy according to Definition 3.5. Moreover, we
have the following additional regularity:

TVl e )2

lull 20,731 (2))2) +Sup/ R g < o, (3.13)
p>2J0 p

for some positive constant C.

The existence of a strong solution requires assumptions (11)-(12) and
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0=—alApo+¥'(po) EV;
uOEVVU;
(18) 6y € H2(Q).
THEOREM 3.6.  Let (11)-(12) and (15)-(18) hold. For any given T >0, there exists

a triple (u, @, 0) which is the unique strong solution to CHBy according to Definition
3.4.
Uniqueness of a strong solution comes directly from Theorem 3.5. In addition we

can prove a weak-strong continuous dependence estimate.

THEOREM 3.7.  Let (w1,¢1,01) be a strong solution given by Theorem 3.6 and corre-
sponding to the initial data (po1,u01,001). Then let (uz,p2,02) be a weak solution given
by Theorem 3.5 and corresponding to the initial data (o2,uo2,002). If o1 =Pgo then

[Jua (8) — w2 ()| v, + [l1. () — o2 () | - +[161.() = O2(E) [l v
<C(lluor — w0z v, + llpo1 — ozl + |601 —bozlv;)  VE€[0,T7, (3.14)
for some positive constant C.

We can also prove an error estimate which quantifies the velocity of convergence of
the strong solutions to CHB,, to the (unique) strong solution to CHBj as x — 0.

THEOREM 3.8.  Consider the initial data (ug,p0,00) satisfying the assumptions (11)-
(12) and (15)-(18). For any k>0, let moreover g=0ypq. Denote by (ug,px,0x) and
(u,0,0) the corresponding (unique) strong solutions to CHB,, and to CHBy. Then the
following estimate holds

sup [Ju(t) —ue(t)[|[+ sup [lo(t) —px(t)|+ sup [[0(t) = 0.()[|<C(VE+r), (3.15)
t€[0,T) t€[0,T) t€[0,T]

with C=C(T) independent of k.

Finally we state some regularization properties of the weak solutions as well as the
strict separation property.

3.4. Regularization and strict separation property. The following result
shows that a weak solution to CHB,; regularizes instantaneously, that is, a weak solution
gets strong in finite time. It also deals with the strict separation property. We have

THEOREM 3.9. Let R>0, m=g,<(—1,1) and 7> 0 be given. Suppose g=0 (and thus
0,=0) and assume that (ug,po,00) satisfies (1)-(5) with E(ug,p0,00) <R. If (u,p,0) is
the corresponding weak solution to CHB,, then there exist two positive constants My =
Mi(R,m,T) and My= My(R,m,T), independent of the initial datum, such that

sup [|u(t) | v, +sup||(t)[lv +supl|0(£)[|v, <M, (3.16)
t>T t>T t>T1
and

lull L2t o1, w,) + 10sull Lot e 1:m,) + 1060l L2t 411
F0N 2t e+ 1,v2) T 1100 L2t 4150y < Mz VEZ T (3.17)

In addition, for any p>2, there exists a positive constant Ms= Ms(R,m,7,p) such that

|21l Loo (00, w22 (2)) F 1 E" (@)1 Lo (7,00, Lr (2)) < M3, (3.18)
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and there exists 6 =5(R,m,7) >0 and My=My(R,m,T) such that

jgp\lcp\\c@ <1-4. (3.19)

Further regularity estimates are given by
THEOREM 3.10. Under the same assumptions of Theorem 3.9, there exist two positive

constants My= My(R,m,7) and Ms= Ms(R,m,T), independent of the initial datum,
such that

||atu||L°°(‘r,oo,Ha) + ||at<pHL°°(‘r,oo,H) + ||6t9||L°°(T,OO,H) < M47 (320)
0cull L2(t,e41:v) H 0Pl 2t 1,2 ) T 100 L2t e 41v) S M5 V=7, (3.21)

|6l oo (7,00, W, ) 12| oo (7,00, H2.(22)) < M. (3.22)

REMARK 3.14. If we consider (ug,®o,0p) as an initial datum satisfying (6)-(10), since
the solution is strong from ¢t =0, we know (Remark 3.11) that there exists Ty >0 such
that, for ¢ in Remark 3.9, [|¢[lo@) <1—0 for every t€[0,7p]. Holding (3.19) for any

7>0, we choose 7=Tp: defining § =min{4,5(Ty)}, we obtain
sup||e(t)ll ¢y <19,
>0

noticing that § depends only on the initial data and Tj: any strong solution is strictly
separated from the initial time t =0.

Concerning CHBy, due to its non-dissipative nature, we can establish the separation
property for strong solutions only and on a finite time interval [0,7].

THEOREM 3.11.  Assume that (ug,po,00) satisfies the assumptions of Theorem 3.6. If
(u,p,0) is the corresponding (unique) strong solution then, for every T >0, there exists
0=46(T)>0 such that

sup ||<P||c(ﬁ) <1-9, (3:23)
0<t<T

meaning that, for any fized T >0, any strong solution is strictly separated on [0,T].

REMARK 3.15. We point out that, for both CHBy and CHB,,, further results about the
existence of solutions with corresponding stability estimates can be proven. In particular
the existence of solutions such that (1.4);-(1.4)3 and (1.5);-(1.5)3, respectively, are
satisfied almost everywhere in QX (0,7), whereas (1.4);, and (1.5)4, respectively, are
satisfied only in the weak formulation can be shown.

4. Proofs of Section 3.2

Proof. (Proof of Theorem 3.1.) The proof is based on a Galerkin approximation
for the problem combined with the regularized potential Wy, provided that the initial
datum ¢q is suitably regularized. Within this proof, C'>0 stands for a constant inde-
pendent of ¢,n, A, which may vary from line to line. Following [28], we introduce the
globally Lipschitz function h,:R— R, r €N such that

—r, z< —T,
hr(2)=< 2z, z€[-rr],

r, Z>T.
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Then we define fig, =h,ofig, where fio=—aApo+F'(po) = po+aopo. Since fig €V,
on account of, e.g., [45], we have fig . €V, for any r >0, and Vi, . = Vo X[—r,. (f0)-
This in turn gives

20,0l < [ Fo]l1- (4.1)

For r € N we consider the Neumann problem

(4.2)

—alApor+F'(po,r)=fo,r inQ
Onpo,r=0 on 0f).

Recalling [28, Lemma A.1], we know that there exists a unique (strong) solution to (4.2)
such that g, € Vo, F'(¢o,) € H. In addition, by [28, Thm.A.2] and (4.1) we get

le0.rllve <O+ 0l])- (4.3)

Since fig,, — fio in H then o, — @ in V (see [28, Lemma A.1]). As a consequence,
there exists an m € (0,1), independent of r, and k sufficiently large such that

loorlls <1+ leolls, o, <<l Vr>k. (4.4)

In addition, from [28, Thm.A.2], with f =i, we obtain
1 F' (00,0l Lo () < || fi0,r ]| oo @) <7
In conclusion, since g - € C(Q), we can say that there exists § =4§(r) >0 such that
l0,r]l Lo (@) <1—0. (4.5)
Observe now that F” is continuous on (—1,1), thus bounded on compact sets, so that
VF'(po,r)=F"(po,r)Veo, € H.

Then, being F'(po,) € H, we deduce that F'(po,)€V. Thus Apg,€V and ¢, €
H3(Q). Finally, for any A€ (0,A*), where A* =min{16(r),A}, since F(z)=Fj(z) for all
z€[=14+X,1—=A] (see [20]), we infer from (4.5) that —aAyq , + F3(¢o.r) = fo,r, Which
entails

| = Ao+ Fy(po.r)ll <llfioll1-

Before introducing the Galerkin approximation, we need to lift the Dirichlet boundary
datum of the temperature. We set © =60—0, (so ©g =6y —0,(0) € Vy). We know that g€
L2(0,T; H3/%(0Q))NC([0,T); HY/?(99)) (see, e.g., [9, Prop.11.5.11]). Thus, on account
of Section 2.4, we have 6, € L>(0,T;V)NL?(0,T; H*(Q2)), &0, € L*(0,T;V).

We now consider the family {w;};>1 of the eigenfunctions of the Stokes operator A
(see, e.g., [47]) as a Galerkin base in V,, and the family {1;};>1 of the eigenfunctions of
the Laplace operator with homogeneous Neumann boundary conditions as a Galerkin
base in V. Also, we consider the family {v;};>1 of the eigenfunctions of the Laplace
operator with homogeneous Dirichlet boundary conditions as a Galerkin base in Vj.
Then we define the n-dimensional subspaces

W, :=Span(wi,...,Wy), Zn:=Span(P1,...,¥n), V,:=Span(vy,...,v,)
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where 1 =1/4/]Q| and the related orthogonal projectors on these subspaces in H, and
H, respectively, that is, P, :=Pyw,, Pn:=PFz, and P,:=PFy,. We then look for four
functions of the form

t)= Zdi(t)wi EWn  @fa(t)= Zﬂi(t)wi €Zn
i=1 =1

P => vty €Ly ENOEDPAGIE A
=1 i=1

where &;,5;,7i,0; are real-valued functions and 6,, =©,, +6,, which solve the following
problem

(6tu:’,/\’w) +b(u7u?,)\aw) +V(Vu?)\vvw)
—(EPAVLE W)+ (O] €2 W)+ (0y,e0-W)  YWEW, (4.6)

(Orr 3, 0) + (Vg 5, Vo) +(url -V y,v) =0 YveZ, (4.7)

(0107 1,6) +K(VOL, VE) + (u; - VO ) ,§)

—— <Oy, > —R(V0,,VE) — (Wl -V8,,)  VEEV, (4.8)
uy 5 (0)=Po(uo), ¢} 4(0)=Pulo.r), OF(0)=Pn(60) (4.9)
17 = P (=@} + WA (7)) = =g}y + P (T (7)) (4.10)

for every t€(0,T).
We notice that Pn(fozAcpn) = —aAy,, because the linear operator —A commutes

with the orthogonal projector P,. Moreover, the basis chosen for V is still a complete
family in {u€ H3():0,u=0 on 9Q}, then we have that

ora(0) =, in H3(Q)
In turn, by the embedding H?(Q) < L>(12), we get
©rA(0) = o, in L(Q).

Hence there exists m=7(r) such that
1 1 _
e AO)lloo < 58(r) +llwo,rlloc 1= 50(r)  Vn>m. (4.11)

For any 7> k (k independent of n and \) we fix A € (0,A*(r)) and n>7(r). Since the
function W (s) is locally Lipschitz, we can locally solve the Cauchy problem for the sys-
tem in the unknowns &;, 8;, d; and find a unique maximal solution &™) € C1([0,t,,),R"),
B e C([0,t,),R"), 6 eC([0,t,),R"). Then, from Equation (4.10) we deduce
7 e C([0,t,),R™).

We can now derive some uniform estimates in order to guarantee that ¢, =-+o0.
First of all, we have the mass conservation property: From Equation (4.7), considering
v=1 as test function (v€Z, Vn>1) and integrating by parts the third term we get

SD’[‘)\
/ 5t%0r,\ \Q|
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thus @)\ =%.
Consider Equation (4.7) first. We can use W\ € Ly as a test function. Integrating
by parts and using the boundary conditions we get

(Orr ao bt n) + (Vi A, Vg ) — (U - Vi y 00 3) =0, (4.12)
which gives (see (4.10))

d

G (5196 [0 ) IVa P~ (ol Wit =0 (013

Let us now test equation (4.8) with {=07,. We find

||@

dt . +R[IVOR 2 < — <016,,07 y > —k(V8,, VOI ) — (Ul - V8,00 ). (4.14)

Recalling that (0,0, <[|0:04 |1 < C||0¢gll1 /2,00 and using Young’s inequality, we have
— <0y, 07 ><[|0:8, | 187, <CIOT AP +CllOwgllY 2, 00-
Similarly, we get

n K n K n
—(KV,,VOr ) < gnvean+C||veg||2 <;lver AIP+Clgl 2,00- (4.15)

Ladyzhenskaya’s inequality, together with the Sobolev embedding Vy < L*() and
Young’s inequality, yield

—(u\- V0,07 ) < llug\[[a@) IV || 0751
g VN R A AN (Rl A A A
<*IIV Al + *IIV@) AP+ Clar P g1l 2,.00- (4.16)

Then we test Equation (4.6) with uj,. This gives

d1
dt 2

Observe that, thanks to standard inequalities, we get

||ur,\||2+V||Vur,\||2 Uy Vi o) (07, e2-ur )+ (0,621 ). (4.17)

(0g,€2-u7,) <|[0g]| lury|[ <5 ||9 I+ ||u:l=,>\H2§%Hgﬁ/z,aQJF%”uZ)\”z
and
(O €2 u; ) < *||9 AP+ *||u:},>\||2~
We can now add up (4.13), (4.14), and (4.17). Setting
Bl = 5 + G100+ SIVeal+ [ (Oae)+C). (@
for some C'> 0 suitably large in order to have E!\(t) >0, and

= VA7 + *IIVU?,AIIQ *HV@ A1
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we then infer

d n n
%Er,)\ +Dr,)\

1
< 5”9”%/2,89+C(H®?,A||2+ [[ui A1+ ||‘9t9H%/2,89+ ||9||%/2,asz+ HU?,A||2H9H%/2,39)-

Thus we have

d n n n
T EAADINSCU+ gl 2,00) Bia+C(I913 12,00+ 10913 12,00)- (4.19)

Observe now that
Q:=C(1+gl1/2.00) €L (0;tn),  R:=C(lgl7 2,00 +10:9l17 )2.00) € L' (0,t,).

Therefore we can apply Gronwall’s lemma and find

t
EP\ < EPy (0)edo @dr 4 / s QArR (5)ds. (4.20)
0

Remembering that ©g =60, —0,(0), we obtain

n 1 1 - @ ~ -
a0)= §||Pn(u0)||2+§||Pn(®0)||2+ §HVPn(<Po)||2JF/Q(‘I’/\(Pn(%))JFC)
Recall that W)(2)<W¥(z) Vze[-1,1]. From (4.11) we deduce W,(¢;,(0))<

\Il(apf,A(O)) <K =max,e_1,1)¥(s). Hence, using the properties of the orthogonal pro-
jectors and owing to (4.4), we deduce

n n n n 1 a D
AU (0). 270 (0), 7 (0) = [P (o) |2+ % [V a0 ) P
1z n
#3512 @0+ [ Baer0)
1 2, @ 9, 1 2 A
S§||u0|| Jr5||<P0||1+§||@0H +(E+O)Q, (421
so that
§||ur,,\|\2+§||@r,,\||2+§||v@r,,\”2SC-

Using now Poincaré’s inequality (Cp being the Poincaré’s constant) and the conservation
of mass, we get

lerall <llera=2rall +I@rall < Coll Verll+ I@oll < C(1+[@ol)- (4.22)

Therefore we have

lerall+llural +1O7A <C

and this entails ¢,, = +oc0 for every n>1, i.e., problem (4.6)-(4.9) has a unique global-in-
time solution, and (4.20) is satisfied for every ¢t > 0. In particular, for every 0 <T < +o0,
we have

107 Al Lo 0,7;m) < C, luy \llze<0,rim,) < C. (4.23)
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Also, from (4.19), integrating in time over (0,T), applying inequality (4.21) and recalling
that ET'\ >0, we obtain that

T , v [T , k[T ,
/ RN / N / Iver, |2 <C(+T).
0 2 0 2 0
Hence we have
0\ lz vy SCAVT), VRO 2orwy SCA+VT)  (4.24)

for any 0<T < +o00.
On account of (4.22), we also have

llerallzes0,r;v) < C. (4.25)

A higher-order estimate for ¢}, can be obtained by multiplying (4.10) by —Apy , and
integrating over ). This gives

(Vg ,Veor ) :OZHA‘P?,,\”%F(‘I’K(@?,A)VSOQ,\,VSDQ,\)-
Then, on account of (2.4) of ¥y, we deduce

al A} A1 < ol ey

PHIVEAN IV I <C L+ 1VaAl)

which yields

T T T
o [leta—Biallm <0a? [Iagtlt<eTC [ <on,
Thus we eventually get

lor \lzao,ve) < N0EA—BrallLaorsve) + 1 BollLao,rve) < C(L+VT). (4.26)

Let us now find an estimate for 7z . We multiply (4.10) by @~ Pra and integrate
over €, finding

(s Prn—Pra) =l Vr 12+ (FX(@R ) x —Pra) —ao(@r x, A —Prn)-

Observing that (fz;. \, %, — @, ,) =0 and applying standard inequalities, we deduce

(FX(@r )P x = Prn) =ty A = T xs P —Prn) =l Vr | 12 +ao(@r 2, Pra—Pra)
<CG (Vi Al IV erAll) = allVer 5117
+ 29 (H@?,A”Q + 1l A _¢r,,\|‘2) <C1+([Vugral)-

Therefore we have (cf. (2.5)

el =107 [ WA (er )l < 77 Ex(era)l+ao [ lo;
sl =g [ 1< o ([ 1m e +an [ 1ol
1 n n C n n —n
<o ([ 1B+ ooV letall) < 5 (| [ Femaeta -
o o
<O 9 ).

)
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Hence we infer

(1+VT). (4.27)

Let us now find the bounds for the time derivatives. Equation (4.8) can be rewritten in
the form

dey,

0 _
0 —ZL+uy\-Vl,+A(,)=0 inVy (4.28)

+ Py (- VO, + AO] ) +

where P :V/, -V} is the adjoint of the orthogonal projector P,. Hence || P leevr vy <
1 for every n>1. The linear operator A:V, =V is defined by < fl(@ﬁ)\),ﬁ >=
(kVOF \,VE) for every €V,

Observe first that

12 (A©7 ) lvg < IA©7A)llw, < slIVO; A
125 (Ag)) vy < [1A0g)llv;, < 5l VOy[I < Cllglli/2,00-
Concerning the transport terms, we have

| <up\-VOL &> = (ur - VO O <lluy a2 1107

for every £ €V,,. Thus we find (see (4.23)

127 (uf 5 - VO vy <y Allizs e 107 Al 0) < (IIUMII tagaye 107 2a ()
Y 2
5 (N x I Vgl [z a7+ 1O IVORAl +197A11%)
(1+||VUM||+HV9 AlD-
Arguing similarly, we get

| <ul - Vg, &> | =[(ul - Vg, )| < [lur xllizaayz VOl 1€]lLa (o)
<Cluf sz VO] IIVEI,
which yields
127 (a5 -V 0) vy < llap sl oz 1 V0| < g 1257w 5|12 V0, |
SO (IVay A +11V0] 17 [[ur A1)
<O (IIVur sl +1V8]) -

On the other hand, we also have

15 (0:0g) lvy < [10:6g v, < Col|0ebgll < C|Dsgll1 /2,00

Summing up, we deduce

d(_)'n,
H rA C+VT). (4.29)
dt 207y
Let us rewrite Equation (4.7) as follows
d<‘07“ A * n n A(,.n . /
+Pn( T,A.VCPT,A+A(MT,A)):O inV ’ (430)

dt
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where A(uﬁ/\) : Ly, — 7, is defined by <fl(u:">\),1/) >= (V' y, Vi) for any o € Z,. Ob-
serve that

125 (A N v <A@ )z, <1Vl
On the other hand, we have
| <uy\-Vor o >=[(ugr - Ver o) < lug i@ llerall oo VY
vllelly <C*/CE+1IVarL | lefAllv ey,

§C2Hu?,,\||VH<P?,,\
so that
[P (uly - Vor Ollv: < [[uiy - Vor sz, < Cl[Vug .

Therefore we find

dey y
%62 <camual+imaa
V/
that implies
d n
H Pr <CVT. (4.31)
dt | z20,mvr)

Let us now estimate the time derivative of the approximated velocity field. Equation
(4.6) can be rewritten in the form

duﬁ N
dt

+ Py (B(uyy,up )+ Ay )+ 97 Vi, —O7 \ea—0ge2) =0 in V,, (4.32)
where A: W, CV, =W, is defined by < A(uy,),w>=(vVuy,,Vw) for every we W,
and B:W,, x W,, - W, is defined by <B(u}y,uy,),w>=b(u;,u;,,w) for every we
W,,. It is easy to check that
1P A ) lvy, <A ) lw, <vl[Vag -
Concerning B we have (see (2.6)), for any we W,
T SR ST IE
| <B(uy y,uyt ), w > [ < gy |12 [lug w17 (gt sl [agt o7 ([ wly
<C(C5+1) [IVui,ll uf sl [V
and this yields

127 (Bt ) vy, < 1B your ) wy, <C (GG +1) [ugy]] [V,

| <C [[Vug,.

Consider now the Korteweg force. For any w & W,,, using a Sobolev embedding and
Poincaré’s inequality we find

| <@ra Vi w> [ <[l Vil 1Wllcs@) < Clerallv Vel Vv,

which entails

125 (L AV I)ve oAV v, <Cller vVl < ClIV g ll-
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Concerning the temperature terms in (4.32), for every w € W,,, using Poincaré’s inequal-
ity we find

| <O ez, w>[<(O7, | [[w]| < Co [|O7 5] [[Vwl|.
This gives
1P, (07 xe2)|lv, <O xezllw;, <Col[OF\[| <C.
Moreover, we easily obtain
1P (Bge2) v, < 0g€2lw;, < Collfg]l < Cll0g]l < Cligllr/2,00-
Collecting the previous bounds, we deduce

n
dur, A

22| <O+ )V IVl + gl 200+ 1]

AV

Let us now find higher-order bounds. Multiplying Equation (4.10) by Otpuy 5, We obtain

We thus infer

duﬁ A
dt

<CA+VT). (4.33)
L2(0,75VY)

1d n n n n n n
5 a ||V/’(’r,)\ ||2 + (8tu’r,)\’8t(pr,)\) + (8tﬂr,k7ur,A : VQOT,/\) =0. (434)
Observe that

n n 1 n n T —1 n
aoll B AP = a0 (VO 5, VAo~ 0upl3) < ol VOl Al [V AG Deor ol
e a1
< IVore™ A 1P+ =2 IVAs ™ 9y |2
< S IVaIA I+ 22|V Ay o
2
a n Q n

N TN

Then we deduce (see (2.4))

(Ottiy 5,001 \) = QHV@SD?,,\HQ + (X (@7 ) 0e oy A, Orpy 3)
> al[Vare) |12 = aoll 0} 5|17

« n n
> 5\|V3t¢m||2 —Cllower 2.
Moreover, we have
n n n d n n n
(atﬂr,)\’ur,)\ : VSOT‘,A) :£ [(ur,)\ : v@r,)ﬂur,)\)]

= (O - Vi s, pir ) — (U x - VO \o 1175 - (4.35)

Observe now that

(e oyt - VO ) <l allzs ) Iy xllizs )z IV Al
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(0%

Z||V8t¢m|\2+0||ﬂ MZs ey a7 AlIFzs a2
(0%

ZHV@%AHQ‘*‘C(H‘||VMT,\||)||u trs (e

Also, recall that in Vg the norm |[|-[|. is equivalent to the canonical one and |- |[v; <
[I-|lv:. This gives

1071« < C IV A+ Vi Al - (4.36)
Adding then (4.34) and (4.35) together, we find

d 1 ,
dt{(um 7’)\ V‘Pr,\) 2|VM?,AHZ}Z(atuf,xv@?,,\aur’;,\)

+ (0 n - VOupy xo i 3) — (Ocpa’ 5, Orpy )
%||V3tsﬁm||2+c(1+ (NN RN RIRE
*§||Vat80?,,\||2JFCHat‘P?,AHzJF(atuf,x'VSO?,,\aN?,A)~
Hence we obtain (see (4.36))

st T + 1T+ SIV0 P

<C (11 ooy ) (L IR P+ T 1)
+ (O - Veor sk ) (4.37)
Let us take w=0;uy, in Equation (4.6). This gives
[8pu 5|12+ 0wy 5wt 5, Our y) +v(Vug s, Vour )
= AV i, 0w )+ (07 \ €29y ) + (6,02 Opuy ). (4.38)
Using Ladyzhenskaya’s inequality, the Sobolev embedding V, < [L*(22)]?, (2.9), and
Young’s inequality, we deduce
|b(u%,uﬁ,\,5tu%)| < ||11;LA|| [LA(Q)]2 ”vu:})\”[L‘l(Q)]‘l ||3tu7,\||
el N e A R AN R N (R AN
< Ol 121Vl A 2|00y ol
<OVl Ay |20y |

1 n n n
< G007+ C (IVar sl * + [ Aury 7).

Then clearly

dv

v(Vuyy, Vo) = — 2 [Vl %

Moreover, thanks to Holder’s inequality and the Sobolev embeddings V — L%(Q) and
Vo = WH3(Q), we have

(A Vor 3,00y ) <l sl e @) IV llizs ()2 10:ay 4 |
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<Ol or sl mz2 o l|0eug Al
SCA+Vur Al ey allmz2@ll0aug sl

1 n n n
< G100 AIP + Clleralle o) (L IV A1) - (4.39)

Moreover, it is easy to check that

1
[(©7\,€2- 0 y)| < 6||atu?,)\”2+c (4.40)
n 1 n
|(0g,€2-Opul )| < 6||atur,)\”2+c||09H2 +CO|9l13 /2,00- (4.41)
Collecting the above estimates we find
ST NN
<C|(|IVur,\[I* + | Auy, ( %)+ Hg\lf/z,asﬁl} - (442)

Take now w=Au}, in Equation (4.6). Observe that Au}, € L*(0,T,H,) and
there exists py € L*(0,T;V) such that —Au) A1+ Vo =Auy, almost everywhere in
Q% (0,T) (see, e.g., [47]). Also, observe that (8tuT7A,VpT,/\) 0. Hence we get

IS b, A A
(MT,\V%AaAum) (QT,/\’QQ'AuT,A)+(997e2'Au?,>\)7
recalling that
(—VAUZA,AU?’)\):VHAUZ,)\HQ.
Arguing as above (see (4.42) and (4.39)), we obtain
|b(u?,>\au:},A7Au17},>\)| < ||11;LA|| [LA()]2 ”vu:})\”[L‘l(Q)]‘l ||AU?AH
1/2 n
< Ol 2l 2 )12 a2 A,
< Clup 2V az ] (A 1P
n n v n n
<OVl ||Aur,/\H3/2SgHAur,)\”2+CHvur,)\H4
(LA Veor v Aw ) <l sllo @I Vellizs 2 [ Aug |
SOl ally e Al @ [ Aw A |
SCA+VuAD ler allzz @) | Au? ||

< g”Aur,)\H2+C”§0r,>\”H2(Q) (L Var 7).

Recalling (4.40) and (4.41), we deduce

n n v n
(OF .02 Aury) < [l Au, [P +C (4.43)

and

|(0g,e2- Au;! ) < g\lAur,AllerCH@gII2 < gHAur,)\”2JrCHgH%/Q,BQ'
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Collecting the above estimates, we infer

5 dtIIV all?+ *IIAUT AP CUVAE I+ ler allre @) A+ IVEEAN) + 19117 /2,00 +1)-

(4.44)
If we multiply (4.42) by W= % and then add it to (4.44), we obtain
14+wv d v " - n
S IV 7 A |+ @0l P
SC(HVHT,AH4+||902L,AH§12(Q)(1+IIVMf,A||2)+Hgl\f/z,aﬁl)-
This inequality, added to (4.37), gives
dA n
Z= 1 ||Au7 A +w]|9par s |17 + *IIV@%,AHQ
<c (1+ g WFaange ) (1 IV 2+ 72 2)
+ (0 -Vl )+ C([Vur 1t A+ 1Varal?)
+ ||9||%/2,39+1)> (4.45)
where
n o on " 1 " 1+wu
A= (/’Lr,)\’ur,)\'Vwr,k)+§||vur,)\”2 ||V /\”2 (446)

Using Hélder’s inequality, the Sobolev embeddings V<—>L6(Q) and Vo —WH3(Q), we
get

(Oew - Vi iy ) S 00ag 5| IVerallins )2
< S 10075 I+ Ol e sl
< D0 A2+ Cllefa ey 1+ VAR,
Thus, we infer from (4.45) that
dA |2

24 Au
dt+||

SC(“‘H“MH[Ls W) (LI pa 2+ Va5 )
+ OOV + 1002 L+ VA D) + gl 00+ 1) (447)

(%
5 ||8tu?7/\||2 + 7 IVoral®

Let us show that A is bounded from below. Indeed, we have

(Wl x-Vor o) <\ ls@) Vel sl e sl @)
<Ol A2 A2 Al
< CIIH?,AII1/2||VH?A||1/2(1 +IVeAlD

1
SZIIVH?,AII2 *HVM AP +C.
Thus we deduce

1 n 1 n
A2 LIVl 2+ Va2 = C



M. GRASSELLI AND A. POIATTI 921

for some C’>0. Then, setting A=A+ C’, we also have
A<SC(1+(VaEAP +(IVur 7).
Recalling now that
lerallzrz ) <CA+IVaralh

we infer from (4.47) the following
d - _
ZR<C (141191 00 +42), (4.48)

and we know that A € L'(0,T). Thus Gronwall’s lemma yields, for every ¢ € [0,T],

~ t t R
At <RSI [ LA (1 g(5)[F5.90) ds
0

<M [A(O) +C(T)} . (4.49)

Here C(T) >0 is independent of n,\,x but it depends on T. Let us estimate A(0).
Thanks to Hélder’s inequality and using Sobolev embeddings V, < [L3(2)]? and V <
L5(Q), we find

1—|—wu

A(0) = (172 (0), 75 (0) - Vipr 5 (0)) + % IV hr A (O) 1> +

- 1
< (1A (0), (o) - VP (0,r)) + 5 IV A (01 +

<P o)l s 1A (0) | Loy |V Pa (0. |
1+w

[Va, (0)]* + ¢
1+wV

|V P, (up)||>+C"

1 n
S IO + =S Vg 2 4-C”
n n 1—|—w1/
< ||V P, (o)l ”:LLT,/\(O)”l | +§HVU7-,/\(O)”2 [Vuo||* +C
" 1 " 1+wu
<[Vuol| ([ (0)[lx ||V900,7~||JrgIIV/L,«,A(O)H2 [Vuo|* +C".

Observe now that (see (4.4))

Vo[ [l 1 (0)

A (0)[[1(XT+leoll1)

1 n
<SIVlP+C AN (1+leoll?)

We are left to control ||, (0)]]:.

Recalling the orthogonality of the projector P,, the definition of ¥, and flo,r =
—alApo 4+ F}(po,r) with ||fio,r[1 < (see (4.1)), we get

Ol

17 (0) |1 = | P (=A@ 5 (0) + W (7 »

/-\

<= alAg; 5 (0)+ Wi (ora(0) |

<l = @Ay A (0) + Fx(#r A (0)) [l + oller A (0) |1

<[ =A@y A (0) + FA (12 (0) + aA o, — FxX(@o,r)|l1 + [l 0,r Il + o[ 0r x (0)]11
|

<llera(0) = po.rll s () + [1Fa (7 (0) = Fx(o,r)ll1 +C (llfioll1 +[lpoll).-



922 THE CAHN-HILLIARD-BOUSSINESQ SYSTEM WITH SINGULAR POTENTIAL

We know that 7! , (0) = P,(po.r) = o in H3(Q) as n— co. Thus the first term on the
right-hand side is bounded and o7 5 (0)[| 3 () < C for n sufficiently large. On the other
hand, exploiting the fact that F and its first and second derivatives coincide with the
corresponding ones of F on [—14 A*,1—\*], we have

IV (E5 (272 (0) = Fx(2o.r DI < [IFX (71 (0)) Vel (0) = FX (00.0) Vipo.r|
<IEX (©0.r) V(27 A (0) = po.r) I+ 1 (FX (97.1(0)) = FX (0.r)) Vipo.r|

<C F o N "
<0 max PG max | FG)) i) = en s

The maxima are finite, being F €C3(—1,1), but they depend on \* and thus on 7.
However, the norm ||¢},(0) —¢o |1 goes to zero as n— +oo. Therefore we can al-
ways choose, for any gi’ven r, a sufficiently large n so that the estimated difference
[V(F5 (972 (0)) = Fx(o,-))|| is eventually arbitrarily small. We can thus infer that, for
any fixed r>rg, A€ (0,A*(rg)) and n >7(rg, \*(r9)):

A)<C.
In view of (4.49) we deduce that
sup IIVum( I+ sup [Vt (@) <C(T). (4.50)
te[o,T te[0,T]
We also obtain
T
/0(”Au:},)\(t)HQ'i_Hatu?,)\(t)HQ""Hvat@:},)\(t)'F)dtSC(T)' (4.51)

The above estimates allow us to find higher-order bounds for the temperature approxi-
mation. Take 0,07, as a test function in Equation (4.8). This gives

kd

thHV@ ,\H2+||8t ,\||2:—(ULL,A'V@?W@@?,A)—(U;L,,\'Vegaat@?,,\)

+r(A0,,0,00 ) — (0104,0,07 ). (4.52)

Also we can take A@Z y €V, as a test function and obtain

(0071, A0 ) +K(VOL, VAOT ) + (uyl - VO \,AOT)
=—(uy - VO, A07 )+ r(A0,,AB ) — (i, AO] ), (4.53)

which can be rewritten as follows
2 n 2
S NI
=(u T’XV@?’/\,A@Z/\)—k(uZ,\-VG,,,A@ZA)—R(AG‘!J,A@ZA)—F(8t99,A@Z,\).
Observe that (cf. (4.50))

w5 - VORI <\ lIfa 2 IV OF Allfra @z < CDIVOLATa a2 (4.54)

and

[t 5 V0 1 < [t A M1Frs )2 1V Og s a2 < IVWE AP 105112 ) < CD04 12 ) -
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We can thus obtain, recalling that ||Af,[| <||0g | m20) < Cllgll gs/200)
S IO+ sl 207,
<[l - VORAAST A+ [[ur y - Vo, [|[| AS7 AIIJr/-iHM IAS A+ 1106, H| A7 Al
<C(T )(HV@ ,\||[L4(Q i H9||H3/2(ag)) HA@ AHQ"’_C”atgHHl/?(E)Q) (4.55)

Similar arguments applied to (4.52) entail

kd n 12
5 dt”V@ +10: 07\l

<|luy\-VOr,l o0 ”A||+||U"A'V9 | l0:07 ]
+0:04| [|0:O7: o7l

<§||3t®ZA||2+C(Hu7,A~V99||2+ IVOR ATz (g2 + 19284 1+ 521 A0, ]|)

1
<slaen, 2+ (Iver,

s + 10090301/ 00) ) + TR N3 07300) (4:56)
Using now Young’s inequality, for a given 6 >0, we find (see [52,53])
IVORANTza 2 SC (IVORAN 107 A 20) + IVOLLAP) <8[AO7 12 +C[VO7 |12

(4.57)
Then, choosing 6 = g5z for (4.55) and § = & for (4.56), we get
2, P 2
A CN NN
<) (Iver, 1 +n2||g||H3/2(m)) +Cll0rgI31/2 o) (4.58)
and
k d 1
oOm, |17+ =1|8,07
52 VOL 2+ 51007,
<2IAOLL 2 +C (VORI + 192913 2 om) ) + OO g sz oy (4:59)
Adding (4.58) and (4.59) together, we obtain
1 k\d no2, L no2 g 2
(3+5) #IverP+ oo P+ laer,|
<C(D) (IVORAI2+R2l91355/2 00 ) + Cl01I 32 o) (4.60)
and Gronwall’s lemma yields
197 Al o< (0, 15v5) < C(T). (4.61)
Then, integrating (4.60) in time over (0,7") we also find
T T
| ookt [ leni <o) (4.62)

Summing up, we have obtained the following bounds which are uniform with respect
tomn, r, and A (see (4.23)-(4.27), (4.29), (4.31), (4.33), (4.50), (4.51), (4.61) and (4.62)):
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e ul, is uniformly bounded in L>(0,7;V,)NL*(0,T;W,)NH"'(0,T;H,)
e ¢}y is uniformly bounded in L*°(0,7;V)NL*(0,T;Vo) N H' (0,T;V)

e O, is uniformly bounded in L*(0,7;Vy) N L*(0,T;VZ)NH'(0,T; H)

e 41y is uniformly bounded in L>(0,75V).

Using weak and weak™ compactness, and working first on n, then on A and finally on r,
we can extract a subsequence

{(u?:,kh’SD::J\;L’G?}?J\;L)}}LGN
which suitably converges as h— oo to a triple (u,¢,0) such that

ucL>(0,T;V,)NL*(0,T;W,)NH'(0,T;H,)
©e L0, T;V)NLY0,T;Va)NH(0,T;V)
0=0+0,cL>0,T;V)NL*(0,T; H*(Q)NH"(0,T;H).

Also, using a standard strong compactness argument, we can suppose that the above
sequence is such that {(u;"\ o™\ O | J}nen converges strongly in L?(0,T;H,) x

(L?(0,T;H))? to (u, ¢, ©). The above convergences are enough to prove that (u, ¢, )
is a weak solution. In particular, we recall that (see [20,24,28]), we have

B, < ¢ (4.63)

~ min{F(1—n),|F'(n—1)[}’
where E, ={(z,t) € Qx[0,T]:|¢(x,t)| >1—n}. Then, as n— 0", we deduce that the set
{(z,t) €Qx[0,T]:|p(x,t)] > 1} has zero measure as needed. Then, on account of the
properties of FY, we infer p=—aAp+¥’'(p) almost everywhere in Qx (0,7'). More-
over, the obtained regularities suffice to show that (u, ¢, ) satisfies the equations
of CHB, almost everywhere. We are left to prove the additional regularity prop-
erties stated in Definition 3.2. Observe that dyp+u-Vee L*(0,T;V). Thus we in-
fer pe L*(0,T;H?(Q)) and Oppu=0 almost everywhere on 9Q x (0,7). On the other
hand, recalling [27, Cor.4.1], p€ L>(0,T;V) implies that € L>(0,T;W??(Q)) and
F'(p) € L*°(0,T;LP(Q)) for any 2<p<oo. Also, thanks to condition (2.3) and to (2.8),
we deduce F''(p) € L>*(0,T;LP(Q2)) for any p€[2,00) (see [27, Lemma 5.1]). Finally,
arguing as in [28, Sec. 4, step 7], we obtain 9, € L?(0,T;V") so that pe C([0,T];V).

Observe now that actually we can prove that estimates (4.23)-(4.27), (4.31), (4.33),
(4.50), (4.51) and (4.63) still hold with C' independent of &, thanks to

g€ L0, T; H32(8Q))NH' (0,T; H/?(00)) — C([0,T); H(92)) — L= (9 x (0,T)).

Indeed, the only two estimates depending on x which need to be modified are (4.15)
and (4.16), but by a simple integration by parts we have, supposing, e.g., k<1,

—(kV0,,V0] ) = (k70,07 ) < CI|07 1 ||* + Cl I AG, [ < CIO7 AII* + Cllgll32,00-
Concerning (4.16) we have, by Sobolev embeddings,

—(wix-VO,,07,) <lluz\llLs@) VOl izayz 19741l
S N R A N (e A PEISRCXN

1%
< IVAAIZ +Cligls 2,00 lO7 AN + Cllur A1
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In addition, for g with the same regularity, 8y € L°°(2) NVjy and ug € W, we can deduce
a higher-order regularity for # and u independent of k as well. As above, let us argue
formally. From now on C'>0 does not depend on k. We first observe that, due to
Remark 3.10, since g € L (90 x (0,T)), we have

101l Lo (2% (0,7)) L C([|00]| Lo, |9l Lo (902 (0,7)) < C- (4.64)

If u is a strong solution and uy € W, then we can write

Opu+Vp—vAu=h:=—(u-V)u+puVe+ e,

divu=0
u(0)=ug a.e. in
u=0 on 002 x (0,T).

Let us show a higher-order regularity estimate for u: We start proving that he
L2(0,T;[LP(Q)]?. Observe first that, owing to (4.64),

l0e2llz20,7:1Lr (2)2) < C. (4.65)
Also, we have
[(u-V)ull 20,7522 (2)12) <l Lo 0,731120 (2012) VAl L2 (0,75 L20 (2)14) -
By the Sobolev embedding V, < L?P(Q) for all p € [1,00) (see also (4.50)), we obtain
[l o~ 0,720 ())2) < OVl Lo 0,73 122(01) < C-
Moreover, due to Sobolev embedding W, — [W12P(Q)]? and to (4.51), we get
IVallzeo,75z20 2y < Cll AU 220,722 (2))2) < C-
Thus we conclude that
[(w-V)ullL2(0,7; (10 (2))2) < C- (4.66)
Consider now the Korteweg force. We have
HMVSD||L2(0,T;[LP(Q)]2) < ||M||Loo(o,T;L2p(sz)) ||V%0||L2(0,T;[L2P(Q)]2)-
Recalling (4.50) we deduce
| 12ll o= 0,720 (2)) < Cll el Lo 0,75v) < C-

Moreover, due to Sobolev embedding Vo < W2P(Q) for all p€[1,00) and to (4.26), we
get

Vel Lz (0,1;1L20 (@)12) S CllellL2(0,75v) < C-
Thus we conclude that
14V ellL20,12r (0))2) < C- (4.67)

From (4.65), (4.66), (4.67) we can conclude that h€ L?(0,T;[L?(2)]?). Then, by the
maximal regularity theory of the Stokes system (see, e.g., [25] and [44]), since ug € W,
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(actually, considering Besov spaces, the initial datum ug can be even less regular, see,
e.g., [54, Lemma 2.6]), we have that, for any p € (2,00),

104l 20,7117 ())2) + 1l 20,7520 )12) < C (Il 220,750 (92)12) + 1ol w, ) -

The proof is finished. ]

REMARK 4.1. In the case g=0 the Galerkin scheme is simpler. Indeed, arguing
formally, we have

d

1012+ Bollo)> <0 (4.68)
where Sy =27~ and Cy is the Poincaré’s constant. Hence Gronwall’s inequality gives

1617 < [[6o]|e %", (4.69)

Moreover, we get (see (3.10))
2 2 2 C8 o2
S PO +IVaul”+ IIVHII +e[VOIE< o 191 (4.70)

Therefore the following energy estimate holds

t t t 2
C
+/ ||Vu||2ds+/ 5||Vu||2ds+/ k|[V0|[*ds < E(0)+ % ||6]|* (1 —e~Po?),
0 0 2 0 2vBo

4.71)
for every t € [0,T]. This implies that estimates (4.23)-(4.27), (4.31), (4.33), (4.50), (4.51)
and (4.63) still hold with C' independent of «.

Proof. (Proof of Theorem 3.2.) Let us set u=u; —uy, p=¢; — @2 and 6=
01 —03. We also define p=—aAp+ P (p1) — V' (p2). Recalling the weak formulation,
we can write

<Opu,w>+b(u,u,w)+b(u,uz,w)+v(Vu,Vw)

=a(Ve1 9V, VW) +a(Ve@ Ve, Vw) + (,e2-w) YweV, (4.72)
<Op,v>+(Vu,Vo)+(u1-Vo,v)+(u-Va,v) =0  YoeV (4.73)
<0,0,6 > +r(VO,VE) — (110,VE) — (ubs, VE) =0 VEEVp. (4.74)

Here we have used an alternative expression of the Korteweg force (see the Introduction).
We take w=u, v=¢ and {=60. Then we add together the resulting identities. This
gives

d ) 2, o
ZHLH V[Vl 4+ k][ VO]? + (Va, V) Z

where 1y = [l + § ]+ 6] and

71 = —b(u,uz,u), Iy =a(Vp; @Ve,Vu), Is=a(Ve® Vs, Vu),
Iy = (up2, Vo), Zs=(6,e2-u), Tg = (uh2,V0),
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observing that (u;¢,V@)=0. Recalling then the proof of Theorem 3.1 and [28,
Thm.A.2], we have that

il Loo (0,75v,) + 19l Loe (0,5 23()) H W (i)l Loe (0,153 ) <C,  i=1,2  (4.75)

for some constant C' >0 also depending on T'. On the other hand, observe that

lell} < llA@lllell+llel>. (4.76)

Also, integrating by parts, we get

(Vi, Vo) =a| Apl> = (¥ (1), Ap) + (T (p2), Ap).

Using now (4.75) and classical embeddings we deduce

(W (1) — W' (0a), Ap) = ( / (50" (1) + s)@'(m)}ds,m@)
< (1" (1)l sy + 12" (02) o) [l ooy 1Al < Clll 1A

Therefore, using (4.76) and Young’s inequality twice, we find
(Vi Vi) 2 al| Ag|* = CliglhlAe] > 5 ||A<PH2 Cllell?.
On account of Sobolev embedding V, < [L%(Q)]?, from (4.75) we deduce
Iy <l [Vazllizs@ys allizs )2 < %HVUH2 +Clul*[[Vuzl[tzs -
By (4.75), the embedding W?2:3(Q) — W°(Q) and (4.76), we infer
I+ I3 <a([[Verlleo + V2|l Vel [Vul < %lquH2+%||A<P||2+C||¢||2~
By standard embeddings, (4.75) and (4.76), we get

2ellull?),

(67
Zi< ezl llull IVl < SNACIP+C (¢l + Iz

1 1
Zs <16] flull < 51161 + 5 llal*.

Furthermore, since H2(Q) — W14(Q), by Young’s inequality:

Ts = (u-Va,0) <|| VO[22 |lullizsyz |0]]
14
< ZHVUHQ+CH9||2||92||§12(Q)~

Adding up all the terms, we obtain
d v 9 9 9
%HﬁZIIVuII + 5[V +ZHA@H <CR1Hy, (4.77)

where R4 —1+||VuQ|| (13(9)] 4+||g02||2 —|—||(92||H2(Q € L1(0,T). Thus Gronwall’s lemma
yields (3.9). The proof is finished. |
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Proof. (Proof of Theorem 3.3.) The proof is divided into two steps.

Approximating the initial data. We need to approximate the initial data to apply
the existence result of Theorem 3.1 and then find suitable estimates which allow to
recover a weak solution. First of all, by the density of V, in H,, we can find a sequence
{uo,m}m CV, such that ug ,, = ug in H, as m — oo so that ug ,, is uniformly bounded
in H,. Concerning (g, we consider the following two-step approximation.

(1)

We introduce the Lipschitz function h,, :R —R, m € Ny, such that
1-1 if z>1-+
hm(2)=X z if—1—|—%§z§1—%
-1+L  ifr<-141

and define o™ :=h,,(po) €V. By the properties of the composition, we have
Vo™ =Vpox—1411-1) (¢0). Then

V™| <[[Veoll, (4.78)

for every m € Ny. Moreover, by Lebesgue’s dominated convergence theorem, we
have, as m — oo,

" —=pe in H. (4.79)

By the cutoff properties, we get ||¢™ || o () <1— %, for every m € Ng. Observe
that [™| — |@,|. We know that there exists 6 >0 such that [@,| <1—4. Then
there exists 7 >0 such that [p™| <1—4¢ for every m >mn.

Let us now introduce the sequence {@o m }men, Which approximates ¢g. The
function ¢g,, is the unique solution to the problem

_1A m m=¢™ inQ
{ — Apo,m + o, P m (4.80)

Ont0,m =0 on ON).
From the elliptic regularity (see, e.g., [39]) we obtain

leo,mll s ) <C(m)|le™[lv.

Exploiting this regularity we can take the gradient of (4.80), multiply by
Vo.m € H?() and integrate by parts. This gives

1 . 1 1, .
—[A0m* +[Voml* = (Ve Vioom) <5 [Voomll* +5IVe™
We then deduce
IVeomll <[Ve™ I <[[Veoll, (4.81)

for every m € Ny, where in the last estimate we exploited (4.78). If we now test
(4.80) against g, —¢™ and integrate by parts, we obtain

m ]' m
I *¢o,m\|2 = E(Vsﬁo,m,v(sﬁo,m —¢©™)),
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but, from (4.78) and (4.81), (V0.m,V(¢o,m —¢™)) <2||V¢ol|?, independently
of m, and thus we deduce

2
lle0.m —@oll < lle™ —woll + le™ = womll < le™ —woll + Ellvwolla

which implies, since g € V and by (4.79), that ¢g m, — o strongly in H. Thanks
to this result and from (4.81), we immediately have Vg, — Vg, which, to-
gether with (4.81) and V' being a Hilbert space, implies also Vg, — Vo and
thus we get o.m —@o in V. For what concerns the mean value, integrating
Equation (4.80) over © and using the boundary condition, we get @, =%",
thus there exists m > 0 such that

for every m>m, with 6 independent of m. We now show that g, en
joys the separation property for every meNy. We know that —1+ 1 <

m —
@mgl—% almost everywhere in 2 by the cutoff properties. We consider

v=pom—(1— %))Jr €V and we rewrite system (4.80) as follows

{—niA(s@o,m (I-m)+eom—(1-g7)=¢"=(1-7) nQ
O (wo,m—(1=2%))=0 on 09.

Multiplying the above equation by v and integrating by parts, we deduce

1 1 +|?
v (wm - (1— *)) (soo,m— <1— 7))
M J{z€Q: o, m(x)—(1-1)>0} m m
1 1 +
= m—(1—— m—(1-= <0,
/Q(SD ( m>) (900, < m>) dr <0

implying that ¢g ., <1— % almost everywhere in Q.

2

! dx+

Consider now w = (900 m ( 1+-— ))_ € V. A similar argument entails oo, m
—1+-L almost everywhere in Q. Therefore, we have ||©om||pe@) <1— .
From thls property and from the H3(Q)-regularity of ¢g ,, we conclude that
10,m =—0A@o m+ Y (0o.m) €V. Therefore pg,, satisfies the assumptions of

Theorem 3.1.

Regarding 6, we first approximate the boundary datum. Using Lemma 2.1, there exists a
sequence of functions g,,, € C°°([0,T]; H*/2(99)) such that g,, — g in H'(0,T; H'/?(052))
and, in particular, g,, —g¢ in L>(0,T;H'/?(98)). Consider now the lift operator Og.m
with g, as boundary datum. Then we have that 0 ,, € H(0,T;V). Moreover Og.m —
6, in L>(0,T3V) and 8;0,,m — 040, in L?(0,T;V), where 6, is the lift operator with
boundary datum g. Hence we also have 8, ,,, =6, in C([0,T]; H) so that 6, ,,(0) —6,(0)
in H. We then exploit the density of D(A4y) =V in H to find a sequence {Og , }men, C
Vi such that ©g,, —0y—0,4(0) in H. Thus the approximating initial datum 6y, =
©0,m +04,m(0) €V respects the compatibility condition 8¢ ., =gm(0) on 0f, satisfies
the assumptions of Theorem 3.1, and 6y ,, =6y in H.

Ezistence of a weak solution. Let us consider CHB,, with initial conditions
(W0,m,%0,m,00,m) and g, as Dirichlet boundary condition for the temperature, suppos-
ing m >m previously defined. By Theorems 3.1 and 3.2, there exists a unique strong
solution to CHB,, say, (Wm,¥m.0m). Set O, =0, — 0., € Vp for almost any t € (0,7)
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and observe that, by construction, ©,,(0) =0y ,,. Consider the weak formulation of the
problem. Exploiting the regularity of the strong solution, we repeat verbatim the first
part of the proof of Theorem 3.1. From now on, C > 0 stands for a constant independent
of m and ¢, which may vary from line to line. R

Setting Ep, := 1| um >+ 310m|12 + £ Veml? + [o,(¥(pm) +C), we obtain

d
ﬁEm‘f'D C(1+19mll1/2,00) Bm+Cllgml? /2,00 + 10:9m 17 /2,00):

where Dy, := ||V || + 5| Vun|? + 5(|VO,,][2.  Thus, on account of the properties
of gm, we have that Q C(1+Hgm||1/2 o) and R=C(|lgm|? 1/2, @Q+||3tgm||1/2 00)
are bounded in L!(0,7") uniformly with respect to m. In addition, we know that
l20,m || Lo () <1— i for every m € Ng. Thus ¥(po,m) < K =max,e—1,1] ¥(s), indepen-
dently on m. Hence we have

1 o 1 N
Em(o) = 5 ”uO,m”2 + 5 HVSOO,WH2 + 5 ‘|@0,mH2 +/Q (‘II(@O,"L) +O) dx < C.
We also recall that there exists C' >0 such that (see [24] for a proof),

[Ptz <c | [ Fon)on-gnie| + (189
Q Q

Indeed, C' could depend only on @, =®,,, but, since we have [,,| <1-¢ indepen-
dently of m, for m >m, we can choose C in such a way that it is independent of m.
Summing up, the above inequalities and Gronwall’s lemma allow us to find the following
uniform bounds (see the proof of Theorem 3.1)

||@mHLO@(O,T;H)mm(o,T;VQ) <C, Hum||L°°(0,T;Ha)ﬂL2(O,T;Vo) <C (4-84)
lom Lo 0,13v)nL40,13v5) < C, tem |l L2 0,73v) < C, (4.85)
T
du,, dg,, dO,,
/ 1F" (¢m)lI* < C, H( Sm Dom ) <C,  (4.86)
at =~ dt o dt ) 201w xvixvy)

for any given T'>0. Thanks to a standard compactness argument (see the proof of
Theorem 3.1), we find (u,¢,0), such that

uc L>(0,T;H,)NL*(0,T;V,)NHY(0,T; V") (4.87)
©€ L>=(0,T;V)NL*(0,T;Va) NH*(0,T;V") (4.88)
0=0+0,cL>0,T;H)NL*(0,T;V)NH (0,T;Vy+ V"), (4.89)

which is a suitable limit, up to a subsequence, of the sequence of the strong solutions.
The convergences, including the ones of the approximating data, are enough to prove
that (u,p,0) is a weak solution to our problem according to Definition 3.1 (see again
the proof of Theorem 3.1). We are left to prove the energy identity (3.11). Consider
again the lift operator 6, and test Equations (3.1)-(3.3) with w=u, v=p, £=0—46,,
respectively. This gives, for almost any ¢ € (0,7,

TE@FIVa* = (- Vie) =0,

& Il VulP + (a- V)= (6.e2-w),
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d1
%5“‘9_99”2 +“Hv(9_99)||2 =—(0:0y,0 —0g) — (V0y,V (0 —06y)) — (u-Vy,0 —0).
Adding up the above identities we get (3.11). The proof is finished. 0

REMARK 4.2. In the case g =0, recalling Remark 4.1, it is not difficult to realize that
energy estimate (4.71) also holds for weak solutions with a constant independent of &
(it can be deduced also from (3.11)). This is true also for estimates (4.84)-(4.86).

REMARK 4.3. Suppose that v:R? R and x:R—R are globally Lipschitz functions
such that 0<v, <v(z1,22) <v* for every (21,22) €R? and 0<k, <k(z) <k* for every
z €R for some positive values v,, v*, k, and k*. Then the existence of a weak solution
can be extended to the case where v depends on ¢ and 6, while x depends on 6.
However, in this case, we can no longer take advantage of strong solutions but we need
to apply directly a Galerkin scheme. This scheme, if suitably adapted, can also yield
the existence of a weak solution in dimension three.

Proof. (Proof of Theorem 3.4.) Let us set u=u; —us, p=¢1 —pa, 0=60, — 05
and p=—aAp+TV'(p1) — ¥ (p2). Then consider again equations (4.72)-(4.74). From
now on, C'> 0 stands for a constant, depending on 7', which may vary from line to line.
We know that, for i=1,2,

@I <C @l <C, lei)lze@ <1, 16:@[<C (4.90)
for almost any t € (0,T). Let us rewrite Equation (4.73) as follows
<O, v>+(Vu, Vo) — (u19,Vv) — (up2, Vo) =0  YveV.
We have 3(t) =%(0) =0 for all t€[0,T]. Take v=A;"p. This gives

Ld

2 =T, +T 4.91

where

T = (w19, VA ), T = (upy, VA ).
From (2.2) we get, almost everywhere in £ x (0,7),

(1) = W' (p2) = —a(p1 — p2) = —gp.
Hence, we have
(11,0) = —a(Ap,0) + (V' (1) = ' (2),9) > || V| * — dl o]

and also

allell* =a(Ve, VAT o) < %|\V¢||2+CH@|E,
so that

(1:0) = SVl =l (4.92)

Then, from (4.91) we infer

Ld

«
S S+ IVl <Cllol2 + T+ T,
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Using Cauchy-Schwartz’s and Young’s inequalities, Sobolev embeddings and (4.90), we
find

(0%
T <[l ooy lmllize @z el < S IVl + ClIVa ¢l

v
I < lpall =@ llull ol < < ull® +Clle]l.
Taking now v=A"'u in (4.72), A being the Stokes operator, we get

1d
5@”“”54‘””““2 =13+14y+1s,
where

T3 =—b(u;,u, A" u) —b(u,up, A" u),
Ti=a(Vp1@Vp, VA u) +a(Ve® Vs, VA ),
I5 = ((9,62 -A_lu).

Thanks to (4.90) and to standard inequalities and embeddings, we deduce
—1
Ty < (Il s e + 102 psconp2) Il VA ullizeqops
< C (I 2w 2+ ] 2 [T 2) ufF VA )2
v 4 v
< Sl Ol (1972 [ 72) < 2l Ol (Vs 2+ e ?).
Arguing similarly, we get
L <C(lprlae + Iallme) 190l VA a2 u]/?
« 1%
< Z||V<PH2+ §HU||2+O (H‘Pl”%ﬁ(@) + ||</72||§12(Q)) [[ulf?.
Moreover, we have

K
s < G611 +Cllull;.

Consider now Equation (4.74) and take £ = A5 '0. We obtain

Ld

5 g 101+ l01° =T6 + Io, (4.93)

where
Ts = (0,10,VA;'0), T = (b, VA '0).
Recalling the treatment of 73, owing to (2.10) and (4.90), we find
T <CJ0[*"* |V /2 ||VA519||1/2§%\|9||2+CH9||§ [V 2.

On the other hand, by Ladyzhenskaya and Young’s inequalities, (2.10) and (4.90), we
have

Ir=—(u-05,VA;'0) < |u|l [|62]| 240 IVAG " Oll[£4 )2
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_ _ 1/2
<Clull 6212190212V AG 012 A5 01 e
1/2
e MG RETRE
1% K
< < lul+ 612+ C1IV . 617, (4.94)

for a suitable C' >0 independent of t. Set now

Lo Lo 1o
H25:§”“Hb+§”§0”*+§”0Hu7
Ro =14V |* +[|Vug |+ o1l 512 ) + llp2ll 212 ) + 1V 021>

Collecting and adding together the above estimates we get
d v 9 K «
— = 16117+ <Vl < CR2Ho. 4.95
g et S lalm+ S l017+ SVl < ORaH. (4.95)

and Gronwall’s lemma entails (3.12). This ends the proof. d

5. Proofs of Section 3.3

Proof. (Proof of Theorem 3.5.) The idea of the proof is to find uniform-in-x
estimates for the weak solution to CHB,;, with given initial data and g =0, and then pass
to the limit as kK — 0. On account of Remark 4.2, we already know that estimates (4.84)-
(4.86), and (4.63) are uniform in k. We are only left to consider a uniform estimate for
the time derivative of the temperature. From now on we will denote by (uy,p,,0x) the
weak solution to CHB,, for a fixed 0 <x <1. Moreover, C >0 will indicate a constant
independent of x which may vary from line to line. First observe that, for almost any
t€ (0,7, being g=0, by Remark 3.10, we get

1< <116oll, 118kl ) <llfoll>(0)-
Then consider the weak formulation
< OB, &> +(u, - VO, &) +£(VO,,VE) =0 VEEeVy. (5.1)
Observe that, for every £ € Vjy,
(- VO, )| <10l Lo o sl [VEI <100l L o) sl [VEIT < CIVE,

since uy, is uniformly bounded in L*°(0,7;H,). Thus, we get
T T T
/ Hata,in?va,g%?/ |\V9H||2+202T§2n/ VO, ||* +2C*T < C(T),
0 0 0

where in the last estimate we exploited the bound /kl|0]| 20, 1;v,) < C.
Summing up, we have that

e u, is uniformly bounded in L>(0,T;H,)NL?(0,T;V,)NH(0,T;V.),
e ¢, is uniformly bounded in L (0,T;V)NL*(0,T;Va)NH(0,T;V"),
e 0, is uniformly bounded in L>(0,T;H)NL>(2x (0,7))NH(0,T;V}).

Then, by classical compactness arguments, we obtain a candidate weak solution (u,¢,6)
such that

ue L>=(0,T;H,)NL*(0,T;V,)NH(0,T; V)
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@€ L=(0,T;V)NLY0,T; Vo) NH (0,T; V")
0 L>(0,T; H)NL>®(Qx (0,7))NH*(0,T;V}).

We just need to show the convergence in the transport-diffusion equation, the other
convergences being as above. Let us multiply the equation by x € C§°(0,T) and integrate
in time between 0 and T, after integration by parts in space. We obtain, up to a non-
relabeled subsequence,

T
/ (<040, € > +r(V0,,VE) — (e, VE)X()dt  VEE Vi,
0

‘We notice that

T T
/0 (Wb VE) X (D)t — / (b, VE)x (1)t

< max |x(t)] {|lum_u||L2(0,T;Hg)|v£” 10| oo (2% (0,1

~telo,T]

+

/OT/Q(u-Vé)(H—H,Q)dxdt

so, since [|0x| L (ax(0,7y) £C, by the strong convergence u, —u in L?(0,T;H,) (up
to a subsequence), the first term in the right-hand side vanishes as k — 0. Regarding

the second term, it vanishes by the weak* convergence , —8 in L= (2 x (0,T)), since
u-VEe LY (2% (0,7)). Concerning the diffusion term, we have

T
’f/ (VOe,x(0)VE)dt| <vi (VENOkl L2(0,7:v0)) IX(E)VEl 20,730 < VEC 300
0 K

In addition, we have 9;0,, — 8,0 in L*(0,T;Vy). Thus we can pass to the limit as £ —0
and by standard density arguments (see, e.g., [9, Lemma V.1.2]) we deduce that

T
/ {<00,w>—(uh,Vw)}tdt=0 VweL*(0,T;Vy). (5.2)
0

We conclude that (u,¢,6) is a weak solution to CHB according to Definition 3.3.
To get the additional regularity (3.13), we observe that, v being constant, we can
apply [32, Thm.1.1] with, using the same notation as in [32], g=0 and h=¢Vu+0es €
L?(Qx(0,T)) (where the term V(¢u) has been added to the pressure).

To show uniqueness, let us consider (u;,¥;,0;), i=1,2, two weak solutions with the
same initial data, and set u=u; —ug, =91 — 2, 0=01 — s and p=—aAp+ V' (p;) —
U’ (). Then we have

<O, w > +b(uy,u,w) +b(u,uz,w)+v(Vu,Vw)

=a(Vp1 Ve, Vw)+a(Ve@ Ve, VW) + (6,e2-w) YweV, (5.3)
<Opp,v>+H(Vu,Vo)+(ur - V,v)+ (u-Vg,v) =0 YveV (5.4)
<Ob,E>—(u1-0,VE)—(u-02,VE) =0 Ve eVy. (5.5)

We then take w=A""u, v= 14_16190 and £= A(;lH, respectively. These choices yield

6
La(t) vl + (1 0)= DT, (56)

Jj=1
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where Hz:= 3 |[ul[? + 3ll¢ll? + 3110]F and
Il - (ul(p7v1461g0), IQ = (ugo27VA_6190)7
I3:_b(ulvuaAilu)_b(u7u27A71u)a

Ty=a(Vp1 @V, VA 'u) +a(Ve® Vs, VA u),
I5:(0,e2~A71u), 16:(11027VA510)7 I7Z(U197VA0_19).

From now on, C' >0 is a generic constant depending at most on the data, on the struc-
tural parameters, on 2 and on 7. C' may vary from line to line. Due to the regularity
of a weak solution, we have, for almost any t€ (0,T), i=1,2,

lw@I<C, llei®llv<C,  lei)llzeo@) <1, [|0:(t)| o) <C. (5.7)

The terms Z;-Z4 can be estimated as the ones in the proof of Theorem 3.4 with the
corresponding numbering, thanks to (5.7). Thus we obtain

L <GVl +CIVmPlel?,
To < gl +Cllgl?.
I3S§||u\|2+CIIuHE(IIVu1||2+HVu2||2),
Tu < SVl + Sl +C (e ooy + el ) Iul
Then, recalling the equivalence of the norms |- ||y and |||y, and using (5.7), we find
Is =<0,e2- A" u>< |10y, [ VA~ ul| < CJ10]F + [|ul,
IGSg\lullz+C|\92||ioo(g>||9||§SgHu||2+C||9||§~

Consider now Z7. To treat this term we will follow closely [32, Sec.5]. Recalling the
two-dimensional interpolation inequality, for r > 2,

r 1-2/r
11l < VAILFIP AT,
an integration by parts together with (2.10) gives, for any p € [2,00),

Tr=—(mAAG'0,VAG'0) = (VAG'0,Vur - VAG0) <[ V| o2 [V AG 0P ey o

_ 2p _ _2 12
<V |ipr a2l VA, 19|2[ 212 S [V lze(e)2l|VAg Y1 IVAG N
Lp—1 (Q)} p
20p 1pe—2y g2 22

< ]flllvmll[mm)PIIVAo oIF = [0l» <ClIVaillize@y=lioll; *,
where we exploited —AAy 19 =6 almost everywhere in Q x (0,7’), the fact that % <d4.
Note that C' does not depend on p and (5.7). Therefore, setting

Ra=1+ [V |* +[|Vuz|* + 1]l 720y + 2/l

we get from (5.6) (see also (4.92))

V P 2 1
pl Vi ul”; O 331-5. (5.8)

d v 9 o 9
— - — <
dtH3+ 2||uH + 3 Vel <CRsHs+C
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Applying now the well-known Yudovich’s argument (see [32] and [50]), we can easily
conclude the proof of uniqueness. First, integrate (5.8) in time over (0,s) to get, for any
0<s<t<T, recalling that H3(0)=0,

t t
V P 2 1
Hg(s)g(]/ R3(T)H3(T)dT+Cp/ | ul(T;H[L ) Hgl’Z(T)dT,
0 0

i.e.

t t
V P 2 1
sup ’Hg(s)SC/ Rg(T)’Hg(T)dT—i—C’p/ | ul(T;”[L ()] Hs' v (1)dr. (5.9)
s€[0,t] 0 0

Then let 0<t, <T sufficiently small such that

te
C Rs(r)dr <
0

i

DO =

which is possible since R3 € L1(0,7), and set

Hs(t)= sup Hs(s).

s€[0,t]

We infer from (5.9), since Hs(7) <Hs(7) for any 7>0,

~ t V P 2 ~ 1
Hg(t)SC’p/ <1+| “1(7;)”“ ()] )Hgl_P(T)dT, (5.10)
0

for any t€[0,t,]. Setting E:pfot <1+w> 7‘731_%(7')617' and 2. =Z+¢, for

e>0, we get
d_1 1_1-1d Vu P
Lo —cgp 1E€§0<1+” e (9”2),
dt P

which means, integrating in time over (0,t), t <t, , and recalling that =Z.(0) =¢,

1 t V P 2 P
E.(t) < (m +C/ (1+” (1)l @) >d7> ,
0 p

This implies, letting € — 0,

t \V4 » 5 p t v » R P
s (20 < o [ (1o ) )
0 p 0 p>2 p

ending up, recalling (5.10), with

. t v »(Q))2 b
Hs(t)<C(C/ (1+sup Vs () llzr )dT) .
0

p>2 p

Therefore, if we adjust ¢, so that also

Ex \Y » 1
C/ (1+sup| w1 (1)l (Q)}2>d7<,
0 p>2 p 2
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which is possible due to (3.13), we immediately infer, letting p — oo, H3(t) =0 for every
t <t,. We then extend this result to any ¢ € [0,T] by means of a standard connectivity
argument and by the continuity in time of the solution, so that (u,y,0)=/(0,0,0) for
any t €[0,T], implying uniqueness for any 7 >0 and thus concluding the proof. a0

Proof. (Proof of Theorem 3.6.) Within this proof, C'>0 is a constant in-
dependent of x and ¢, which may vary from line to line. We consider the (unique)
strong solutions (u,@s,0x), with the same initial data of the assumptions and with
9=0oj00 € H%/2(9Q). Note that in this way assumption (1) is trivially satisfied and
also the compatibility condition (/5), i.e., 6,(0)a0 =g(0), is fulfilled. Therefore, from
the end of the proof of Theorem 3.1, estimates (4.23)-(4.27), (4.31), (4.33), (4.50),
(4.51) and (4.63) hold with C independent of k. Moreover, since 6y € H2(Q) — L>(Q),
estimate (3.8) holds with C independent of £ as well. Our aim is now to show some
other uniform-in-x estimates to be able to pass to the limit as k — 0 in a suitable sense
(see [14]). We observe that 6,; solves

00, +u,-VO,—rA0,=0 a.e. in Qx(0,7) (5.11)
0.=g on 002 x (0,T)
9,4(0):90 in Q.

Let us proceed formally. The argument can be justified by using a semi-Galerkin scheme
(i.e. keeping u, given). We resort again to the lift operator (see Section 2.4), write
0,=0,+0, and note that Af, =0 in Q2 x (0,7") and, since g is independent of time,
0i0,=0. We apply A to the first equation, multiply it by A©,, and integrate it over
Q, recalling that A©, =0 (due to the fact that g is independent of time) and u,, =0 on
00 x (0,T). We find

L1260, + (A, V6,), A0,) + (Alu,-V6,), A0,) +5[V(A0,)]* =0,
but
A(u,-VO,)=Au, VO, +2Vu,:D?6, +u,-V(AO,) (5.12)
and note that (u,-V(AB,),A0,)=0, whereas, similarly,
A(u,-V0,)=Au,-V,+2Vu,: D?*0,+u,-V(Ay) =Au, -V, +2Vu, : D*0,.
Thus we obtain
%IIA@KIIQ+KIIV(A®K)II2 < (lAu] 1) VOl La() + 2Vl Lo (@) [ D*O]) [|AO]]

+ ([ Auellza (o) Vgl 240 + 20 V]| L= () [ D0, ) | A0k |
<CA+[|Aus] page) + Vel e @) 1A, 7 + Cl Au | L o) + 1 Vel () 105172 0
<COA+ [ Aug @) + Vil o ) [ AO

+C (A L) +IIVUkllZo @) 19112/2 00) (5.13)
where in the last inequality we have used the embedding H?(Q) — W14(Q2). Recalling

that [|Au, | La) < Cllug w240y and [W24(Q)]? — [WH>(Q)]2, from (5.13), by (3.8),
we deduce

d
p 1A, [1° + £V (A2 <C (14 uxllw2(2)) 1AOL[° + CllusIFy20 ||9||§13/2(aﬂ)~
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Thus, since ||u||z2(0,7;w24(q) < C and g independent of time, Gronwall’s lemma entails
19kl L~ 0,1:v2) <C,
therefore, recalling that 6, € L>°(0,T; H%(Q)), we have
0] Lo 0,7 12(02)) < C. (5.14)
By comparison in the equation for 6, we infer
1060, ]| < KA+ VOl a0kl Lo ) < C,

where we have exploited (5.14), [[u,||ze(0,7;v,) < C and standard Sobolev embeddings.
Therefore we obtain [|0;0 ||z (0,7;7) <C. Summing up, for the original problem, the
following uniform-in-x estimates hold:

e u, is uniformly bounded in L*°(0,7;V,)NL*(0,T;W,)NL?(0,T;[W??(Q)]?)N
HY(0,T;[LP(Q)]?), for any p€ [2,00),
e ¢, is uniformly bounded in L>(0,T;V)NL*(0,T;V2)NH(0,T;V),
e i, is uniformly bounded in L*°(0,T;V),
e 0, is uniformly bounded in L (0,7;L>(Q)) N L>(0,T; H*(Q))NW1>°(0,T; H).
By a classical compactness argument, we obtain a candidate strong solution to CHBg
as k—0, say (u,p,0), with the following regularity

ue L™
pe L™
e L™
e L™

0,T;V,)NL*(0,T; W, )N L*(0,T;[WP(Q)]*)nH*(0,T;[L*(Q)]?), p€[2,00)
0,7;V)NL*0,T;Va)NH*(0,T;V)

0,T;V)

0,T;L>(Q))NL>(0,T; H*(Q)) W= (0,T; H).

—~ ~

—~

Using a standard argument we can pass to the limit as k — 0, obtaining that (u, ¢, 6)
is a solution to CHBy that satisfies the system almost everywhere in €2 x (0,7). Thanks
to the same arguments used in the proof of Theorem 3.1, we can prove the additional
regularity properties for ¢ and u stated in Theorem 3.6. The proof is finished. ]

Proof. (Proof of Theorem 3.7.) In order to prove Theorem 3.7, let us consider the
same setting as the one adopted in the proof of uniqueness of weak solutions (Theorem
3.5). We start from (5.6). All the estimates are indeed the same: the only difference is
in the term Z;. In particular, an integration by parts gives

Ir=—(wAA;'0,VAT'0) = (VA;'0,Vuy - VAG'0) <[V | o o) 10117,

where we exploited —AA; '9=0 almost everywhere in Qx (0,7). Therefore, we get
from (5.6) (see also (4.92))

d v 9 9
= - = <
dt?—[3+ 3 lu]|*+ 3 IVol||* <CR4H3,

where  Ry4=Rz+||Vui|L~(q)- Observe that R,e€L'(0,T), since wuj€
L2(0,T;[W24(Q)]2) — LY(0,T;[W1>(2)]?), u; being a strong solution.  Hence
estimate (3.14) follows through Gronwall’s lemma. This concludes the proof. 0

Proof. (Proof of Theorem 3.8.) First of all, on account of the assumptions on
the initial data and on g, due to Theorems 3.1, 3.4, 3.6 and 3.7, there exist unique strong
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solutions to CHB,,, for each x>0 as well as a unique strong solution to CHBy. Thus,
given k> 0, we consider the strong solution (u,,¢x,0,) to CHB, and the strong solution
(u,,0) to CHBg corresponding to the same initial data. Note that, for any x>0, the
boundary datum ¢ satisfies assumptions (I)4 and (I)5. Setting U=u—u,, P=p—¢,,
O=0—-0,, n=—aAP+TV'(p)—TV'(¢,) and following [12], we have that (U, ®,0) solves
the following identities

<U,w>+b(u,U,w)+b(U,u,,w)+v(VU,Vw)

=a(VeaVe,Vw)+a(VeR Ve, Vw)+(0,es-w) YweV, (5.15)

<P, v>+(Vu,Vo)+ (u-VP,0)+(U-V,,v)=0 YoeV (5.16)

<0,0,6> +1(VO,VE) — k(V6, VE) +/£/ (V6, -n)€ds (5.17)
0

—(uO,VE)— (U6, VE) =0  VeeV.

We test the three equations with ®, U and O, respectively. This yields
Ly 4| VU2 + 1| VO + (V11, VD) zﬁjz
at ’ e

where 4= 3[|U||* + 31 ®]* + 5[ ©|| and

Z; =-b(U,u,, U), T, =a(Vpa Ve, VU) +a(VP® Ve, VU),
Idz(u<I>7V<I>)+(Ug0,{,V<I>), I4:(@792-U)7
;= —(U-V0,.0), Iﬁ=n(va,ve)—ﬁ/ (V6, -n) OdS.

oN

From now on, C' >0 is a constant independent of x that may vary from line to line. On
account of the existence and uniqueness (in particular from the proof of Theorem 3.6),
we know that our solutions satisfy the following bounds

llullLe<0,r5v,) + [all Lo 0,753 (Q)12) + @l Lo 0,751
+ el Loe (0,m5w2302)) + 12" (@) Low (0,753 (02)) < C, (5.18)

llusllLoe 0,7;v,) F 10kl Loo (0,713 (2)12) F |0xll oo (0,75v) + |0k | Loe 0,75w2.3 (02))

+ 1" (0r) | Lo (0,713 (2)) (5.19)

Following step by step the proof of Theorem 3.2, we can get
1 < 2| VUI?+ Ol U Vs e
<ZIVUI+ S lA® )2+ Cle|?,
I3S%IIA@I|2+C(II<I>||2+H%II&IIUHQ)'
Moreover, using standard arguments (see also (5.19)), we obtain
Liaiz, 1 2
Zi<|®O[ Ul = liol"+ 501,

Zs < [|Ull s (2 [ VOxll a2 ||@||<*HVUH2+CII9 i@l < *IIVU||2+C||@||2-
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In conclusion, by the properties of the trace operator, together with the embedding
Ve HY2(Q),
Zs < (IVOIIVOl + VOl 22002 1O L2 (00 )
<k (IVOIVOI+Cll0x] 32y (1O +VOID)
K K
< ZIV0)2+ Z VO +C -+ 1) 0als/2(0 + IO

Adding together the above estimates and recalling (4.92), we find
d v K « K
Dt L ITUIP + 5101 + LI AR < CRHa+ S IVOI O+ 1) [l

where R5:=1+||Vu,|? s T l¢xll?, € LY(0,T). Hence Gronwall’s lemma gives (re-
call that 74(0)=0)

T T
K
7—[435/0 eC||V9||2ds+C(f<&+f€2)/O eCH&II?p/z(Q)d&

Since we have ||0[|p2(0,7,v,) <C and by (5.19), recalling the embedding H?(Q)—
H3/2(Q), we infer that (3.15) holds and the proof is finished. 0

6. Proofs of Section 3.4

Proof. (Proof of Theorem 3.9.) The proof follows closely the corresponding one
in [28]. Let (u, ¢, 6) be the global weak solution with initial condition (ug,¢o,0p) given
by Theorem 3.3. Due to the regularity properties of weak solution we have that for
any 7> 0 there exists 79 € (0,7) such that (u(7),(70),60(70)) satisfies assumptions of
Theorem 3.1. Moreover, recalling (4.71) and Remark 4.2, we have

B(r) < B(0) + =8

?(1—e P0™) <R+ ko< Ry, P(10) =

Thus we have a global strong solution on the time interval [ry,400), which coin-
cides with the weak solution due to Theorem 3.4, corresponding to the initial datum
(u(70),¢(70),0(70)). From (4.68) we have

161> < [|6(ro)|Pe=® ™) Vi>r, (6.1)

In the following the positive constants denoted by ¢;, i € N, depend on R and possibly 7,
but are independent of ¢ and the specific initial data. Due to Gronwall’s lemma applied
to the energy estimate (4.70) together with (6.1), we have that, for every ¢ > g,

E(u(t),¢(t),0(t)) < E(u(7o),¢(70),6(70))

(T0)||2(1—€_60(t_m))SCO- (62)

We then have, by the same estimate (6.1) applied to (4.70),

ZEO+(Vul*+3 IIVUIIQJr%IIWII2 OH9( o)[[Pem o), (6.3)

for every t > 1. Integrating (6.3) on (¢,t+1) we deduce:

E(u(t+1),p(t+1),0(t+1))
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v t+1 ) t+1 ) t+1 )
+§/ IV u(s)]| ds+m/ IV (s)]| ds+/ IVu(s)|*ds — (6.4)
t t t

C’ge‘fﬁo
21/50

since e A0t <1 and e™f < e, Thus, thanks to (6.2), since |¥(s)| > —C for some C' >0
independent of ¢ and every s€[—1,1], we get

<E(u(t),»(t),0(t)) + 10(ro)[*(1—e~%),  Vt>m, (6.5)

14

t+1 t+1 t+1
5/ HVu(s)HstJrn/ ||V9(5)||2ds+/ |V u(s)||?ds < ¢ Yt > 1.
¢ ¢ ¢

In conclusion, we write, for every ¢t >y,

t+1 v
B(0).20.00)+ [ (FIV0) PRIV +]Tp(0) ) ds <o (65)

The following global-in-time estimates are formal, but they can be made rigorous by
repeating verbatim the proof of Theorem 3.1 in the Galerkin setting (note that the
energy identity also holds in the Galerkin scheme). On account of (4.47), here we can
find

d v w «
SN+ AulP + S 02 + T V0| < es(1+2), (67)

where A:=(p,u-Vo)+ || Vul> + 122 ||Vu||?. Recalling (6.6), we have
t+1
A(s)ds <cu, Vit >1p. (6.8)
t

Hence, observing that A > 1 (||[Vul|>+ | Vp|[?) — C, for some C >0 independent of ¢, we
can apply the uniform Gronwall lemma (see [48, Ch.3, Lemma 1.1]), to (6.8) to obtain
A(t) <cs for every t>7. This entails

[l oo (r,00v,) F 11l Loo (7,005v) < 6 (6.9)
Integrating (6.7) in time, on (¢,t+1), we deduce
lallzzte41:w,) 10l L2t er1m,) 00l L2t tr1v) Sz VE=>T

Arguing formally, we also obtain (see (4.60))
L iuveuhlna 012+ Zja0)r<over  vis (6.10)
272 ) at it 4 = =70, '

with C depending on ¢;, i=0,...,7, but not on t. Therefore, due to (6.6) we infer, by
uniform Gronwall’s lemma, ||0|| o (r,00;v;) < €8, for every t > 7. Then, integrating (6.10)
in time on (¢,t+1), we get

1011 22t 11:v2) 100l L2t 415y S0 VEZT.

Taking the time regularity of the strong solutions into account, (3.16) and (3.17) fol-
low. Then (3.18) is deduced from (6.9) and [28, Thm.A.2]. Therefore, we know that
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© € L>®(1,00;W2P(Q)) and F'(yp) € L*(1,00;LP(2)) for any p€[2,00). Then, on ac-
count of (2.8), we deduce F”(p)€ L>(1,00;LP(Q)), for pe(2,00) (see [27, Lemma
5.1]). Thus, by the chain rule, F'(p) € L>(1,00;W1P(Q)) for any p € (2,00). Fix now
p>2. Thanks to the embedding W1P(Q) < L> (), there exists C >0 depending on
the norms of the initial data, the parameters of the problem, the domain and F, such
that [[F(0)| Lo (x (r,00)) < c10- This entails the existence of 6 >0 such that

igpllw(t)llc@ <1-4, (6.11)

ending the proof. ]

Proof. (Proof of Theorem 3.10.) By replacing 7 with 7 in Theorem 3.1, we
can assume that the solution (u, ¢, 0) satisfies the uniform estimates of Theorem 3.9
on the interval [F,00). We need some other higher-order a priori estimates on the
solution (see [27] for an analogous proof). In the sequel, ¢;, i €N, stands for a positive
constant depending on R,m, T, but not on the specific initial data. Given h > 0, repeating
verbatim the proof of Theorem 3.2, in which the difference (u; —ug, 1 — 2,01 —6) is

replaced by the difference quotients (9/'w,d0p,070), we deduce the following, for t > 5

d
ZHa+ 2| VOP |2+ ][V + T80 < CR (6.12)
where
1 1 1
Ho 1= [107ul* + Sl107 el + S 1000117, Ri=14[[Vulfis oy + el + 1015

Here C >0 does not depend on h, but depends on M; and M5 (see Theorem 3.9). By
Sobolev embeddings, we obtain (see also (3.17))

t+1
/ (Ha(s)+R(s))ds < cq wzg,
t

where ¢y depends on My but not on h. We can thus apply the uniform Gronwall’s
lemma to (6.12), with = 7. This gives

[0/ ull +[[0Fell+ 1070 <cr  VE>T,
so that

108l 2t e 1v) HNOON e 1 e 11120y 1000l 2001wy Se2 WE=T.

A passage to the limit as h— 0 entails (3.20) and (3.21).

We now prove the separation property. First of all, we recall that |u-
VLo (r,00,1) <3 owing to (3.16) and (3.18). Then, due to (3.20) we deduce
Orp+u-Vye L>®(r,00; H); thus the regularity theory for the Neumann problem gives
||'LLHL<>C(T7OO7H2(Q)) <c4 so that ||’[L||LOO(QX(T7OO)) <cs. From (318), (319) and F'e
C3([~1+0,1—4]) we deduce that ||F’ ()| £ (r,00,v5) < ¢6. Hence, well-known regularity
results imply ||| Loo (7,00, 54 (0)) < ¢7. Concerning u, setting f:=uVe—0u—(u-V)u+
fes, and arguing as in [28, Thm.4.4], we find ||| e (r 00, [w2r(Q)2) < €8 =cg(p), since
fe L°°(r,00,[LP(Q)]?), with pe (1,2). Then, using [W23 (Q)]2 < [W14(Q)]? we can get
fe L>(7,00,[L*(2)]?) and recover |[ul|p=(r,00;w,) < 9. Therefore (3.22) holds and the
proof is concluded. ]
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Proof. (Proof of Theorem 3.11.) Let T'>0 be given and let (u, ¢, ) be
a strong solution to CHBy on [0,7] according to Definition 3.4. We can exploit the
regularity stated in Definition 3.4, though, in this case, § depends on T. We know
that ¢ € L°(0,T;W>P(Q)) and F'(p) € L>(0,T;LP(Q)) for any p€[2,00). Similarly
as before, we deduce F"(p)e L>(0,T;LP(f2)), for p€(2,00). Thus the chain rule
gives F'(¢) € L=(0,T;WP(Q)) for any p€ (2,00). For p>2, due to the embedding
WLP(Q) < L>(1), there exists C >0 depending on the norms of the initial data, the
parameters of the problem, the domain, F' and T', such that ||F'(o)| Lo (ax(0,1)) < C,
which implies, together with Remarks 3.9 and 3.11, the existence of § =§(7") >0 such
that (3.23) holds. The proof is finished. o
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Appendix. Approximating the NSCH system (1.1). Here we show how to
formally deduce system (1.3) from NSCH system (1.1) introduced in [40]. We use a
perturbation argument ([26]): Let (p*,u*,¢*,p*)=/(c1,0,c2,p*), c1 #0, ca €(—1,1), be
a stationary solution to (1.1). We now write the system for the perturbation (p+
p*, u, v, p+p*). From (1.1);3 we obtain

d(p+p*)+u-V(p+p*)=—(p+p")div u,
so that
Op+u-Vp=—p*div u—pdiv u.

This equation holds for any p* =c€R*. Therefore we obtain

{atp-‘rll'Vp:O A

div u=0.
From (1.1); we deduce
(p+p")0a+(p+p*)(u-V)u+V(p+p*) —div(v(p)Du) — V(div u)
=—adiv((p+p")VeaVe)+(p+p")e.
We recall that, (p*,u*,¢*,p*) being a stationary solution to (1.1), the hydrostatic bal-
ance Vp* = p*g holds. Thus we get, remembering (A.1) and dividing by p*,

1
drut(u-V)u+ pﬁ*@tu+ 2 (u-V)u+ - Vp—div (”;“0) Du)

* *

=—a div(Vp®Vp)—a div (;V@®Vgp> + p—p*g.

Since p* is arbitrary, we can take it arbitrarily large, such that £ ~0, and we can

neglect all the terms with this coefficient in front, except the gravitational one, because
it is linear and by means of an energy budget argument. Therefore, we find

1
Opu+(u-V)u+ p—*fo div <V§f)Du) =—a div(VeoVe)+ p—p*g. (A.2)
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In conclusion, dividing by p*, we infer from (1.1)s the following

1 1
<1+'0*> O+ <1+Z>U-V@=A —% 5-div ((1+p*)V<p)+*\If’(<p)
p p P+ p p

By using again p% ~0, we deduce

1
8tg0+u-V<p:A<—;A<p+ﬁk\I/'(<p)). (A.3)

Putting together equations (A.1), (A.2) and (A.3), we are then led to formulate (1.3),
which can thus be interpreted as an incompressible approximation of (1.1).
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