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QUANTITATIVE SPECTRAL ANALYSIS OF ELECTROMAGNETIC
SCATTERING. II: EVOLUTION SEMIGROUPS AND

NON-PERTURBATIVE SOLUTIONS∗
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Abstract. We carry out quantitative studies on the Green operator Ĝ associated with the
Born equation, an integral equation that models electromagnetic scattering, building the strong sta-
bility of the evolution semigroup {exp(−iτ Ĝ )|τ ≥0} on polynomial compactness and the Arendt–
Batty–Lyubich–Vũ theorem. The strongly-stable evolution semigroup inspires our proposal of a non-
perturbative method to solve the light scattering problem and improve the Born approximation.
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1. Introduction
A great variety of physical applications [3,6,16,32,33] rely on numerical modeling of

the interaction between electromagnetic waves and dielectric media [2,5,8,9,15,23,26–28,
30,31,36,37]. In direct scattering problems [8], one predicts the scattering pattern from
the shape and physical constituent of the scatterer; in inverse scattering problems [9],
one attempts to infer the geometric and physical information of the scattering media
from the measured scattering field.

Specific examples of exact solutions to direct light scattering, in terms of an infi-
nite series that involves special functions, do exist for cylindrical [28], spherical [23],
spheroidal [2] and Chebyshev [26] dielectric particles. In practice, these infinite series
do not have a closed-form sum, so their truncations lead to approximate solutions. The
special techniques employed in these series solutions may not generalize well to the
analysis of arbitrarily shaped dielectrics.

There are a wealth of numerical recipes for practical solutions to direct light scat-
tering on arbitrarily shaped dielectric particles. There are two categories of grid-based
algorithms [15,27,30,31,36] for simulating the propagation of electromagnetic waves in
the presence of dielectric particles with complicated shapes. The first category of meth-
ods are based on numerical solutions of partial differential equations for electromagnetic
scattering, such as discretization of the Maxwell equations in the “finite difference time
domain” (FDTD) [30, 31] and these methods are known as FDTD algorithms. The
second category of methods are based on numerical solutions of integral equations for
electromagnetic scattering. The “discrete dipole approximation” (DDA), also known as
the “digitized Green’s function algorithm” [15, 27], aims at a volume integral equation.
Krylov subspace iterations [5] can be used for accelerated solution to boundary inte-
gral equations for scattering problems on metallic conductors. Typically, for a given
(non-conducting) dielectric shape with known refractive index, an efficient numerical
simulation (either following the FDTD or DDA algorithm) requires a grid spacing not
coarser than one tenth of the wavelength. As a result, in grid-based simulations for

∗Received: January 07, 2021; Accepted (in revised form): October 25, 2021. Communicated by Shi
Jin.

†Program in Applied and Computational Mathematics, Princeton University, Princeton, NJ 08544,
USA; Academy of Advanced Interdisciplinary Studies (AAIS), Peking University, Beijing 100871, P.R.
China (yajunz@math.princeton.edu, yajun.zhou.1982@pku.edu.cn).

1025

mailto:yajunz@math.princeton.edu


1026 NON-PERTURBATIVE ELECTROMAGNETIC SCATTERING

large particles, the computational cost could become exorbitantly high, and the risks of
numerical instability may ensue [37].

Setting aside the concerns about affordability and stability of numerical solutions,
we might still find ad hoc simulations of electromagnetic scattering insufficient for cer-
tain types of applications that involve inverse scattering problems. For example, in
reflection interference contrast microscopy [16], an approximate analytic expression of
the scattering field would be suitable for curve fitting procedures that solve the inverse
scattering problem on the fly. It would be less desirable to conduct extensive numerical
simulations, trial after trial, for the information inference of the scattering medium.
Besides optical microscopy [16], certain applications in meteorological radar [33], ge-
ological prospection [7, 8] also require the solution of an inverse scattering problem,
such as deducing the shape and physical constitution from the far-field scattering pat-
terns, and/or deducing the spatial location of the scattering medium from the near-field
scattering patterns. Therefore, there are wide applications calling for an approximate
analytic understanding of electromagnetic scattering with sufficient numerical accuracy.

In Paper I [39] of this series, we performed a quantitative assessment of the error
bound in the perturbative solution (Born approximation) to the light scattering problem.
In this work (Paper II), we propose a non-perturbative alternative that improves the
convergence rate of Born approximation. The major idea underlying our proposal is to
exploit an evolution semigroup {exp(−iτ Ĝ )|τ ≥0} generated from the Green operator
Ĝ of electromagnetic scattering. In particular, we shall use the spectral analysis of
the Green operator Ĝ to deduce asymptotic behavior of the evolution semigroup, in
connection to the asymptotic solutions of the electromagnetic scattering problem.

2. Statement of results
We recapitulate some previous studies on electromagnetic scattering in Section 2.1,

on which the current developments (Section 2.2) are based.

2.1. Discreteness of optical resonance modes and Born approximation.
As in [39, 40], we model the electromagnetic scattering problem by the Born equation,
an exact consequence of the Maxwell equations:

(1+χ)E(r)=Einc(r)+χ∇×∇×
˚

V

E(r′)e−ik|r−r′|

4π|r−r′|
d3r′, r∈V. (2.1)

Here E(r),r∈V is the dielectric response from a scatterer with dielectric susceptibility
χ, occupying a bounded open volume V with smooth boundary ∂V , and connected
exterior R3∖(V ∪∂V ). The incident beam has wavelength 2π/k, and is represented
by its electric field Einc(r). At times, we will abbreviate the Born Equation (2.1) as
B̂E=(Î−χĜ )E=Einc, and refer to B̂ as the Born operator, Ĝ the Green operator.

It was pointed out in [40] that the Green operator Ĝ :L2(V ;C3)−→L2(V ;C3) ex-
hibits certain non-physical spectral behavior: Some resonance modes that belong to the
Hilbert space L2(V ;C3) (the totality of square-integrable C3-valued vector fields defined
in V ) fail the transversality condition ∇·E=0, thus do not mark the actual singular-
ity of the Maxwell equations. For a correct characterization of the optical resonance
modes, one needs to restrict the domain of the Green operator to the Hilbert subspace
Φ(V ;C3)=Cl(C∞(V ;C3)∩ker(∇·)∩L2(V ;C3)), which is the smallest Hilbert space that
contains all the smooth, divergence-free and square-integrable complex-valued vector
fields (conventional notation: Φ(V ;C3)=H(div0,V ) [10, p. 215]). It was shown in [40,
Section 3] that the quadratic operator polynomial Ĝ (Î+2Ĝ ) :Φ(V ;C3)−→Φ(V ;C3)

is compact where the cubic polynomial Ĝ (Î+2Ĝ )2 :Φ(V ;C3)−→Φ(V ;C3) defines a
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Hilbert–Schmidt operator. It has been further shown [40, Section 3.2] that the spectrum
of Ĝ :Φ(V ;C3)−→Φ(V ;C3) is a countable set. Except for two points {0,−1/2}, all the
other points in the spectrum are eigenvalues with a strictly negative imaginary part.

As a popular perturbative solution to the electromagnetic scattering problem, the
(first) Born approximation is a truncation of the Neumann series E=(Î−χĜ )−1Einc=

Einc+χĜEinc+χ2Ĝ 2Einc+ ·· · up to the O(χ) term. In the perturbative regime |χ|<
1/∥Ĝ ∥L2(V ;C3), the error bound for the Born approximation is given by

∥∥∥E−(Î+χĜ )Einc

∥∥∥
L2(V ;C3)

≤
|χ|∥Ĝ ∥L2(V ;C3)∥Einc∥L2(V ;C3)

1−|χ|∥Ĝ ∥L2(V ;C3)

. (2.2)

In [39, Theorem 2.1], we provided an estimate of the operator norm ∥Ĝ ∥L2(V ;C3).

2.2. Evolution semigroups and non-perturbative solutions.
Let {exp(−iτ Ĝ ) := Î+

∑∞
s=1(−iτ Ĝ )s/s!|τ ≥0} be an evolution semigroup with infinites-

imal generator −iĜ . This is a contractive semigroup for either Ĝ :L2(V ;C3)−→
L2(V ;C3) or Ĝ :Φ(V ;C3)−→Φ(V ;C3), thanks to the energy conservation law in elec-
tromagnetic scattering (Section 3). In addition, the spectral properties of the Green
operator Ĝ :Φ(V ;C3)−→Φ(V ;C3) lead to richer structures of the semigroup in ques-
tion.

Theorem 2.1 (Strong stability and generalized skin effect).
(i) If the smooth dielectric has a connected exterior volume R3∖(V ∪∂V ), then we

have σΦ(Ĝ )∩R⊂{0,−1/2} and the related evolution semigroup {exp(−iτ Ĝ )|τ ≥0}
is strongly stable:

lim
τ→+∞

∥exp(−iτ Ĝ )F ∥L2(V ;C3)=0, ∀F ∈Φ(V ;C3). (2.3)

(ii) Suppose that Einc∈Φ(V ;C3) is a transverse incident wave satisfying the Helmholtz
equation (∇2+k2)Einc=0 in the sense of distributional derivatives, then the fol-
lowing limit holds

lim
|χ|→+∞

|χ|
˚

V

f(r)((Î+ i|χ|Ĝ )−1Einc)(r)d
3r=0 (2.4)

for every compactly supported smooth function f ∈C∞
0 (V ;C).

As will be revealed in Section 4, Theorem 2.1(i) is a direct consequence of the
Arendt–Batty–Lyubich–Vũ theorem (see [1, 22], as well as [12, pp. 326–327]); while
Theorem 2.1(ii) is a corollary of the strong stability.

From the integral representation of the solution to the Born equation

E=(Î−χĜ )−1Einc=
1

iχ

ˆ +∞

0

eiτ/χexp(−iτ Ĝ )Eincdτ, Imχ<0, (2.5)

one can show that the perturbative Born approximation E=(Î−χĜ )−1Einc≈Einc+

χĜEinc respects the short-term behavior exp(−iτ Ĝ )= Î− iτ Ĝ +O(τ2), but is incom-
patible with the long-term strong stability limτ→+∞∥exp(−iτ Ĝ )F ∥L2(V ;C3)=0 of the
evolution semigroup for electromagnetic scattering.
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In Section 5, we propose a non-perturbative alternative to the Born approximation
as follows:

((Î−χĜ )−1Einc)(r)∼Einc(r)+χk2
˚

V

e−i
√
1+χk|r−r′|

4π|r−r′|
Einc(r

′)d3r′

− χ

1+χ
∇
"

∂V

n′ ·Einc(r
′)e−i

√
1+χk|r−r′|

4π|r−r′|
d3r′, r∈V. (2.6)

Such a formula recovers the Born approximation in the perturbative regime, while hon-
oring the strong stability limτ→+∞∥exp(−iτ Ĝ )F ∥L2(V ;C3)=0 in the long run. As a
concrete application, we evaluate the non-perturbative approximation to the forward
scattering amplitude of Mie scattering for Imχ<0,Imn=Im

√
1+χ<0:

−χk

˚
|r|<R

E∗
inc(r) ·(Î−χĜ )−1Einc(r)d

3r

∼2πinR2+
πi(n+1)2

(n−1)2
1−e−2i(n−1)kR[1+2i(n−1)kR]

4k2
+

πi(n−1)2

(n+1)2
e−2i(n+1)kR[1+2i(n+1)kR]−1

4k2

+
π

16k2n2

{
−2iχ2[2(χ+2)k2R2−1]

[
Ei(−2i(n−1)kR)−Ei(−2i(n+1)kR)+log

n+1

n−1

]
+4in(2χ2k2R2−χ−2)+e−2i(n+1)kR(n−1)2

[
2(n+1)(χ+2)kR+ i(n2+4n+1)

]
−e−2i(n−1)kR(n+1)2

[
2(n−1)(χ+2)kR+ i(n2−4n+1)

]}
, (2.7)

and compare it to the exact solution (Mie series) along with various well-known approx-
imation formulae in the physical literature. Here in (2.7), for a special incident beam
Einc(r)=ex exp(−ikz), we use a superscripted asterisk to denote complex conjugation
and we have Ei(z) :=−

´∞
−z

e−t dt
t .

3. Energy conservation in electromagnetic scattering
The Born operator B̂= Î−χĜ :L2(V ;C3)−→L2(V ;C3) satisfies an energy conser-

vation law (generalized optical theorem):

σsc :=
|χ|2k4

16π2

"
|n|=1

∣∣∣∣n×
˚

V

E(r′)eikn·r′
d3r′

∣∣∣∣2dΩ=Im
(
χk⟨E−B̂E,E⟩V

)
, (3.1)

where dΩ=sinθdθdϕ stands for the infinitesimal steric angles, and ⟨F ,G⟩V :=˝
V
F ∗(r) ·G(r)d3r denotes the inner product on the Hilbert space L2(V ;C3). In [40,

Theorem 2.1], we proved (3.1) using Fourier analysis. In the opening paragraph of [39,
Section 4.2], we gave a physical interpretation of (3.1) as redistribution of the electro-
magnetic work done by the incident field into dissipated and scattered energies.

In [40, Section 2.2], the energy conservation law (3.1) played a decisive role in
the proofs of “uniqueness theorems” for light scattering. Later in Section 4 of the
current work, we shall use (3.1) again to justify an integral representation for E=

(Î−χĜ )−1Einc in terms of the evolution semigroup {exp(−iτ Ĝ )|τ ≥0}. Apart from
this, the generalized optical theorem (3.1) and its equivalent forms will be used elsewhere
in this article, whenever a discussion on the total scattering cross-section σsc is needed.

4. Evolution semigroups
The developments in this section are motivated by the following integral represen-

tation of the solution to the light scattering problem:

E=(Î−χĜ )−1Einc=
1

iχ

ˆ +∞

0

eiτ/χexp(−iτ Ĝ )Eincdτ, Imχ<0. (4.1)
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Here, {exp(−iτ Ĝ ) := Î+
∑∞

s=1(−iτ Ĝ )s/s!|τ ≥0} is an evolution semigroup with in-
finitesimal generator −iĜ . (In our context, the variable τ is dimensionless and has
nothing to do with the elapse of physical time, so the term “evolution” has only a for-
mal meaning.) If we define ψτ (r)≡ψ(r;τ) :=(exp(−iτ Ĝ )Einc)(r), then we have the
evolution equation

i
∂ψ(r;τ)

∂τ
= Ĝψ(r;τ)=∇×∇×

˚
V

ψ(r′;τ)e−ik|r−r′|

4π|r−r′|
d3r′−ψ(r;τ) (4.2)

with initial condition ψ0(r)≡ψ(r;0)=Einc(r) equal to the incident field.
The right-hand side of (4.1) is a Bochner–Dunford integral [4,11,17] (vector-valued

integral in infinite-dimensional linear spaces), so it is a non-trivial extension of the
scalar-valued integration formula

(1−χG)−1=
1

iχ

ˆ +∞

0

eiτ/χexp(−iτG)dτ, Imχ<0. (4.3)

To rigorously justify the integral representation in (4.1), we need to check the
Hille–Yosida–Lumer–Phillips criteria [12, 18, 20, 21, 34, 35] in the theory of evolution
semigroups for infinite-dimensional Hilbert spaces. In simple terms, the Hille–Yosida–
Lumer–Phillips criteria boil down to two parts in the current problem:
(1) The operator (Î−χĜ )−1 is non-singular in the entire open lower-half plane Imχ<0;
(2) The energy of ψτ does not increase as τ elapses, i.e.

˚
V

|ψτ1(r)|2d
3r≥

˚
V

|ψτ2(r)|2d
3r, 0≤ τ1≤ τ2<+∞. (4.4)

Here, Part 1 is guaranteed by the spectral analysis in [40]. Part 2 follows from the
equation of motion (4.2) as in the following computation

d

dτ
⟨ψτ ,ψτ ⟩V = −2Im

〈
i
∂ψτ

∂τ
,ψτ

〉
V

=−2Im⟨Ĝψτ ,ψτ ⟩V

= − k3

8π2

"
|n|=1

∣∣∣∣n×
˚

V

ψτ (r
′)eikn·r′

d3r′
∣∣∣∣2dΩ≤0. (4.5)

In the last line of (4.5), we have use the generalized optical theorem (3.1).

4.1. Strong stability.
Proof. (Proof of Theorem 2.1(i).) According to the qualitative spectral analysis

summarized in Section 2.1, we have σΦ
p (Ĝ )∩R=∅ if the exterior volume R3∖(V ∪∂V )

is connected. Here, σΦ
p (Ĝ ) stands for the point spectrum (totality of eigenvalues) of

the bounded linear operator Ĝ :Φ(V ;C3)−→Φ(V ;C3). Using the optical resonance
theorem [40, Theorem 3.1 and Proposition 3.4], we obtain σΦ(Ĝ )∩R={0,−1/2}. Now,
the absence of point spectrum on the real axis σΦ

p (Ĝ )∩R=∅ and the countability of
the spectrum on the real axis σΦ(Ĝ )∩R={0,−1/2} will allow us to deduce the strong
stability

lim
τ→+∞

∥exp(−iτ Ĝ )F ∥L2(V ;C3)=0,∀F ∈Φ(V ;C3) (4.6)

of the operator semigroup {exp(−iτ Ĝ )|τ ≥0}, according to the Arendt–Batty–Lyubich–
Vũ theorem (see [1, 22], as well as [12, pp. 326–327]).
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Remark 4.1. We note that the evolution semigroup provides some additional insights
regarding the efficacy of the perturbative Born series. From (4.5), we know that the

L2-norm ∥exp(−iτ Ĝ )Einc∥L2(V ;C3) :=

√
⟨exp(−iτ Ĝ )Einc,exp(−iτ Ĝ )Einc⟩V should not

increase in τ , but the truncated Taylor series of exp(−iτ Ĝ )Einc (and accordingly, the
truncated Born series) may not necessarily honor this monotone energy decay.

To see this, we first note that a natural bound estimate of the typical amplitude in
each term of the Taylor expansion for exp(−iτ Ĝ )Einc is given by∥∥∥∥∥ (−iτ Ĝ )s

s!
Einc

∥∥∥∥∥
L2(V ;C3)

≤
τs∥Ĝ ∥sL2(V ;C3)

s!
∥Einc∥L2(V ;C3) (4.7)

where ∥Ĝ ∥L2(V ;C3) is the operator norm of Ĝ . Only for s≳ τ∥Ĝ ∥L2(V ;C3) does the upper
bound estimates of individual terms decay rapidly in s. In other words, as τ increases,
there are about τ∥Ĝ ∥L2(V ;C3) terms of the Taylor expansion that significantly contribute
to the sum exp(−iτ Ĝ )Einc. The net result is the cancellation of many large terms
that gives rise to a small quantity consistent with the energy decay of exp(−iτ Ĝ )Einc.
Therefore, a truncated Taylor expansion of exp(−iτ Ĝ )Einc may severely misrepresent
the behavior of the integrand of (4.1) beyond the short-term (τ →0+) regime, and the
accordingly truncated Born series for (Î−χĜ )−1Einc may not give accurate enough
approximations to the solution.

In the light of this, a more sensible way to improve the accuracy of approximation is
not to incorporate more and more terms in the Born series expansion, but to develop a
better estimate of the evolution semigroup exp(−iτ Ĝ ) beyond the short-term expansion.
We shall proceed with this line of thought and develop a non-perturbative alternative
in Section 5.2.

4.2. Generalized skin effect. In Theorem 2.1(ii), we claimed that

lim
|χ|→+∞

|χ|
˚

V

f(r)((Î+ i|χ|Ĝ )−1Einc)(r)d
3r=0, ∀f ∈C∞

0 (V ;C) (4.8)

so long as the incident wave Einc∈Φ(V ;C3) is a transverse vector field that solves the
Helmholtz equation (∇2+k2)Einc=0 in the distributional sense. We shall give a proof
of this statement using the strongly stable semigroup {exp(−iτ Ĝ )|τ ≥0} and explain
the physical context that leads to the name “generalized skin effect”.

Proof. (Proof of Theorem 2.1(ii).) By hitting the operator (∇2+k2) on both
sides of the equation of motion (4.2), we can justify the following computations where
derivatives are taken in the distributional sense:

i(∇2+k2)
∂ψτ (r)

∂τ
=(∇2+k2)(Ĝψτ )(r)=(∇2+k2)k2

˚
V

ψτ (r
′)
e−ik|r−r′|

4π|r−r′|
d3r′

= −k2ψτ (r), where ψτ =exp(−iτ Ĝ )Einc. (4.9)

In the computation above, we have made use of the fact that

(∇2+k2)∇

[
∇·

˚
V

ψτ (r
′)
e−ik|r−r′|

4π|r−r′|
d3r′

]

= −(∇2+k2)∇
"

∂V

n′ ·ψτ (r
′)
e−ik|r−r′|

4π|r−r′|
dS′=0,∀r∈V (4.10)



YAJUN ZHOU 1031

where the surface integral should be interpreted as the canonical pairing between H−1/2

and H1/2, as in [40, Section 3].
Applying the definition of distributional derivatives to (4.9), we arrive at

i

˚
V

f(r)(∇2+k2)
∂ψτ (r)

∂τ
d3r= i

˚
V

∂ψτ (r)

∂τ
(∇2+k2)f(r)d3r

= i
d

dτ

˚
V

ψτ (r)(∇2+k2)f(r)d3r

= −k2
˚

V

f(r)ψτ (r)d
3r, ∀f ∈C∞

0 (V ;C). (4.11)

We integrate (4.11) over τ ∈ [0,+∞), and employ the strong stability condition

lim
τ→+∞

∥ψτ∥L2(V ;C3)=0 (4.12)

as well as the Helmholtz equation (∇2+k2)Einc=0 for the transverse incident wave, in
order to deduce

0= i

˚
V

Einc(r)(∇2+k2)f(r)d3r− i lim
T→+∞

˚
V

ψT (r)(∇2+k2)f(r)d3r

=k2 lim
T→+∞

ˆ T

0

[˚
V

f(r)ψτ (r)d
3r

]
dτ, ∀f ∈C∞

0 (V ;C). (4.13)

Now, using the integral representation (4.1) of the solution to the Born equation,
we have

χ

˚
V

f(r)((Î−χĜ )−1Einc)(r)d
3r=

1

i

˚
V

f(r)

[ˆ +∞

0

ψτ (r)e
iτ/χdτ

]
d3r. (4.14)

Along the negative Imχ-axis where χ=−i|χ|, the exponential decay of eiτ/χ=
e−τ/|χ|,τ >0 and the uniform boundedness of ∥ψτ∥L2(V ;C3)≤∥Einc∥L2(V ;C3),τ >0 al-
low us to interchange the integrations with respect to dτ and d3r (owing to the Fubini
theorem), and derive the following formula

|χ|
˚

V

f(r)((Î+ i|χ|Ĝ )−1Einc)(r)d
3r=

ˆ +∞

0

[˚
V

f(r)ψτ (r)d
3r

]
e−τ/|χ|dτ. (4.15)

In the limit as α :=1/|χ|→0+, we prove (2.4) by showing that
ˆ +∞

0

ψτ,fe
−ατ dτ :=

ˆ +∞

0

[˚
V

f(r)ψτ (r)d
3r

]
e−ατ dτ

→
ˆ +∞

0

[˚
V

f(r)ψτ (r)d
3r

]
dτ =0. (4.16)

Here, the convergence in (4.16) follows from the Abel criterion for improper integrals:
The convergence of the improper integral in (4.13) and the bounded monotone factor
e−ατ together ensure the uniform convergence of

ψf (α) :=

ˆ +∞

0

ψτ,fe
−ατ dτ = lim

T→+∞

ˆ T

0

ψτ,fe
−ατ dτ (4.17)
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with respect to α∈ [0,+∞), hence ψf (α) is continuous with respect to α∈ [0,+∞).

Remark 4.2. In physical terms, (2.4) characterizes the skin effect in metallic
conductors (treated as “dielectrics” with purely imaginary susceptibilities): As the
electric conductivity σcond= |χ|ω increases to infinity, the eddy current (the metallic
counterpart of dielectric polarization current) density attributed to the internal field
J(r)= iωϵ0χE(r)=ωϵ0|χ|((Î+ |χ|Ĝ )−1Einc)(r) converges “locally” to zero inside the
dielectric volume V . In other words, only the current density near the dielectric bound-
ary ∂V is relevant to highly conducting material with iχ=σcond/ω→+∞.

We call the limit relation in (2.4) a “generalized skin effect” because it is rigor-
ously established for any transverse incident wave, and for any smooth dielectric with
connected exterior volume R3∖(V ∪∂V ).

5. Perturbative and non-perturbative solutions to the Born equation

5.1. Perturbative theory for spherical scatterers: Born approxima-
tion and Rayleigh–Gans scattering. In Mie scattering [23], we have a plane
wave Einc(r)=ex exp(−ikz) incident upon a dielectric sphere V =O(0,R)={(x,y,z)∈
R3|x2+y2+z2<R2}. We choose to elaborate on the perturbative solutions to light
scattering on spherical particles, for two aesthetic reasons: (i) The exact solution to
Mie scattering is known in the form of infinite series (see [23] or [33, Section 9.22])—for
given values of ξ=kR and n=

√
1+χ>1, the total scattering cross-section σsc satisfies1

σsc

πR2

=
2

ξ2
Re

∞∑
ℓ=1

(2ℓ+1)


det

n2jℓ(nξ)
d
dz

∣∣∣
z=nξ

[zjℓ(z)]

jℓ(ξ)
d
dz

∣∣∣
z=ξ

[zjℓ(z)]


det

n2jℓ(nξ)
d
dz

∣∣∣
z=nξ

[zjℓ(z)]

h
(2)
ℓ (ξ) d

dz

∣∣∣
z=ξ

[zh
(2)
ℓ (z)]


+

det

jℓ(nξ)
d
dz

∣∣∣
z=nξ

[zjℓ(z)]

jℓ(ξ)
d
dz

∣∣∣
z=ξ

[zjℓ(z)]


det

 jℓ(nξ)
d
dz

∣∣∣
z=nξ

[zjℓ(z)]

h
(2)
ℓ (ξ) d

dz

∣∣∣
z=ξ

[zh
(2)
ℓ (z)]




, (5.1)

where jℓ(z) :=(−z)ℓ
(

d
zdz

)ℓ sinz
z and h

(2)
ℓ (z) :=(−z)ℓ

(
d

zdz

)ℓ ie−iz

z are spherical Bessel
functions; (ii) The Born approximation of the forward scattering amplitude
⟨Einc,−χk(Î−χĜ )−1Einc⟩V , which is ⟨Einc,−χk(Î+χĜ )Einc⟩V , can be evaluated in
closed functional form. Therefore, we may compare (later in Section 5.4) the exact
benchmark and perturbative solutions in a relatively neat fashion.

For real-valued χ, the Born approximation to the total scattering cross-section
Im⟨Einc,−χk(Î−χĜ )−1Einc⟩V=O(0,R) is given by the Rayleigh–Gans formula [14, 28,
33]:

−χ2k Im⟨Einc,ĜEinc⟩V =
πR2χ2

4

{
5

2
+2k2R2− sin(4kR)

4kR
− 7[1−cos(4kR)]

16k2R2

+

(
1

2k2R2
−2

)
[γ0+log(4kR)−Ci(4kR)]

}
, (5.2)

where Ci(x) :=−
´ +∞
x

cost
t dt is the cosine integral, and γ0 := limM→∞(

∑M
m=1

1
m −

logM)=0.577215+ is the Euler–Mascheroni constant.

1Such an infinite series does not have a closed form. In practice, the first kR+O((kR)1/3) terms [24]
amount to satisfactory numerical accuracy.
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As the L2-norm of the Green operator Ĝ : Φ(V ;C3)−→Φ(V ;C3) satisfies [39, The-
orem 2.1 and Lemma 4.6]

∥Ĝ ∥Φ(V ;C3)≤G(kR)

:= min

1

2
+

3

5π

(
4π

3

)2/3

(kR)2,2+
4

5
kR+

1

2π

 3

√
kR+

1

2
+

4

9 3

√
kR+ 1

2


+min

{
11

45
(kR)3,

9

16
kR

}
, (5.3)

and the positive definite operator γ̂S :=−ImĜ =−(Ĝ − Ĝ ∗)/(2i) : L2(V ;C3)−→
L2(V ;C3) satisfies

∥γ̂S∥L2(V ;C3)≤g(kR) :=min

{
11

45
(kR)3,

9

16
kR

}
, (5.4)

we may proceed with the error bound estimate for the Born approximation of total
scattering cross-section (cf. [39, (4.79)])

χ2k|Im⟨Einc,ĜEinc⟩V − Im⟨E,ĜE⟩V |≤
4πR2

3

|χ|3kRg(kR)G(kR)

[1−χG(kR)]2
[|χ|G(kR)+2],

(5.5)

for |χ|G(kR)<1 and Imχ=0.
It has been well recognized that the Rayleigh–Gans formula gives a good approx-

imation to the light scattering problem only when the susceptibility is “very small”
|χ|≪1 [33]. Here, we may quantify the smallness by investigating the limit behavior of
the Rayleigh–Gans formula and its error bound estimate. Expanding in a neighborhood
of R=0, we recover the Rayleigh quartic law

−χ2k Im⟨Einc,ĜEinc⟩V ∼ 8πk4R6χ2

27
(5.6)

which shows a dependence of total scattering cross-section proportional to the inverse
fourth power of the wavelength. Meanwhile, expanding the error bound estimate in the
limit of R→0+, we obtain a conservative guess of the deviation caused by the Born
approximation as

∼ 44|χ|3πl(|χ|+4)k4R6

135(2−|χ|)2
. (5.7)

Thus, we see that the relative error is bounded by a factor of 11
10

|χ|(|χ|+4)
(2−|χ|)2 in such

a limit scenario. This gives a criterion for the susceptibility range where the Born
approximation is accurate to our desired level. On the other hand, it is also known that
the Rayleigh–Gans formula works well when the relative phase shift 2(n−1)kR∼χkR
is “very small” |χ|kR≪1 [33, Sections 6–7]. To see what this means, we may pick a
conservative estimate based on a sufficient condition for the convergence of the Born
series (and hence the finiteness of the error bound estimate), which is |χ|G(kR)<1. For
small values of |χ|, we only need to consider relatively large values of kR, so that the
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identity G(kR)=2+ 109
80 kR+ 1

2π

(
3

√
kR+ 1

2 +
4

9 3
√

kR+ 1
2

)
may be used. This leaves us

another quantitative criterion for the efficacy of Born approximation:

|χ|

2+ 109

80
kR+

1

2π

 3

√
kR+

1

2
+

4

9 3

√
kR+ 1

2

<1. (5.8)

From these discussions, we can clearly see that the Born approximation works fine
only when the dielectric medium perturbs the incident field minimally. Some practical
applications of light scattering may have sphere sizes or susceptibility values that lie
outside this perturbative regime, which calls for a non-trivial effort (see Subsections
5.2–5.3 below) to complement the approximations based on Born series.

5.2. Heuristics for the non-perturbative approximation. This subsection
is more experimental than the rest of the current article. Instead of deriving a non-
perturbative formula with full rigor, our modest goal is to present an approximation
scheme that is compatible with semigroup asymptotics, consistent with physical picture,
and amenable to computation.

As mentioned before, an improvement to lower-order Born approximation would be
a good estimate of the evolution semigroup exp(−iτ Ĝ ) for large values of τ , instead of
incorporation of more terms in a Taylor series expansion.

In this section, we will exploit the long-term (τ →+∞) behavior of the evolution
semigroup exp(−iτ Ĝ ) to derive a non-perturbative approximation with higher accuracy
than the Born series.

We will first perform asymptotic analysis of the “bulk contribution” in the long-term
limit τ →+∞. To begin, we note the following integral identity

1−exp(−iτG)=

ˆ +∞

0

exp

(
− s2

4iτG

)
J1(s)ds, ImG<0, (5.9)

which holds for complex numbes G∈C in the lower half-plane, and the first-order Bessel
function J1. From [40, Theorem 1.1], we see that all the eigenvalues of the Green op-
erator Ĝ lie in the lower half-plane as well, i.e. the “physical point spectrum” satis-
fies σΦ

p (Ĝ )⊂{λ∈C|Imλ<0}. Moreover, the operator Ĝ :Φ(V ;C3)−→Φ(V ;C3) has a
densely-defined2 unbounded inverse

−
(
Î+

∇2

k2

)
: ĜΦ(V ;C3)−→Φ(V ;C3) such that −

(
Î+

∇2

k2

)
ĜE=E,∀E∈Φ(V ;C3).

(5.10)

Thus, heuristically speaking, we may generalize the integral identity (5.9) into the op-
erator form

“ Î−exp(−iτ Ĝ )=

ˆ +∞

0

exp

(
− is2

4τ

)
exp

(
− is2∇2

4τk2

)
J1(s)ds”. (5.11)

Here, exp(− is2∇2

4τk2 ) hearkens back to the Schrödinger semigroup in quantum mechanics
that governs the evolution of wave functions.

In the formula above, we have added quotation marks as a caveat for two possible
weaknesses of the heuristic generalization:

2Here, the domain of definition ĜΦ(V ;C3) is a dense subset of Φ(V ;C3), because the continuous
spectrum σΦ

c (Ĝ ) contains the origin 0∈C [40, Proposition 3.4].
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(a) In passage from (5.9) to (5.11), we have literally pretended that Ĝ is a finite-
dimensional square matrix: its left inverse equals its right inverse and the evolution
semigroups are identified with matrix exponentials;

(b) Upon writing exp(− is2∇2

4τk2 ) in (5.11), we have not explicitly specified the boundary
condition for the Laplace operator ∇2, thus adding ambiguity to the notation.

Here, point (a) might not amount to a serious physical flaw in practice. This is because
the Born equation is, after all, a continuum idealization of the interaction between
light and a physical medium built upon finite-sized atoms and molecules. Essentially,
macroscopic light scattering may involve very large but still finite degrees of freedom,
so it is physically acceptable to “discretize” Ĝ as a finite-dimensional square matrix.
Point (b) might not pose as a significant numerical obstacle either, if our main interest
is deducing (exp(−iτ Ĝ )Einc)(r) in the long-term limit τ →+∞ and investigating the
“bulk region” points r that are not too close to the boundary ∂V . When τ is large and
the “propagation time” ∝s2/τ is small, the points in the “bulk region” may not have
enough chance to feel the effect of the boundary, hence the boundary conditions for the
Laplace operator ∇2 do not matter. We momentarily ignore the physical boundary ∂V
and write down the asymptotic expression(

exp

(
s2∇2

4iτk2

)
Einc

)
(r)∼

exp

 s2
◦

∇2

4iτk2

Einc

(r)

=

˚
V

◦
κs2/(4iτk2)(r,r

′)Einc(r
′)d3r′, where ◦

κβ(r,r
′)=

e−|r−r′|2/(4β)

(4πβ)3/2
(5.12)

for “bulk contributions” with τ →+∞. Here,
◦

∇2 refers to the usual Laplace operator
defined in the free space R3, and ◦

κβ(r,r
′) is its associated free-space “heat kernel”

or “Schrödinger propagator”. Here, we have regarded s2/τ as a small quantity in the
expression of exp(− is2∇2

4τk2 ) for τ →+∞, irrespective of the value of s. This can be
heuristically justified by the identity:

Einc= lim
τ→+∞

[Î−exp(−iτ Ĝ )]Einc= lim
τ→+∞

ˆ +∞

0

exp

(
− is2

4(τ+ i0+)

)
EincJ1(s)ds,

(5.13)

which means that treating s2/τ as “uniformly small” in the limit of τ →+∞
is quantitatively consistent with the strong stability of the evolution semigroup
limτ→+∞∥exp(−iτ Ĝ )Einc∥L2(V ;C3) =0 in light scattering.

Now, if we take the liberty of interchanging the integrations over d3r′, ds and dτ ,
we will be able to formally derive an asymptotic formula for Imχ<0 and |χ|→+∞:

iχ[Einc(r)−((Î−χĜ )−1Einc)(r)]+ “boundary corrections”

∼
ˆ +∞

0

{ˆ +∞

0
exp

(
−
is2

4τ

)[˚
V

◦
κs2/(4iτk2)(r,r

′)Einc(r
′)d3r′

]
J1(s)ds

}
eiτ/χdτ

=

˚
V

{ˆ +∞

0

[ˆ +∞

0

(
iτk2

πs2

)3/2

exp

(
−
is2

4τ
−

iτk2|r−r′|2

s2
+

iτ

χ

)
dτ

]
J1(s)ds

}
Einc(r

′)d3r′

=

˚
V

{ˆ +∞

0

[ˆ +∞

0

(
iτ ′k2

π

)3/2

exp

(
−

i

4τ ′
− iτ ′k2|r−r′|2+

iτ ′s2

χ

)
s2dτ ′

]
J1(s)ds

}
Einc(r

′)d3r′

=

˚
V

{ˆ +∞

0

[ˆ +∞

0
eiτ

′s2/χJ1(s)s
2ds

](
iτ ′k2

π

)3/2

exp

(
−

i

4τ ′
− iτ ′k2|r−r′|2

)
dτ ′

}
Einc(r

′)d3r′



1036 NON-PERTURBATIVE ELECTROMAGNETIC SCATTERING

= −
χ2

4

˚
V

[ˆ +∞

0

(
ik2

π

)3/2

exp

(
−
i(1+χ)

4τ ′
− iτ ′k2|r−r′|2

)
dτ ′
√
τ ′

]
Einc(r

′)d3r′

= − iχ2k2
˚

V

e−i
√
1+χk|r−r′|

4π|r−r′|
Einc(r

′)d3r′. (5.14)

In the derivation of (5.14), we have made use of the substitution τ ′= τ/s2 and exactly
evaluated individual integrals with respect to ds and dτ ′. In the last step of (5.14),
the branch cut of the refractive index n=

√
1+χ is chosen such that Re(i

√
1+χ)>0

for Imχ<0.
Now we point out that the “boundary corrections” we previously ignored can be

asymptotically recovered by the following formula

((Î−χĜ )−1Einc)(r)∼Einc(r)+χk2
˚

V

e−i
√
1+χk|r−r′|

4π|r−r′|
Einc(r

′)d3r′

+
χ

1+χ
∇

[
∇·

˚
V

e−i
√
1+χk|r−r′|

4π|r−r′|
Einc(r

′)d3r′

]

=Einc(r)+χk2
˚

V

e−i
√
1+χk|r−r′|

4π|r−r′|
Einc(r

′)d3r′

− χ

1+χ
∇
"

∂V

n′ ·Einc(r
′)e−i

√
1+χk|r−r′|

4π|r−r′|
d3r′. (5.15)

Here in (5.15), we have introduced a surface integral term with prefactor χ
1+χ to

correct the boundary effects. This correction term serves two purposes: (i) It en-
sures that the asymptotic formula is consistent with both the transversality constraint
∇·((Î−χĜ )−1Einc)(r)=0,r∈V and the Helmholtz equation [∇2+(1+χ)k2]((Î−
χĜ )−1Einc)(r)=0,r∈V ; (ii) It recovers the correct leading order Born series (Î−
χĜ )−1Einc∼Einc+χĜEinc+ ·· · in the limit of |χ|→0, up to order O(χ). Thus, the in-
tegral formula (5.15) respects both the short-term (τ →0+) and the long-term (τ →+∞)
asymptotic behavior of the evolution semigroup exp(−iτ Ĝ ).

Admittedly, neat as it may seem, the asymptotic formula in (5.15) still has its
limitations, in at least three respects.

First, we note that (5.15) only takes care of both extremes of the asymptotic be-
havior of the evolution semigroup, but ignores whatever happens “in between”. It is def-
initely possible that a dominant contribution to the integral representation (4.1) comes
from “intermediate regimes” in the τ -domain, rather than the short-term (τ →0+) and
long-term (τ →+∞) extremes.

Second, we can semi-quantitatively estimate the domain of validity for (5.15), by
a singularity argument. The right-hand side of (5.15) has a pole at χ=−1 and a
branch cut for χ<−1. Neither the pole nor the branch cut should be present in the
solution to electromagnetic scattering by transverse incident fields, according to the
optical resonance theorem [40, Theorem 3.1]. Therefore, loosely speaking, the “radius of
convergence” for (5.15) does not exceed 1, and one may not deduce reliable information
therefrom if the refractive index n=

√
1+χ is greater than

√
2. Nonetheless, numerical

experiments (in Section 5.4) suggest that the approximate formula (5.15) might still
work properly when the refractive index is a little larger than

√
2.

Third, we need to physically quantify the applicability domain for (5.15), or equiva-
lently, understand the conditions that justify our strategy of “fixing two extreme ends”.
We assume, without loss of generality, that the incident wave Einc∈C∞(V ∪∂V ;C3) is
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smooth up to the dielectric boundary, and convert the right-hand side of (5.15) into a
surface integral form

Einc(r)+χk2
˚

V

e−i
√
1+χk|r−r′|

4π|r−r′|
Einc(r

′)d3r′+
χ

1+χ
∇
[
∇·

˚
V

e−i
√

1+χk|r−r′|

4π|r−r′|
Einc(r

′)d3r′

]

=

˚
V

e−i
√
1+χk|r−r′|

4π|r−r′|
(∇′2+k2)Einc(r

′)d3r′−
˚

V
Einc(r

′)(∇′2+k2)
e−i

√
1+χk|r−r′|

4π|r−r′|
d3r′

−
χ

1+χ
∇
["

∂V

e−i
√
1+χk|r−r′|

4π|r−r′|
n′ ·Einc(r

′)dS′

]

=

"
∂V

e−i
√
1+χk|r−r′|

4π|r−r′|
(n′ ·∇′)Einc(r

′)dS′−
"

∂V
Einc(r

′)(n′ ·∇′)
e−i

√
1+χk|r−r′|

4π|r−r′|
dS′

−
χ

1+χ
∇
["

∂V

e−i
√
1+χk|r−r′|

4π|r−r′|
n′ ·Einc(r

′)dS′

]

= −
"

∂V
n′× [∇′×Einc(r

′)]
e−i

√
1+χk|r−r′|

4π|r−r′|
dS′−

"
∂V

[n′×Einc(r
′)]×∇′ e

−i
√
1+χk|r−r′|

4π|r−r′|
dS′

−
1

1+χ

"
∂V

[n′ ·Einc(r
′)]∇′ e

−i
√
1+χk|r−r′|

4π|r−r′|
dS′. (5.16)

Recalling the familiar Kirchhoff integral for vector wave diffraction [19, p. 483], we see
from (5.16) that the asymptotic formula in (5.15) describes a transverse electric field E
with boundary conditions

n× [∇×E(r)]=n× [∇×Einc(r)], n×E(r)=n×Einc(r),

lim
ε→0+

n ·E(r−εn)=
n ·Einc(r)

1+χ
,∀r∈∂V. (5.17)

As the continuity of the normal component of the electric displacement leads us to
limε→0+n ·E(r+εn)=(1+χ)limε→0+n ·E(r−εn)=n ·Einc(r),∀r∈∂V , this means
that (5.15) approximates the dielectric response by a vector wave diffraction problem,
with boundary conditions specified by the local quasistatic response of the molecular
dipoles residing on the dielectric interface.

According to this diffraction approximation (5.15), the total electric field immedi-
ately outside the dielectric boundary appears identical to the unperturbed incident wave
Einc. This approximation is fair only if the scattered electric field is indeed negligible
as compared to the incident field, a condition that is not necessarily met for very large
values of |χ|. While we are not making further analytic attempts in this article to amend
the boundary corrections to the Schrödinger semigroup that accommodates very large
values of |χ|, we will numerically illustrate (in Section 5.4) that (5.15) indeed works well
for moderately large values of |χ| that are encountered in practical problems of direct
and inverse light scattering.

In short, we improve the Born approximation [short-term asymptotic expansion of
the semigroup exp(−iτ Ĝ ),τ ≥0] by taking care of the long-term asymptotic behavior
of exp(−iτ Ĝ ),τ →+∞. As will be shown in the next subsection, the net effect of this
improvement is to lift the constraints |χ|≪1 and |χ|kR≪1 in the application of Born
approximation, and provide sufficiently accurate approximations when |χ| and |χ|kR
are of order unity.

5.3. Non-perturbative approximation to Mie scattering. In the follow-
ing two propositions, we will evaluate two integrals arising from (5.15) of Section
5.2, in order to derive an asymptotic formula for the forward scattering amplitude
⟨Einc,−χk(Î−χĜ )−1Einc⟩V of Mie scattering.
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Proposition 5.1. Let the vector field F1(r),r∈O(0,R) be defined as

F1(r) :=Einc(r)+χk2
˚

O(0,R)

e−i
√
1+χk|r−r′|

4π|r−r′|
Einc(r

′)d3r′ (5.18)

for Einc(r)=ex exp(−ikz), then we have the exact identity

⟨Einc,−χkF1⟩V=O(0,R)=2πinR2+
πi(n+1)2

(n−1)2
1−e−2i(n−1)kR[1+2i(n−1)kR]

4k2

+
πi(n−1)2

(n+1)2
e−2i(n+1)kR[1+2i(n+1)kR]−1

4k2
, (5.19)

where Imχ<0,Imn=Im
√
1+χ<0.

Proof. We will evaluate the inner product ⟨Einc,χkF1⟩V=O(0,R) with the help of
Fourier transforms. Direct computation shows that

Ẽinc(q)=ex

˚
|r|<R

ei(q−kez)·rd3r=4πR3ex
j1(|q−kez|R)

|q−kez|R
(5.20)

where j1(u)=(sinu−ucosu)/u3 is the first order spherical Bessel function. Akin to [40,
(2.18)], we may write down

⟨Einc,χkF1⟩V=O(0,R)=
4πχkR3

3
+

χ2k3

(2π)3

˚
R3

|Ẽinc(q)|2

|q|2−(1+χ)k2
d3q. (5.21)

Using the coordinate transformation q′=q−kez, the triple integral above can be con-
verted into

˚
R3

|Ẽinc(q)|2

|q|2−(1+χ)k2
d3q=

˚
R3

|Ẽinc(q
′+kez)|2

|q′+kez|2−(1+χ)k2
d3q′

=

˚
R3

|Ẽinc(q
′+kez)|2

|q′|2+2kez ·q′−χk2
d3q′

=2π(4πR3)2
ˆ +∞

0

[
j1(qR)

R

]2
1

2kq
log

q2+2kq−χk2

q2−2kq−χk2
dq

= −32π3

ˆ +∞

−∞

[
2qRsin(2qR)+cos(2qR)−2q2R2−1

]
(k+q)

8kq4(q2+2kq−χk2)
dq. (5.22)

Here, in the last step of (5.22), we have performed integration by parts and exploited
the symmetry between q and −q. Denoting the last term in (5.22) by (2π)3A1(χ,k,R),
we have the differential equation

∂

∂R

[
1

R

∂A1(χ,k,R)

∂R

]
=

ˆ +∞

−∞

4sin(2qR)

kq

k+q

q2+2kq−χk2
dq

=

ˆ +∞

−∞

2sin(2qR)

kq

[
1

q+(1−n)k
+

1

q+(1+n)k

]
dq

=
2π

k2

[
1−e−2i(n−1)kR

1−n
+

1−e−2i(n+1)kR

1+n

]
. (5.23)
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Here, we have applied the identity
ˆ +∞

−∞

sin(2qR)

q(q+Q)
dq=

π

Q
(1−e2iQRImQ/|ImQ|), ImQ ̸=0 (5.24)

to the last step of (5.23). After evaluating the integral expressed in (5.22) by integrating
the relation in (5.23), we may arrive at the conclusion

⟨Einc,χkF1⟩V=O(0,R)

=
4πχkR3

3
− πiχ2

4k2
1−e−2i(n−1)kR[1+2i(n−1)kR]

(n−1)4

− πiχ2

4k2
e−2i(n+1)kR[1+2i(n+1)kR]−1

(n+1)4
− πχ2k

3

(
6inR2

kχ2
+

4R3

χ

)
= − πi(n+1)2

(n−1)2
1−e−2i(n−1)kR[1+2i(n−1)kR]

4k2

− πi(n−1)2

(n+1)2
e−2i(n+1)kR[1+2i(n+1)kR]−1

4k2
−2πinR2 (5.25)

as claimed.

Proposition 5.2. Let the vector field F2(r),r∈O(0,R) be defined as

F2(r) :=
χ

1+χ
∇

[
∇·

˚
O(0,R)

e−i
√
1+χk|r−r′|

4π|r−r′|
Einc(r

′)d3r′

]
(5.26)

for Einc(r)=ex exp(−ikz), then we have the exact identity

⟨Einc,−χkF2⟩V=O(0,R)

=
π

16k2n2

{
−2iχ2[2(χ+2)k2R2−1]

[
Ei(−2i(n−1)kR)−Ei(−2i(n+1)kR)+log

n+1

n−1

]
+4in(2χ2k2R2−χ−2)+e−2i(n+1)kR(n−1)2

[
2(n+1)(χ+2)kR+ i(n2+4n+1)

]
−e−2i(n−1)kR(n+1)2

[
2(n−1)(χ+2)kR+ i(n2−4n+1)

]}
, (5.27)

where Imχ<0,Imn=Im
√
1+χ<0.

Proof. By Fourier transform, we convert the target object into

⟨Einc,−χkF2⟩V=O(0,R)=
χ2

1+χ

k

(2π)3

˚
R3

|q ·Ẽinc(q)|2

|q|2−(1+χ)k2
d3q, (5.28)

where Ẽinc(q) has been given by (5.20). As before, we introduce the coordinate trans-
formation q′=q−kez to evaluate the triple integral in question:

˚
R3

|q ·Ẽinc(q)|2

|q|2−(1+χ)k2
d3q

=

˚
R3

(ex ·q′)2|Ẽinc(q
′+kez)|2

|q′+kez|2−(1+χ)k2
d3q′=

˚
R3

(ex ·q′)2|Ẽinc(q
′+kez)|2

|q′|2+2kez ·q′−χk2
d3q′
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=2π(4πR3)2
ˆ +∞

0

[
j1(qR)

R

]2
×
[
q2−χk2

4k2
− (q2+2kq−χk2)(q2−2kq−χk2)

16k3q
log

q2+2kq−χk2

q2−2kq−χk2

]
dq. (5.29)

Denoting the last term in (5.29) by (2π)3A2(χ,k,R), we may deduce the differential
equation

∂A2(χ,k,R)

∂χ
=

1

2n

∂A2(n
2−1,k,R)

∂n

=4R4

ˆ +∞

0

j21(qR)

(
−1

2
+

q2−k2χ

8kq
log

q2+2kq−χk2

q2−2kq−χk2

)
dq. (5.30)

We may apply the dominated convergence theorem to the triple integral to derive the
limit value

A2(−i∞,k,R) := lim
|χ|→+∞

A2(−i|χ|,k,R)=0. (5.31)

Direct computation shows that
´ +∞
0

j21(qR)dq=π/(6R), and the result in Proposi-
tion 5.1 implies that

4R4

ˆ +∞

0

k2j21(qR)

2q
log

q2+2kq−χk2

q2−2kq−χk2
dq

= − πi

4k2
1−e−2i(n−1)kR[1+2i(n−1)kR]

(n−1)4
− πi

4k2
e−2i(n+1)kR[1+2i(n+1)kR]−1

(n+1)4

− πk

3

(
6inR2

k(n2−1)2
+

4R3

n2−1

)
, (5.32)

thus

4R4

ˆ +∞

0

j21(qR)

(
−1

2
− kχ

8q
log

q2+2kq−χk2

q2−2kq−χk2

)
dq

=
πi(n+1)

16k3
1−e−2i(n−1)kR[1+2i(n−1)kR]

(n−1)3

+
πi(n−1)

16k3
e−2i(n+1)kR[1+2i(n+1)kR]−1

(n+1)3
+

π

2

inR2

k(n2−1)
. (5.33)

In a similar vein as Proposition 5.1, we may evaluate the integral

∂

∂χ

ˆ +∞

0

qR4j21(qR)

8k
log

q2+2kq−χk2

q2−2kq−χk2
dq=−

ˆ +∞

−∞

qkR4j21(qR)dq

8(q2+2kq−χk2)
(5.34)

by considering the differential equation

− ∂

∂R

ˆ +∞

−∞

qkR4j21(qR)dq

8(q2+2kq−χk2)
=R4 ∂

∂R

ˆ +∞

−∞

ksin2(qR)dq

8qR2(q2+2kq−χk2)

=R4 ∂

∂R

{
iπ

32nkR2

[
1−e−2i(n−1)kR

1−n
+

1−e−2i(n+1)kR

1+n

]}
,

(5.35)
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which implies

∂

∂χ

ˆ +∞

0

qR4j21(qR)

8k
log

q2+2kq−χk2

q2−2kq−χk2
dq

=
iπ

32k3n

{
2

[
k2R2

n2−1
+

3n2+1

(n2−1)3

]
−e−2i(n+1)kR [(n+1)kR− i]2

(n+1)3

+e−2i(n−1)kR [(n−1)kR− i]2

(n−1)3

}
. (5.36)

Integrating from ∞e−iπ/4 to n in the complex n-plane, we obtain

4R4

ˆ +∞

0

qj21(qR)

8k
log

q2+2kq−χk2

q2−2kq−χk2
dq

=
iπ

4k3

{
k2R2

[
−Ei(−2i(n−1)kR)+Ei(−2i(n+1)kR)+log

n−1

n+1

]
− 2n

(n2−1)2

+
e−2i(n−1)kR[1+2i(n+1)kR]

2(n−1)2
− e−2i(n+1)kR[1+2i(n−1)kR]

2(n+1)2

}
. (5.37)

Now that (5.33) and (5.37) elucidate all the contributions to ∂A2(χ,k,R)/∂χ, we may
integrate in the complex n-plane to obtain

k

(2π)3

˚
R3

|q ·Ẽinc(q)|2

|q|2−(1+χ)k2
d3q

=
π

16k2χ2

{
−2iχ2[2(χ+2)k2R2−1]

[
Ei(−2i(n−1)kR)−Ei(−2i(n+1)kR)+log

n+1

n−1

]
+4in(2χ2k2R2−χ−2)+e−2i(n+1)kR(n−1)2

[
2(n+1)(χ+2)kR+ i(n2+4n+1)

]
−e−2i(n−1)kR(n+1)2

[
2(n−1)(χ+2)kR+ i(n2−4n+1)

]}
, (5.38)

thereby leading to the claimed conclusion.

Remark 5.1. We may check the reasonability of our computations for
⟨Einc,−χkF1⟩V=O(0,R)+⟨Einc,−χkF2⟩V=O(0,R) in the case of optically soft materials
with small |n−1|.

In the limit n→1, we may derive the asymptotic expansion

⟨Einc,−χkF1⟩V=O(0,R)+⟨Einc,−χkF2⟩V=O(0,R)

= −(n−1)
8πkR3

3
+(n−1)2

π

k2

{
4k2R2−1

2
[Si(4kR)+ iCi(4kR)− ilog(4kR)− iγ0]

+i

(
2k4R4+

8

3
ik3R3+

5

2
k2R2− 7

16

)
+e−4ikR

(
kR

4
+

7i

16

)}
+o((n−1)2), (5.39)

where γ0 := limM→∞(
∑M

m=1
1
m − logM)=0.577215+ is the Euler–Mascheroni constant,

and Si(x) :=
´ x

0
sint
t dt, Ci(x) :=−

´ +∞
x

cost
t dt. For a transparent insulator standing in

vacuum, the refractive index n is a positive real number, so (5.39) leads to an asymptotic
expansion for the total scattering cross-section as

Im[⟨Einc,−χkF1⟩V=O(0,R)+⟨Einc,−χkF2⟩V=O(0,R)]
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Fig. 5.1. Comparison of various approximate solutions to the total scattering cross-section of a
glass bead (n=3/2) immersed in water (n=4/3), a system with relative refractive index n=9/8. For
numerical computations, the Mie series (5.1) are truncated after the first 200 terms.

∼πR2(n−1)2
{
5

2
+2k2R2− sin(4kR)

4kR
− 7[1−cos(4kR)]

16k2R2
+

+

(
1

2k2R2
−2

)
[γ0+log(4kR)−Ci(4kR)]

}
, (5.40)

which is exactly the Rayleigh–Gans formula (cf. (5.2), see also [33, p. 90] or [14,28]) for
(n−1)2=χ2/4+O(χ3). It might be noted that the original derivation of the Rayleigh–
Gans formula (5.2) for total scattering cross-section is based on a different line of
thought: obtain an angular distribution of scattering fields by a phase-shift argument,
then integrate over all solid angles.

5.4. Numerical comparisons of approximation schemes. Now, let us con-
sider a model problem of a glass (refractive index n=3/2) sphere immersed in water
(refractive index n=4/3). The relative susceptibility is given by χ=(9/8)2−1. This
model problem may arise from a practical context in optical microscopy [16], where one
wishes to use the near-field scattering pattern to localize the center of the glass sphere
with high precision (sub-wavelength resolution) in all the three spatial dimensions.

According to the computational details in Section 5.3, the forward scattering am-
plitude ⟨Einc,−χk(Î−χĜ )−1Einc⟩V for V =O(0,R) and Imχ<0, as approximated by
integrals in (5.15), can be evaluated in closed form (2.7). The forward scattering am-
plitude ⟨Einc,−χk(Î−χĜ )−1Einc⟩O(0,R) remains finite when Imχ=0, and we will test
our approximation (2.7) by analytically continuing it to the Reχ-axis.

In Figure 5.1, we normalize the total scattering cross-section σsc by the geomet-
ric cross-section πR2 and plot the normalized cross-section σN =σsc/(πR

2) against the
normalized radius kR and compare the exact solution (Mie theory) with the Born ap-
proximation (5.2) and the semigroup approach [i.e. the total scattering cross-section
σsc read off from the imaginary part of (2.7)]. It is graphically evident that the failure
of Born approximation in the non-perturbative regime is remedied by a semigroup ap-
proach. Admittedly, our semigroup approach is not the first reported attempt to amend
the deficiency of Born approximation in the non-perturbative regime. In [33, Section
11.22], H. C. van de Hulst proposed an asymptotic formula

σsc

πR2
∼2− 4

ρ
sinρ+

4

ρ2
(1−cosρ), ρ=2(n−1)kR (5.41)

based on scalar wave approximations of anomalous diffraction. As we can check in
the non-perturbative refractive indices for glass (n=3/2) and water (n=4/3) (see Fig-
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Fig. 5.2. Comparison of various approximate solutions to the total scattering cross-section of
(a) a glass bead (n=3/2) and (b) a water droplet (n=4/3). Following [33, p. 177, Fig. 32], the
horizontal axes are lined up so that the values of relative phase shift 2(n−1)kR match in both panels.
For numerical computations, the Mie series (5.1) are truncated after the first 100 terms.

ure 5.2), the van de Hulst approximation gives a less accurate approximation than the
semigroup approach in the regime of 0≤2(n−1)kR≤20. A possible explanation is that
the transversality constraint is honored in the semigroup asymptotic analysis,3 but is
absent from the scalar wave approximation [33]. As we formerly proved in [40, Section
2], ignoring the transversality constraint may cause non-robust solutions to the light
scattering problem.

While our heuristics in Section 5.2 did not, per se, accommodate to very large values
of kR, its output in Section 5.3 performed (as seen in Figure 5.2) only slightly worse
than the Evans–Fournier approximation [13] in the large kR regime. Here, the Evans–
Fournier approximation for 1.01≤n≤2.00 is the van de Hulst approximation times an
empirical factor of 2−exp(−(kR)−2/3), which has been designed to fit the asymptotic
behavior of Mie scattering cross-section as kR→+∞.

Undoubtedly, the numerical accuracy of our semigroup-based approximation does
deteriorate for either large kR (Figure 5.2) or large n−1 (Figure 5.3). This proba-
bly represents an intrinsic limitation in our approximate treatment of the Schrödinger
semigroup associated with the light scattering problem, and the resulting “quasistatic
response” approximation (5.17) at the dielectric boundary. Perhaps a better under-

3We note that transversality is essential to our semigroup analysis in at least two ways. In theory,
the strong stability limτ→+∞∥exp(−iτ Ĝ )F ∥L2(V ;C3)=0,∀F ∈Φ(V ;C3) has to draw on the discreteness
of the physical spectrum σΦ(Ĝ ), while there is no warrant for discreteness in the non-physical spectrum
σ(Ĝ ) for Ĝ :L2(V ;C3)−→L2(V ;C3) without the transversality constraint ∇·F =0 [40]. In practice,
our approximate formula (5.15) respects the transversality condition and the long-term behavior of
exp(−iτ Ĝ ).
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Fig. 5.3. Comparison of various approximate solutions to the total scattering cross-section of
spherical scatterers (whose refractive indices range from that of air (n=1) to that of diamond (n=
5/2)), with radii (a) R=π/k and (b) R=2π/k. For numerical computations, the Mie series (5.1)
are truncated after the first 50 terms.

standing of the boundary corrections to the free-space propagator (5.12) is required
to improve the accuracy of the semigroup approach for large values of phase shifts
2(n−1)kR.

We also note that Perelman [25] has derived non-perturbative formulae for Mie
scattering that took a functional form similar to (2.7) and exhibited similar level of
approximation accuracy. However, Perelman’s approach was based on an asymptotic
summation of the Mie series that draws heavily on some identities involving special
functions. We take leave to think that the semigroup approach provides a clearer phys-
ical picture and is adaptable to more complicated scattering geometry where analytic
solutions (analogs of Mie series) are unavailable.

In addition to the observations above, the integral formulation of the asymptotic
solution (5.15) also explicitly demonstrates the robustness of the light scattering prob-
lem against shape distortions. In practice, due to manufacturing defects, dielectric
geometries are almost never perfectly spherical in the problem of glass bead scatter-
ing for optical imaging in aqueous medium [16]. The integral formula (5.15) helps us
understand quantitatively how surface ruggedness may affect the scattering pattern, at
least asymptotically. This advantage of the integral equation approach is also absent in
analogs of Mie theory, which may hang on high symmetry for separation of variables.
In view of the possible evaluation of certain volume and surface integrals in closed func-
tional forms, we hope that the integral formula (5.15), which yields approximations
in the non-perturbative regime, may find applications in both direct and inverse light
scattering problems.
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6. Discussions
In Papers I and II of this series, we have performed error analysis on perturbative

solutions to the Born equation, and have developed a non-perturbative approach to
solving light scattering problems of practical interest. There is an underlying thread
of thought that bridges the perturbative method to the non-perturbative counterpart.
This key idea lies in the evolution semigroup of light scattering, and its asymptotic
behavior. The compactness of certain linear operators not only ensures a robust so-
lution to light scattering problems in principle [40], it also gives rise to, in practice,
useful properties such as the strong stability of the evolution semigroup, which allows
asymptotic expansions beyond the perturbative regime of light scattering.

In prospect, one may develop some spectral methods for further enhancement of
the non-perturbative solutions to electromagnetic scattering in future research. For
example, for the Hilbert–Schmidt operator Ĝ (Î+2Ĝ )2, its functional determinant is
well defined [29]. This may allow us to construct analytic approximations to the light
scattering problem that apply to an even wider range of dielectric susceptibilities. The
presence of a functional determinant in the denominator of a non-perturbative solution
would capture the optical resonance modes in the complex χ-plane where the Born
equation ceases to be well-posed. This functional determinant method could probably
outshine the semigroup approach presented in the current work, just in the way that
the Padé approximants beat polynomial approximations.
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