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TENSOR PDE MODEL OF BIOLOGICAL NETWORK FORMATION∗

JAN HASKOVEC† , PETER MARKOWICH‡ , AND GIULIA PILLI§

Abstract. We study an elliptic-parabolic system of partial differential equations describing for-
mation of biological network structures. The model takes into consideration the evolution of the
permeability tensor under the influence of a diffusion term, representing randomness in the material
structure, a decay term describing metabolic cost and a pressure force. A Darcy’s law type equation
describes the pressure field. In the spatially two-dimensional setting, we present a constructive, formal
derivation of the PDE system from the discrete network formation model in the refinement limit of
a sequence of unstructured triangulations. Moreover, we show that the PDE system is a formal L2-
gradient flow of an energy functional with biological interpretation, and study its convexity properties.
For the case when the energy functional is convex, we construct unique global weak solutions of the
PDE system. Finally, we construct steady state solutions in one- and multi-dimensional settings and
discuss their stability properties.

Keywords. Biological transportation networks; tensor PDE model; continuum limit; gradient
flow.
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1. Introduction
In this paper we study the tensor PDE system modeling formation of biological

transportation networks,

−∇· [(rI+C)∇p]=S, (1.1)

∂C

∂t
−D2ΔC−c2∇p⊗∇p+

M ′(|C|)
|C| C=0, (1.2)

for the scalar pressure field p=p(t,x)∈R of the fluid transported within the network and
the conductance (permeability) tensor C=C(t,x)∈Rd×d with d≤3 the space dimension.
We assume the validity of Darcy’s law for slow flow in porous media, connecting the
flux q of the fluid with the gradient of its pressure via the action of the permeability
tensor P[C],

q=−P[C]∇p.

The total permeability tensor is assumed to be of the form P[C] := rI+C, where the
scalar function r= r(x)≥ r0>0 describes the isotropic background permeability of the
medium, while the conductance tensor C tends to align the flux along its eigenvec-
tors. The source/sink distribution S=S(x) in the mass conservation Equation (1.1)
is to be supplemented as an input datum and is assumed to be independent of time.
The diffusivity parameter D≥0 in (1.2) measures the effect of random fluctuations in
the network, and the activation parameter c2>0 controls the strength of the network
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formation feedback loop. This corresponds to a kinetic term in the respective energy
functional and represents the influence that the fluid movement has on the formation
of the network structure. The last term in (1.2) is the functional derivative of the
metabolic function M :R+→R+, which describes the dependence of the metabolic cost
of maintaining the network on its transportation capacity. Here, and in the sequel, we
shall denote

|C| :=

√√√√ d∑
i=1

d∑
j=1

C2
ij =

√
C :C

the Frobenius norm of the matrix C.

We pose (1.1), (1.2) on a bounded domain Ω⊂Rd with smooth boundary ∂Ω,
subject to homogeneous Dirichlet boundary conditions on ∂Ω for C and homogeneous
Neumann boundary condition for p,

C(t,x)=0, ν(x) ·P[C]∇p(t,x)=0 for x∈∂Ω, t≥0, (1.3)

with ν=ν(x) the outer normal vector to ∂Ω, and subject to the initial condition for C,

C(t=0,x)=C0(x) for x∈Ω, (1.4)

with C0=C0(x) symmetric and positive semidefinite almost everywhere in Ω. In order
for (1.1) to be solvable subject to (1.3), we assume S=S(x) to have vanishing mean,
i.e., ∫

Ω

S(x)dx=0. (1.5)

The system (1.1)–(1.2) was introduced in [15]. Its fundamental structural prop-
erty is that it represents the constrained L2-gradient flow associated with the energy
functional

ED[C] :=

∫
Ω

D2

2
|∇C|2+c2∇p[C] ·P[C]∇p[C]+M(|C|)dx, (1.6)

where p[C] is the unique solution (up to an additive constant) of the Poisson equation
(1.1) subject to the homogeneous Neumann boundary condition (1.3). In Section 3 we
show that for convex metabolic cost functions M the energy functional is convex. Based
on this fact, we construct unique solutions of (1.1)–(1.2), both with D>0 and D=0,
as the corresponding gradient flows. Finally, in Section 4 we study steady states of the
system (1.1)–(1.2). For a strictly convex metabolic function M and D>0, existence
of unique steady states follows from standard arguments of the calculus of variations.
For D=0 and M being a power-law with exponent γ >1, the steady state problem
reduces to a p-Laplacian equation which, again by standard arguments, has unique
solutions. The situation is significantly different for the borderline case γ=1, i.e., for
linear metabolic cost. Here, one arrives at a highly nonlinear free-boundary problem
separating the region where C=0 from the region with positive definite C. Existence
and uniqueness of solutions of this problem was shown in [9].

A variant of the system (1.1)–(1.2) was proposed in [14], where the local perme-
ability (conductance) of the porous medium is described in terms of a vector field
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m=m(t,x)∈Rd. The model is obtained by considering (1.6) with D=0 and impos-
ing C to be the rank-one tensor C :=m⊗m. This leads to the energy functional

Ẽ0[m] :=

∫
Ω

c2∇p[m] ·(rI+m⊗m)∇p[m]+M(|m|2)dx, (1.7)

where p=p[m] is the unique solution of the Poisson equation

−∇· [(rI+m⊗m)∇p]=S (1.8)

subject to no-flux boundary condition on ∂Ω. Note that the total permeability ten-
sor P̃[m] := rI+m⊗m has the principal directions (eigenvectors) m/|m| and, resp., m⊥

with eigenvalues r(x)+ |m|2 and, resp., r(x). This means that the flow ”feels” only
the background permeability r(x)>0 in the directions orthogonal to m, while the prin-
cipal permeability is increased by |m|2 in the direction of the conductance vector m.

Re-introducing the Dirichlet integral D2

2

∫
Ω
|∇m|2dx into (1.7) and taking the formal

gradient flow with respect to the L2-topology leads to the system

−∇· [(rI+m⊗m)∇p]=S, (1.9)

∂m

∂t
−D2Δm−c2(m ·∇p)∇p+2M ′(|m|2)m=0. (1.10)

Detailed mathematical analysis of the system (1.9)–(1.10) with M(s) :=sγ was carried
out in the series of papers [1, 2, 8, 9] and in [16, 20, 21], while its various other aspects
were studied in [4, 10–13].

The system (1.1)–(1.2) can be seen as a more general model than (1.9)–(1.10), not
restricting the network permeability tensor to be a rank-one tensor product. Moreover,
under appropriate assumptions on the parameters, (1.1)–(1.2) is obtained as the formal
continuum limit of a sequence of discrete graph problems, as we shall demonstrate
in Section 2 below. On the other hand, the system (1.9)–(1.10) can be linked to the
discrete problem by considering macroscopic physical laws of fluid flow in porous media,
in particular, Darcy’s law and the Carmen-Kozeny equation; see [2, Section 2.3] for
details.

The paper is structured as follows. In Section 2 we provide a formal derivation of the
tensor PDE model (1.1)–(1.2) as a continuum limit of the discrete model on a sequence
of unstructured regular graphs. In Section 3 we prove the convexity of the energy (1.6)
for convex metabolic cost functions M , and construct solutions of the corresponding
gradient flow, both with D>0 and D=0. In Section 4 we study steady states of the
system (1.1)–(1.2), both with D>0 and D=0.

2. Formal derivation from the discrete model in 2D
A particular instance of the system (1.1)–(1.2) with diagonal permeability tensor

C was derived formally in [11] from the discrete network formation model [13]. The
system was derived as a formal L2-gradient flow of the continuum energy functional
(1.6), obtained as a limit of a sequence of discrete problems under refinement of the
network, with geometry restricted to rectangular networks in 2D. In [12] the process
was carried out rigorously, in terms of the Γ-limit of a sequence of discrete energy
functionals with respect to the strong L2-topology.

The goal of this section is to provide a formal derivation of the continuum energy
functional (1.6) as a limit of discrete energy functionals posed on a sequence of un-
structured triangulations of a bounded domain Ω⊂R2, i.e., without the restriction of
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rectangular geometries that was imposed in [11, 12]. The corresponding rigorous limit
procedure will be studied in a future work.

The discrete model is posed on a sequence of undirected graphs Gh=(Vh,Eh), h>0,
consisting of finite sets of vertices Vh and edges Eh. Each edge (i,j)∈Eh, connecting
the vertices i and j∈Vh, has a fixed, prescribed length Lij =Lji>0 with Lij =O(h),
where the limit h→0 is under investigation. Its conductivity is denoted by Cij =Cji≥0.
Each vertex i∈Vh has associated the pressure Pi∈R of the material flowing through it.
The local mass conservation in each vertex is expressed in terms of the Kirchhoff law

−
∑

j∈N (i)

Cij
Pj−Pi

Lij
=Si for all i∈Vh, (2.1)

where N (i) denotes the set of vertices connected to i∈Vh through an edge. Moreover,
S=(Si)i∈Vh is the prescribed vector of strengths of flow sources (Si>0) or sinks (Si<0).
Given the vector of conductivities C=(Cij)(i,j)∈Eh , the Kirchhoff law (2.1) is a linear
system of equations for the vector of pressures P =(Pi)i∈Vh . A necessary condition for
its solvability is the global mass balance∑

i∈Vh

Si=0, (2.2)

whose validity we assume in the sequel. Then, the linear system (2.1) is solvable if and
only if the graph with edge weights C=(Cij)(i,j)∈Eh is connected [2], where only edges
with positive conductivities Cij >0 are taken into account (i.e., edges with zero conduc-
tivities are discarded). Note that the solution is unique up to an additive constant.

The conductivities Cij are subject to a minimization process with the energy func-
tional

Eh[C] :=
∑

(i,j)∈Eh

(
Cij

(Pj−Pi)
2

L2
ij

+M(Cij)
)
Lij , (2.3)

where C=(Cij)(i,j)∈Eh denotes the vector of edge conductivities, and the sum is taken
over unoriented edges, i.e., the edge (i,j) is considered identical with (j,i) and is counted
only once. The first term in the summation describes the (physical) pumping power
necessary for transporting the material through the network, while the second term
describes the metabolic cost of maintaining the network structure, with the metabolic
function M :R+→R+. It is remarkable that, despite the nonlocal character of the
Kirchhoff law (2.1), the gradient flow of the energy (2.3) constrained by (2.1) can be
written explicitly in terms of an ODE system for the conductivities Cij ,

dCij
dt

=

(
(Pj−Pi)

2

L2
ij

−M ′(Cij)
)
Lij for (i,j)∈Eh. (2.4)

This system, introduced in [14] and studied in more detail in [4], represents an adapta-
tion model which dynamically responds to local information and can naturally incorpo-
rate fluctuations in the flow.

Let us assume that the graphs Gh=(Vh,Eh) represent a sequence of finite regular
triangulations [18] of a bounded, polygonal domain Ω in 2D, and denote xi∈R2 the
location of the vertex i∈Vh. For convenience, in the sequel we shall use both notations
(i,j)∈Eh to address edges by the indices of their adjacent vertices, and eij ∈Eh to
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xi xj

xij

T
�

ij

T
�

ij

Fig. 2.1. Edge eij ∈Eh (horizontal solid line) and its adjacent diamond �ij (quadrilateral delimited
by dashed line). The diamond consists of the triangle T�

ij , spanned by the vertices xi, xj and xij , and

the triangle T�
ij .

address the linear segment in R2 connecting them (i.e., the set of all convex combinations
of xi and xj). For each (unoriented) edge eij ∈Eh we denote by 
ij⊂R2 the adjacent
closed diamond, i.e.,


ij :=
{
x∈Ω; dist(x,eij)≤dist(x,ẽ) for all ẽ∈Eh

}
.

Since the graph Gh=(Vh,Eh) represents a triangulation of Ω, the diamonds are quadri-
laterals; for edges eij belonging to the boundary ∂Ω the definition of 
ij has to be
adjusted accordingly, such that the corresponding diamond is a quadrilateral too. For
each i∈Vh we denote Ui the union of diamonds adjacent to the vertex xi,

Ui :=
⋃

j∈N (i)


ij .

Each diamond 
ij consists of two triangles sharing the edge eij , which we denote T�
ij

and T�
ij , see Figure 2.1. Let us denote T h the collection of all such triangles, i.e.,

T h :={T�
ij ; (i,j)∈Eh}∪{T�

ij ; (i,j)∈Eh}. (2.5)

Clearly, T h represents a triangulation of the domain Ω.
The main idea of our construction is to map the vector of discrete edge conductivities

C=(Cij)(i,j)∈Eh onto the set of piecewise constant tensor fields on Ω through the mapping

Qh defined as

Qh[C](x) :=Cij
(xi−xj)⊗(xi−xj)

|xi−xj |2
for all x∈
ij , (2.6)

i.e., Qh[C] is a constant rank-one tensor on each diamond 
ij , with principal direction
(eigenvector) parallel to the edge eij and the corresponding eigenvalue equal to the
conductivity Cij . Note that under the assumption Cij >0 for all (i,j)∈E, the tensor
Qh[C] is uniformly positive definite on Ω.

Our strategy is, by means of the mapping Qh, to establish a connection between
a properly rescaled version of the discrete energy functional (2.3) and its continuum
counterpart (1.6). Since we only carry out formal arguments in this section, we set
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D :=0 for simplicity, and also remove the regularization in the permeability tensor
P[C], i.e., set r :=0 so that P[C]=C. The continuum energy then reads

E [C] :=
∫
Ω

c2∇p[C] ·C∇p[C]+M(|C|)dx, (2.7)

where p[C]∈H1(Ω) is the unique solution (up to an additive constant) of the Poisson
Equation (1.1) with the uniformly positive definite permeability tensor C∈L∞(Ω), sub-
ject to the homogeneous Neumann boundary condition (1.3). Following the strategy
of [12], the connection between the properly rescaled version of the discrete (2.3) and
continuum (2.7) energy functionals will be established through an “intermediate” func-
tional Eh, where p[C] is replaced by a solution of a finite element discretization of the
Poisson equation.

2.1. Finite element discretization of the Poisson equation and validity of
the Kirchhoff law. We consider the first-order H1-finite element approximation of
the Poisson Equation (1.1) with uniformly positive definite permeability tensor Qh[C],

−∇·(Qh[C]∇p)=S (2.8)

subject to the no-flux boundary condition on ∂Ω. We denote Wh the space of continu-
ous, piecewise linear functions on the triangulation T h introduced in (2.5), i.e.,

Wh :=
{
ψ∈C(Ω);ψ linear on each T ∈T h

}
.

The finite element discretization of (2.8) then reads∫
Ω

∇ψh ·Qh[C]∇phdx=

∫
Ω

Sψhdx for all ψh∈Wh. (2.9)

Using standard arguments (coercivity and continuity of the corresponding bilinear form)
we construct a solution ph∈Wh of (2.9), unique up to an additive constant; without
loss of generality we fix

∫
Ω
phdx=0. The solution is represented by its vertex values

Ph
i :=ph(xi), i∈V. Moreover, ∇ph is constant on each triangle T ∈T h.

Let us now fix i∈V and denote ψh
i ∈Wh a test function supported on the union Ui

of diamonds adjacent to the vertex xi. Since Q
h[C] is constant on each diamond 
ij , we

have ∫
Ω

∇ψh
i ·Qh[C]∇phdx=

∑
j∈N (i)

Cij
∫
�ij

∇ψh
i ·

(xi−xj)⊗(xi−xj)

|xi−xj |2
∇phdx.

Since ∇ph is constant on each T ∈T h, the Taylor expansion gives

ph(xi)−ph(xj)=∇ph ·(xi−xj) for all (i,j)∈Eh, (2.10)

and, consequently,∫
�ij

∇ψh
i ·

(xi−xj)⊗(xi−xj)

|xi−xj |2
∇phdx=

∫
�ij

∇ph · xi−xj

|xi−xj |
∇ψh

i ·
xi−xj

|xi−xj |
dx

=
ph(xi)−ph(xj)

|xi−xj |

∫
�ij

∇ψh
i ·

xi−xj

|xi−xj |
dx.
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Now, for each triangle T ⊂Ui, we denote its spanning vertices xi, xj and xij , and define
ψh
i by prescribing the vertex values

ψh
i (xi)=1, ψh

i (xj)=0, ψh
i (xij)=0.

This leads to the explicit formula for ψh
i on each T ,

ψh
i (x) :=nT

ij ·(x−xj) for x∈T,

where the vector nT
ij is such that

nT
ij ·(xij−xj)=0, nT

ij ·(xi−xj)=1.

Obviously, such vector exists (and is unique) for any non-collinear triplet (xi,xj ,xij).
Since ∇ψh

i ≡nT
ij on each T , we have∫

T

∇ψh
i ·

xi−xj

|xi−xj |
dx=

nT
ij ·(xi−xj)

|xi−xj |
vol(T )=

vol(T )

Lij
.

Finally, recalling that each 
ij consists of two triangles (sharing the edge eij ∈Eh), we
have ∫

Ω

∇ψh
i ·Qh[C]∇phdx=

∑
j∈N (i)

Cij
ph(xi)−ph(xj)

Lij

vol(
ij)
Lij

.

Therefore, denoting

Sh
i :=

∫
Ui

Sψh
i dx for all i∈V, (2.11)

we have the following proposition.

Proposition 2.1. Let S∈L2(Ω) with
∫
Ω
Sdx=0 and let Si be given by (2.11).

Let Cij >0 for all (i,j)∈Eh and denote Ph
i :=ph(xi), with ph being the solution of the

discretized Poisson Equation (2.9). Then we have, for all i∈V,

−
∑

j∈N (i)

Cij
Ph
j −Ph

i

Lij

vol(
ij)
Lij

=Si. (2.12)

Note that (2.12) is a rescaled version of the Kirchhoff law (2.1) by the factor
vol(�ij)

Lij
.

2.2. Semi-discrete energy functional. For uniformly positive definite perme-
ability tensors C∈L∞(Ω) we introduce the semi-discrete energy functional

Eh[C]=
∫
Ω

∇ph[C] ·C∇ph[C]+M(|C|)dx, (2.13)

where ph[C]∈Wh is the unique solution of the FEM-approximation of the Poisson Equa-
tion (2.9) with the permeability tensor C. We show that the value of Eh evaluated at the
piecewise constant tensor Qh[C] can be identified with the value of the rescaled version
of the discrete energy functional (2.3), given by

E
h
[C]=

∑
(i,j)∈Eh

vol(
ij)
Lij

(
Cij

(Ph
i −Ph

j )
2

Lij
+M(Cij)

)
Lij . (2.14)
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Proposition 2.2. For any vector of positive conductivities C=(Cij)(i,j)∈Eh we have

E
h
[C]=Eh

[
Qh[C]

]
, (2.15)

with the rescaled discrete energy functional E
h
defined in (2.14) and the semi-discrete

energy Eh given by (2.13).

Proof. First, we note that, for x∈
ij ,

|Qh[C](x)|=Cij
∣∣∣∣ (xi−xj)⊗(xi−xj)

|xi−xj |2
∣∣∣∣=Cij .

Consequently, for the metabolic term we have∫
Ω

M(|Qh[C]|)dx=
∑

(i,j)∈Eh

∫
�ij

M(|Qh[C]|)dx

=
∑

(i,j)∈Eh

∫
�ij

M(Cij)dx=
∑

(i,j)∈Eh

vol(
ij)M(Cij),

where, again, the sum is taken over unoriented edges so that each (i,j)≡ (j,i) is counted
only once.

For the pumping term we have∫
Ω

∇ph ·Qh[C]∇phdx=
∑

(i,j)∈Eh

Cij
∫
�ij

∇ph · (xi−xj)⊗(xi−xj)

|xi−xj |2
∇phdx.

Using (2.10) again, we have∫
�ij

∇ph · (xi−xj)⊗(xi−xj)

|xi−xj |2
∇phdx=

∫
�ij

|∇ph ·(xi−xj)|2
|xi−xj |2

dx

=vol(
ij)
(ph(xi)−ph(xj))

2

|xi−xj |2
,

so that, denoting again Pi :=ph(xi),∫
Ω

∇ph ·Qh[C]∇phdx=
∑

(i,j)∈E

Cij
vol(
ij)
Lij

(Ph
i −Ph

j )
2

Lij
.

Following the strategy of [12], we would proceed by proving the Γ-convergence of
the sequence of functionals Eh towards E as h→0. In [12] this was carried out for
the special case of Gh being a rectangular grid, and the mapping Qh was constructed
to generate piecewise constant diagonal permeability tensors C with diagonal elements
corresponding to the conductivities of the horizontal and vertical edges. This peculiar
construction facilitated the proof of Γ-convergence of the sequence Eh with respect to
the norm topology of L2(Ω). However, in our setting, the sequence Qh[C] given by
(2.6) does not converge in the norm topology as h→0. Indeed, considering the special
case of Gh being a regular triangulation of Ω, with, say, Cij =1 for all (i,j)∈Eh, the
sequence Qh[C] is a sequence of periodic functions on Ω, which clearly does not converge
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in any norm topology. Instead, we only have weak convergence, which poses significant
analytical challenges for proving the Γ-convergence. In particular, the so-called weak-
strong lemma for the Poisson equation, see [12, Lemma 1], which is a fundamental
ingredient of the proof, cannot be directly applied. Consequently, new approaches need
to be developed to address this problem, which will be subject of future work. In this
paper we only prove the following formal link between the (rescaled) discrete energy

E
h
[C] and its continuum counterpart E .

Proposition 2.3. Let C=(Cij)(i,j)∈Eh be a vector of positive conductivities on Eh.
Then

E
h
[C]=Eh[Qh[C]]=E [Qh[C]]+O(h2), (2.16)

with respect to the H1
0 (Ω)-topology, with the discrete energy functional E

h
defined in

(2.14), the semi-discrete functional Eh defined in (2.13) and the continuum energy E
defined in (2.7).

Proof. Since C has all positive entries, C :=Qh[C] is a symmetric, uniformly
positive definite tensor field with C∈L∞(Ω). Let us define the bilinear form B :H1(Ω)×
H1(Ω)→R,

B(u,v)=

∫
Ω

∇u ·C∇vdx.

Clearly, B induces a seminorm on H1(Ω),

|u|B :=
√
B(u,u) for u∈H1(Ω).

With this notation we have ∫
Ω

∇p ·C∇pdx= |p|2B .

We now proceed along the lines of standard theory of the finite element method (proof
of Céa’s lemma in the energy norm, see, e.g., [6]). Due to the Galerkin orthogonality

B(p−ph,ψ)=0 for all ψ∈Wh, (2.17)

we have, noting that ph∈Wh,

|p|2B−
∣∣ph∣∣2

B
=
∣∣p−ph

∣∣2
B
.

Then, again by (2.17) and by the Cauchy-Schwartz inequality, we have for all ψ∈Wh,∣∣p−ph
∣∣2
B
=B(p−ph,p−ψ)≤

∣∣p−ph
∣∣
B
|p−ψ|B ,

and, consequently, ∣∣p−ph
∣∣
B
≤ inf

ψ∈Wh
|p−ψ|B .

Then, by standard results of approximation theory, see, e.g., [6], we have infψ∈Wh

|p−ψ|B =O(h) and, consequently,

E [C]−Eh[C]= |p|2B−
∣∣ph∣∣2

B
=
∣∣p−ph

∣∣2
B
=O(h2).
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An application of Proposition 2.2 gives the claim (2.16).

Finally, let us note that both the energy functional (2.14) and, resp., the Kirchhoff

law (2.12) are rescaled by the same factor
vol(�ij)

Lij
with respect to their original defini-

tions (2.3) and, resp., (2.1). Consequently, the constrained gradient flow corresponding
to the system (2.12), (2.14) still admits an explicit description in terms of the ODE

dCij
dt

=

(
(Pj−Pi)

2

L2
ij

−M ′(Cij)
)
vol(
ij) for (i,j)∈Eh,

which is a rescaled version of (2.4).

3. Energy dissipation structure, convexity and gradient flow
A fundamental structural property of the system (1.1)–(1.2) is that it represents

the contrained L2(Ω)-gradient flow associated with the energy functional (1.6). The
gradient flow structure implies the following energy relation, established in [15].

Proposition 3.1. The energy (1.6) is nonincreasing along smooth solutions of (1.1)–
(1.2) and satisfies

d

dt
ED[C(t)]=−

∫
Ω

∣∣∣∣∂C(t)∂t
(t,x)

∣∣∣∣2 dx.
Proof. The proof is obtained by an obvious modification of [8, Lemma 1].

A major observation is that if the metabolic cost function is convex and nondecreas-
ing, then the energy functional ED is convex. Let us denoteH1

+(Ω) the set of symmetric,
positive semidefinite matrix-valued functions with entries in H1(Ω). Obviously, H1

+(Ω)
is a closed, convex subset of H1(Ω).

Proposition 3.2. Let Ω be a bounded domain in Rd and denote CΩ the corresponding
Poincaré constant. Let M :R+→R+ be such that

M ′(s)
s

≥−D2CΩ if M ′′(s)≥M ′(s)
s

, (3.1)

M ′′(s)≥−D2CΩ if M ′′(s)<
M ′(s)

s
. (3.2)

Then the energy functional ED given by (1.6) is convex on H1
+(Ω). Moreover, if (3.1),

(3.2) hold with sharp inequalities on the left-hand side, then ED is strictly convex.

Proof. Using p=p[C] as a test function in the weak formulation of (1.1), one has∫
Ω

∇p ·P[C]∇pdx=

∫
Ω

Spdx, (3.3)

so that the energy can be written as

ED[C]=

∫
Ω

D2

2
|∇C|2+M(|C|)+c2Sp[C]dx.

By elementary calculation, the second-order variation of the first two terms above in
direction Φ∈H1

+(Ω) reads

D2

∫
Ω

|∇Φ|2dx+
∫
Ω

M ′′(|A|)
∣∣∣∣ A|A| :Φ

∣∣∣∣2+M ′(|A|)
|A|

(
|Φ|2−

∣∣∣∣ A|A| :Φ
∣∣∣∣2
)
dx.
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Using δp[C,Φ]
δC as a test function in the weak formulation of (1.1) and calculating the

first-order variation in direction Φ∈H1
+(Ω) gives

δ2

δC2

∫
Sp[C;Φ]dx=

∫
Ω

∇ δp

δC
·(rI+C)∇ δp

δC
dx

+

∫
Ω

∇ δ2p

δC2
·(rI+C)∇p+∇ δp

δC
·Φ∇pdx,

where, here and in the sequel, we use the short-hand notation δp
δC for δp[C,Φ]

δC . The
first-order variation of the weak formulation of the Poisson Equation (1.1) in direction
Φ∈H1

+(Ω) with test function φ∈H1(Ω) reads∫
Ω

∇φ ·(rI+C)∇ δp

δC
+∇φ ·Φ∇pdx=0, (3.4)

and using δp
δC as a test function we obtain the identity∫

Ω

∇ δp

δC
·Φ∇pdx=−

∫
Ω

∇ δp

δC
·(rI+C)∇ δp

δC
dx.

We now again take a variation of (3.4) in direction Φ∈H1
+(Ω) and use the pressure p

as a test function, which leads to∫
Ω

∇p ·(rI+C)∇ δ2p

δC2
dx=−2

∫
Ω

∇p ·Φ∇ δp

δC
dx.

Consequently, we arrive at

δ2

δC2

∫
Ω

Sp[C;Φ]dx=2

∫
Ω

∇ δp

δC
·(rI+C)∇ δp

δC
dx,

and, finally,

δ2ED[C;Φ]

δC2
=D2

∫
Ω

|∇Φ|2dx+
∫
Ω

M ′′(|A|)
∣∣∣∣ A|A| :Φ

∣∣∣∣2+M ′(|A|)
|A|

(
|Φ|2−

∣∣∣∣ A|A| :Φ
∣∣∣∣2
)
dx

+2c2
∫
Ω

∇ δp

δC
·(rI+C)∇ δp

δC
dx.

Obviously, the last term is nonnegative. Using the Poincaré inequality for the first term
of the right-hand side and denoting CΩ the Poincaré constant for Ω, we have

δ2ED[C;Φ]

δC2
≥
∫
Ω

(
D2CΩ+

M ′(|A|)
|A|

)
|Φ|2dx+

∫
Ω

(
M ′′(|A|)−M ′(|A|)

|A|

)∣∣∣∣ A|A| :Φ
∣∣∣∣2 dx.

Denoting Ω+ the set where M ′′(|A|)− M ′(|A|)
|A| ≥0, and Ω− its complement in Ω, we have

δ2ED[C;Φ]

δC2
≥
∫
Ω+

(
D2CΩ+

M ′(|A|)
|A|

)
|Φ|2dx+

∫
Ω−

(
D2CΩ+M ′′(|A|)

)
|Φ|2dx,

where we used
∣∣∣ A
|A| :Φ

∣∣∣≤|Φ|. Clearly, conditions (3.1), (3.2) imply the convexity of ED,

which is strict if the inequalities on the left-hand side of (3.1), (3.2) are sharp.

Remark 3.1. Let us consider the generic case of M being the power-law M(s)=sγ/γ
with exponent γ >0, as discussed in [14] and the subsequent works. Then M ′(s)/s=
sγ−2, so that condition (3.1) is implicitly verified for all s>0. Condition (3.2) is verified
if and only if γ≥1. Consequently, ED is strictly convex for every γ≥1 and D>0. For
D=0 it is strictly convex for γ >1 and convex for γ=1.
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3.1. Existence and uniqueness of gradient flow. For a metabolic function
M verifying the condition (3.1), (3.2), we prove the existence and uniqueness of weak
solutions of the system (1.1)–(1.2) by an application of the standard theory of convex
gradient flows on Hilbert spaces, see, e.g., [3, 19]. Before we proceed with the proof,

we establish two auxiliary lemmas. In the sequel we shall denote by H
1
(Ω) the closed

subspace of H1(Ω) of functions with vanishing mean.

Lemma 3.1. Let C∈L2(Ω)d×d be a matrix-valued function, positive semidefinite
almost everywhere on Ω, and let S∈L2(Ω) with

∫
Ω
S(x)dx=0. Then the Poisson equa-

tion(1.1) admits a unique weak solution p∈H1
(Ω). Moreover, it holds

‖∇p‖L2(Ω)≤CΩ‖S‖L2(Ω) , (3.5)

where CΩ denotes the Poincaré constant on Ω.

Proof. See [8, Lemma 6].

Lemma 3.2. Let (Ck)k∈N be a sequence of symmetric and positive semidefinite matrix-
valued functions on a bounded domain Ω⊂Rd. Let the sequence Ck converge to C in
the norm topology of the space L2(Ω)d×d as k→∞. Then there exists a subsequence of√
Ck converging to

√
C in the norm topology of L4(Ω)d×d.

Proof. As the sequence Ck converges in the norm topology of L2(Ω) to C, there
exists a subsequence converging almost everywhere on Ω to C. As the operation of taking
the principal square root is continuous on the set of positive semidefinite matrices, see
p. 411 of [17], a subsequence of

√
Ck converges pointwise almost everywhere to

√
C.

Symmetry of Ck implies symmetry of
√
Ck, giving∣∣∣√Ck

∣∣∣
2
=�
(√

Ck

)
=
√
�(Ck)=

√
|Ck|2, (3.6)

where | · |2 denotes the spectral norm and �(·) the spectral radius. Consequently, the
boundedness of Ck in L2(Ω)d×d implies boundedness of

√
Ck in L4(Ω)d×d and there is

a subsequence of
√
Ck converging weakly in L4(Ω)d×d to

√
C; identification of the limit

is due to the almost everywhere convergence. Moreover, (3.6) implies that

lim
k→∞

∥∥∥√Ck

∥∥∥
L4(Ω)

= lim
k→∞

√
‖Ck‖L2(Ω)=

√
‖C‖L2(Ω)=

∥∥∥√C

∥∥∥
L4(Ω)

.

By uniform convexity of L4(Ω)d×d, Proposition 3.32 of [5] implies then the strong con-
vergence of

√
Ck to

√
C in L4(Ω)d×d.

In the sequel, let us denote H1
0,+(Ω) the space of symmetric, positive semidefinite

tensor-valued functions with entries in H1(Ω) and vanishing traces on ∂Ω.

Proposition 3.3 (Existence and uniqueness of gradient flows). Let r>0, D>0,
S∈L2(Ω) satisfying (1.5) and C0∈H1

0,+(Ω), symmetric and positive semidefinite almost
everywhere in Ω, and such that ED[C0]<∞. Moreover, let the metabolic cost function
M :R+→R+ verify the conditions (3.1) and (3.2).

Then the problem (1.1)–(1.4) admits a unique global weak solution C∈
H1((0,∞);L2(Ω))∩L2((0,∞);H1

0,+(Ω)) with ED[C]∈L∞(0,∞). Moreover, C=C(t,x)
is symmetric positive semidefinite for almost all x∈Ω and t≥0, and satisfies the energy
inequality

ED[C(t)]+

∫ t

0

∫
Ω

∣∣∣∣∂C∂t (s,x)
∣∣∣∣2 dxds≤ED[C0] for all t≥0. (3.7)
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Proof. The energy functional (1.6) is proper and, according to Proposition 3.2,
convex on H1

0,+(Ω). Lower semicontinuity with respect to the H1(Ω)-topology is ob-

vious for the diffusive term
∫
Ω

D2

2 |∇C|2dx and the metabolic term
∫
Ω
M(|C|)dx. To

show lower semicontinuity of the activation term
∫
Ω
∇p[C] ·P[C]∇p[C]dx, we choose a

sequence Ck ∈L2(Ω) converging to C∈L2(Ω). Denoting pk the unique weak solution
of the Poisson Equation (1.1) with permeability tensor Ck, constructed in Lemma 3.1,
and using it as a test function, we have∫

Ω

r|∇pk|2+∇pk ·Ck∇pkdx=

∫
Ω

Spkdx.

Then, we estimate, using the Cauchy-Schwartz and Poincaré inequalities,∫
Ω

∣∣∣√Ck∇pk

∣∣∣2 dx=∫
Ω

∇pk ·Ck∇pkdx≤
∫
Ω

Spkdx

≤‖S‖L2(Ω)‖pk‖L2(Ω)

≤CΩ‖S‖L2(Ω)‖∇pk‖L2(Ω) ,

where CΩ is the Poincaré constant for Ω. Due to the bound (3.5), we obtain uniform
boundedness of the sequence

√
Ck∇pk in L2(Ω). Consequently, up to a possible ex-

traction of a subsequence,
√
Ck∇pk convergres weakly in L2(Ω). The limit is identified

due to the strong convergence of
√
Ck to

√
C provided by Lemma 3.2 and the weak

convergence of ∇pk to ∇p. Then, the lower-semicontinuity of the L2-norm gives∫
Ω

∣∣∣√C∗η∇p
∣∣∣2 dx≤ liminf

k→∞

∫
Ω

∣∣∣√Ck ∗η∇pk

∣∣∣2 dx.
Consequently, we have the lower semicontinuity for the energy functional,

E[C]≤ liminf
k→∞

E[Ck].

Then, by the Rockafellar theorem, the subdifferential ∂E is a maximal monotone oper-
ator on H1

0,+(Ω), which in turn implies the existence and uniqueness of solutions of the
system (1.1)–(1.4), see, e.g., [5].

To check for preservation of positive definiteness, let us fix an arbitrary vector ξ∈Rd

and define u(t,x) := ξ ·C(t,x)ξ. From (1.2) we obtain

∂u

∂t
−D2Δu+

M ′(|C|)
|C| u= |ξ ·∇p|2≥0,

and the maximum principle for linear parabolic problems (see, e.g., [7]) implies that
u≥0 if u(t=0)≥0. Consequently, the positive semidefiniteness of the initial datum C0

is preserved by (1.2).

Let us note that the proof of Proposition 3.3 can be easily adapted to the case D=0,
i.e., no diffusion, by changing the topology to L2(Ω). Then, we obtain the following
result.

Proposition 3.4. Let r>0, S∈L2(Ω) satisfying (1.5) and C0∈L2(Ω), symmetric
and positive semidefinite almost everywhere in Ω, and such that E0[C

0]<∞. Let the
metabolic cost function M :R+→R+ verify the conditions (3.1) and (3.2).
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Then the problem (1.1)–(1.4) with D=0 admits a unique global weak solution C∈
H1((0,∞);L2(Ω)), symmetric and positive semidefinite for almost all x∈Ω and t≥0,
with E0[C]∈L∞(0,∞) and satisfying the energy inequality (3.7) with D=0.

Proof. Convexity of E0 follows from Proposition 3.2, with conditions (3.1), (3.2)
verified due to the monotonicity and convexity of M . Lower semicontinuity of E0 with
respect to the norm L2-topology follows along the steps of the proof of Proposition 3.3.

Finally, let us observe that for suitable choices of the metabolic cost function M ,
and with homogeneous Neumann boundary condition for all elements of the tensor C,
uniform positive definiteness of C is preserved at least locally in time along the solutions
of (1.2) with D≥0.

Proposition 3.5. Let M(s)= 1
γ |s|γ with 1≤γ <2, D≥0 and let ∇p be given with

∇p∈L∞((0,∞);L2(Ω)). Let C0∈L2(Ω), symmetric and uniformly positive definite in
Ω. Then there exists T >0 such that C=C(t,x), the solution of (1.2), (1.4), subject to
homogeneous Neumann boundary condition for C, is uniformly positive definite in Ω for
t<T .

Proof. Let us fix an arbitrary unit vector ξ∈Rd and define u(t,x) := ξ ·C(t,x)ξ.
For the Frobenius norm we have |C|≤λmax(C), where λmax(C) denotes the principal
eigenvalue of C. Consequently, with |ξ|=1 we have

|C|≥λmax(C)≥ ξ ·Cξ=u

and since γ <2,

M ′(|C|)
|C| = |C|γ−2≤uγ−2.

From (1.2) we then obtain

∂u

∂t
=D2Δu+ |ξ ·∇p|2−M ′(|C|)

|C| u

≥D2Δu−uγ−1. (3.8)

Clearly, the solution v=v(t) of the initial value problem

dv

dt
=−vγ−1, v(0)= inf

x∈Ω
u(0,x) (3.9)

is a subsolution for (3.8), as long as it exists. For γ=1 we obviously have dv
dt =−1. A

simple calculation reveals that

v(t)=
(
v(0)−(2−γ)t

) 1
2−γ

for t≤ v(0)
2−γ . Consequently, we have

u(t,x)≥
(
inf
x∈Ω

u(0,x)−(2−γ)t

) 1
2−γ

on this time interval. We conclude that if C0 is uniformly positive definite in Ω, then
this property is preserved on sufficiently small time intervals.
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Proposition 3.5 allows us to drop the regularization of the permeability tensor in
(1.1) if M(s)= 1

γ |s|γ with 1≤γ <2. In this case we may consider the system (1.1)–(1.4)

with r=0 and D≥0, and the uniform positive definiteness of C=C(t,x) provided by
Proposition 3.5 guarantees existence of solutions (at least) locally in time. Moreover, for
γ=2, a straightforward modification of the proof of Proposition 3.5 yields preservation
of positive definiteness globally in time, and thus global solutions with r=0.

4. Steady states

In this section we discuss existence and uniqueness of steady states of the system
(1.1)–(1.2). We first provide a result for the case D>0, and then carry out a more
explicit construction for the case D=0. Let us recall that we denoted H1

0,+(Ω) the
space of symmetric, positive semidefinite tensor-valued functions with entries in H1(Ω)
and vanishing traces on ∂Ω.

Proposition 4.1. Let r>0, D>0 and S∈L2(Ω) satisfying (1.5). Moreover, let the
metabolic cost function M :R+→R+ be nonnegative and continuous. Then there exists
a steady state solution of the system (1.1)–(1.2) in H1

0,+(Ω).

Moreover, if M satisfies conditions (3.1), (3.2), then the gradient flows constructed
in Proposition 3.3 converge towards a steady state as t→∞.

The steady state is unique if M satisfies conditions (3.1), (3.2) with sharp inequal-
ities on the left-hand side.

Proof. We apply the direct method of calculus of variations on the closed, convex
set H1

0,+(Ω). Since the energy ED given by (1.6) is, by definition, nonnegative, we have
an infimising sequence (Cn)n∈N⊂H1

0,+(Ω). With D>0 and the Poincaré inequality, the
energy ED is coercive on H1

0,+(Ω) due to the presence of the Dirichlet integral. Conse-
quently, there exists a subsequence of (Cn)n∈N converging weakly to some C∈H1

0,+(Ω)
and, due to compact embedding, strongly in L2(Ω). Clearly, the Dirichlet integral
D2

2

∫
Ω
|∇Cn|2dx in the definition of ED is weakly lower semicontinuous. Due to the

strong convergence of Cn in L2(Ω) and the assumed continuity of M , we can pass to the
limit in the metabolic term

∫
Ω
M(|Cn|)dx. Finally, we refer to the proof of Proposition

3.3 where lower semicontinuity of the activation term
∫
Ω
∇p[Cn] ·P[Cn]∇p[Cn]dx was

shown with respect to the L2(Ω) topology. Consequently, we have

ED[C]≤ liminf
n→∞ ED[Cn],

and C∈H1
0,+(Ω) is a global minimizer of ED, i.e., a steady state of the system (1.1)–

(1.2). The minimizer is unique if ED is strictly convex, which, according to Proposition
3.2, is the case when conditions (3.1), (3.2) hold with sharp inequalities on the left-hand
side.

Finally, the convergence of the gradient flow towards a steady state follows from
the convexity and coercivity of ED by standard theory, see, e.g., [3].

Next, let us study the case D=0. Then, the stationary version of (1.2) reads

c2∇p⊗∇p=m(|C|)C, (4.1)

where we introduced the notation m(s) :=M ′(s)/s. Consequently, C is a multiple of
∇p⊗∇p,

C=λ∇p⊗∇p,
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and inserting into (4.1), noting that |∇p⊗∇p|= |∇p|2, gives

m(|λ||∇p|2)= c2

λ
.

Assuming invertibility of m, we have

|∇p|2= 1

|λ|m
−1

(
c2

λ

)
.

Consequently, denoting g(λ) := 1
|λ|m

−1
(

c2

λ

)
and assuming its invertibility, we arrive at

λ=g−1(|∇p|2) and

C=g−1(|∇p|2)∇p⊗∇p,

where p solves the nonlinear Poisson equation

−∇·
([
r+g−1(|∇p|2)|∇p|2

]
∇p
)
=S.

Let us now consider the generic case of M being the power-law M(s)=sγ/γ with
exponent γ >0, as discussed in [14] and the subsequent works. Then, the functions
m=m(s) and g=g(λ), introduced above, are both invertible if and only if γ >1, and
we easily calculate

g−1(λ)= c
2

γ−1λ− γ−2
γ−1 .

Inserting this expression into the Poisson Equation (1.1), we obtain the p-Laplacian
equation

−∇·
([

r+c
2

γ−1 |∇p| 2
γ−1

]
∇p
)
=S, (4.2)

subject to the homogeneous Neumann boundary condition on ∂Ω.

Proposition 4.2. For any S∈L2(Ω) satisfying (1.5), and any γ >1 there exists a

unique weak solution p∈H1
(Ω)∩W 1, 2γ

γ−1 (Ω) of (4.2) subject to the homogeneous Neu-
mann boundary condition on ∂Ω.

Proof. We define the functional F :H
1
(Ω)→R∪{+∞},

F [p] :=
∫
Ω

r|∇p|2+c
2

γ−1 |∇p|
2γ

γ−1 dx−
∫
Ω

pSdx, (4.3)

and F [p] :=+∞ if ∇p /∈L
2γ

γ−1 . Then F is uniformly convex since 2γ
γ−1 >2 for γ >1.

Coercivity follows from the Poincaré inequality on H
1
(Ω). Then the classical theory

(see, e.g., [7]) provides the existence of a unique minimizer for (4.3). We conclude by
observing that (4.2) is the Euler-Lagrange equation corresponding to the minimization
problem (4.3).

The situation is significantly different for the case M(s)=s, i.e., γ=1. Then m(s)=
s−1 and g(λ)≡ c−2, thus not invertible. In fact, the stationary version of (1.2) reads

c2∇p⊗∇p=
C

|C| ,
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which implies that for almost all x∈Ω either C(x)=0 or c2|∇p(x)|2=1. In the latter
case, C=λ∇p⊗∇p with λ>0. Consequently, similarly as in [8, Remark 7], there exists
a positive, measurable function λ=λ(x) such that

C(x)=λ(x)χ{c|∇p|=1}(x)∇p(x)⊗∇p(x),

where χ{c|∇p|=1} denotes the characteristic function of the set {x∈Ω; c|∇p(x)|=1}, and
p=p(x) solves the highly nonlinear Poisson equation

−∇·
([

r+
λ

c2
χ{c|∇p|=1}

]
∇p

)
=S, (4.4)

subject to the homogeneous Neumann boundary condition on ∂Ω. This problem was
studied in [9, Section 4.2], where it was shown that its solutions can be constructed as
the free-boundary problem

−∇·
[
(1+a(x)2)∇p

]
=S, p∈H1

0 (Ω), (4.5)

c2|∇p(x)|2≤1, a.e. on Ω, (4.6)

a(x)2
[
c2|∇p(x)|2−1

]
=0, a.e. on Ω, (4.7)

for some measurable function a2=a(x)2 on Ω which is the Lagrange multiplier for the
condition (4.6). The function λ=λ(x) can be chosen as λ(x) := ca(x).

Moreover, in [9, Section 4.2.1], it was shown that solutions of (4.5)–(4.7) are mini-
mizers of the energy functional

J [p] :=

∫
Ω

( |∇p|2
2

−Sp

)
dx (4.8)

on the set M :={p∈H1(Ω),c2|∇p|2≤1 a.e. on Ω}. Existence and uniqueness of min-
imizers was established in [9, Lemma 5]. An alternative approach is to consider the
penalized problem

−∇·
[(

1+
(|∇pε|2−1/c2)+

ε

)
∇pε

]
=S, pε∈H1(Ω),

where A+ :=max(A,0) denotes the positive part of A, and pass to the limit ε→0,
see [9, Section 4.2.2].

5. Steady states in 1D with D=0
The system (1.1)–(1.2) with D=0 in the spatially one-dimensional setting, i.e.,

Ω :=(0,1), reads

−∂x((r+C)∂xp)=S, (5.1)

∂tC−c2(∂xp)
2+

M ′(|C|)
|C| C=0. (5.2)

Let us recall that the weak solution, constructed as the gradient flow in Proposition (3.3),
remains nonnegative for almost all t>0 and x∈ (0,1). Denoting B(x) :=−

∫ x

0
S(y)dy

and integrating (5.1) on the interval (0,x), taking into account the homogeneous Neu-
mann boundary condition ∂xp(0)=0, we obtain

∂xp=
B(x)

r+C
. (5.3)
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Note that due to the assumption (1.5), we have B(1)=−
∫ 1

0
S(y)dy=0, and, conse-

quently, ∂xp(1)=0, so that the homogeneous Neumann boundary condition for p is
satisfied at x=1 as well.

Inserting (5.3) into (5.2), we obtain

∂tC=
c2B(x)2

(r+C)2
−M ′(|C|)

|C| C. (5.4)

For further discussion, let us again adopt the generic choice M(s)=sγ/γ with the

metabolic exponent γ >0. We first study the case γ �=1. Then, M ′(|C|)
|C| C= |C|γ−2C,

and recalling that C≥0, we have M ′(|C|)
|C| C=Cγ−1. Therefore, steady states of (5.4) are

characterized as solutions of the algebraic equation

(r+C)2Cγ−1= c2B(x)2. (5.5)

A simple calculation reveals that if γ >1 the left-hand side of (5.4) is a strictly increasing
function of C, vanishing at C=0. Therefore, for a given profile B=B(x), there exists
a unique steady state C=C(x) of (5.4) on Ω=(0,1), obtained as the unique solution
of (5.5) for each x∈ (0,1). Another simple calculation reveals that this solution is
asymptotically stable. It is instructive to compare this result with [8, Section 6.1]
for the one-dimensional version of the model (1.9)–(1.10), where for γ >1 one has the
unstable trivial steady state m=0 and a pair of stable states ±ms �=0.

For γ∈ (0,1) the left-hand side of (5.4) has the unique minimum rγ :=(
2

1+γ

)2(
1−γ
1+γ

)γ−1

rγ+1 on (0,∞). Consequently:

• If c2B(x)2>rγ , then (5.4) has two positive steady states 0<C1<C2, where C1

is unstable and C2 is asymptotically stable.

• If c2B(x)2= rγ , then (5.4) has one steady state, asymptotically stable from the
right-hand side and unstable from the left.

• If c2B(x)2<rγ , then (5.4) has no steady state and its solution, starting from a
positive initial value, decays to zero in finite time.

Let us note that when γ∈ (0,1) and C reaches zero, the right-hand side of (5.5) blows
up and the equation loses validity. From the modeling point of view, it makes sense
to extend the solution C by zero past this point; the transport of material in the (one-
dimensional) structure is then due to the background permeability r>0 only.

For γ=1 Equation (5.5) is to be interpreted as the inclusion

c2B(x)2

(r+C)2
∈ sign(C),

where

sign(C)=

⎧⎨⎩ {1} for C>0,

[0,1] for C=0.

Obviously, C(x)>0 is only possible if c|B(x)|>r. Consequently, the steady state is of
the form C(x)=(c|B(x)|−r)

+
, where x+ :=max{0,x}. Note that the total permeability

is then C(x)+r=max{c|B(x)|,r} so that in the region where c|B(x)|<r the transport
of material is by the background permeability r>0 of the medium. Again, this may
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be compared with [8, Section 6.1] for the model (1.9)–(1.10), where for γ=1 there is a
pair of nonzero stable steady states ±ms �=0 if and only if c|B(x)| is large enough. On
the other hand, for small c|B(x)| one has only the trivial steady state m=0, which is
stable.
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