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GLOBAL EXISTENCE AND LARGE TIME BEHAVIOR OF
STRONG SOLUTIONS FOR NONHOMOGENEOUS HEAT
CONDUCTING NAVIER-STOKES EQUATIONS WITH LARGE
INITIAL DATA AND VACUUM*
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Abstract. We are concerned with an initial boundary value problem of two-dimensional nonho-
mogeneous heat conducting Navier-Stokes equations in bounded domains. Applying delicate energy
estimates and Desjardins’ interpolation inequality, we derive the global existence and uniqueness of
strong solutions. Furthermore, we also show large-time decay rates of the solution. Note that the
initial data can be arbitrarily large and the initial density allows vacuum states.
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1. Introduction
Let QCR? be a bounded smooth domain. We study nonhomogeneous heat con-
ducting Navier-Stokes equations (see [18, p. 23])

pe+div(pu) =0,
(pu):+div(pu®@u) — pAu+ VP =0,

col () + divi(puf)] - <20 =20 (w) -y
diva=0,
with the initial condition
(p,pu, pb)(z,0) = (po, pouo, pobo)(z), =€, (1.2)
and the boundary condition
u=0, %zo,xeaﬁ,mo, (1.3)

where n is the unit outward normal to 0€2. Here p,u,0, P are the fluid density, velocity,
absolute temperature, and pressure, respectively. D (u) denotes the deformation tensor
given by

D(u)= %(Vu+ (V).

The positive constant p is the viscosity coefficient of the fluid, while ¢, and x are the
heat capacity and the ratio of the heat conductivity coefficient over the heat capacity,
respectively.
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Nonhomogeneous Navier-Stokes equations describe a fluid which is obtained by
mixing two miscible fluids that are incompressible and that have different densities. It
may also describe a fluid containing a melted substance. Due to their prominent roles
in modeling many phenomena in physics, the nonhomogeneous Navier-Stokes equations
have been extensively studied, mathematically. Given 0<pg€ L*°, and ug satisfying
divug=0, /poug € L?, Lions [16] proved that there exists a global weak solution (see
also [20] and the references therein for an overview of results on weak solutions). For the
initial density allowing vacuum, Choe and Kim [3] proposed a compatibility condition
on the initial data and investigated the local existence of strong solutions, which was
later improved by the authors [13,14] without using such a compatibility condition. The
global (with general large data) existence of strong solutions with nonnegative density
on two-dimensional (2D) bounded domains and in the whole space R? was established
by Huang and Wang [11] and L, Shi, and Zhong [19], respectively. Meanwhile, there
are also very interesting investigations about the global existence of strong solutions to
the 3D nonhomogeneous Navier-Stokes equations under some smallness assumptions,
please refer to [4,5,10,12,17,26]. The mathematical studies on the nonhomogeneous
Navier-Stokes equations between 2D and 3D case appear highly different.

Recently, some attention was focused on the nonhomogeneous heat conducting
Navier-Stokes Equations (1.1). We refer the reader to [18, Chapter 2] for the detailed
derivation of such a system. Cho and Kim [2] proved the local existence of strong solu-
tions for such a model with vacuum under compatibility conditions. Later, Zhong [27]
showed global strong solutions of 3D initial boundary value problems with vacuum, pro-
vided that some smallness condition holds true. Then Wang et al. [22] improved [27] for
the system with the external force. At the same time, Xu and Yu [23,24] extended the
global existence result in [27] to the 3D nonhomogeneous heat conducting Navier-Stokes
equations with density-temperature-dependent viscosity and vacuum. Since global well-
posedness to the nonhomogeneous heat conducting Navier-Stokes equations with general
large data in three dimensions is still an open problem, the goal of this paper is to estab-
lish the global existence and large-time behavior of strong solutions to the 2D problem
(1.1)—(1.3) with general large initial data. The initial density is allowed to vanish.

Before stating our main result, we first explain the notations used throughout this
paper. For 1 <p<oo and integer k>0, the standard Sobolev spaces are denoted by

LP=LP(Q), WEP=Whr(Q), H" = H"?(Q),
Hi={u€ H'|u=0on 09}, H:={uc H*|Vu-n=0 on 0Q}.
Our main result reads as follows.

THEOREM 1.1. For constant q € (2,00), assume that the initial data (po > 0,u9,0>0)
satisfies

po EWH(Q), ug € HF(Q), 0 € H2(Q), divug =0, (1.4)

then the problem (1.1)—(1.3) has a unique global strong solution (p>0,u,0 >0) such that
forany 0<T7<T <00 and 2<r<q,

pt €L°(0,T; L"), p€ L>=(0,T;Wh9),

Vue L=(0,T; LN L>® (1, T; HY) N LA (7, T; H?),

Vo L= (r,T;H )N L*(t,T; H?),

VPeL®(r,T;LANL* (1, T; HY), (1.5)
Vo0, tVO € L>®(0,T;L?), tVue L>=(0,T;H"),

ty/pus, ty/pby € L=(0,T;L*)NL*(0,T;L?),

e2'Vu, tVu,, tV6;, Ve L?(0,T;L?),
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where o = m with d being the diameter of Q). Moreover, there exists a positive
constant C' depending only on Q, u, ¢y, K, q, and the initial data such that, for t>1,

{|U(',f)|§p HIVPC I + /A8l < Cet, (16)

IVOC, 172+ llv/p0: ()7 <Ct 2.

REMARK 1.1.  Our Theorem 1.1 holds for arbitrarily large initial data which is in
sharp contrast to [27] where some smallness condition on the initial data is needed in
order to obtain the global existence of strong solutions to the 3D nonhomogeneous heat
conducting Navier-Stokes equations.

REMARK 1.2. Compared with nonhomogeneous Navier-Stokes equations without heat
effect [11], we remove the classical compatibility condition used in [11] via appropriate
time-weighted techniques. Furthermore, we can obtain decay estimates of the solu-
tion. We emphasize that it seems difficult to show large-time behavior by applying the
methods used in [11].

We now make some comments on the key ingredients of the analysis in this paper.
The local existence and uniqueness of strong solutions to the problem (1.1)—(1.3) follows
from the works in the literature such as [13] (see Lemma 2.1). Thus our efforts are
devoted to establishing global a priori estimates on strong solutions to the system
(1.1) in suitable higher-order norms. It should be pointed out that compared with the
related works in the literature, the proof of Theorem 1.1 is much more involved due to
the absence of the positive lower bound for the initial density as well as the absence of
the smallness and the compatibility conditions for the initial data. Consequently, some
new ideas are needed to overcome these difficulties.

First, applying the upper bounds on the density (see (3.2)) and the Poincaré in-
equality, we derive that ||\/pul|7, decays with the rate of e=?* for some o >0 depending
only on f,||pol|re, and the diameter of Q (see (3.10)). Next, we need to obtain the
bound of |[Vu||?,. However, the presence of vacuum prevents us from achieving this
goal. To overcome this difficulty, we make use of Desjardins’ interpolation inequality
(see Lemma 2.4) to obtain time-weighted estimate on the L>°(0,7’; L?)-norm of the gra-
dient of the velocity (see (3.11) and (3.12)). Indeed, the time-weighted estimate is a
crucial technique in dropping the compatibility condition on the initial data (see [19]
for example). Next, due to the structure of the system (1.1), the basic energy estimate

provides us with
1 9 1 2
(cvpe—i— §p|u| )dm: (Cvp090+§/)0|u0| )d%

and there isn’t any useful dissipation estimate on 6. To overcome this difficulty, we
recover the crucial dissipation estimate of the form fOT |V8]|3 .dt (see Lemma 3.3), which
is needed to get the time-weighted estimate on [|[V6||2, (see (3.42)), while this time-
weighted estimate on ||[V6][|2, in turn affects the derivation of time-weighted estimate
of ||\/p0:]|2: (see (3.51)). Next, with time-weighted estimates on the velocity at hand,
we can then obtain that ||\/pu;|3. decays as t=2 for large time (see (3.28)). In fact, all
these decay-in-time rates play an important role in obtaining the desired uniform bound
(with respect to time) on the L (0,7 L>°)-norm of Vu (see (3.48)). Finally, using these
a priori estimates, we establish the time-independent higher order estimates on the
solution (p,u, P,d), see Lemmas 3.5 and 3.7 for details.
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The rest of this paper is organized as follows. In Section 2, we collect some elemen-
tary facts and inequalities that will be used later. Section 3 is devoted to the a priori
estimates. Finally, we give the proof of Theorem 1.1 in Section 4.

2. Preliminaries

In this section, we will recall some known facts and elementary inequalities that
will be frequently used later.

We begin with the local existence and uniqueness of strong solutions whose proof
can be performed by using standard energy methods (see, e.g., [13]).

LEMMA 2.1.  Assume that (po,uo,00) satisfies (1.4). Then there exist a small time
T >0 and a unique strong solution (p,u,0) to the problem (1.1)—(1.3) in Qx (0,T].

Next, the following Gagliardo-Nirenberg inequality (see [9, Theorem 10.1, p. 27])
will be useful in the next section.

LEMMA 2.2. Let QCR? be a bounded smooth domain. Assume that 1<q,r <oo, and
Jjym are arbitrary integers satisfying 0<j<m. If ve W™ (Q)NLYQ), then we have

I1D70]| o <Clloll e Nollfym.r
where
2 2 2
—j—s—f:(l—a)f—i—a(—m—i—f),
p q r
and

j . .9 . . .
e {[m,l), if m—j— = is a nonnegative integer,

[L.,1], otherwise.
The constant C' depends only on m,j,q,r,a, and Q. In particular, we have
lollts < Cllol2a ol (2.1)
which will be frequently used in the next section.
Next, we give some regularity properties for the following Stokes system:
—pAu+VP=F, z€Q,

divu=0, z€Q, (2.2)
u=0, xef.

LEMMA 2.3. Suppose that F € L™(Q) with 1<r<oo. Let (u,P)e€H} xL? be the
unique weak solution to the problem (2.2), then (u,P)€W?2" x WL and there exists a
constant C' depending only on ) and r such that

llallwzr 4[| Pllwr.r/r <C||F| L
Proof. See [1, Proposition 4.3]. 0

Finally, the following interpolation inequality was first obtained by Desjardins [6,
Lemma 1] for periodic domains. Later, following Desjardins’ idea, Ye [25, Lemma 2.2]
extended it to the bounded domains.

LEMMA 2.4.  Let QCR? be a bounded smooth domain. Suppose that 0<p<p and
ue H(Q), then we have

IVpullZs <C(p, ) (1+[lvpul o) [Vul L2 /In(2+ ]|Vl 7.). (2.3)
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3. A priori estimates

In this section, we will establish some necessary a priori bounds for strong solutions
(p,u,0) to the problem (1.1)—(1.3) to extend the local strong solution. Thus, let T'>0
be a fixed time and (p,u,6) be the strong solution to (1.1)—(1.3) on £ x (0,7] with initial
data (po,up,0y) satisfying (1.4). In what follows, we write

/~dx = [ -dx.
Q

Sometimes we use C(f) to emphasize the dependence on f.
Before proceeding, we rewrite another equivalent form of the system (1.1) as the
following

pr+u-Vp=0,
puz+pu-Vu—pAu+VP=0,
cy[p0s + pu- VO] — kA0 =2u|D (u)|?,
divu=0.

(3.1)

We begin with the following standard energy estimate and the L°°-norm estimate
of the density.

LEMMA 3.1. It holds that

sup ||pllze <|lpollLe~, (3.2)
0<t<T
and
T
sup (eallpfllon +vpuls + el ulta) + [ e Gl Vall e
0<t<T 0
<2¢lpoboll L +2lv/pouo| 72, (3:3)
where o £ m with d being the diameter of ).
Proof.

(1) Since (3.1); is a transport equation, we then directly obtain the desired (3.2). More-
over, applying standard maximum principle (see [8, p. 43]) to (3.1) along with
00,60 >0 shows

inf > inf >0.
Qxlr[}mp(x,t)_(), qu[%’T]a(x,t)_o

(2) Multiplying (3.1)2 by u and integrating (by parts) over €, we derive that

1d
ia/p|u|2dm+,u/|Vu|2dx:0. (3.4)
Integrating (3.1); with respect to the spatial variable and using (1.3) give rise to
d
cv%/pedx72u/|©(u)|2dx:0. (3.5)

By virtue of (3.1)4 and integration by parts, we have

2u/|©(u)|2dx:g/((‘?iuj+5jui)(3iuj+6jui)dx:u/|Vu|2dx, (3.6)
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which, together with (3.5) and (3.4), yields

d 1
&/(cvpﬁ—i— §p|u|2>dx:0. (3.7)

Integrating (3.7) with respect to time leads to

1 1
/(cyp9+2p|u|2> dm:/(cvp090+2po|u02> dx. (3.8)

(3) Tt follows from the Poincaré inequality (see [21, (A.3), p. 266]) and (3.2) that
Ivpullze < llpllzelluliz < llpollL~d*[VulZ:,
where d is the diameter of 2. Hence, we get

1 2 2
—|[/pu|l72 <||Vul|5-. 3.9
d2||'00||LoC ||\f ”L H HL ( )

3 Y ©
Consequently, letting o = ey e

, then we derive from (3.4) and (3.9) that
d
@ auliza + ol /puls +pl Va3 <0.
This implies that
d ot 2 ot 2
pr Ivpullzz + e ufVul[z2 <0.

Integrating the above inequality over [0,T] leads to

T
sup (7 y/pul ) + / (| Vul32)de < lpouol3e,  (3.10)
SUsS 0

which, combined with (3.8), gives (3.3).
O

Next, the following lemma concerns the key time-weighted estimates on the
L*(0,T; L?)-norm of the gradient of the velocity.

LEMMA 3.2. Let o be as in Lemma 3.1, then there exists a positive constant C
depending only on Q, u, ||pollr=, and ||Vug||r2 such that for i€{0,1,2},

T
sup (ti||Vu\|§2)+/ t'|lv/pug||72dt < C, (3.11)
0<t<T 0

T
sup (e"t||Vu||2Lz)+/ et /pug||32dt < C. (3.12)
0<t<T 0

Proof.
(1) Multiplying (3.1)2 by u; and integrating the resulting equation over Q, we get that

d
g$/|Vu|2d$+/p|ut|2dx:—/pu-Vu-utdm. (3.13)
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By Holder’s and Gagliardo-Nirenberg inequalities, we have

1 1
\ [ vuwds| < 5ol g Il Val

1
<5 IVewliz: +CllvpulL: [Vl 2 lal 2.

Substituting (3.14) into (3.13), we derive that

d
n IVallZe +vewllz: < Cllvpul L Vul 2 [u a2
Recall that (u, P) satisfies the following Stokes system

—pAu+VP=—-pu,—pu-Vu, xz€Q,
divu=0, x e,
u=0, x € 0N.

Applying Lemma 2.3 with F = —pu; — pu- Vu, we obtain from (3.2) that

[ullzz + VP2 <C([[pug|| 2 + || pu- Vul|L2)
<COllVpue|[2 +C|ly/pul L[| Vul| L4

1 1
<Cllvpuell 2 +Cllv/pullLa[Vall . [[ul £

1
<Cllvpuwll +Clvpul il Va2 + 5 l[ull sz,

and thus

lullzz2 + IV Pl < Cllv/pullzz +Clly/pullLs [ Vul 2.

1199

(3.14)

(3.15)

(3.16)

(3.17)

Inserting (3.17) into (3.15) and applying Cauchy-Schwarz inequality, we deduce that

d
S IVullz: +IVewlz: < CllVpulia [Vl +Cl[Val 7,

and so by virtue of (2.3) and (3.3), we have

d
S IVulie +Veul 7 <ClIVal|Z:(IVul 7z (1+ M2+ [ Val72)) -

Setting
F(£) 22+ VullZ,
then we deduce from (3.19) that
F'(#&) <CIIVulZa f(1) +ClIVullZ. £ (1) In f(2),
which yields that

(log f(1))' < C|VullE2 +C[[Vul | log(f(t)).

(3.18)

(3.19)
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This, combined with Gronwall’s inequality and (3.3), leads to

sup ||[Vul|2. <C. (3.20)
0<t<T
Integrating (3.19) with respect to ¢ together with (3.20) and (3.3) leads to

T
| Ivpwliar=c.
0

For i € {1,2}, we can obtain similar results. Here we omit the details for simplicity.
(2) Multiplying (3.19) by e and applying (3.20), we derive that

% (€7 IVulz2) +e” lv/puelz2 < Ce” || Vulz +0e” | Vul[72 < Ce|[Vullz2.  (3.21)
Integrating (3.21) over [0,77] together with (3.10) leads to (3.12).
O
REMARK 3.1. It follows from (2.3), (3.8), and (3.11) that
sup ||/pul/3.<C. (3.22)
0<t<T

Next, we improve the regularity of the temperature 6 as follows.

LEMMA 3.3.  There exists a positive constant C depending only on 0, u, ¢y, Kk, and
the initial data such that

T
sup [VAOIEa+ [ Vst <C. (3.23)
0<t<T 0

Proof.  Multiplying (3.1)3 by 6 and integrating the resulting equation over 2 yield

g VIR + 26 V] <€ [ [Vul0ds
< 6] 1|V ]|Vl s
<)l [Vl 2| Vull 2. Va5,
<10l [Vl £ (/o] 2+ 11Vl 2.) (3.24)

due to Sobolev’s inequality, (2.1), (3.17), and (3.22). To estimate ||0]| g1, denote by

0= ﬁ J 0dz (the average of §), then we obtain from (3.2) and the Poincaré inequality

that
|9/pd$§‘/p9d$

which, together with (3.8) and the fact that | [vdz|+|Vv]|.2 is an equivalent norm to
the usual one in H'(Q), implies that

<|lpfllLr +CI VOl 2,

+‘/p(9—0)dw

10l <C+C[ V0|2, (3.25)
101z < CllVpbl L2+ C[[ VO] L2 (3.26)
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Hence, we obtain from (3.24), (3.26), and (3.11) that
d 3 1 1
co VPOl 72 +26] VOl 7 < C (VP02 + VO] L) IVl 22 (VA 72 + 1Vl £2)
<e[|VOlI72 +Cllvpuellz: +ClIVulZ: /ol 7> + C[ Vull7.,

which implies after choosing e suitably small that

d

allx/ﬁal\%z +HIVOIZ: <ClIVulZ: Vol Z- + Cllv/puel7 + ClIVulZ.. (327)

Hence, we obtain the desired (3.23) from (3.27), Gronwall’s inequality, (3.10), and (3.11).
]

LEMMA 3.4.  There exists a positive constant C depending only on 0, u, ¢y, Kk, and
the initial data such that for i € {1,2},

T
sup [t ([|v/puel| 72 +[|VO)72)] +/O t([IVae|| 72+ [1v/pbel32)dt < C. (3.28)

Moreover, for o as that in Lemma 3.1, one has, for ((T)=min{1,T}, that

T
sup  [e7' (|lvpuell2)] —l—/ 7| Vuy |3 2dt < C. (3.29)
T)<t<T (1)

Proof.
(1) Differentiating (3.1)s with respect to ¢, we arrive at

puy +pu-Vu, — pAug =—-VP + p (up +u-Vu) — pu; - Vu. (3.30)
Multiplying (3.30) by u; and integrating (by parts) over £ and using (1.1); yield

1d
Sd p\ut|2dx+u/\Vut|2dx:/div(pu)\ut|2dx+/div(pu)u.Vu.utdI
f/put~Vu~utdxéJ1+J2+J3. (3.31)

By virtue of Holder’s inequality, Sobolev’s inequality, (3.2), and (3.11), we deduce
that

|J1|=‘—/pu-V|ut|2dx

<2l pl13 1l o | /P | 5 | Ve 2

<Cllpll IV ull2llvBu | 2l /Al 2| V| o
<Cllpll i |Vl 22 [ly/pue | [ Vue | £

<E Vs + OVl v

|J2|—‘/pu'V(u~Vu~ut)dz

< [ (plall 9 ul + a7 ul ] + oVl T ) d
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<COllullz= [ Vul|Zallvpue 2 + Cllul i~ V2l 2l v/pue | 2
+C |7 |V 2] V| 2

<Cllullz=[[Vul| 2 [Vl g1 [[v/pus | 2
+Cull e[l = [ V*ul 2 | ouel| 2 + Cllul e [ Ve 2

1
SEIIVUtII%Q +ClulF [l vpuell72 + Cllul7;

1 3
[Tl <Vl 2 lveuel2s < ClIVul e [l ouel| 72 llvpue ) 7o
3 1 3
<Clpllie=Vullzzlv/puel 72 Vel 7 -
"
<5 IVl e +ClVullZe lyv/pu 7z

Substituting the above estimates into (3.31), we derive that
d
SrlveadlLe + plVadllZe < Cllalfe | vewZ: +Cllulfs. (3.32)

By (3.17), (3.10), (3.11), (3.3), and (2.3), we have that, for i € {1,2},
T T T
/ ||u|\§{2dt§C’/ H\fputH%zdtJrC’/ IVulZ.dt<C, (3.33)
0 0 0

T T T
/ti||u||§,2dtgc/ ti||\/put||2pdt+c/ t|Vulj3.dt < C. (3.34)
0 0 0

Then we obtain from (3.32) multiplied by #* (i € {1,2}), Gronwall’s inequality, (3.33),
(3.34), and (3.11) that

T
sup (tl||\/put||iz)+/ | V|3 2dt < C. (3.35)
0<t<T 0

(2) Multiplying (3.1)s by 6; and integrating the resulting equation over 2 yield that

Kk d

2 | 190 dwe [ olofar= e [ ot 900da2n [ 1900 0

£+ 1. (3.36)

By Holder’s inequality and (3.2), we get that
(<o lol e 1302l 19 2 < 211261 3 + C 3| V0]3. (3.37)
From (3.25), Holder’s inequality, (2.1), and (3.11), one has
=2 [ 1D(wP6ds 2 [ (D(w))bda
§2,u%/|©(u)\20dx—|—0/9|Vu\|Vut|dx
<2y [[19 ()P0 + 0] ]| Tl el T

d 1 1
<2pu— [ (D) [*0dz+C||0] m | Val 2 [Vl 7. [ Vay || 2
dt
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d
gz,%/|@(u)\29dx+cuvm||i2+C||ve||§2+C||Vu||§{1. (3.38)

Substituting (3.37) and (3.38) into (3.36), we obtain that
B'(t)+collv/pbellz> <C(IVOIZ2 +[lullF) VO[T + Ol V7 + Cl Va3,

(3.39)
where
B(t)é/(m|v9|2—4u|©(u)|29)dx
satisfies
K
5||V9||2L2 —C|[Vul7z = Clly/puilli= < B(t) <C|[VO|72 +C||Vulli- +Clly/puy| 7z,
(3.40)
due to

iy / D (w) 20 < C[6] 12| V2.
< C10] 1 [Vl 2 [V o
<O+ VO] ) Vull 2 (Ipuell s + [ Vul z2)
K
< L IV0I3 +-CVuls + Ol w3

Multiplying (3.39) by #* (i € {1,2}) together with (3.40) leads to
T B0)+ et |03
<C(IIVOl[72+[ulF) (' IVO]Z) + CEII Ve |72 + Ct| Vul s
+Cit" T (|IVOl[72 + (I Vulge + [ VeuelZ:), (3.41)
which, combined with Gronwall’s inequality, (3.40), (3.35), (3.11), (3.23), (3.10),
and (3.34), yields

T
sup (ti||v9||§2)+/ t4|/pB:||32dt < C. (3.42)
0<t<T 0

This along with (3.35) gives rise to the desired (3.28).
(3) Multiplying (3.32) by e*, we get from (3.17) and (3.22) that

d o o
@(6 Ulv/puell72) +pe (| Va3 2

< Cllulle (e lvpuliz) +Ce™ [ull +oe” | y/ou2
< Cllull (e lvpwlliz) + Ce™ [ VullZ: + Ce” /o[-

This, combined with Gronwall’s inequality, (3.33), (3.10), and (3.12), implies (3.29).
0

LEMMA 3.5. Let g be as in Theorem 1.1, then there exists a positive constant C
depending only on Q, u, ¢y, K, q, and the initial data such that for r €[2,q),

sup_([lpllwra +lpellzr) < C. (3.43)
0<t<T
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Proof.
(1) It follows from Sobolev’s embedding theorem, Lemma 2.3, and (3.2) that

IVullze <Clluflwzs <C([lpuel s + [ pu- V) s) < Cllpuel s + Cllulff.

By Hoélder’s inequality, Sobolev’s inequality, and (3.2), we have

1 1 1 1 1
loal[Ls <llpllZee Vol 72 llveuel o < Cllv/pudll 22 1V 72,

which, together with Holder’s inequality, implies for any 0 <a <b< oo,
b b P N
[ Idisde<c [ ¥yl v fuai
a a

b , .3 b 1
gc[/ t’%”\/ﬁut”gzdtrx [/ £3 | Vuy||2.dt| "

As a consequence, if T'<1, we obtain from (3.45) and (3.35) that

T
[ ouilssa
0

T 2 3 T 1
SC[/ bl g ] x [/ Vw2t V| 2t
0 0

(3.44)

(3.45)

<0 s i)' ([ b)) ([ ervudan) ([ ervaa)’

<CTs<C.

If T>1, one deduces from (3.46), (3.45), and (3.35) that

T
/HPUthdt
0
1 T
- / oyl ot + / e | padt
0 1

T 2 % T 1 %
<cre] [ etvpulfa] x| [ Va0V el

1 T 3 T 1
§C+C< sup t2||\/ﬁut||2L2)4</ t’%~t’%dt>4</ 1t||Vut||izdt>8
1<t<T 1 1

T :
X 2| Vug||2 . dt
() it
3
<c+c(1-17%) " <c.
Hence, we derive from (3.44), (3.46), (3.47), and (3.33) that
T
| Ivulmar<c.
0

(2) Taking spatial derivative V of the transport Equation (3.1); leads to

0 Vp+u-V3p+Vu-Vp=0.

(3.46)

(3.47)

(3.48)
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Thus standard energy methods yield for any g € (2,00),
d
1Vl <C@)[Vullz< Vol La,
which, combined with Gronwall’s inequality and (3.48), gives
ozltlgT IVl <C. (3.49)
Noticing the following fact
ol e =0 Vpllor <[[Vpllzafall | e <[[VpllLal[Vul L2,

which, together with (3.49) and (3.11), yields

sup ||pellnr <C. (3.50)
t<T

0<

Thus, the desired (3.43) follows from (3.2), (3.49), and (3.50).

]
LEMMA 3.6. Let q be as in Theorem 1.1, then there exists a positive constant C
depending only on 2, u, ¢y, K, q, and the initial data such that
T
sup (t2||\/,50t||2L2)+/ 2| V0,]|2.dt < C. (3.51)
0<t<T 0

Proof.  Differentiating (3.1)s with respect to ¢ and using (1.1);, we arrive at
co[pBit + pu- VO] — kA, = c, div(pu); — cppru- VO —c,pug - VO+2u (] (u) ). (3.52)

Multiplying (3.52) by 6; and integrating (by parts) over Q2 yield

Cy d 9 9

:cv/div(pu)|9t|2dx+cv/div(pu)(u~V9)9tdx—cv/p(ut~V9)9tdx
+2u [ (PP bid
£ T+ o+ 3+ Jy. (3.53)
Similarly to (3.26), one deduces
1021 e < CllV/p0: | L2 + ClIV O | L2 (3.54)

By Hélder’s inequality, Sobolev’s inequality, (2.1), (3.2), (3.54), (3.17), (3.11), and
(3.43), we have

BA :’—cv/pu~V|9t|2dx

1

<2¢y|pll £ [Pl Los [1v/PO: | 2V Oy | 2
KR

SgHWtII%z +O[ul| 2 lv/P8e 12
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RS / o[l V6] 6,z

| 2= [lullLe< [VO][ 2|02l p2ca-1)
L a2

<Cllull a2 (V0|2 ([Iv/obel| L2 + V6| 2)
S%HV@H%z +C/p:l[72 +ClIVO|[72 a7

| T3] <[lpllzoe VOl 2 |0 e e 2
<C[IVO|| Lz ([Vpbel L2 + VO 2) [[ Ve 2
SgHV9t||%2 +Clp:l|72 +ClIVO|[7: Ve 725

ch||pt|

] SC’/|Vu||Vut\9tdx

<C|Vul| s [ Vg ]| 22 [[02]] s

<C[[Vul g [Vuel| 2 (|0l 2 + Ve =)

<C(lIvpuillzz + 1) Ve L2 (/o |2+ Ve | 2)
S%HV&IIZLQ +CVpu| a1Vl 2z + ClI V72 +Clly/pb |7

Substituting the above estimates into (3.53), we derive that

d
co VPO 72+ K VO: 72 <CllullFallv/p0: 172 + C (I Vowel[Z2 + VO Z2) IV 172
+CVpO Lz +CI Va2 + ClIVOI e a2 (3.55)

Multiplying (3.55) by t? yields

d
C%(ﬁn\/ﬁetniz)+ms2||vet||2m
<Cllullz: (FIveel72) + Ct (Vo +11VO]|72) (] Vue||7-)
+C||\/pbe]|7 2 + C | Vuy |72 + C (V072 a3z + 20t |/pOell 72, (3.56)

which, combined with Gronwall’s inequality, (3.33), (3.35), and (3.42), leads to the
desired (3.51). O

LEMMA 3.7. Let g be as in Theorem 1.1, then there exists a positive constant C
depending only on 2, u, ¢y, K, q, and the initial data such that

T
s [P(ulf + VP + [ (s +ITPE)d<C. (@57

Moreover, for o as that in Lemma 3.1 and ((T) as that in (3.29), one has

sup e (|lullf= + [V P(22)] <C, (3.58)
CT)<t<T

and

T
sup (t2||0|\§,2)+/ t2)|6|32dt < C(T). (3.59)
0<t<T 0
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Proof.
From (3.17) and (3.22), we have
[allfe +IVPIZ: <Clvpuiz +C|[VullZ. (3.60)
This along with (3.35) and (3.11) yields
sup_[#2([ull} + [V PI:)] <C. (361)
0<t<T
We derive from (3.60), (3.29), and (3.12) that
sup  [e7*(||ul|F2 + | VP|72)] <C. (3.62)
(T)<t<T

We infer from (3.16), (3.2), (3.11), (3.49), and Sobolev’s inequality that
[allZs + IV PlIZn
<C(llpuellzr +llpa- V7)) +Cllul 7
<CllVpuelz: +Clulli~ [ VullZ: +ClIV(pur)|Z2 + ClIV (pu- V)| 22 +C|lulf7
<Cllvpuelzs +Clullze +ClIVuelz + CllullZ: ulle, (3.63)
which, together with (3.11), (3.34), (3.35), (3.61), and (3.33), yields

T
/t%WﬁwHWP@JﬁSG (3.64)
0
It follows from (3.1)s and (1.3) that

_kAO=2 2_ _ . in 2
{ KAO=2p|D(u)|* —cypbs —cypu- VO, in Q, (3.65)

29-0, on 09.

Hence the standard H2-estimate for Neumann problem to the elliptic equation (see,
e.g., [15]) gives rise to

16172 < C (1l 122 + | 08elI72 + [loa- VOI[72 +[16]3:)
<CVullLa +Clipll L= [IVpbe |72+ Clpll o [[allZa VO s + CI0NF
< C|VullZ:[Vullf +Cllypol 2 + ClIVal|Z: VO L2l VOl 11+ C10] 7
1
<ClIVullf +Cllvpbillzz +ClIVOIIZ: +CllVAOI L2 + 5 10172,

due to (2.1), (3.11), and (3.26). Thus, one gets

101172 < ClIVullf +CllvpbelIZ: + CIIVOIZ: +Cllv/pbl 72, (3.66)
which along with (3.61), (3.51), (3.42), and (3.23) yields
sup (t%]|0]|72) <CO(T). (3.67)
0<t<T

Applying (3.65), regularity theory of elliptic equation, and estimates we have shown,
it is not difficult to obtain that

T
/ 2(|0]12,dt < C(T). (3.68)
0

This finishes the proof of Lemma 3.7.
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4. Proof of Theorem 1.1

With the a priori estimates in Section 3 at hand, we are now in a position to prove
Theorem 1.1.

By Lemma 2.1, there exists a T, > 0 such that the problem (1.1)—(1.3) has a unique
local strong solution (p,u,6) on Qx (0,T,]. We plan to extend the local solution to all
time.

Set

T* =sup{T | (p,u,0) is a strong solution on Q x (0,77]}. (4.1)

First, for any 0 <7 <7, <T <T* with T finite, one deduces from (3.11), (3.28), (3.57),
(3.59), and [7, Theorem 4, p. 304] that

Vu, VOeC([r,T];H"). (4.2)
Moreover, it follows from (3.43) that
p€C([0,T]; W), (4.3)
Owing to (3.2) and (3.11), we get
pu;=+/p-/pus € L*(0,T;L?).
From (3.50), (3.10), and Sobolev’s inequality, one has
pru € L2(0,T;L?).
Thus, we arrive at
(pu); =pu; +pue L*(0,T;L?). (4.4)
From (3.2) and (3.8), we have
pu=/p-\/paeL>(0,T;L?),
which, combined with (4.4), yields
pue C([0,T];L?). (4.5)
Similarly, we can derive
pf € C([0,T);L?). (4.6)
Finally, if T* < 00, it follows from (4.2), (4.3), and (3.11), that
(p.0.0)(2.T) = Tim (p.,0)(a.1)
satisfies the initial condition (1.4) at ¢=T". Thus, taking (p,u,0)(z,T7*) as the initial
data, Lemma 2.1 implies that one can extend the strong solutions beyond 7. This

contradicts the assumption of 7% in (4.1). Furthermore, the estimates as those in (1.5)
and (1.6) follow from Lemmas 3.1-3.7. The proof of Theorem 1.1 is complete.
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