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GLOBAL REGULARITY AND TIME DECAY FOR THE 2D
MAGNETO-MICROPOLAR SYSTEM WITH FRACTIONAL
DISSIPATION AND PARTIAL MAGNETIC DIFFUSION*

YUJUN LIU?

Abstract. This paper focuses on the 2D incompressible magneto-micropolar system with the
kinematic dissipation given by the fractional operator (—A)“, the magnetic diffusion by partial Lapla-
cian and the spin dissipation by the fractional operator (—A)”. We prove that this system, with any
0<a<y<1and a+v>1, always possesses a unique global smooth solution (u, b, w) € H*(R?)(s>3)
if the initial data is sufficiently smooth. In addition, we study the large-time behavior of these smooth
solutions and obtain optimal large-time decay rates.
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1. Introduction

The micropolar fluid model is a generalization of the classical Navier-Stokes equa-
tions when the microstructure of the fluid particles is not ignored, which was first
introduced by Eringen in [21]. When one considers the micropolar fluid moving into a
magnetic field, one gets the more complete magnetic-micropolar fluids. The generalized
incompressible magneto-micropolar fluid flow in the whole 3D space is governed by the
following equations,

drutu-Vu+ (p+x)(—A)*u=-Vr+b-Vb+2xV xw,
db+u-Vb+v(-A)’b=b-Vu,
Oow+u-Vw+k(—A)"w - AVV . -w+4xyw =2xV x u,

V-u=0, V-b=0,

where u=u(z,t)€ R? denotes the fluid velocity, b=b(z,t)€ R? the magnetic field, w =

w(z,t)€R® the micro-rotational field and m(w,t) the scalar pressure with z€R? ¢>0.
1

The positive parameter p denotes the kinematic viscosity, x the vortex viscosity, — the

v
magnetic Reynolds number, x and A\ the angular viscosities. «, 3, v>0 are the given
constants. The fractional Laplacian operator (—A)® is defined via the Fourier transform

(—D) F(&)=I¢I” f(©).

When a=p=~v=1, (1.1) becomes the standard magneto-micropolar equations. We
define

u:(u17 Uz, 0)7 b:(bla bQ7 0), W:(O, 07 W)»
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then (1.1) becomes the 2D generalized magneto-micropolar fluid flow which can be
stated as

dru+u-Vu+ (u+x)(-A)u=-Vr+b-Vb+2xyViw,
db+u-Vb4+v(-A)’b=b-Vu,
ow+u-Vw+rk(—A) ' w+4yw=2xV x u,

V.u=0, V-b=0,

where V xu=0d;uy —0yu; and V+= (02, —01). If we ignore the magnetic field effects
in the fluid motion, i.e. b=0, the 2D magneto-micropolar problem (1.2) reduces to
the micropolar fluid equations. Physically, micropolar fluids represent fluids consist-
ing of rigid, randomly oriented (or spherical) particles suspended in a viscous medium,
where the deformation of fluid particles is ignored. This is a kind of non-Newtonian
fluid model. Magneto-micropolar fluids have been used in modeling a variety of physi-
cal phenomena involving suspensions of rigid particles in fluids, such as human blood,
polymeric suspensions, and so on. It has been applied intensively in physiological and
engineering problems. One can refer to [34,40] for more information on these type
of fluids and the references therein. The existences of weak and strong solutions were
studied by Galdi and Rionero [25] and Yamaguchi [64]. Lukaszewicz [34] established the
global well-posedness for the micropolar equations with full viscosity. In particular, the
authors in [15,19] investigated the global regularity of solutions to (1.2) with zero angu-
lar viscosity (i.e. =1 and v=0) and with only angular viscosity (i.e. «=0 and y=1),
respectively. Very recently, Dong-Wu-Xu-Ye [18] obtained the global regularity for the
2D micropolar equations with 0 < a, <1 and a+ > 1. The global well-posedness and
large-time decay for the 2D micropolar equations were studied by Dong-Li-Wu in [15].
There are many important global regularity results for the 2D micropolar fluid flows
(see, e.g., [13,15,19,63] and the references therein).

If the micro-rotation field was ignored and the vortex viscosity x =0, then the system
(1.2) reduces to the 2D generalized magnetohydrodynamic equations (GMHD), which
describe the motion of electrically conducting fluids such as plasmas, liquid metals, and
electrolytes (see e.g., [44]). Very recently, Dong-Li-Wu in [17] obtained the global reg-
ularity for the 2D MHD equations with partial hyperresistivity. The global regularity
and time decay for the 2D magnetohydrodynamic equations with fractional dissipation
and partial magnetic diffusion was established by Dong-Jia-Li-Wu in [16]. The global
regularity of solutions for the classical MHD equations (i.e. a=f=1) has been estab-
lished in [54]. The global regularity issue for the 2D MHD system has attracted much
attention (see, e.g., [4,7,31,55,66-68]). However, whether or not there exists a global
unique classical solution to generalized magnetohydrodynamic equations (GMHD), with
a=0, B=1or a=1, 3=0 is still a challenging open problem. Recently, 2D GMHD has
been attracted a lot of attention (see, e.g. [4,22,31,55,57,58,70]). In particular, with
the works in [4,22,31], we have known that the 2D GMHD equations with a >0, 5>1
and a=0, >1 have a unique global classical solution. There have been significant
recent developments on the MHD equations with partial or fractional dissipation. For
details, one can refer to, for example, [2,4-6,9,10,12,20,22-24,28-30,37, 38,49, 56-61]
and the references therein.

The magneto-micropolar system (1.2) was considered in [63], which describes the
motion of electrically conducting micropolar fluids in the presence of a magnetic field.
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However, the global regularity of the strong solution with large initial data or finite time
singularity to the 3D magneto-micropolar fluid equations (1.1) with full viscosity (i.e.
a=f=~=1) is still an open problem. Fortunately, the local existence and uniqueness of
strong solutions, the global existence of strong solutions for small initial data, the global
existence of weak solutions were obtained in [43,45,48]. Recently, the global regularity
for (1.2) with partial dissipation was obtained by Regmi and Wu in [47]. Ma [42]
extended their results to other mixed partial viscosities cases. The global well-posedness
for (1.2) with = =1, =0 was obtained by Yamazaki in [65] and the initial-boundary
value problem for 2D magneto-micropolar equations with zero angular viscosity was
studied by Wang-Xu-Liu in [62]. Cheng-Liu [14] established the global regularity of
the 2D magnetic micropolar fluid flows with mixed partial viscosity. Shang-Wu [52]
studied the global regularity for system (1.2) with a=2, =0, y=0o0or a>0, f=v=1
or a+3>2, v=0. Very recently, Shang-Zhao [53] obtained the global regularity for
(1.2) with =0, f>1, y=1. The global regularity for the 2D magneto-micropolar
equations with partial and fractional dissipations was investigated by Yuan-Qiao in
[69]. Guterres, Nunes and Perusato [26] obtained the decay rates for the magneto-
micropolar system in L?(R™)(n=2,3). Lin-Zhang [39] investigated local well-posedness
for 2D incompressible magneto-micropolar boundary layer system. There are some
scholars who have studied the initial-boundary value problem. For example, Jiu-Liu-
Wu and Yu [27] established the initial-and boundary-value problem for 2D micropolar
equations with only angular velocity dissipation. Liu-Wang [35] studied the initial-
boundary value problem for 2D micropolar equations without angular viscosity. There
are other references about the initial-boundary value problem and the references therein.
The global regularity problem and decay estimates for two classes of two-dimensional
magneto-micropolar equations with partial dissipation were obtained by Shang-Gu in
[50]. Regmi [46] studied the global existence and regularity of classical solutions to
the 2D incompressible magneto-micropolar equations with partial dissipation. Global
well-posedness for the 2D incompressible magneto-micropolar fluid system with partial
viscosity established by Lin-Xiang in [36]. Recently, Shang-Wu [52] investigated the
global regularity for 2D fractional magneto-micropolar equations.

In [52], the authors remarked that (1.1) with the fractional Laplacian operators
is physically relevant. Replacing the standard Laplacian operators, these fractional
diffusion operators model the so-called anomalous diffusion, a much studied topic in
physics, probability and finance. In this paper, we focus on the 2D magneto-micropolar
system with fractional dissipation and partial magnetic diffusion. For simplicity, we

1
take p=x= 3 and k=v=1. More precisely,

dutu-Vu+(—A)*u=-Vr+b-Vb+Viw,
atbl +U'Vbl 7822[)1 :b~Vu1,
atb2+u~Vb2 —611b2 Zb-V’LLQ7
(1.3)
w+u-Vw+ (—A)'w+2w=V xu,

V-u=0, V-b=0,

u(z, 0)=ug(x), bz, 0)=by(z), w(z, 0)=wo(x),
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where 0 <a<~v<1 and a4+ >1. The first goal of this paper is to establish the global
well-posedness for the system (1.3) with any sufficiently smooth initial data (ug, bg, wo).
The second goal is to study the large-time behavior of these smooth solutions and obtain
optimal large-time decay rates. More precisely, the main results of this paper are stated
as follows:

THEOREM 1.1.  Consider the system (1.3) with 0<a<~vy<1 and a+y>1. Assume
the initial data (ug, by, wo) € H*(R?) with s >3 and V-uy=V-by=0. Then system
(1.3) has a unique global solution (u, b, w) satisfying, for any T >0,

ucC([0, 00); H*(R?))NLA(0, T; H* *(R?)),

beC([0, o0); H*(R?)), Vbe L(0, T; H*(R?)), (1.4)

we ([0, oo); H*(R*)NLA(0, T; H* 7 (R?)).

1
THEOREM 1.2. Consider the system (1.3) with 0<o¢<§, 0<y<1 and a+~y>1.

Assume the initial data (ug, bg, wp) EHS(R2) with $s>3 and V-ug=V-bg=0. Let
(u, b, w) be the corresponding solution to the system (1.3) as stated in Theorem 1.1. If
the initial data (ug, bg, wo) satisfies

()| <CVIEL W& <CVIE,
\\501(§)HL§1 <CVIEl2, \|502(§)||L§2 <CVI¢h.
Then (u, b, w) obeys, for any t>0,

Ib(®)]|z2 <C(A+8)"%, [Vb(t)|r <CA+1)7Y
lu(t)z2 <CA+8)"2, [Vu(t)||lzz <C(L+1)"%; (1.6)
[w(t)l| 2 <C(L+)~%, [[Vw(t)|lpz <C(L+1)~7.

[N

The rest of this paper is constructed as follows. In Section 2, we will give some notation
and preliminaries. In Section 3, we will prove Theorem 1.1. Section 4 supplies the proof
of Theorem 1.2.

2. Notation and preliminaries

For convenience, before we prove our main result, we will give some notations which
are used throughout this paper. We denote

_ of _,
1 llze @) =M1/l 57-=0i1,

/fdxcly://]R2 fdzdy,

1f1s fao o Full 2o ey = Ml + 1 F2 13+ + L fall3.

and

Next, we will give some auxiliary lemmas. First, we recall the classical commutator
estimate (see, e.g., [33]).
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1 1 1 1 1
LEMMA 2.1. Assume that s>0. Letl<r<oo and —=—- +— =— +— withq,p2 €
q

T D1 C11_172 2
(1,00) and p1,q2 €[1,00]. Then,

11A*S Agllr <CUVFllps 1A gllg + A Fllpelglla ), (2.1)

where C' is a constant depending on the indices s, r, p1, q1, p2 and gs.
The following lemma can be found in [32].

LEMMA 2.2.  Assume that 0<s<1 and 1<p<oo. Then,

[A°(fg) = fA°g—gA* fllp < Cllglloo IA® f1Ip- (2.2)
The next lemma is very useful to establish the global bound of |[Vb||.».
LEMMA 2.3.  Assume that 8>0, t>0. Consider the following equations,

atu+ (7A)Bu: fa
(2.3)
u(z, 0)=ug(x).

Then its solution can be expressed as

t
u(z, t)=Kz(-, t)*uo—i—/ Kg(-, t—1)* f(-, 7)dr,
0
where the kernel function is defined via the Fourier transform

and Kg(z, t) satisfies the following properties:
(i) For any t>0,
Kg(a, t) =t % Kg(zt™2, 1).
(i) For any integer m>0, 1 <r<oo and any t>0,
IV Kp(@, )] pr@ny <Ot 33070,

In particular, when =1, K;(z, t) is the classical heat equation kernel. One can refer
to [41] for the proof. We omit it here.

The following lemma generalizes the Kato-Ponce inequality, which requires m to be
an integer (see, e.g., [32]). It also holds for any real number m >2. One can refer to [18]
for the proof. We omit it here.

1 1 1
LEMMA 2.4. Let0<s<o<1,m>2,andp, q, rc (1, c0)® satisfying — =+ —. Then,
p q T
there exists a constant C=C(s,0,m,p,q,r) such that

LA™ 72 Fllp + 1A UF™ 2 Dl < ClLEIse I 1m0y (2.4)

Next, we recall the maximal regularity property for the heat operator (see, e.g., [1]).
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LEMMA 2.5. Let G4(x,t), is the heat kernel of d-dimensional heat equation

2
||

Ga(a,t)=(4mt) 2 i,

and define the operator A as
t
Af= [ [ Gate.0Aut(a . t-s)dyds
0 JRrd

Then, for any T>0 and p,qe (1, o), the operator A maps LP(0,T;LY(R%)) to
LP(0,T;LY(R%)).

The next lemma gives the L — L? decay estimates of the heat operator associated
with the fractional Laplacian, and which can be found in [51].

LEMMA 2.6. Leta>0, u>0, 1<p<g<oo and m>0. Then the LP — L7 estimate on
the semigroup e "= is valid for any t >0,

||Vme—ﬂ(—A)at||qSCt*E*E =) (2.5)

3. Proof of Theoreml.1

In this section, we will prove Theorem 1.1, the global existence and uniqueness of
smooth solution to (1.3). The key component of the proof is the global a priori estimate
of |lu, b, w||g- with s>3. We will divide it into several steps. The first subsection

T
will construct the global H' bound and / |w||sodt < 00. The second subsection will
0

establish L?-bounds for the vorticity =V xu, Vw and Ab for any 1< ¢ < oco. Finally,
we will prove the global bound for ||Vul|, ||[Vb||e and finish the proof of Theorem
1.1.

3.1. Global H' bound for (u, b, w). We will establish the global bounds for
[la, b, w| .

PROPOSITION 3.1.  Assume that «, v and (ug, bo, wo) satisfy the conditions stated
in Theorem 1.1. Then system (1.3) has a global solution (u, b, w) that satisfies, for
any T >0,

T
|lu, b, w||§+/ |[A“u, Vb, Aw|j2dt<C,
o (3.1)
1, 4, Vw2 + / 1A°Q, Ab, AT w|2dt<C,
0

where C' >0 is a constant, depending on 1T and the initial data and j=V xb=01bs —
Ooby is the current density and A=(—A)2 denotes the Zygmund operator.

Proof. We start with the energy inequality. Multiplying the equations (1.3),_, by
u, by, by and w, respectively and taking the L? inner product, integrating by parts, using
the divergence-free conditions V-u=0 and V-b=0, adding the resulting equations
together, yield that

1d

57w by wlE 1A%, Vb, ATwl3+2|w3
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2 / Owdrdy <O A5 A w]> < SIA“w, A3 +OIWIE, (32)
where we have used the condition w4+ > 1 and the following facts that
/b-Vb~u dwdy+/b~Vu~b dxdy=0,
and

Vb3 < C||01b2, D2b1 3.

Applying Gronwall’s inequality, we obtain the L? bound for u, b, w as follows
T
u, b, w||§+/ [A%u, Vb, AN'w|2dt<C. (3.3)
0

To establish the global H* bound, we consider the equation of the vorticity Q=V xu
and the current density j=V x b, combining the Equation (1.3),, which satisfy

2 04+1u-VQ+A*Q+Aw=b-Vj,
Byj +u-Vj—111ba + Ba22by =b-VQ+Q(Vu, Vb), (3.4)
dew+u-Vw+2w+Aw=0Q,
where
Q(Vu, Vb) =201b1(01uz+ 02u1) —201u;1 (O1ba + 02b1).

Multiplying the equations (3.4),, (3.4), and (3.4), by Q, j and A*@ Dy respectively
and integrating by parts yield

1d
571 3 AT WS4 AR, Ab, AT w542 A% w3

:—/Ademdy—i—/Q(Vu, Vb)jdzdy
+/QA2(27*1)wdxdy—/[AQV*l, u-VjwA?" " twdzdy

=L+ L+13+14, (3.5)

where we have used the facts
/b.Vj.dedy+/b.vg.jdxdy:0,
and
/(—811152 +8222b1)jdxdy:/(—8111b281b2+8111b262b1
+ 02220101 by — 022201 02b1) dzdy

= [ (101 +{0aab [+ 0110+ Be2bal?) ddy = b
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Using Holder’s and Young’s inequalities, the term I3 can be bounded as

a+3y—3 2—a

L=- / AwQdady <||A°Q2| A w2 < [A*Qa w7 A w5

1 -
< SIAQUE+ S IAY T W+ Clwll3,

N |

where we need to choose «, 7y satisfying a4 3 > 3. Due to the divergence-free condition
V-b=0, applying Hélder’s and the Gagliardo-Nirenberg inequalities, we can estimate
the term I as follows

. . 1 .
Igz/Q(Vu, Vb)jdrdy <[|Ql2[15]7 < 51Ab[5+ClQY3115]3-

One can easily check that ||Vj||3 <||Ab||3. Similarly, I3 can be bounded as the term I
for y<2(2y—1)<3vy—1,

3y—2

d-y 3y=2
fi= [ QN2 Dvwdody < A7 3 A0 w5
1 _
SEIIA37 w3+ CIA w3 +ClIQ3
Employing Hélder’s and Sobolev’s inequalities and Lemma 2.1, Iy can be estimated as

14:—/[/\27-1, u-V]wA? " hwdady
<(IVull2[A* = wll + A2l VW ]lg) A2 wl]
_ 13
<O Qll: A WIS wll < S A% w5 + QI A w3,

where the indices are given by

2 2 2 2
r=—,p= 7q1:37~

qzl—’y’ 07 2v—1 -3y

Inserting the estimates for I1 ~ I into (3.5), yields

d g . _ _
19, AT WS4 [AQ, Ab, AT w5+ [ A% w3
<CAw, jl3IQ03+CIA w]3,

which together with (3.3) and Gronwall’s inequality imply that
T
19, 7, sz—le%Jf/ |A*Q, Ab, A* " 'w|3dt<C. (3.6)
0

Multiplying the Equation (3.4), by A?@t)w and integrating over R?, we have

1d
5 g 1A WIS+ AT WS4 2 AT w3

:/QAQ(Q""Y)Wda?dy—/[AOH'”, u- ViwA* M wdrdy

=I5+ I5. (3.7)
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Applying the same method as that for the case of 1, one can easily find that
L:,z/QAQ(a”)wdxdygi||Aa+27w||§+C||AO‘QH§.
Using Hélder’s and Sobolev’s inequalities and Lemma 2.1, for a+ 2y > 2, one has
16:—/[A0‘+"’, u-ViwA*Mwdazdy
<C(IVull2 [A*w]| 2+ AT a2 Vw]|oo ) [|AT wll2
SO([A Q2 A2 wl|a || A w ][
ATl AT A )
SEIIAO‘“”WH%CIIQ’ ACQ|3[|A* T w3+ Cflwl3.

Combining the above two estimates with (3.6), (3.7), applying Gronwall’s inequality,
we infer that

T
AT T2+ / A |2de <, (3.8)
0

where C'is a constant only depending on T'>0 and the initial data. According to (3.8)
and Sobolev’s inequality, one can find that

T
/ IVl dt < C, (3.9)
0

for any T'>0. Applying the operator V to each side of the Equation (3.4), and dotting
with the resulting equation by Vw leads to

1d
S LIV A W+ w3
:/VQdexdy—/V(u-Vw)dexdyzh—i—I;;. (3.10)

Using Hélder’s and Sobolev’s inequalities, one can easily find that
o= [ VOVwdady <[40l ] < SIA T w]E + Cl AS
By Holder’s inequality, we have
Is:/V(wVW)dexdyS IVwlloo [ Vull2][Vwllz < [[ Vw3 +Cl[ Vw5123

Inserting the estimates of Iz ~Ig and (3.6), (3.9), into (3.10), we obtain

T
Vw2 + / A w|Zde<C, (3.11)
0

which together with (3.6) implies that

T
3.12
19, 4, vw||§+/ [A*Q, Ab, A w|3dt<C. (3.12)
0
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3.2. L9 bounds for Ab, Q. In this section, we will establish the global bounds
for [Ab|| 24, [z L

PROPOSITION 3.2.  Assume that v, v and (ug, bo, wp) satisfies the conditions stated
in Theorem 1.1. Then system (1.3) has a global solution (u, b, w) satisfying, for any
T>0and 1<qg<oo,

AYFeb e L2(0, T;L*(R?)), AbeL?(0, T;LY(R?)), QeL>®(0, T;LI(R?)). (3.13)

Proof. Multiplying the Equation (1.3), and (1.3); by A*T2%b; and A**2%p,,
respectively and integrating over R?, we obtain

1d
§%|\A1+ab||§+||A2+°‘b||§:/(b-Vu—u-Vb)A”QO‘bda:dy, (3.14)
where we have used the fact

[A*Fb |3 <O A1y, AMFBb 5.

Applying Proposition 3.1, Holder’s and Young’s inequalities, we find that

/ (b-Vu—u-Vb)A*"?*bdxdy

<C(|A%(b-Vu) [z + [ A% (u- Vb)||2) [ A**b]|2
<C([|A"Bllo [ Vuall2 +[Ibl|oo | A“Vull2) [ A*F b5
+C (A%l 2 [ Vb]| =+ [ulloc [AVb]|2) [A***b]

1—a

1 « « «@

SZIIA2+ b[3+C|b, A%b[3]|9[5+C[b, AT b3[AQ3
1 « « « (o9

+ZHA2+ b[3+Cllu, A ul5[[AT b3+ CQI5]|A b3

1 « [e3% «
<SIAZF DI+ C(1+ AR5 AT b3,

Therefore Gronwall’s inequality gives
T
AT i3+ [ At rebar<c, (3.15)
0

where C' is a constant depending on any 7 >0 and the initial data. Furthermore,
Sobolev’s inequality and Proposition 3.1 imply that

Ib[%, <C|b, A'**b|3<C. (3.16)

Next, we will prove the L?-bounds for Ab. We will make full use of the special structure
of the nonlinear terms in the equation of b and the integral form of b; and bs. Due to
the divergence-free conditions V-u=V-b=0, we find that

b-Vul—u-Vbl :82(b2u1—u2b1), (317)
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and
b-VuQ—u~Vb2:81(b1uz—ulbg). (318)

In addition, we write the equations (1.3), and (1.3); in the integral form which was
previously considered in [16].

b1=/G1(y2, t)bo1(x1, T2 —y2)dy2
R

t
+/ /Gl(yg, T)(b~Vu17u~Vb1)(x1, T2 — Y2, t*T)ddeT, (319)
0 JR
and

b2:/G1(y1a t)bo2 (1 —y1, w2)dyr
R

t
—|—/ /Gl(yl, 7)(b-Vus —u-Vho)(x1 —y1, 2, t—7)dy1dT, (3.20)
0o Jr

We are the first to estimate ||O22b1 ||L§Lq for ¢ € (2,00). Taking the LY-norm with respect
to x1 and then L-norm with respect to x2, we obtain

¢
/ ||322(/ G1(y2, t)bo1(z1, $2—y2)dy2)H§dT
0 R
t
S/ |G1(y2, t)022b01 (21, $2—y2)dy2||5d7'
0

t
<c / 1G1 (g2, £)]21Bazbon | 2dr
0

<Ct]|box |12, (3.21)
where we have used the fact ||G1(y2, t)||1 =1. Similarly, by Lemma 2.5, we have
t T 2
/ 822/ /Gl(yg, s)(b-Vus —u-Vby)(x1, x2—y2, T—s)dyads|| dr
0 0o JR q

=¢ /Otllwul —u-V3dr <C / (bl Fn 2+ 70113, )i

< [ 1913 + 1w, @08v, sviyir<c [ fofzar+0 [ 0+ |avlr

SC/Ot||Q|§dT+C(t+1), (3.22)
which together with (3.21) yields

t
||022b1|\L§Lq§C/ 1Q]12dT+C(t+1). (3.23)
0

Due to the special structure of (3.17), we can use a similar method as above to bound
01201 (| L21a as follows

t
/ ||512(/ G1(y2, t)bo1 (w1, x2—y2)dys)||2dr < Ctllbor|%s, (3.24)
0 R
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t
/
t
z/ dr

0 q

t t
<c / 104 (bysy — uaby)) 27 < C / (bl 702+ [ul}3,IVbI2, ) dr

and

2
dr

q

312/ /G’l(yz, $)(b-Vu; —u-Vby)(x1, xo—ya, 7—8)dyads
o JR

2

/ /Gl(yz, 5)022(01 (baus —u2by))(x1, T2 —y2, T—5)dyads
o Jr

t t t
<c / (12 + [, QY3[b, Ab|2)dr<C / |Q)2dr +C / (1+]|Ab|2)dr
t
gc/ 192dr +C(t+1). (3.25)
0

Combining (3.24) and (3.25), we have

t
01201 | .2 14 gc/ 1Q]|2dr+C(t+1). (3.26)
0

Applying similar methods to the Equation (3.20), we obtain

t
0112|2214 ||312b2HL§Lq§C/ 1Q)|2dr +C(t+1), (3.27)
0

which together with (3.23) and (3.26), lead to
[ADb|[z2e <C([01101] L2 Lo + (02201 ([ L2 0 + 101102 L2 Lo +[|O22b2]| L2 14)

t
gc/ 19)2dr +C(t+1). (3.28)
0

In addition, due to the divergence-free condition V-b=0, we have
t
IVillzpe <CllADb| L2 10 SC/ 1QI5dr +C(t+1). (3.29)
0

Clearly, if we have the global bound for ||| 24, which implies
[Ab|p2pe <C(t+1).
Furthermore, Sobolev’s inequality gives
[Vbllpip., <C(t+1).

Next, we will prove the crucial estimate for [|Q2||;. Due to the term Aw in (3.4);, we
can not bound |V, directly. To overcome this difficulty, we work with the combined
quantity

Z =040y,

which was considered previously in [18]. For readers’ convenience, we give the details.
Applying A2~ to both sides of the Equation (3.4)5 leads to

NI w 4 u- VA2 Vw4 A%w 42020V w = A20-70 — [A2077) | - V]w.
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Combining the Equation (3.4), yields

hZ+u-VZ+AN*Z= — A2y L A2 =7 Fa) g
+A20NQ _[A20Y) | w.V]w+b- V. (3.30)

Although (3.30) appears to be more complex than (3.4),, it eliminates the most regu-
larity demanding term Aw. We can establish the estimate for ||Z]|, and then obtain
the global bound for ||| 1 4. Due to the Proposition 3.1, (3.8) and Z=0+A0"y
one can easily infer that

a+3v—3

12012 < [l + [ A0V lly < Q]2+ Cllwlly *F7 A7 < (3.31)

Employing Sobolev’s inequality and noting that A®Z =A*Q+ A2V w, one has
t t t
Jnezigas [iamaigars [ jamo-wiga
0
2(8y—a—1 2(a+2-27)
/ JAQ|3dt+C / Iwlly 0 A, T dt<C. (332)
Furthermore,
¢
1213+ [ 12125 dr<c. (3.33)
o —
. 2a
Next, we will prove, for any 2<g< 1= Z obeys
-7
t
||Z||g+/ HZH?L dt<C. (3.34)
0 —a

Multiplying the Equation (3.30) by |Z|972Z and integrating over R? we obtain

||Z||q+01||Z||q 20 +Cal| Z)|%o + Csl|A%(1Z]%)]3

qq

g/(—2A2(1‘7)w+A2 a+1‘”)w)|Z|q‘2dedy+/A2(1‘7)9|Z|"_22dxdy

—/[AQO*W, u-V]w|Z\q’Zdedy+/b~Vj|Z|q’2dedy
=J1+Jo+ I3+ Jy, (335)

where B; o represents the homogeneous Besov space and we also have used the following
facts, for any 2<g<oc and 0<s<1,

/ A2 F1 192 f dady > O (s,q) | A (£ 212, (3.36)

Jax a2 ety = Co.lf] (3:37)
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and
JA% A2 dody = Ce17 (3.39)
B‘quq
One can refer to [3] for the inequality (3.36) and (3.37) follows from (3.36) via Sobolev’s
inequality. The inequality (3.38) can be found in [8]. Applying Holder’s inequality and

the Hardy-Littlewood-Sobolev inequality, we have

J1:/(—2A2(1*7)W+A2(°‘+177)W)|Z|q72Zd3:dy

<OA%(1Z13) 2| A7 (-28%0 T w A2 ) 2] 272 2) |

<OIA*(1Z1) |2l (~ 2A2(1’”)W+A2(““’”)W)IZ\%’ZZII%

< OA%(1Z]#) 2] — 28207 w AR CHI) 57271
q a qa_1

<CIA(1Z12)l2(Iwll2+ A7 w ]l N2 e

C3 . varme o - _
<A (21215 +Cllw, A w31 2187+ 112118 ).
Due to Z=Q+A?""Vw, we can bound J, as
JQ:/A2<1*7>Q|Z|‘I*2dedy

:/A4(1’7)w|Z|q’2dedy+/A2(1’7)2|Z|q’22dxdy
=Jo1 + Joo.

Obviously, we have 4 — 4y < a+2v. Therefore, we can bound the term Js; similarly as
Jl)

Cs\ s o _ _
Ju < A (1219)[3+Cliw, A“P'w]3(12152+(21272).

2a
Next, we will estimate the difficult term Jos. For any 2 <¢q < 1 , one can easily check

2 2
that 2(1—~) — 22 <22 Then we can choose 0<s<o <1 satisfying
q q

2 2
2(1—7)——a<3<0<—a.
q q

According to Lemma 2.4, we obtain
Joz SC| AU Z|| A1 272 2)| sy
<C(llZ] 4270+||Z|| )”Z”B" |||Z|q Il s,
<C(IZ]l 2 +1 2l )”Z”B“LHZ”Z ?

qq

<CUIZI| 2= +1ZI)NZI| 2 12157

(1(1 ‘1‘1
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Ch
<ZHZ) 5, +CIZI,
Bll»qq

where we have used the facts

. 2a . 20
Byilg W74 Bt < BY 4 .

sg—1

By Lemma 2.1 and Hélder’s inequality, Js can be bounded as

J3=—/[A2(1_7)7 w-Vw|Z| 2 Zdedy < [[[A*, w- Vw1 2] Z]) 2,

< C||Vwloo |A*F ™ ul|[| 2] < Cllu, A“QI[5(1+1Z]|2),
where we have used the fact and (3.9), for a+2y> 2,
A2Vl < C(|fullo + [|A“2]|2).-
Finally, we will estimate J4. Using Holder’s inequality, one has

Ji= [ beVii21 2 Zdudy < <] il 215"

According to (3.29), we have

T <O +DIZNE < C>IZ N + 12wl + 1)1 Z2)18 7

<CZ|F+C([[w, A>T w[3+1)] 217

Inserting the estimates for J; ~Jy into (3.35), we find that

C3 .\ ari @
+5 1A% (12193

1d Ch

“2NZ)9+ 2 2] 2a +Call Z)| %

S8 S+ Cal 2N,
<O(+ A, AW [B)(L+ ] Z]3),

which together with Gronwall’s inequality implies
t
IZlg+ [ 1217, d<c.
In addition, combining with Z=Q+A2!""w, one has
1920l <N Zllg + AP wllg < [ Z g +[lw, A w[|3<C,
which together with (3.29) leads to
[Ab|[r2pa <C(E+1).
Furthermore, Sobolev’s inequality gives, for any 7 >0,

T
/ V| dt < C.
0

1225

(3.39)

(3.40)

(3.41)

(3.42)
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3.3. L°°-bound for Vu. In this section, we will establish the global bound
for |[Vul|gip. This crucial global bound allows us to obtain the global bound for
l(u, b, w)||gs with s>2.

PROPOSITION 3.3.  Assume that o, v and (ug, bg, wo) satisfies the conditions stated
in Theorem 1.1. Then system (1.3) has a global solution (u, b, w) satisfying, for any
T>0,

T
4%, A%, A%wl+ [ AT A2, AT TwRde<C. (3.43)
0
As a special consequence, for any T >0,

T
/ IVl dt<C, (3.44)
0

where C' depends only on T and the initial data.

Proof. Multiplying the Equations (1.3);,, by A*u, A*by, A*by and A*w, respec-
tively and integrating over R?, we have

1d
2.dt
:2/QA4wd:cdy—|—/(b-Vb)A4udxdy—|—/(b-Vu)A4bdxdy

A%, A%b, Awl[3+[|ATFQ, A%, A w3 +2[A%w] 3

7/[A2, u~V]uA2ud:cdy7/[A2, u~V]bA2bd:cdy7/[A2, u-V]wA?wdzdy
=K+ Ko+ K3+ K, + K5+ K. (3.45)
Noting that 2 <3 —a <2+, applying Holder’s inequality, one has
K1 =2 [ O wdady < C|AM a4
<IN QB4 21T B + Ol AW,
By Lemma 2.2, using Holder’s inequality, we find that
Kg:/(b~Vb)A4udmdy:/AQ(b-Vb)AQuda:dy
< C(IIbllsslIA%5]l2 + [ Vblls | A%bII2) | A%l
< L1873 +Cl1A%m, A%b}.
Similarly, integrating by parts, we have
Kg:/(b-Vu)A4bda:dy

:/((AQ(b~Vu)—b~A2Vu—Vb~A2u)+b~A2Vu+Vb~A2u)A2bdxdy

< O(|[Vul|os [[AD][2+[|Vb]| o [[Aul[2) [A%b]|2 + C|[bl| oo [ A%]]|2 [ A%l
1. N

§6||A2JII§+C(1+IIA Q3)[A%u, A®Dblf3.
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Applying Hélder’s inequality and Lemma 2.1, we can estimate K4 as

Ki=— /[ ?, w Vuh?udedy < CVul A% s,

+a—1) 2(2q—a+1)

2(aq+ 1
<9l o ffully 7 A% ]y 7 ZIIA”“QHﬁG

By Lemma 2.1, one has

[(5:—/[A27 u-V]bA?bdzdy
<C(IVull =_[IA*b] 2 +[| Vb [[A%ull2)[|A%b] 2
<C(||Q|| _[blI3 1A25],° [A%Db]l2+Cl|A%u, A%bj3
||A2J||2+C||Q||“ _[IBl3+CA%u, A%b]
§6||A2j||2+0(1+||1\2u» AblI3).
Similarly,
K6:f/[A27 u-ViwA*wdzdy

<C([Vul| = HA2W||2 VWl [A%ull2) [ A%w]2

SC(IIQII%IIWIIQ“” IAZ
1
< 1AW+ OO+ [Vwloo) (|40, AZwl3+1).

Inserting the estimates for K7 ~ Kg into (3.45), we obtain

L 0%, A%, ATW[3 AT 00, A%, A2 w34 2A% 3
SO+ |AQUS + [ Twlloe) (1A%, A%, A2w]3+1).

Applying Gronwall’s inequality yields

T
|A%u, A%b, A2w]2 +/ [AT+eQ, A% A2 w|2dt<C,
0

5 1AWl + Ol Vwllocl| A%u, A2l

1227

(3.46)

which together with Sobolev’s inequality implies (3.44). Using Proposition 3.1, Propo-
sition 3.2 and Proposition 3.3, we can prove Theorem 1.1. Multiplying the Equations
(1.3);..4 by A%*u, A**by, A**by and A**w, respectively and taking the L*-inner product

and adding with (3.1);, we have

1d
2 dt

=2 / OA*wdzdy+ / [A%, b-V]bA*udzdy + / [A%) b-V]uA*bdzdy

—|lu, b, w||3. +||[A%0, Vb, AVwl||3+2||w||%-

—/[As, u~V]uAsud:rdy—/[As, u-V}bAsbdxdy—/[As, u-V]wA*wdzdy
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=L1+ Lo+ L3+ Ly+ Ls+ L, (3.47)
where we have used the fact
||A5Vb||§ < C||A%01ba, A°Ooby H%

Using Hélder’s inequality, one has

L =2 / QA2 wdzdy < [ A*7Qo|| A" w2

—1 s+1—~

ary—21 sSri-y
<Clully " ATy AT W

1 S 1 ST
< I+ 2 AT w3+ Cllulf.
1
<5 lA%a, Awlf. +CllullZ..
The remaining terms in (3.47) can be bounded by

C([Vullss + [ Vblloc + [ VWlloo) 11, b, wlZ..

Inserting the estimates for L ~ Lg into (3.47) and applying Gronwall’s inequality yield,
for any T'>0,

T
u, b, wl|}.+ [ [[A%, Vb, Aw|3dt<C. (3.48)
H 0 2

Next, we will prove the uniqueness. One can obtain it by a standard method. We first
find the solution to a regularized system. To this end, we will give some notation as
follows. For € >0, we denote the standard mollifier by j., namely

Je(x)=e"2j (e al),
with

JECE(R?), j(2)=j(|al), suppj  {alle] <1}, / jla)dr=1,
For any locally integrable function v, we define the mollification J.v by

Jev = je k0.

Assume P is the Leray projection. One can establish a solution (u®, b®, w®) to the
following system

O +PJ.((Jou®) - V(Jou®)) +(—A)* T2 =PI ((J-b%) - V(Tb%)) + VH(Tew®),
0] + T ((Teu®) - V(TLb)) = T202b5 = T-((TD°) - V(Teui)),

By + T ((Teu®) - V(J2b3)) = T201105 = T ((Tb%) - V(Teus)),

O + T ((Jeu®) - V(Tew)) + T2 (- A) W +2w" =V x (Jeu?),

V.uf =0, V-b*=0,

u®(z, 0)=ug(z)*je, b°(z, 0)=bo(x)*j., w*(x, 0)=wo(x)*Je,
(3.49)
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where 0 < a <y <1 and a+~>1. According the proofs of Propositions 3.1, 3.2 and 3.3,
one will obtain the global estimate as follows

[u®(t), b°(1), w(t)l[ <C,

for any ¢ >0. Therefore, the global existence of the classical solution (u, b, w) to the
system (1.3) can be obtained by the standard compactness argument. The uniqueness
can also be obtained by a standard process. We omit the details. This completes the
proof of Theorem 1.1. 0

4. Proof of Theorem 1.2
In this section, we will prove the Theorem 1.2. The proof of Theorem 1.2 will be
divided into three stages. The first step is to show that

(1+1)|[Vu(t), Vb(t), w(t)||3—0, as t— 0.
The second step will prove the global bounds for b namely,

[Vh@)ll: <C1+6)7", [b(t)2<C1+1)"%.
Finally, we will show the decay rates for ||u(t)||2 and ||w(¢)||2.

4.1. L*°-bound for Vu. In this sulbsection we will show that
[IVu(t), Vb(t), Vw(t)||2 decays faster than (1+¢)"2 as t—oo. More precisely, we
will prove the following proposition.

PROPOSITION 4.1.  Assume that (ug, bo, wo) € H'. Then system (1.3) has a global
solution (u, b, w) satisfying,

Jlim ¢ Vu(t), Vb(t), Va(t)[3=0. (4.1)

Proof. According to Proposition 3.1, for any 0 <ty <t <oo, we have

t
[u(t), b(t), wt)|3+ [ A%, Vb, ATwl[3ds < [u(to), b(to), w(to)ll3 (4.2)

to
and
12(), 4 (1), VW(t)|§+/ttIIAO‘Q, Ab, A wl3ds
0
<[|Q(t0), j(ta), Vw(to)|FexpCitiu. Bo-wollz), (4.3)
Furthermore, one has
[ I9b < Clus, o, wol
and
/Ooo||VU(t)||§dtS/0w||Aau(t), A*Q(t)]|3dt < Clluo, bo, wollF-
By Sobolev’s inequality, we infer that

o0 oo
| Ivw@des [ 1aTw(e), ATt < Cluo, bo. wolF
0 0
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In particular,
t
/ [Vu(t), Vb(t), Vw(t)|3ds—0 as t— o0,
%
which together with (4.3) leads to
¢ t
éemfcﬂﬂmmbmW“@HVu@»Yﬂxw,Vw@wzgjﬁﬁhmw,Vb@xthwwﬁd&
t
Furthermore, we obtain the desired decay rate
i (1+0)[Fu(t), Tb(0), Vw(o)3=0.

This completes the proof of Proposition 4.1. ]

4.2. Optimal decay rates for b and Vb. In this section we will make use of
the special structure of the nonlinear terms in the equation of b and the integral form
of by, by to derive the optimal decay rates for b and Vb.

PROPOSITION 4.2. Assume the same conditions as those stated in Theorem 1.2. Then
system (1.3) has a global solution (u, b, w) satisfying,

Ib(t)la<CA+8)"2, [[Vb(H)|]|<C(1+8)~". (4.4)
Proof. 'We write the first equation of (1.3) in the integral form,

t
u(t):e*(fA)atuo—i—/ e~ (A=) (P(b-Vb—u-Vu)+ Viw)dr
0

vl

(At +/ e~ AT (B(b. Vb —u- V) + V) dr
0

t
-|-/ e~ (A=) (P(b. Vb —u-Vu) + V4iw)dr, (4.5)

2

where P denotes the Leray projection onto divergence-free vector fields. We can elimi-
nate the pressure term by it. We split the time integral into two parts to estimate. For
t > 1, using Plancherel’s theorem and (1.5), we have

le™ 2 tug |y = [|e 16" Gy |l < Cle 71 /e[l < Ot~ .
While t <1, one has
[le= A g o < [[ug]|2,

therefore,

He—(—A)“tuOHQ§0(1+t)—%7 (4.6)

where C only depends on uy. Thanks to Lemma 2.5, we obtain

t

/ e (A=) (P(b-Vb—u-Vu)+Viw)dr
0

2
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:‘ *(*A)a(t’f)(]}”(b@)b—u@u)—W) dr

b
sc/2<m>*i<||u, b, w3+ 1)dr
0

2

1 2
For any 2 < — < s< —, integrating by parts and according to Lemma 2.5, we find that
e o

e~ A E)(P(b-Vb—u-Vu) + Viw)dr

NN
S

2

t
:/ (t—7)" =57 2)|b-Vb—u-Vul| 2. 2o dT+ / Ve~ (=2 t=T) wdr
% 2
! ! ¢ 2+s
<0/( - )’E(IlbllsHVbHﬁIIuHSIIVullz)dw[ (t—7)" =5 D lw] 2o dr
2—7 —2 1_%
<c [ =i vn ) ir

Inserting these estimates into (4.5), we obtain

()l <C1L+1) & +C / (t—7)*(lu, b, w|3+1)dr

2-2 2-2
+C/ (t—7) "= (IB]I3 Vbl * +llulls [Vully ™ + wlis [Vw]y ™ *)dr

(4.7)

Next we will estimate ||b(t)||2. We write the integral form of b; in the Equation (1.3),,
which was considered in [16]; for readers’ convenience, we give the details as follows

t
bl(l‘l, Zo, t):Gl(IQ, t)*b()1+/ Gl(fEQ, th)*(b~Vu17u~Vb1)(T)dT, (48)
0

where (G1 denotes the 1D heat kernel. One can easily check that for ¢t <1,
|G1 (2, 1) *box |2 <[[box [|2-
For ¢ >1, using Plancherel’s theorem and (1.5), we find that
|G (@2, £)xborll2 =11G1 (&2, b1 (&1, &) 12 < ClIG (&2, Dlbon (€15 &)z 12z,
<Cle el /g L2, <Ct 3.

Therefore,

||GY1($L'27 t)*bm(l‘l, :L'Q)HQSC(l"‘t)_%. (49)

Applying Holder’s inequality and Lemma 2.6, we can estimate the second term in (4.8)
as

t
/ Gi(za, t—7)*(b-Vus —u-Vby)(x1, z2, 7)dr
0

2
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) dr
Lz,

t
<C [ ]0661(wa. t=1)l(bas ~uaby)ar, 2, 7z,
0

t t
<C [ =) Hbaus ~uabilladr <C [ (t=1) A bl ful 2 dr
0 0 * -

t
<c [ = bl IVBIE A% (4.10)
0
which together with (4.9) implies
_1 ‘ -1 o l—a| A
[b1()]l2 < C(1+1) 2+C/ (t=7)"2[blz Vbl *[A%ul|zdr. (4.11)
0
Using similar methods to the integral form of bo,
t
bg((El, T2, t):Gl(.’El, t)*bog-l—/ Gl(l'l, t—T)*(b'VUQ—U'VbQ)(T)dT,
0
one can easily to check
_1 ¢ -1 a 11—« «
l[b2(t)[]2 <C(1+1) 2+C/ (t—7)"2|bll3 Vbl *|A%ul[2dT. (4.12)
0
Therefore,
_1 t -1 @ l—« [e%
[b(t)[l2 < C(1+1) 2+C/ (t—=7)"2[bll3 Vb~ [A%ullzdr
0
%
<O(1+1) 2 +C / (=)~ 2 [blg [ Vbl [[Au]2dr
0
t
+Cﬂ (t—=7)"2 b5 Vblly = [[ulls™[Vull3 dr. (4.13)
2

Next we will estimate ||w(t)||2. Define ¥ = e**w, applying Duhamel’s principle, we obtain
the integral form of w in the Equation (1.3),, namely

t
w(t)=e 2te™ ("8 y, —I—/ e 2= (=AY =T (Y xu—u-Vw)dr
0

o+

=e e (A Tty 4 /E e 20 = (=A(=T)(V x u—u- Vw)dr
0

t
+/ e~ 2t e~ (=) (t=1)(V s u—u- Vw) dr. (4.14)

2
For ¢ >1, using Plancherel’s theorem and (1.5) leads to
He—Qte—(—A)"’tWOH2 _ He—Zte—\ﬁ\Q"t\;\Vonz < Ce—QtHe—|€|2“’t /|£|||2 < Ct*%_

While t <1, one has

lle2fe™ A ||y < e |woll2 < C,
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therefore,
He_zte_(_mwtwong <C(1+t)”" %
By Lemma 2.6, one has

t
/2 e 2= (AT (Y xu—u-Vw)dr
0

/5 e 2t e~ A (u—uew)dr
0
2

<C/ e () (14 [u, w|2)dr
0

2
SCe‘t/ (t—) 3 (14 [[u, b, w|2)dr
0
o 2 .
Similarly, by Lemma 2.5, for any 2 < s< —, we infer that
Y

t
/ e—Z(t—T)e—(—A)'y(t_"') (V Xu—u- VW) dr

o+

2

2

t
<c/( 7)) 72|V xu—u- Vwl 2. dr

<C/ (t—T) "(1+||Vw\|)

Therefore,

i

W)l <COA+1)~F +Ce / (t—7) " (1+|u, b, w|)dr
0

t
1-2
e / (t—7) " [[ul [Vl

2

T Vwllo)dr

Combining (4.7), (4.13) with (4.16), we obtain
a(@®)ll2 +b()ll2 +[[w(®)]2

<C(1+t)"H +C(1+t)_5—|—0/0£(t—7')_c1x(|u, b, w|3+1)dr
+C/0;(t—T)5||b||§“|Vblé‘°‘IlA“ullsz
+Ce_t/0;(t—7')i(1+||u, b, w||3)dr
+C[(t )75 (blI3 Vb5 +llalls [ Vully™* + [lwls [ Vwl~

2

t
-1 -« —a
+C/t (t=7) 72 b5 [ Vb]l5 = fulls™ [ Vullf dr
2

*)dr

1233

(4.15)

(4.16)
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1—2

ull; [Vully = (1 +[[Vwll2)dr, (4.17)

t
+C/ (t—r)" 5

1
First, we show that, under the condition 0 <a < 3 and for any small € >0, the corre-

sponding solution (u, b, w) to system (1.3) satisfies

Fa(®)llz + B (®)llz + [1w(E) o < C(L+) 72T, (4.18)

We will use iterative methods to achieve it. We will first show, for any ¢ >0,

(@)l + [l + [w(E) | < C(1 1)~ (4.19)
For notation convenience, denoting

NMi(t)= sup {(1+7) 72 [[u(r) ||z +[b(r) 2+ [w()]l2},

0<r<t

and

w(&)=t7(Ju(t) |2+ [b(E)l|2 + [w(t)]2)-
Due to (4.17), we have

t

Ni(t) <C(1+41)2 373 +C(1+8)"% +c<1+t)%—%/ (t—7)"#(|lu, b, w||2+1)dr
0

“ 2
+O(L+t)E% / (t—7)" 2[5 Vb3~ A% dr
0

1 [ 2
+C(1+t)§_7€_t/0 (t—T)_%(l"‘”lL b, wl|3)dr

t
+ONL(1)E (1+1)272 / (b =) o (R Dy

2

t
+T—%+%—§(%—%>¢(7)1—s)dT+CN1(t)(1+t)%‘%/ (t—7)"2r T2 (r)dr
2 1 o t 1 1 1 21 o 2 2

+CN1(t)E(1+t)T2/ (t—7) s (r72Ts 7GRy ()%
T i %—%0¢(Tf—z)d7
8

=Y M. (4.20)
=1

1
One can easily check that My, Ms <C. For 0<a< 2 we can estimate M3 as

M3=0(1+t)%—%/2(t—T)-é(Hu, b, w|2+1)dr
0

3_«a

<C(|ug, bo, wol2+1)(1+8)37 5" % =0 as t—oo. (4.21)
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According to (4.2) and (4.3), applying Holder’s inequality, My can be bounded as

M4:C(1+t)§_%/0 (t=7)72|[blI3 | Vbl *||A%ull2dr

1-o 1
2 2

</ |A"‘u||§d7> <C. (422
0

1 1
Clearly, tlgglo Mz =0. Due to = > 3 and tlilgow(t) =0, one has

<CWthmWﬂ@g</|WM@W>
0

t
lim Mg = lim {(1/\/“;5)%(14.0%*%/ (t_T)*i(7_71+%*%(%*%)¢(T)275
t—o00 t—o0 t

2

[N

4772t G Sy ()8 ) dr)
=0. (4.23)

1 1
Similarly, due to — > 3 and tlim 1 (t) =0, one can easily check that
S’)/ — 00

lim M7= lim Mg=0. (4.24)
t—o00 t—o00
Combining (4.21) ~ (4.24) with (4.20), we find that
» 1 1
N <C+CNy(t)* +§N1(t) <C+ §N1(t),

which implies N () <C. In the second step we will use the estimate (4.19) to show the
higher-order decay, for any ¢ >0,

[u(t)l|2+ [b)]l2 +[lw(®)]|2 < C(1+8)~E= DT, (4.25)

1
whose proof is similar as (4.19). For simplicity, we denote p= (5 - %)(1 +a) and define

Na(t) = sup {(1+7)"[u(7)ll2 +[b(7)[l2+[[W(T)[l2}-

0<r<t

Applying similar methods as (4.20), we have

Ni(t) <C(1 1473 +c<1+t)—%+f'+c<1+t)p/2(t—r)—é(nu, b, w|2+1)dr
0

+C(1+t)”/0 (t=7)"2bls Vbl *(|A*ul|zdr

%
+C(1+t)pe_t/0 (t—7) (14 |u, b, w|2)dr

1

t
+CN2(t)%(1+t)”ﬂ (t—7)77 (r TRy () 2 e Ry () R dr

t

+CNa(t) (1 —l—t)"/ (t—T)_%T_H_%’(/J(T)dT

t

2
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1_2

t
+CJ\/'2(t)§(1+t)P/t (t—7) 57 (12T 2o(r) = iRy ()2 8 dr
’ (4.26)

Combining with the estimate (4.19), most terms on the right-hand side of (4.26) can be
bounded similarly as done previously. We only need to estimate the following term

(1+t)p/0 (t=7)"2[blI3 | Vblly~*||A%ull2dr.

Using Hélder inequality, we can bound it as

t

2 1 — «
(11t)° / (t—7) b VbIL* |A%u]2dr

( / ’ |Vb§dr> ( / 2 ||Aau|§dr>

0 0

<C1+1)~% (/2(1+7)—1+ad7> (/ ||Vb|§dT> </ ||Aau§d7'>
0 0 0

1
2

(/ ||A““u§dr> <C.
0

Combining these estimates with (4.26), we can infer that N5(¢) <C. Doing this process
again and again, for any natural number N, we can show that

o = 1
2 2 2

<CO+1P+1)~3 (/0 ||b||§d7')

l1—a
2

<CO+D-F(1+0)% (/ ||Vb§dr>
0

[a(®) |2+ [B(0) |2+ [[w(t)[lo < C(1+1)~ (G~ AHataittal)

Due to
lim (1+a+a®+--4al¥)=—.
N —o00 11—«
Therefore, for given € >0, we have
[a(®)llz+ [b@ll2 + w2 < C(1+2) . (427)

Next, we will show the improved decay rate for ||Vb||2, which can be handled similarly
as [16]. For readers’ convenience, we give the details. Invoking the integral form of by,
we have

t
H62bl||2§H82G1(I27 t)*b01‘|2+/ ||(92G1(IL'2, t*T)*(b'vul711'Vb1)(7’)||2d7’
0

<[|02G1 (22, t)xbor |2

t

2
+/ ||(922G1(I’2, t*T)*”(bQul*Ule)(l’l, Zo, T)HLil”Liz dT
0

t
+/; ||822|82|_%Gl($2, t—T)*|||62‘%(b2’ul—Ugbl)(fﬂh Zo, T)HLilHLiz dr
2
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=A;+A>+ As.
Using the Plancherel’s theorem and (1.5), one has
A= HBQG1($2, t) *b01H2 < O(1+t)71
Define
1
e(t)=(1+8)> ([[Vu@)ll2+ [[Vb(@)ll2+ [[Vw(t)]]2)-
Thanks to Lemma 2.5, for any small £ >0, we can estimate A, as
2 3 1 1 1
A <C [ (=) o —uablladr < [ (=)l 9l ol 915 o
0
gc/ (=) (14 7) ()T} dr.
0
Similarly, employing Holder’s inequality, we have
t . A
A3=/t 102210275 G1 (w2, t—7)#[[|02]7 (baur —u2by) (21, 22, 7)l[12 [IL2 dT
<C/ t— T 8|H82| (bgul—Ule)Hng

<C / (t—7)"%(|[|82| Tul|a]blla+ |02 T blla ] ull4) dr

-5 b
<C/ t=7) " E(ulld [Vull3 [blIE [ Vb]3 + b3 Vb3 ulld [Vull})dr

\.

34 3¢ 3 1 54 3¢

<C/ (t=7) S (1+7) T T o(r) 7| Vb||3 +(1+7) 57T o(r)2 || Vbl|) dr

Combining the estimates for A;, Ay, Az, we obtain

t
-

|182b1[|2 < C(1+1) " +c/ (t—7)" (1 +7) "1 tEp(r)% | Vb|3 dr

3 3e 5 3e

+C / (t=7)75 (A7) F (Dbl + (1+7)"F ¥ o(r)? Vb3 dr.

(4.28)
Using similar methods as those used for b; to the integral form of by, one can easily
check that ||01bz||2 has the same bound of (4.28). Due to the divergence-free condition
V-b=0, we have

[Vbll2 <C(||02b1 |2 +[01b2]|2), (4.29)
Therefore, define

N3(t) = sup {(1+7)[|Vb(7)]2},

0<r<t
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which satisfies

t

Ng(t)gc+CN3(t)%(1+t)/2(H)*l(1+T)*%+%<p(T)%dT

0

+C./\/'3(t)é(l—|—t)ﬁt(t 7))~ %((1_1_7.) g+3“l<,0(7')%d7'

2

+Oj\f3(1t)3(1+t)/t(1+7)ls1+

t
2

u:.‘{‘:"‘

<C+CN3(t)2 +CNs(H) T <C +
which implies,
N3(t)<C  or ||[Vblo<C(1+8)7?

Furthermore, according to (4.17), we obtain

[a(@)ll2+ D)2+ [Iw(®)]2

<CO+8)77 +C(1+1)" +C/ t—7)" % (lu, b, wl2+1)dr
e / (=) blg [ Vbi e | A%ull2dr + Ce! / (=)~ (14 [u, b, w|Z)dr
0

22
+C/ (t=)~ 7 (IblI3 Vb5 + a3 [ Vulls™ +[Iwil3 [ Vwily ™) dr

+C[ (t=7)72 b5 Vblly™*ull~*(|Vull$ dr

t
1-2
+Cﬁ (t=7)" 3 [Vully " (14| Vwilp)dr

2

1

<C(1+t)" 5 +C(1+t)" +C/ t—7) o ((14+7)" 2 4 1)dr

+C/2(t—T)7%(1+T)7%+%+6d7+067t/z(t_T)_%(1+(1+T)71+25)d7_
0 0
t

t
0 [e=nEarn B (-0 E e a
2 2

<C(1+t)7. (4.30)

This completes the proof of the Proposition 4.2.

Further, one can use a similar method as Theorem 3.1 in [11] to obtain |w]z <
C(1+t)"2

Next, we will improve the decay rate for ||[Vw||2 through three steps.

Firstly, multiplying the equations (1.3),_, by (1+t)*u, (14+¢)%b1, (1+¢)*by and
(1 +t)2w, respectively and taking the L? inner product, integrating by parts, using the
divergence-free conditions V-u=0 and V-b =0, adding the resulting equations together
and integrating from 0 to ¢, yield that

t
/ (14+7)?|A%, Vb, AVwl5dr <C(1+1)~". (4.31)
0
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Secondly, multiplying the equations (3.4);_, by (1+¢)°Q, (1+¢)?j and (1+
t)2A2(27_1)w, respectively and taking the L? inner product, integrating by parts, adding
the resulting equations together and integrating from 0 to ¢, combining with (4.31), one
has

t
/ (1+7)%|A%Q, Ab, A3 'w|2dr <C(1+t)71, (4.32)
0

where we have used the fact ||Q]|2 <C||A%u,A*Q3.

In the end, multiplying the equations (3.10) by (1+t)3Vw, respectively and taking
the L? inner product, adding the resulting equations together and integrating from 0 to
t, combining with (4.31),(4.32), one has

t
(1+t)3HVWII§+/ (1+7)? | A" Yw, Vw|2dr < C. (4.33)
0

Furthermore, using Proposition 4.1 and Proposition 4.2, we complete the proof of The-
orem 1.2. O
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