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INITIAL MIXED-BOUNDARY VALUE PROBLEM
FOR ANISOTROPIC FRACTIONAL DEGENERATE
PARABOLIC EQUATIONS*

GERARDO HUAROTO! AND WLADIMIR NEVES#

Abstract. We consider an initial mixed-boundary value problem for anisotropic fractional type
degenerate parabolic equations posed in bounded domains. Namely, we consider that the boundary
of the domain splits into two parts. In one of them, we impose a Dirichlet boundary condition and
in the other part a Neumann condition. Under this mixed-boundary condition, we show the existence
of solutions for measurable and bounded non-negative initial data. The nonlocal anisotropic diffusion
effect relies on an inverse of a s—fractional type elliptic operator, and the solvability is proved for any
s€(0,1).
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1. Introduction

We are concerned in this paper with an initial mixed-boundary value problem for
a class of anisotropic fractional type degenerate parabolic equations. To this end, let
QCR" be a bounded open set with smooth (C?) boundary I', and denote by v the
outward unit normal vector field on it. We assume that I' is divided into two parts Iy,
I'y. Then, we consider the following initial mixed-boundary value problem

Owu+divg=0 in Qrp,
ul =0y =uo in Q,

u=0 on (0,T7) x Ty,
q-v=0 on (0,7)xTy,

(1.1)

where Qr =(0,T) x Q, for any real number T >0, u(t,z) is a real function, which could
be interpreted as a density (concentration, population, etc.) or the thermodynamic
temperature, q=—u A(z) VIu is the diffusive fractional flux, and K is the inverse
of the s-fractional elliptic operator L%, (0<s<1), see Section 2. The matrix A(z)=
(a;j())nxn is assumed symmetric and satisfies

ai; €ECQNCLNQ), (i,j=1,...,n), (1.2)
> aij(@)&& > Mg, (1.3)
i,j=1

for all £€R™ and each z €, for some ellipticity constant A; >0. Moreover, the ini-
tial data ug € L*°(§2) is a non-negative given function, and we consider homogeneous
Dirichlet and Neumann boundary conditions, respectively on I'g, I'y. This assumption,
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the mixed-boundary condition, brings some difficulties which are discussed through this
paper, see for instance, Section 3.1.

The diffusive non-local flux q in the initial mixed-boundary value problem (1.1) is
motivated by the so-called General Fractional Fick’s law

q(z,u) :=—k(z,u) VFu

provided (-,u) is positive (non-negative in general) defined, where F is the inverse of
a fractional elliptic operator. The first attempt is to consider

q(z,u) :=—g(u)A(z)VKsu

with g(u) =u or g(u) =u(1l —u), which from the maximum principle ensures that, x(-,u)
is non-negative defined. For the second case, g(u)=u(1—u), it should be also assumed
that, 0<wug<1, but we leave this option to future work (see [13]). Moreover, the
assumption here x(x,u)=uA(z) makes it clear that the coefficients (a;;), (4,7 =1,...,n)
describe the anisotropic and the heterogeneous nature of the medium. This is very
important to a great many physical theories, for instance, let us mention applications in
physical-chemical reactions and biological processes. Although, it is essential to mention
that, in another context of porous media diffusion model, Caffarelli and Vazquez [5]
introduced for the first time the model (1.1) for a given fractional potential pressure law,
that is to say, they considered q(u) = —uVKu, where K is the inverse of the s—fractional
Laplacian in R™. Hence that paper established a Fractional Darcy’s law and under
some conditions, they proved existence of weak (non-negative) solutions for the Cauchy
problem.

Concerning the elliptic linear operator Lu:=—div(A(x)Vu), which is the building
block for the construction of the fractional operator L3, we were motivated by the pa-
per of Caffarelli and Stinga [7]. In that paper the authors reproduce Caccioppoli type
estimates (for the Dirichlet and also Neumann boundary conditions), which allow them
to develop the interior and boundary regularity theory, depending on the smoothness of
the matrix A(z) and the source terms. Albeit, we should mention that, different from
that paper, here we are focused on the minimal regularity for the matrix A(z), such
that, the eigenfunctions {¢y} of the problem (2.3) have enough regularity to define con-
veniently the operator Iy, and also to give a sense of the Neumann boundary condition
on I'y, that is to say, for each function v e Hg(0,T; Hp (€2))

T
ess lim / / AV (1) ult, U (1)) - vr (T, (1)) A(tr) drde =0,
T—0+ 0 T

where ¥, (r):=r—71v(r), and v, is the unit outward normal field on ¥, (T"), see the
Appendix. Recall that A(z) is (uniformly) continuous up to the boundary, therefore
it is bounded in Q and its restriction on I' makes sense. This is also important to the
Lp operator’s domain definition, see Equation (2.2). Moreover, due to the regularity
of the matriz A in C2!(Q), the eigenfunctions ¢y, € H*(Q'), for all k>1 and every ¢/
compactly contained in 2, see Ambrosio, Carlotto, and Massaccesi [1]. We remark
that, it is not possible to ensure H?(Q2) regularity even if the diffusive matriz A has
C%1(Q) smoothness. Indeed, we are considering mixed-boundary conditions and hence
Nirenberg’s type methods do not apply, since ¢ =0 on I'y but not necessarily zero on
I.

Since the paper [5], there exists a considerable list of important correlated results,
to mention a few [2,4,6,14,16,20-22]. In particular, along the same problem, Caffarelli,
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Soria, and Vazquez establish the Holder regularity of such weak solutions for the case
s#1/2 in [4], and the case s=1/2 has been proved by Caffarelli and Vazquez in [6]. All
of these above cited papers are posed in R™. On the other hand, the authors considered
in [12] again q(u) = —uVKu, but now in the context of heat equation (Fractional Fourier
law), and they considered homogeneous Dirichlet boundary condition. Thus the problem
was posed in a bounded open subset of R™. One of the main tasks of that paper was
how the boundary condition should be assumed, and it was important to deal with
traces at the boundary for any s € (0,1). The problem here has different difficulties, and
a different context. In this way we consider a formulation different from that presented
in [12]. Indeed, an important pragmatism concerning the mixed-boundary conditions
is that, the (homogeneous) Dirichlet boundary conditions are taken into account in the
test functions, and the Neumann boundary conditions are taken into account in the
linear form due to boundary integrals. Hence we follow this strategy and direct the
reader to Section 3, where the main ideas are well-explained and also Section 4, where
the solvability of the initial mixed-boundary value problem (1.1) is shown.

Finally, we would like to stress that the uniqueness property is not established
in this paper. First, let us remark that, no uniqueness result has been proven even
for the R™ case with q(u)=—uVKu. Moreover, along the same model we direct the
reader to Serfaty and Vazquez [19] (and references therein), where a counterexample to
comparison of densities is constructed, see Section 6.5 (Lack of comparison principle).
Hence we may consider a selection principle (or admissibility criteria) in order to attack
the issue of uniqueness for (1.1).

1.1. Functional space. From now on, by €2 we denote a bounded open set
in R” with smooth (C?) boundary I'. We assume that I'=ToUTl';, ['g is a closed set
and H"1(T'y) >0, where H? is the usual #—Hausdorff measure. Moreover, ['yNT; is a
submanifold of codimension greater than 1. Then, we define

H} (Q):={veH'(Q):v=0 on I'y in the sense of trace},

endowed with the norm

1/2
vl ()= </Q|Vv(a:)|2 dx) , for each ve Hf (). (1.4)

Since the trace is a continuous operator, we have that H%O(Q) is a Hilbert space with
the norm |- ||g1(q), which is equivalent to (1.4). Moreover, we define the set

CR(Q):={veC>®(Q);v=00n Ty}, (1.5)
which is dense in Hf (Q).

Now, we follow Lions and Magenes [15] for the definition of the spaces H*(2), with
5€(0,1). Indeed, by interpolation between H'(2) and L?(£2), we have

H*(Q)=[H"(Q),L*()]1-s.

According to this definition, this space is a Hilbert space with the natural norm given
by the interpolation. Moreover, we can define the space H(2) by

Hy (@) =C(@) .
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Since € has a regular boundary, the set H§(€2) could be written as an interpolation
(see Theorem 11.6 of [15]),

HS(Q) = [Hol (Q)vLQ(Q)]l—Sv
for each s€(0,1)\{1/2}. The particular case s=1/2 generates the so-called Lions-
Magenes space Héf (©), which is defined by
1/2
Hog(9) = [H3 (), L ()2,
which has the following characterization

H* Q)= {ueHW(Q);/Q cil;;t((ngr)dx< oo}.

Furthermore, we define the space Hy, (£2) by
H?, ()= closure of CR2(2) in H*(Q).

In particular, for 0<s<1/2 and since I' is Lipschitz, we have Hp (Q)=H?*(f2), which
is due to the fact that C5°(€2) is dense in H*(2) (see [15] Theorem 11.1). On the other
hand, if 1/2<s<1 and I is Lipschitz, then the spaces H}, (£2) have a characterization
via trace operator (Theorem 9.4 [15]), hence

Hp () ={uc H*(Q):u=0 on Iy in the sense of trace}. (1.6)

The proof is based on similar arguments as those considered in Theorem 11.5 [15].

Finally, since 2 has a Lipschitz boundary, there exists an equivalent definition
given via interpolation. Indeed, due to Hj(Q) C Hf, () C H' (), it follows that, for all
s€(0,1)

[Ho (), L2 ()1 -5 C [Hy, (), L2 (Q))1-5s C [H (), L*(Q)]1-s-
Therefore, we have

H3(9) C[HY, (), L)1« C HY(Q), s€(0,1)\{1/2} .
HYP (@) € [HE, (), 1212 HY2(Q), s=1/2. '

In particular, when 0< s<1/2 we obtain
(3, (), (@)1 = H* (@),
On the other hand, using the idea of Theorem 11.6 [15] we may obtain
[HE, (Q),L%(Q))1—s=H}, (Q), forall s€(1/2,1).

2. Dirichlet-Neumann spectral fractional elliptic operators

In this section, we study some results of Dirichlet-Neumann spectral fractional
elliptic operators. We mainly provide the proofs of the new results, in particular we
stress Proposition 2.3. One can refer to [3,7], and [12] for an introduction.

We are mostly interested in fractional powers of a strictly positive self-adjoint op-
erator defined in a domain, which is dense in a (separable) Hilbert space. Therefore,
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we are going to consider the linear operator Lu=—div(A(x)Vu) equipped with homo-
geneous mixed Dirichlet-Neumann boundary data, that is to say B(u)=0 on I', where
the boundary operator B is defined as follows

u on Iy,
B(u):{(AVu)~V on I'y, 21)

where A(x) is the symmetric matrix satisfying (1.2) and (1.3).

For convenience, let us denote by Lz, the operator £ subject to Dirichlet-Neumann
boundary condition given by (2.1). Observe that Lz is nonnegative and selfadjoint in

D(Lp):={ue H"(Q):div(AVu) € L*(2),with B(u)=0 on I'}. (2.2)

Therefore, by the spectral theory, there exists a complete orthonormal basis {¢x}72 ;| of
L2(Q), where ¢y, satisfies

ﬁng:Akgok, in Q,
(2.3)

B(vr)=0, onT.

It is easy to check that {y}p2, is also an orthogonal basis of H} (). Moreover, due
to the regularity of the matrix A(x), the eigenfunctions o5 € H2(§Y'), for all k>1 and
every )’ compactly contained in €, see Ambrosio et al. [1].

For each k>1, it follows that ¢ is an eigenfunction corresponding to Mg, where
one repeats each eigenvalue A, according to its (finite) multiplicity

0< AT <A< A3 < <A <---, Ap— o0 as k—>o0.

Then, we have

D(Lp)={ue L*(Q); Y_Ai[(u,pu)|* < oo},
k=1

Lp u:Z)\k (u,r) pr, foreach ue D(Lp).
k=1

Now, applying functional calculus, we define for each s>0, the following fractional
elliptic operator L3, given by

and it is well defined in the space of functions

o0

D(cg):{ueLQ(Q);ZA§S|<u,@k>|2<+oo}, (2.4)
k=1

which is a Hilbert space with the inner product

(u,v>s:=<u,v>+/g£%u(x)£%v(x)dm.
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In particular, the norm |- |4 is defined by
Jul =1lull?s(q) + I Lsul720)- (2.5)

Analogously, we can also define £5°:D(L3*) C L?(Q2) — L?(2). The next propo-
sition gives us the main properties of the operators defined above. In particular, we
observe that D (L") =L*(Q).

PROPOSITION 2.1.  Let Q CR™ be a bounded open set with Lipschitz boundary, s € (0,1),
and consider the operators L%, and Lz°. Then, we have:

(1) The operator L3 and L3z° are self-adjoint. Also (L)' =Lg".
(2) If 0<s1<s2<1, then

D(LE)—=D(LY), and D(L}) is dense in D(Ly).

(3) For each s,0>0 and u€ D(L) we have Lz u€ D(L).

Proof. The proof proceeds analogously to that of Proposition 2.1 in [12] and hence
we omit it. ]

Now, we state a Poincare-type inequality for the £3, and an equivalent norm for
D(L})-

COROLLARY 2.1 (Poincare-type inequality). Let QCR"™ be a bounded open set with
Lipschitz boundary. Then for each s>0, we have

lullz2) SAT® [[L5ullr2q),  for all uED(L";‘;).

Moreover, the norm defined in (2.5) and

Juli+= [ |5 (@) da (26)
are equivalent.
REMARK 2.1. As a consequence of the above results, we can consider the inner
product in D(ESB), as follows
(u,v)S:/ Liu(z) Liv(r) dr. (2.7)
Q

Now, the aim is to characterize (via interpolation) the space D(L%). To begin, we

consider uGD(EB), hence since Eg/ % is self-adjoint and from the definition of Lz we
have

1/2 2 5. 1/2 1/2 _
/Q|£B u(z)] dac—/gﬂg w(x) L4 u(x) dnc-/Q Lpu(z) u(z) dx

- / —div (A(2)Vu(z))ulx) do= / A(2)Vu(z) - Vu(z) da.
Q Q

On the other hand, using the uniform elliptic condition (see (1.3)), we obtain

AI/Q|Vu($c)|2 dazS/@A(m)Vu(x)~Vu(x) dx§A2/9|Vu(a?)|2 dx,
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where Ay =||Al|co. Therefore
1/2
Ml oy < NEH2ull3a(0) < Aallullly (o (2.8)

which means the norm |- [|,/2 is equivalent to the norm ||| g1 (o). Consequently, from
0
the density of D(L3) in D(ng/Q), and also in H} (), it follows that D(ﬁgz) =H} (Q).

Similarly, we have the following

PROPOSITION 2.2. Let QCR™ be a bounded open set with Lipschitz boundary. If
s€(0,1/2], then

H25(Q), if 0<s<1/4,
D(Lp)=q [HY(Q).L2Q)], . if s=1/4, (2.9)
HE: (), if 1/4<s<1/2.

Proof. The proof follows by applying the discrete version of J-Method for inter-
polation, see [3] and also [11]. 0

Now, for each s € (0,1) we define conveniently the operators
Ks:=Lgz® and He:= 555/2 =KL2

Then we consider the following:

LEMMA 2.1.  Let QCR" be a bounded open set with Lipschitz boundary, s € (0,1) and
ue D(Lg), then Ksue D(Lp). In particular, we have in trace sense

Ksu=0o0onTy and AVKs;u-v=0 onlI;.

Proof. The proof follows directly from Proposition 2.1, item (3). O

Here, and subsequently, we denote L2(€2) = (L?(€))". Then we have the following
important result.

ProprosITION 2.3.  Let QCR"™ be a bounded open set with Lipschitz boundary.
(1) Ifue Ht (Q), then VK ueL?(Q) and there exists Co >0 such that

/Q VK u(z)|? de<Co /Q V()| da. (2.10)
Similarly, if ue HE (), then VHueL?(Q) and
/Q|V7-[su(x)|2 dxgcg”/gwu(x)\? dz. (2.11)
(2) Ifue H (), then

Al/ |VH ul? de/A(m)VICSu-Vu deAQ/ |VHul? dr.
Q Q Q
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Proof. (1) First, since ue Hp (€2), it is enough to consider u€ D(Lp) and thus
apply a standard density argument. To show item (1), from (2.8) we have

/Q\v;csu(x)|2dxgA;l/Q|cg/2/csu(x)|2dx=A;1ZAk|</c5u,<pk>|2

k=1

— Ay IZAk|A (unpi) 2 SATIAT 2SZAk| (u, o) |
k=1

:A;IA;%/ L 2u(2) 2de < AT A )\1‘25/ V() Pda < oo,
Q Q

and analogously for VH au.

(2) Now, we prove item (2). Integrating by parts, we obtain
/Q—div(A(x)VICSu(x))u(x)dx
:/A(x)VICsu(m)~Vu(x)dm—/u(r)A(r)Vleu(r)q/(r)dr.
Q

T

We claim that, the boundary term is zero in the above equation. Let us recall that
I'=TyUI', also since u € D(Lp), we have that u=0 on I'g. Moreover, from Lemma 2.1
it follows that AV s;u-v=0 on I'y. Hence we conclude that the boundary term is zero.
Therefore, we obtain

/Q—diV(A(a:)VICSu(x))u(a:)da::/A(:E)VICSu(x)~Vu(a:)da:. (2.12)

Q

On the other hand, we observe that
/—div(A( WEKsu(z))u(z)de = /Elg (Ksu(z)) u(x)dx
Q
z/ﬁ};su(x)u(a:)dm, (2.13)
Q

where we have used the definition of £z and IC;. Then from (2.12), (2.13) and since
L;* is self-adjoint (Proposition 2.1), it follows that

/ A(z)VEKu(z) - Vu(z)de :/ 197 2y() [ da.
Q Q
Therefore, using the equivalence norm (2.8) together with the definition of H,u, we have

2 Vu(z)dz < As su(x)]? de.
A1/9|V’H5u(x)| dmﬁ/ﬂA(m)V}Csu(x) Vu(z)dr <A /Q|V7-l ()" d

3. Imnitial mixed-boundary value problem

The main issue of this section is to present the definition of weak solutions for the
initial mixed-boundary value problem (1.1), and then discuss in details in which sense
the initial mixed-boundary data will be considered, for any s € (0,1).
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DEFINITION 3.1.  Given an initial data ug € L () and 0<s<1, a function
we L ((0.7):D (LG ) ) nL=(Qr)

is called a weak solution of the initial mized-boundary value problem (1.1), when u
satisfies

//Q u(t,x) (atgbfA(x)Vleu(t,x)~V¢>)d:ﬂdt+/uo(a:)gb(O)dx:O, (3.1)

Q
Jor each test function ¢ € Ce° ([0,T);CR(9)).

One observes that, the above definition makes sense. Indeed, the first and the last
term in (3.1) is well defined, which is due to the fact that, v and ug are bounded. The
second term also works, it is enough to recall that A(z) is bounded, and since for almost
all te(0,T), u(t) e D(E(Blfs)/z), thus from item (3) in Proposition 2.1 and Proposition
2.2, Ksu(t) € Hf (€). Therefore, due to Proposition 2.3

VK u(t) e L2(9).

3.1. On the initial mixed-boundary data interpretation. The aim of this
section is to study the initial mixed-boundary datum interpretation, from the definition
of weak solutions as presented by Definition 3.1. We start with the study of the mixed-
boundary condition, and then the initial data will be treated at the end of this section.

To follow, we remark first that our definition of weak solutions is given for any
s€(0,1), and hence it is not always possible to recover the boundary conditions in the
trace sense. Let us be more precise. The definition of a weak solution

ueL? ((0,T);D(L§‘S>/2)) NL®(Qr)

for (1.1) is given by the integral equation (3.1), where it used a convenient space for
the test functions, which give us some information about the mixed-boundary condi-
tion. Indeed, the homogeneous Dirichlet boundary condition is obtained by the space

D(ﬁg_s)m), and the Neumann boundary condition will be state via Coarea and Area
Formulas.

Let u be a solution of (1.1) in the sense of Definition 3.1. Firstly, we discuss the
Dirichlet condition, and it will be divided into three main steps:

(1) If 0<s<1/2 we have
we L7 ((0,T); Hy, * (),

thanks to Proposition 2.2. In particular, this space naturally encompasses the
Dirichlet boundary condition =0 on I'y, since the trace is well defined, see (1.6).

(2) Now, we consider 1/2<s< 1. In this case, from Proposition 2.2, we have
uwe L ((0,7);H %(Q)).

Here, the trace of w on T' is not well defined, but we could give an interesting
characterization. Indeed, applying Theorem 11.2 in [15], see p. 57, since for each
z €, dist(z,T') < dist(x,Tg), there exists a positive constant C, such that

u(-,z)|? C
,/Q (distl(:c(,l“og)2(18) dr < 2(1—s) ||u()||§{1,(9) (3.2)
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Now, since I' is a C2—boundary, there exists a sufficiently small § >0 such that,
each point x € Q5 :={x € Q: dist(z,I") <} has a unique projection r=r(z) on the
boundary I'. Moreover, for every x € (35 the Jacobian of the change of variables

Qsdz 4 (r,7) €T x(0,6) 1is equal to D(z) =1+0(9),

where 7= dist(z,I"). Therefore, we obtain from (3.2)

S ()2 // r)
drd drd
//po dlst ((r,7),Tg))2(1=s) rart r, ( dlst (r,7) I‘O))Q(l*S) e

SWIIU( W) (3:3)

and applying the Coarea Formula, there exists a set of full measures contained in
(0,6), such that, for each 7 in this set

(7)) c
/p (dist((r,7),Tg))2(1—9) dr< 2(1—s) ||u(-)HH1,S(Q).

Moreover, for any r €T’y it follows that, dist((r,-),I'¢) <d. Hence we obtain from
(3.3)

. 2s5—1 1 0 2
lim sup ((5 = [u(-, (r,7))] drdT) <C,
§—0+ 5 0 JIy

for some constant C'>0. Thus defining the following characterization

H%;fzs)(ﬂ)::{feHlS(Q);i/OT [ |f(r,7")|2drd7":0(rl25)}, (3.4)

we have for almost all ¢ € (0,7) that, u(t )EH%OHS . )(Q), for any 1/2<s<1.

The case s=1/2 is more delicate, since we do not have a precise identification of

the domain D(L’llg/ 4). Actually, from Proposition 2.2 and the second equation in
(1.7), we obtain

Hyl?(Q)cD(Ly") c HY? ().

First, we observe that the space H'/2(Q) does not have a well defined trace sense.
On the other hand, there exists a notion of weak trace (see Theorem 11.7 in [15])

for H(%Q (©), but the spaces HééZ(Q) and D(Eg/‘l) are not necessarily equal. Al-
though, we may follow the same strategy of item (2) above, and define the following
characterization

H%(ff(ﬂ)::{feHl/?(ﬂ);i / ' : |f<r,7'>2me/:0(1>}.

Indeed, it is enough to observe that D(ﬁllg/4) is contained in H'~%(Q) for any
s€[1/2,1) and the right-hand side of (3.3) is uniformly bounded up to s=1/2.

Therefore for almost all t € (0,T), u(t) € H%O/OQ(Q)
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To finish the first part of this discussion, we study the Neumann boundary condition
q(z,u)-v=0 on I'y, see (1.1), which is really complicated because it is composed of
two terms, that is v and AVKu-v. In particular, we observe that q(z,u)-v does
not have trace on I'y for any 0<s<1. For instance, if 0<s<1/2, it follows that
u(t) EH%O_S(Q)CHl_S(Q) a.e. in (0,7), which implies that u has trace on I'y (not
necessarily zero). Although, there is no guarantee that A(z)VIsu-v has trace on T,
since Ksu is not sufficiently regular. Similarly, if 1/2<s<1 then Ksu is sufficiently
regular to have trace on I', but as observed before we do not have trace for u. Thus the
Neumann boundary condition is not well defined in the strong sense in any case.

On the other hand, Definition 3.1 is sufficiently robust to give a sense of the Neu-
mann boundary condition on I';. More precisely, we state this boundary condition in
a weak sense, written as limits of integrals on (0,7) xT';. Indeed, we prove that any
solution w in the sense of Definition 3.1, satisfies

T—0t

ess lim / /1“1 u(t, W, (r)) v (U (r)) ¢(t,r)drdt=0,

where W, (r):=r—7v(r), and v, is the unit outward normal field on ¥, (T"), see the
Appendix.

To prove the above sentence, we consider the following sets: Let J be a countable
dense subset of CZ° ((0,7);C (Q2)). For each y€ F, we define the set of full measure
in (0,1) by

F,= {7‘ €(0,1)/7 is a Lebesgue point of J(T)},

where J(7) is given by

[ [ a0 v )T 0
Iy
where J[¥.] is the Jacobian of ¥.. Then, we consider

Fi=()F,,

YEF

which is also a set of full measure in (0,1).

PROPOSITION 3.1 (Neumann condition). Let u be a weak solution for the initial

mized-boundary value problem (1.1), in the sense of Definition 3.1. Then, for each
ve HY(0,T; HY, ()

oss lim/ /F Wt T (1) - (U () )y (£, d it =0,

T—0t

where W, (r):=r—1v(r) and v, is the unit outward normal field in ¥, (T).

Proof.  First, we define S:=¥(F xTI') and consider

V(W (2))Gi (), for z €S,

0, for z€Q\ S,
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where ye€F, (;(1)=H;(t+70)—H;(T—19), with 7€ F. Therefore, from (3.1) with
¢(t,x) as test function, and applying the Coarea Formula for the function h, we have

1 T
/0 () /O /m O )
1 T
I gy S0 DA ) ) v

1 T
+ / &) / /m | G v ) a7

where we have used (A.1) and Vh is parallel to v, H" ! a.e on ¥, (T).

Then, using the Area formula for the function ¥, and passing to the limit in the
above equation as j— oo, recall that 7y is a Lebesque point of J(7), moreover (;(t)
converges pointwise to the characteristic function of the interval [—79,79) and ~(¢,-) =0
on Iy, we obtain

I(ro) = /0 " o(r)dr, (3.5)

for all 7o € F' and v € F, where ®(7) is given by

/0[I,(F)u(t’r)(a”(t’\pf_l(r))_A(T)V’Cs“(tﬂ")'VV(L‘I’h(l,)(-))(r))dH"—l(r)dt_

On the other hand, since F is dense in C2°((0,T);Cf (), we have that (3.5) holds for
7€ C((0,T);CF, (Q)). Then, for each 7€ F we have

IO < ((0,7) =T,

where C' is a positive constant, which does not depend on 7. Moreover, we know
that J[¥,.]—1 as 7— 0. Therefore, applying the Dominated Convergent Theorem we
obtain

T
ess hm/O /qu(\IfT(r),u(t,\IlT(r)))'VT(\I/T(T))'y(t,r)drdt:O,

T—01

which completes the proof. ]

To finish this section, we characterize the initial boundary condition from Definition
3.1. For this purpose, let £ be a countable dense subset of C%O (Q). For each (€&, we
define the set of full measure in (0,7") by

E;:= {te (0,T)/t is a Lebesgue point of I(t) :/
Q

u(t,@)(@)da
and consider

E:= () Ec,

cee&

which is a set of full measure in (0,7).



GERARDO HUAROTO AND WLADIMIR NEVES 1291

PROPOSITION 3.2 (Initial condition). Let u be a weak solution for the initial mized-
boundary value problem (1.1), in the sense of Definition 5.1. Then for all (€ L'(Q)

ess Tim | u(t,)C(x)dz = / o ()¢ (2) da (3.6)

t—0t Jo Q

Proof.  'We give only the main ideas of the proof (for more details see [12]). Let
us consider ¢(t,z)=;(t)((x), v;(t)=H;(t+ty) —H;(t—to) for any to € E (fixed), and
¢ €&. Then, substituting ¢ into (3.1) and passing to the limit as j — oo, (to is Lebesque
point of 1(t)), we obtain

I(to):/guo(x)g(x)dxf/o O/QU(:v)A(x)VICsu(x)~VC(:E)dxdt, (3.7

where we have used the Dominated Convergence Theorem. Since tg€ E is arbitrary,
and in view of the density of £ in L'(2), the proof follows. |

4. Main result

The main result of this section is to show a weak solution of (1.1). To this end, we
have the following:
THEOREM 4.1 (Main Theorem). Let ug € L*°(Q) be a non-negative function. Then,
there exists a weak solution ueLz((O,T);D(ngs)m)) NL>®(Qr) of the initial mized-
boundary value problem (1.1).

The proof of this result is given in the next sections.

4.1. Anisotropic parabolic approximation. In this subsection, we introduce
and study the approximate parabolic problem with §,u € (0,1), given by

Oy, s — 6 div(A(z)Vuy,s) =div(g,(z,uus)) inQrp, (4.1)
Up,5 =U0s in{t=0} x £, (4.2)

U5 =0 on (0,T) x T, (4.3)

0AVu, s -v=—q,(z,u,s)-v on(0,T)xTy, (4.4)

where q,(z,u) = (p+u)A(x)VKsu, and ugs is a non-negative regularized initial data
such that

o5 — ug strongly in L*(Q) as § =0,  [lug.s|

Lo <|luo| Lo,

and satisfying suitable compatibility conditions.

Now, we make use of the well known results of existence, uniqueness and uniform L*°
bounds for parabolic problems with mixed boundary conditions. Therefore, applying
Theorem A.1 from the Appendix, for each 9, >0, there exists a unique, namely here
strong solution,

up,s € C([0,7): Hp, () N L2((0,7); H* () NL> (Qr),
Oy, s € L* (),

for each ' compactly contained in Q. Moreover, one observes that conditions (4.3) and
(4.4) are satisfied in the sense of trace.
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The following theorem investigates the properties of the solution u,s to the
(anisotropic) parabolic perturbation (4.1)—(4.4) for fixed §,p € (0,1).

THEOREM 4.2.  For each p,6 >0, let u=wu, s be the unique strong solution of (4.1)-
(4.4). Then, u satisfies:

(1) For all p€C°(]0,T): Cﬁ‘;(fl)),
// (u(t,x)0p(t,x) —0A(x)Vu-Vo(t,x)) dxdt—l—/ uos(x) ¢(0,z) dx
Qr Q
://Q (p+u(t,x))A(z)VEu(t,x) - Vo(t,x) drdt. (4.5)

(2) For all (t,x) € Qr, we have

0<u(t,x)+p<||ugl Lo, (4.6)

and the conservation of the “total mass”
/u(t,m) dx:/u05(x) dx <|lugl|p=|9|- (4.7)

Q Q

Proof. (1) Let us show (4.5). First, we observe that, the Equation (4.1) is
verified for almost all points (¢,2) € (0,7) x €', for each ' compactly contained in €.
Therefore, we multiply (4.1) by ¢(¢,2)(1—(;(h(z))) and integrate in Q7, where ¢ €
C([0,T);C(€2)), and (j(h(z)) is taken as in the proof of Proposition 3.1. We are
not going to reproduce here all the details given in Section 3.1, and from now on we

omit this procedure. One remarks that, the support of (1—(;(h(x))) CQ. Then, after
integration by parts we obtain

/T/ {—udip+6A(x)Vu-Vo+ (u+u)A(x)VKu- Vo } (1 —(;) dadt
0 Jo
:/Qu05 6(0)(1-¢5) dac—l—/o /Fqb(l—gj)(5A(7")Vu+qu(r,u))~1/drdt

1 T
+/0 (*Q-(T))/O /pT(F)Qﬁ(CSA(T)VUJrq“(T,u))'VT(T)drdth,

where we have used the Coarea Formula for the function h in the third integral in the
right-hand side of the above equation. Thus, applying the Area formula for the function
U, passing to the limit as j — oo and making 79 — 07", we have

T
//{—u3t¢+5A(:E)Vu-V(b—i—(u—i—u)A(sc)Vleu-V(b} dxdt
0 Jo

T
:/Quo(; #(0) d:r+2/0 /F¢>(5A(T)Vu+qu(r,u))-1/drdt.

Finally, we stress that the boundary term

/OT/F ¢ (0A(r)Vu+aqy(r,u)) -vdrdt=0.
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Indeed, due to I'=TyUTI'y, ¢=0 on I'y, and (§A(r)Vu+q,(r,u)) - v=0on I'1, see (1.5)
and (4.4) respectively.

(2) To show the assertion (4.6), we multiply (4.1) by ¢L(u) and integrate in Q; =
(0,£) xQ, 0<t<T, where

) ((z+u)2+52)1/2—5, for z<—p,
Pel2)=
0, for z> —pu,

which converges to |z+ u|™ :=min{z+ u,0} as ¢ —0". Hence from the properties of ¢.,
we obtain

/ dx—&-//m Y(p+u(x)A(z)VKsu-Vu dedr

—|—6// o5 (ue) A(z)Vu - Vudzdr =0,
Q¢

where we have used that, ug >0, the boundary conditions in (4.3)-(4.4), and ¢’ (0)=0.
On the other hand, we observe

o (u)(p+u(x))A(x) VK su- Vu+ 5 A(2)Vu- Vup? (u)
> {—|p+u(@)|| A(z) VEu|[Vul + 6A1 [ Vul* } 7 (u)

> 2 1
> - o (0P| AE) Vel )

>_ 2
>~ i A VK,

where we have used the uniform ellipticity and (u+ u)?¢” (u) <e. Consequently,

/ e (u(t))dr < / |A(z) VK u(r,z)|? dedr.
o 46A1 o,
Then passing the limit as ¢ — 0", we get
/|u(t,z)—|—u\7 dz <0,
Q
thus |u(t,z)+p|~=0. Similarly, we can show that |u(t,z)+p— |[ulleo|T =0, therefore

(4.6) is proved.

(3) It remains to prove (4.7). We multiply (4.1) by &x(x) (see the Appendix), and
integrate over 2. Then, after integration by parts and due to £ =0 on I', we have

%/ u(t,z)Ep(z) /5A YVu(t,x) Vg (z) dx

—/Q(u-i-u(t,x))A(x)Vleu(t,m)-ka(x) dx

Now, we integrate the above equation over (0,%)

/Q(u(t7sc)—u0’5(x))§k(x) dx:—/o /Q(S A(z)Vu(t,x) - Vg(x) dx
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—/0 /Q(,u—i—u(t7x))A(x)VIC5u(t,x))-ka(x) dxdt’
-1, (4.8)

with the obvious notation. Let us observe the I term, we have

/2
<l DAl ([ 9 atta)Parat) ([ 196 paar) "
Qr

where we have used Hélder’s inequality and the uniform estimates for u(t,z), A(x).
Therefore, applying Lemma A.1 we obtain

lim I, =0.

k—o0

Similarly, we have that I3 goes to zero as k— oco. Then, passing to the limit as k— oo
n (4.8), and again applying Lemma A.1 we get (4.7). Hence the proof of the Theorem
4.2 is complete. 0

Now, let us consider two important estimates of the solution ws, for the initial
mixed-boundary valued problem (4.1)—(4.4), with fixed 6, € (0,1).

PROPOSITION 4.1 (First energy estimate). Let u=wu,, 5 be the unique strong solution
of (4.1)~(4.4). Then, for all t€(0,T),

t 2 t
/n(u(t))dz+A1§/ / [Vul” dmdtJrAl/ /|V7—Lsu|2dxdt§/n(u05)dx, (4.9)
Q 0o Jo Htu 0 Je Q

where n(A) ;== (A+p)log(1+(A/p)) =X, (A>0).

Proof. First, we multiply (4.1) by #’(u) and integrate on 2. Then, after integration
by parts, we have

1
%/Q??(u)dx:—é Qm A(z)Vu-Vu dm_/QA(HJ)V/CSMVudx

—|—/ 7' (u(r)) (6A(r)Vu(r)+aqu(r,u)) v dr.
r
One observes that, the boundary terms are zero. Indeed, the proof is similar to Theorem

4.2, where the important point here is that 1'(0)=0 and ©=0 on T'y. Therefore, the
boundary terms are zero. Then, we integrate over (0,t), for all 0 <t < T, to obtain

t 1
lén&d@ﬂx+5£LLL;EGES/WQVu@x)Vu@x)Mﬂt

/ / x)Vu(t,z)- Vu(t,x)dxdt:/ﬂn(uo) dx.

On the other hand, due to the uniform ellipticity condition, we have

2
A{/' NVult ) e < l/./ (2)Vu(t,z)- Vu(t,z) dzdt.
o Ja ptu(t,x) Q;Hrut:r

For the third term in the left-hand side, we use Proposition 2.3 (u€ H}, (©2)), which
establishes the first energy estimate. ]
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As a consequence of this last result, we obtain
COROLLARY 4.1.  Under the assumptions of the Proposition 4.1, we have that u=1wus,

satisfies

8IVullZ2op) <lluollos n(lluolleo) 12 ATY,  and
, ) (4.10)
IVHsullZ2(0,) < n(lluolle) 19 Ay

where || is the Lebesque measure of the set .

Proof. We only provide the proof for the first inequality in (4.10), the proof of the
other one is similar. From (4.9) we have

ﬁlnoo/ / [Vu(t,o)l dedt < / n(tios (x)) dz,

where we have used (4.6). Moreover, since 7'(A) >0, (A>0), it follows that n(\) is an
increasing function, hence n(ugs(x)) <n(|jugl/so) for almost all z € 2. Consequently, we
obtain

/Q (w03 (2))dz < (o loe) |,

which completes the proof. 0

PROPOSITION 4.2 (Second energy estimate).  Under the conditions stated above, we
have that u=wu, s satisfies

ta
1/|H8u(t2,x)|2d:z:+1\15/ /|V7—Lsu|2d:z:dt
2 /o t Jo
to
+A1/ /(u+u)|Vleu\2dxdt§%/ |Hu(ty,z)? de, (4.11)
t Ja Q

for all0<ty <to<T.

Proof. First, we multiply (4.1) by Ksu, and integrate in Q. Then, we have

ou

ot —Ksu dm——é/A )Wu-VEsu dx— /(u—l—u)A(x)Vleu-Vleuda:

Q

4 /F Kou (SA(r)Vutqu(r,w)-v dr.

One observes that, u(t) € Hf (Q) for each t€[0,T), thus by Proposition 2.1 it follows
that KCsu(t)=0 on T'g. Hence, from the same ideas used above, we have that the
boundary terms are zero. Then, integrating over 0 <t; <ty <T', we obtain

to
1/ |'Hsu(t2,a:)|2dx+5/ /A(:c)VwVICsudxdt
2 Ja tn Ja

/ / pru)A(x)VEKu- VK udzedt = - /|7—[ u(ty,r)*d.
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From the uniform ellipticity condition, we have an estimate for the third term of the
left-hand side

Al/ / p+u) |V sul? da:</ / ptu)A(x)VEsu-VEsu dx

and for the second term, we use Proposition 2.3 (ue€ H{ (€2)). Therefore we get the
second energy estimate (4.11). |

Finally, we consider the following:

PROPOSITION 4.3.  Under the above conditions, we have for all vEH%O(Q)

T
/ (Opu(t) =—6/ A(x)Vu- Vvdxdt+// (n+u)A(x)VEsu-Vodedt (4.12)
0 Qr Qr

where (-,-) denotes the pairing between (Hf, (Q))* and Ht ().

Proof. The proof follows by applying the same techniques considered before, so it
is omitted. O

4.2. Proof of main theorem. Here we pass to the limit in (4.5), as the two
parameters ¢, 1 go to zero. To this end, we use the first and the second energy estimates
together with the Aubin-Lions’ Theorem.

4.2.1. Limit transition §—0%. As a first step, we define us:=wu, s (fixing
>0). The main result in this section is the following

PROPOSITION 4.4. Let {us}s>o be the strong solutions of (4.1)~(4.3). Then,
there exists a subsequence of {us}s=o, which weakly converges to some function u€

L? ((O,T);D(Cg_s)m)) NL>®(Qr), satisfying

/I )t + [ w@eto.a)ds
://Q (n+u(t,z))Al(x)VKu(t,z) - Vo(t,z)dzdt, (4.13)

Jor all test functions ¢ € C°([0,T);CR(Q)).

The proof’s idea of (4.13) is to pass to the limit in (4.5) as § — 0T First, we consider
the following lemmas.

LEMMA 4.1. Under the hypothesis of Theorem /.2, there exists a subsequence of
{us}ts>o such that

us—u  weakly- in L (Qr),
where u€ L (Qr).

Proof.  From (4.6), it follows that {us}s>o is (uniformly) bounded in L (Qr).
This proves the lemma. ad

LEMMA 4.2. Under the hypothesis of Theorem 4.2, there exist subsequences of
{VKsus}tsso and {us}s=o such that

VEsus = VIEKsu, weakly in L2(QT),

Us —> U, weakly in L2((07T);D(£(Bl 8)/2))7
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where uELz((O,T);D(Eg_S)/Q)),

Proof. From Proposition 4.2, we have

// |VICSu5\2dxdt§9,
Qr H

where C is a positive constant which does not depend on §. Therefore, the right-hand
side is (uniformly) bounded in L?(Q7) w.r.t. 6. Thus we obtain (along a suitable
subsequence) that, VIsus converges weakly to v in L2(Q7).

The next step is to show that v=VK,u in L?(Q7). First, we prove the regularity
of u. From the equivalent norm (2.8) we deduce that

IL,

On the other hand, from Corollary 4.1, we obtain that VHsus is (uni-
formly) bounded in L2(Qr) wart. 6. Thus {us} is (uniformly) bounded in

L2((O,T);D(£g_s)/2)). Consequently, it is possible to select a subsequence, still de-

noted by {us}, converging weakly to u in LQ((O,T);D(EE;_S)/Z)), where we have used
the uniqueness of the limit. Therefore, using again (2.8) and the Poincare-type inequal-
ity (Corollary 2.1), it follows that

VEu(t,z)|>dedt < ATIATS E(l_s)/Qu t,x)|2dxdt,
B
Qr

where )\, is the first eigenvalue of £. Thus, we obtain that VK ,u € L?(Qr), and hence
VKsus converges weakly to VIu in L2(Q7). O

(1-s)/2 2 2
Ly ug(t,x)| dedt<Asg |VHsus(t,x)|“dzdt.
Qr

LEMMA 4.3. Under the hypothesis of Theorem /.2, there exists a subsequence of
{us}s>o0 such that,

us—u  strongly in L*(Q7),

where u € L* ((O,T);D(ﬁg_s)ﬂ)) .

Proof. Here we apply the Aubin-Lions compactness theorem. First, from Lemma
4.2 we have

us —u, weakly in LQ((O’T);D(LS—S)/Q)).

On the other hand, from Propositions 4.1, 4.2 and 4.3, together with the (uniform)
boundedness of VI us in L2(Qr), we have

T
/0 10vus ) g A < C (o loc +10). (4.14)

One observes that, at this point x>0 is fixed. Thus, the right-hand side of (4.14) is
bounded in L2((0,T); H~*(2)) w.r.t. §. Therefore, there exists a subsequence such
that dyus converges weakly to dyu in L2(0,7; H~1(Q)). Then, applying the Aubin-Lions
compactness theorem (see [17], Lemma 2.48) it follows that, us converges to u (along a
suitable subsequence) strongly in L?(Qr) as & goes to zero. d
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Proof. (Proof of Proposition 4.4.) The idea of the proof of (4.13) is to pass to
the limit in (4.5) as  —0". From Lemma 4.1 it is enough to pass to the limit in the
first integral in the left-hand side of (4.5). We can proceed in a similar way as before
for the sequence ug 5.

On the other hand, by Corollary 4.1 and the Holder inequality, we have that the
second integral in the left-hand side of (4.5) is zero, given that A€ L>°(Q) and ¢ € L*(Q).

Now, we study the convergence of the integral in right-hand side of (4.5). First, since
A(z) is symmetric, it is sufficient to show (u+us)VKsus converges weakly in L?(Qr).
Indeed, by Lemmas 4.2 and 4.3, we obtain that (u+us)VKsus converges weakly to
(p+u)VKsu as 6 —07. Hence, the equality (4.13) follows. O

COROLLARY 4.2. Let u be the function given by Proposition 4./, then it satisfies:
(1) For almost all (t,z) € Qr

0<u(t)+p<||uglloo, and (4.15)

/Qu(%t)dx:/guo(x)dx. (4.16)

(2) First energy estimate: For n(\):=(A+p)log(1+ (A u))—A, (A>0), and almost all
te(0,7),

/Qn(u(t))d:L’JrAl/Ot/QVHSuF da:dt/g/gn(uo) dz. (4.17)

(3) Second energy estimate: For almost all 0<t; <ta<T,

1 t2 1
f/ msu(tz)\?dxml/ /(,u—l—u)|Vleu|2da:dt§f/ Hou(t)Pde. (4.18)
2 Q tq Q 2 Q

(4) For each ve HE (Q),

/OT<atu,v>dt_//QT (+u)A(x) VK u- Vodadt, (4.19)

where (-,-) denotes the pairing between (HE, (Q))* and Hp (Q).

Proof. (1) To show (4.15), recall that us converges strongly to u in L?(27) and
therefore (for a subsequence) us converges a.e. to u in Qr, then passing the limit in
(4.6) as 6 — 07", we obtain the (4.15). Assertion (4.16) is obtained by (4.7) together
with the Dominated Convergence Theorem.

(2) To prove the first energy estimate (4.17), we pass to the limit in (4.9) as § —07.
As ugs converges almost everywhere to u in 7, and 7 is a continuous function, it follows
that n(us) converges almost everywhere to n(u) in Qp. Moreover, us is bounded in
L>(Qr) w.r.t. 4, then for almost all t € (0,7)

tim [ n(us(t) do= [ n(u(®) da.

50t Jo Q

where we have used the Dominated Convergence Theorem. We can proceed in a similar
way as before for the sequence g .
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On the other hand, using the idea of the proof of Lemma 4.2 it is possible to show
that (for a subsequence) VHsus converges weakly to VHsu in L2(27). Then, we have

t t
/ / |VH u|? dedt’ <liminf / / |VH us|? dedt’
0 Ja =0t Jo Ja

for almost all t€(0,7). Also observe that the second integral in the left-hand side of
(4.9) is positive, hence we throw it out. Therefore passing to the limit in (4.9) as ¢
tends to zero, we obtain the assertion.

(3) To show the second energy estimate (4.18), we pass to the limit in (4.11) as ¢
goes to zero. First, we have to study the convergence of each integral in (4.2). One notes
that, due to the continuity in L?(Q7) and Lemma 4.3, it follows that Hsus strongly
converges to Hsu in L?(Qr). Consequently, it is possible to select a subsequence, still
denoted by Hsugs(t) such that, for almost all ¢ € (0,7")

lim / |H8u5(t,x)\2dx:/ |Hu(t,z)|* dx.
=0t Jo Q

On the other hand, since second integral in the left-hand side of (4.11) is positive for
all 6 >0, we throw it out. Finally, the convergence of the third integral follows from
Lemmas 4.2 and 4.3. Then, passing to the limit in (4.11) as § — 07, we obtain (4.18).

(4) Assertion (4.19) follows by similar ideas, so we pass to the limit in (4.12) as
§—07%, and the proof is concluded. 0

REMARK 4.1. The function u obtained above depends on the fixed parameter u. For
each p >0, we write from now on u, instead of u.

4.2.2. Limit transition 4—0%. Here, we prove the existence of weak solutions
for the initial mixed-boundary value problem (1.1). To show this, we consider the
sequence {u,},>0, obtained in Proposition 4.4, which satisfies Corollary 4.2 for each
>0, (4.13)—(4.19).

Proof. (Proof of Theorem 4.1.) To show the existence of solutions we pass to the
limit in (4.13) as 4 —0". From (4.15) and p € (0,1), we see that {u,},>0 is (uniformly)
bounded in L (Q7) w.r.t u. Hence, it is possible to select a subsequence, still denoted
by {u,}, converging weakly-* to w in L (), which is enough to pass to the limit in
the first integral in the left-hand side of (4.13).

Now, we study the convergence of the integral in right-hand side of (4.13). First,
since A(x) is symmetric, it is sufficient to show (u+u,)VKsu, converges weakly in
L2(Qr). On the other hand, we recall that, for each A >0,

n(A)=(A+p)log(L+X/p) = A,
(A+p)log(A+p) — (A +p)logp—A.

Then, from (4.16) and (4.17) we obtain for almost all ¢ € (0,7

! 2
A [ 193 f? dwds [ (s 0)+ o, ()10 da

< / (uo+p)1og(uo +p) da. (4.20)
Q
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Since f=f* — f~, where f* =max{=£f,0}, it follows from (4.20) that

t u|* dx U +(u -
S/(UO‘Fﬂ)lOg(Uo—F,&) dx+/(u“(t)+u)log_(uu(t)—|—u)dx_
¢ Q

We observe that the right-hand side of the above inequality is bounded w.r.t. p
(small enough), because u,, is bounded in L*°(Q2r) w.r.t. u, and

[ w0+ 108, (0) + ),
is bounded w.r.t. p (small enough). Consequently, we have that VHu,, is (uniformly)

bounded in L?(27).
On the other hand, using (2.8) and the Poincaré inequality (Corollary 2.1), we

obtain that
// |V/Csuu(t,x)|2dxdtSAl_l//
QT QT

<ATIATS //Q £y P, (t ) |Pdadt
T

2
E;gm_suu(t,x)’ dxdt

SAfl)\fsAz// \VHsu,,(t,2)|*dzdt.
Qr

Therefore, VKsu,, is (uniformly) bounded in L?(Qr) w.r.t. x>0, and thus we obtain
(along a suitable subsequence) that VK,u,, converges weakly to v in L2(Qr). It remains
to show that v=VIsu. Moreover, applying the same ideas as in the proof of the
Proposition 4.4, it is possible to select a subsequence, still denoted by {u,}, converging

weakly to u in L? (O,T;D(L'(Blfs)/z)), such that

v=V«Ksu in L?(Qr).

Hence VKsus converges weakly to VA u in L2 (Qr).

Now, we prove strong convergence for {u,},~0 in L?*(Qr). To show this, we apply
again the Aubin-Lions compactness theorem. Since the coefficients of the matrix A(x)
are in C’(ﬁ)ﬂCloo’i (2), together with the boundedness of Vsu, in L?(Qr), and the
uniform limitation of w,, we have from (4.19) that

T
/O 100l < C (4.21)

where C is a positive constant which does not depend on u. Then, passing to a subse-
quence (still denoted by {u,}), we obtain that

Oyu,, converges weakly to dyu in L*(0,T;H ().

Applying the Aubin-Lions compactness theorem, it follows that u, converges strongly to
u (along a suitable sequence) in L?(Qr). Consequently, we obtain that (u+wu,)VKu,
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converges weakly to u VK,u as u—0F. Then, we are ready to pass to the limit in
(4.13) as p— 0" to get

// u(t,x) (0 p(t, ) — A(x) VK, (u(t,x)) - Ve(t,z)) da:dt+/uo(x)<p(0,x)dx=0,
Qr Q

for all p e C*([0,T); CR2(£2)). O
COROLLARY 4.3. The solution u of the initial mized-boundary value problem (1.1) given
by Theorem 4.1, satisfies:

(1) For almost all t€ (0,T), we have

[u(®)]loc <luolloc, and (4.22)

/Qu(x,t)da:: /Q wo(x) dz. (4.23)

(2) First energy estimate: For almost all t € (0,T),

A1/0 /leHsu| d:cdﬂ—k/gu(t)log(u(t)) de/Quolog(uo) dx. (4.24)

(3) Second energy estimate: For almost all 0 <t <to<T,

to
1/ |Hu(ta)|? derAl/ /u|VICsu|2dxdt§1/ |Hu(ty)|*de. (4.25)
2Ja t Jo 2Ja

Proof. In order to show (4.22)-(4.25), we may follow similar lines as in the proof
of Corollary 4.2. Therefore, we omit them here. ]
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Appendix. Let us fix here some notation and background used in this paper,
we first consider the notion of C!-(admissible) deformations, which is used to give the
correct notion of traces. One can refer to [18].

DEFINITION A.1. Let QCR" be an open set. A Ct-map ¥:[0,1]x T — Q is said to be

a C1 admissible deformation, when it satisfies the following conditions:

(1) Forallrel, ¥(0,r)=r.

(2) The derivative of the map [0,1] 37+ U(7,r) at 7=0 is not orthogonal to v(r), for
each rel.

Moreover, for each 7€ [0,1], we denote: W, the mapping from I' to Q, given by
U, (r):=P(7,r); v, the unit outward normal field in ¥ (T). In particular, vy(z) =v(x)
is the unit outward normal field in T.

It must be recognized that domains with C? boundaries always have C' admissible
deformations. Indeed, it is enough to take U(7,r) =r —erv(r) for sufficiently small ¢ > 0.
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Now, we define a level set function h associated with the deformation W... For § >0
sufficiently small we define

min{7,0}, if z€Q,
h(z):=
—min{7,d}, if zeR"\Q,

which is Lipschitz continuous in R™, and C' on the closure of {z€R":|h(z)|<d},
moreover

1 for 0<h(x) <9,

Vhz)| = (A1)
0 for h(xz)=0.

LEMMA A.1. Let QCR"™ be an open bounded domain with C? boundary. For each
keN, and all x €R™, consider

&e(z):=1—exp(—k h(z)). (A.2)

Then, the sequence {&x} satisfies

. _ 2 — . 2 —
kEToo/QH &|°de=0, and kBI—iI-loo/Q|V€k| dx=0. (A.3)

Proof.  For more details see Mdlek, Necas, Rokyta and Ruzicka [17], p. 129. 0

Last but not least, let us consider the following approximating sequences. Choose a
non-negative function v € C}(R), with support contained in [0,1], such that, [~(t)dt=1.
Then, we consider the sequences {J;};en, and {H,}en, defined by

6;(t) =7 ~(jt), Hj(t)::/o d;(s) ds.

Thus, Hj(t)=d;(t), and clearly the sequence d;(t) converges, as j— 00, to the Dirac
d-measure in D'(R), while the sequence H;(t) converges pointwise to the Heaviside

function
1, iftt>0,
H(t)= .
0, ift<0.

To finish this section, we show the existence and uniqueness of u, s for the ap-
proximate parabolic problem (4.1)—(4.4). To this end, we first apply the Banach Fixed
Point Theorem to prove the local-in-time existence of the solution, and thus applying
a contradiction argument we extend it to be global in time. Since (4.1) is a fractional

non-standard parabolic equation, we present the important details and omit the usual
ones.

THEOREM A.l. Let ugs be a non-negative reqularized initial data. Then the problem
(4.1)=(4.4) admits a unique strong solution

s € C[0,7): Hr, () N L2((0,7): H* () NL> (Qr),
8tuu,5 € L2 (QT),

for each ' compactly contained in .

Proof. The proof will be divided into four steps.
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(1) First, for each @€ L= (Qr)NL2(0,T;D(Ly; *)), the following problem

Oruy 5 —06 div(A(x)Vu, ) =div(q,(z,2)) inQr,

Uy, 5 = UQS in{t:O}xQ,

g (A.4)
Upy,s =0 on (0,7) x g,
0AVu, 5-v=—q,(z,q) v on (0,7) xT'y,

has a unique weak solution
up,s € L*((0,7); Hy, () NC([0,T); L*(2)) N L™ ().
Indeed, since @€ L= (Q7)NL2(0,T;D(Ly *)), it follows that
qu(x,a) € L*((0,7); Hy, ().

Then applying the parabolic theory, see Theorem 11.8 in Chipot [8], (also Chipot,
Rougirel [9]), there exists a unique weak solution

s € L*((0,7); Hy, (2))NC([0,T); L*(2)) NL>®(Qr)

of the problem (A.4).

(2) Now, we show the local-in-time existence of the solution to (4.1)—(4.4). To prove
that, we define the following map

(1) = T (@) (t,2) /K (t.2,) wo.s(y)dy

// )+ )V K(t—t'z,y) - VEa(t' y)dydt,

where K(t,z,y), (z,y€), is the heat kernel of the operator Lu=—div(A(-)Vu)
with mixed Dirichlet-Neumann boundary data, see [10]. Moreover, for ¢ >0 suffi-
ciently small, it is not difficult to show that 7 is a contraction. Then, applying the
Banach Fixed Point Theorem, there exists a unique local-in-time weak solution

s € L2((0,Tar); HE () NC ([0, T ); L () NL™®(Qpy, ),

where T); denotes the maximal time of existence.

(3) We claim that the local solution wu,, s satisfies

Uy, € C ([0, Tar); Hy () N L2 ((0,Thr); H(Q)) N L% Q1 ), (A5)
Oty € L2 (U, ). '

Indeed, since w5 € L?((0,Th); Hf, (2)) NC([0,Tar); L2 (2)) NL>®(Qr,, ), we have
div ((wp,s + 1) A(x) VK u, 5) € L2 ((0,Tar); L (2)) -

Therefore, from Equation (4.1) and the standard parabolic regularity theory (see
[1]), we obtain (A.5). Consequently, u, s satisfies the partial differential Equation
(4.1) in the strong sense, that is, for almost all (¢,2) € (0,Ta) x .
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(4) Finally, we claim that Ty =T, for any T >0. Conversely, let us suppose that,
Ty <T. Then, there exists an increasing sequence {t; }}";1, such that, t; =T, as
J— o0 and

Jimn ety ()l Lo (@) = +o0. (A.6)
Although, due to a similar proof given to (4.6), we may show that

0 <wuu,s(t,2) +p <luoslL=(a),

for each ¢t € (0,Th) and almost all 2 € ), which contradicts (A.6). 0
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