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GLOBAL STRONG SOLUTION TO
THE CAUCHY PROBLEM OF 2D DENSITY-DEPENDENT

BOUSSINESQ EQUATIONS FOR MAGNETOHYDRODYNAMICS
CONVECTION WITH THERMAL DIFFUSION∗

MIN LIU†

Abstract. In this paper, we study the Cauchy problem of density-dependent Boussinesq equations
for magnetohydrodynamics convection on the whole 2D space. We first establish global and unique
strong solution for the 2D Cauchy problem when the initial density includes vacuum state. Furthermore,
we consider that the initial data can be arbitrarily large. We derive a consistent priori estimate by the
energy method, and extend the local strong solutions to the global strong solutions. Finally, we obtain
the large-time decay rates of the gradients of velocity, temperature field, magnetic field and pressure.
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1. Introduction
For this paper, we consider the Cauchy problem of 2D nonhomogeneous incompress-

ible Boussinesq equations for magnetohydrodynamics convection which read as follows:

ρt+div(ρu)=0,

(ρu)t+div(ρu⊗u)+∇P −µ△u=ρθe2+b ·▽b− 1

2
▽|b|2,

bt−ν△b+u ·▽b−b ·▽u=0,

θt+u ·▽θ−κ△θ=0,

divu=0, divb=0.

(1.1)

where x=(x1,x2)∈R2 is the spatial coordinate, t≥0 is time, ρ=ρ(x,t), u=
(u1,u2)(x,t), b=(b1,b2)(x,t) are the density, velocity and the magnetic field, respec-
tively; θ=θ(x,t) stands for the temperature of the fluid, and P =P (x,t) denotes the
pressure of the fluid; the constant µ>0 is the viscosity coefficient; the constant ν >0
denotes the electrical resistivity, and the constant κ>0 represent the capillary coeffi-
cient. e2=(0,1)T , where T is the transpose. The initial data and far field conditions
are given by{

ρ(x,0)=ρ0(x),ρu(x,0)=ρ0u0(x),b(x,0)= b0(x),θ(x,0)=θ0(x), x∈R2,

(ρ,u,b,θ)(x,t)→0, as |x|→∞.
(1.2)

The Equations (1.1) are a combination of the incompressible Boussinesq equations
in fluid dynamics and Maxwell’s equations in electromagnetism, where the displace-
ment current is neglected [13, 24]. Specifically, they closely relate to a natural type of
the Rayleigh-Bénard convection, which occurs in a horizontal layer of conductive fluid
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heated from below, with the presence of a magnetic field (see [25]). When the fluid is
not affected by the temperature, that is θ=0, the system (1.1) becomes the standard
MHD system. Many researchers have studied the MHD equation in the early years. For
details, please refer to [8, 10, 21, 23, 27]. Recently, Fan and Li [9] obtained the global
existence of strong solutions to the incompressible magnetohydrodynamic equations in
a bounded domain by combining the regularity criterion and an abstract bootstrap
argument. Under some smallness assumption, Bie-Wang-Yao [4] proved the global well-
posedness of solution to the 3D incompressible magnetohydrodynamic equations with
variable density in the multiplier space of Besov space. Very recently, Zhong [32] showed
the Cauchy problem of the non-barotropic non-resistive magnetohydrodynamic equa-
tions with zero heat conduction on the whole 2D space with vacuum as far field density.
However, when the initial conditions include vacuum, there are few relevant works. For
Equation (1.1) we propose the relationship between magnetic field, fluid temperature
and pressure so as to solve the difficulties caused by vacuum.

If the fluid is not affected by the Lorentz force, that is b=0, the system (1.1) be-
comes the nonhomogeneous Boussinesq system. Boussinesq equation is a simple model
widely used in the modeling of atmospheric and oceanic motions, and it plays an im-
portant role in the atmospheric sciences (see [24]). Many related research results of
the Boussinesq system have emerged. Lorca and Boldrini [19, 20] gained the existence
of global weak solutions for Boussinesq equations with small initial values and they
also studied the existence of local strong solutions under general initial conditions. Qiu
and Yao [26] obtained the local existence and uniqueness of strong solutions of multi-
dimensional incompressible density-dependent Boussinesq equations in Besov spaces.
For the initial density allowing vacuum states, Liu [17] proved global existence and
large-time asymptotic behavior of strong solution to the Cauchy problem of 2D density-
dependent Boussinesq equations. Zhong [31] recently showed local existence of strong
solutions of the Cauchy problem in R2 by making use of weighted energy estimate tech-
niques. However, there are still very few people studying the Boussineq equation with
a magnetic field in the system (1.1). The temperature field and dissipation term may
bring some positive effects to the magnetic fluid. Meanwhile, the strong coupling of
velocity field and magnetic field will bring new difficulties.

Recently, much attention has been attracted by the density-dependent viscous
MHD-Boussinesq equations. Bian-Gui [1] rigorously justified the stability in a fully
nonlinear, dynamical setting from a mathematical point of view in an unbounded do-
main. Bian-Liu [2] proved the global existence of weak solutions with H1 initial data.
They also obtained a unique global strong solution by imposing a higher regularity as-
sumption on the initial data. Larios and Pei [14] established the local well-posedness
of solutions to the fully dissipative 3D Boussinesq-MHD system, and also the fully in-
viscid, irresistive, non-diffusive Boussinesq-MHD system. Later, Zhao [30] investigated
the well-posedness of the Cauchy problem to the Boussinesq-MHD system with partial
viscosity and zero magnetic diffusion. Very recently, Liu-Biao [18] studied the global ex-
istence and uniqueness of strong and smooth large solutions to the 3D Boussinesq-MHD
system with a damping term. In addition, Bian and Pu [3] proved the global axisymmet-
ric smooth solutions for the 3D Boussinesq-MHD equations without magnetic diffusion
and heat convection. Up to now, there are few results on MHD-Boussinesq equation
when the initial datas can be arbitrarily large. Especially, we have to consider the
situation where velocity, temperature and magnetic field have strong coupling and the
strong nonlinearity of b ·∇b. More importantly, the particularity of vacuum state should
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also be considered and temperature also affects the change of density. Therefore, moti-
vated by [23,33], we studied the global existence and large-time asymptotic behavior of
strong solution to the Cauchy problem of nonhomogeneous incompressible Boussinesq
equations for magnetohydrodynamics convection in R2.

Now, let’s go back to (1.1). We note here the notations and conventions employed
throughout the paper. For R>0, set

BR≜{x∈R2 | |x|<R},
∫

fdx≜
∫
R2

fdx.

Moreover, for 1≤ r≤∞, k≥1, we denote the standard Lebesgue and Sobolev spaces as
follows:

Lr=Lr(R2), W k,r=W k,r(R2), Hr=W k,2.

Then, we define the strong solution to (1.1) as follows:

Definition 1.1. If all derivatives involved in (1.1) for (ρ,u,P,b,θ) are regular distri-
butions, and Equations (1.1) hold almost everywhere in R2×(0,T ), then (ρ,u,P,b,θ) is
called a strong solution to (1.1). Without loss of generality, we assume that the initial
density ρ0 satisfies ∫

R2

ρ0dx=1. (1.3)

(1.3) implies that there exists a positive constant N0 such that

∫
BN0

ρ0dx≥
1

2

∫
ρ0dx=

1

2
. (1.4)

Our main result is stated as follows:

Theorem 1.1. Suppose the initial data (ρ0,u0) satisfy that for any given numbers
a>1 and q>2,


ρ0≥0,ρ0x̄

a∈L1∩H1∩W 1,q,∇u0∈L2,
√
ρ0u0∈L2,

b0x̄
a/2∈L2,∇b0∈L2,θ0x̄

a/2∈L2,∇θ0∈L2,

divu0=divb0=0;

(1.5)

where

x̄≜ (e+ |x|2) 1
2 log2(e+ |x|2). (1.6)

Then the problem (1.1)−(1.2) has a unique global strong solution (ρ,u,P,b,θ) satisfying
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that for any 0<T <∞,

0≤ρ∈C([0,T ];L1∩H1∩W 1,q),

ρx̄a∈L∞(0,T ;L2∩H1∩W 1,q),

√
ρu,∇u,x̄−1u,

√
t
√
ρut,

√
t∇p,

√
t∇2u∈L∞(0,T ;L2),

b,bx̄a/2,∇b,
√
tbt,

√
t∇2b,

√
t∇bx̄a/2∈L∞(0,T ;L2),

θ,θx̄a/2,∇θ,
√
tθt,

√
t∇2θ,

√
t∇θx̄a/2∈L∞(0,T ;L2),

∇u∈L2(0,T ;H1)∩L(q+1)/q(0,T ;W 1,q),

∇P ∈L2(0,T ;L2)∩L(q+1)/q(0,T ;Lq),

∇b∈L2(0,T ;H1),bt,∇bx̄a/2∈L2(0,T ;L2),

∇θ∈L2(0,T ;H1),θt,∇θx̄a/2∈L2(0,T ;L2),
√
t∇u∈L2(0,T ;W 1,q),

√
ρut,

√
t∇ut,

√
t∇bt,

√
t∇θt,

√
tx̄−1ut∈L2(R2×(0,T ));

(1.7)

and

inf
0≤t≤T

∫
BN1

ρ(x,t)dx≥ 1

4
, (1.8)

for some positive constant N1 depending only ∥ρ0∥L1 , ∥√ρ0u0∥L2 , N0 and T . Moreover,
(ρ,u,P,b,θ) has the following decay rates, that is, for t≥1,{

∥∇u(·,t)∥L2 +∥∇b(·,t)∥L2 +∥∇θ(·,t)∥L2 ≤Ct−1/2,

∥∇2u(·,t)∥L2 +∥∇P (·,t)∥L2 +∥|b||∇b|∥L2 ≤Ct−1;
(1.9)

where C depends only on µ, κ, ∥ρ0∥L1∩L∞ , ∥√ρ0u0∥L2 , and ∥∇u0∥L2 .

Remark 1.1. If the capillarity coefficient is zero, i.e. κ=0, it should be noted here
that, although the Equations (1.1) degenerate near vacuum, Theorem 1.1 is the same as
that in [33]. We generalize the main result of [33], and extend the local strong solutions
to the global strong solutions.

Remark 1.2. Note that no compatibility condition (see [5, 6]) on the initial data is
required in Theorem 1.1 for the local existence and uniqueness of strong solutions.

2. Preliminaries
For the section, we will recall some known lemmas and inequalities. For given initial

data, the following lemma assumes that there is a unique local strong solution.

Lemma 2.1. Assume that (ρ0,u0,b0,θ0) satisfies (1.5). Then there exists a small time
T >0 and a unique strong solution (ρ,u,P,b,θ) to the problem (1.1)−(1.2) in R2×(0,T )
satisfying (1.7) and (1.8).

Lemma 2.2 (see the Gagliardo-Nirenberg inequality in [12]). For m∈ [2,∞), q∈
(1,∞), and r∈ (2,∞), there exists some generic constant C>0 which may rely on m,
q, and r such that for f ∈H1(R2) and g∈Lq(R2)∩D1,r(R2), we have

∥f∥mLm(R2)≤C∥f∥2L2(R2)∥∇f∥m−2
L2(R2), (2.1)
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∥g∥C(R2)≤C∥g∥q(r−2)/(2r+q(r−2))
Lq(R2) ∥∇g∥2r/(2r+q(r−2))

Lr(R2) . (2.2)

The following weighted Ln bounds for elements in D̃1,2(R2)≜{v∈H1
loc(R2)|∇v∈

L2(R2)} can be found in [12, Theorem 1.1].

Lemma 2.3 (see [11]). For h∈ [2,∞) and λ∈ (1+h/2,∞), there exists a positive
constant C such that for all v∈ D̃1,2(R2),

(

∫
R2

|v|h

e+ |x|2
(log(e+ |x|2))−λdx)1/h≤C∥v∥L2(B1)+C∥∇v∥L2(R2). (2.3)

The Lemma 2.3 combined with the Poincaré inequality gets the following useful
results on weighted bounds, we can also refer to ( [11], Lemma 2.4).

Lemma 2.4 (see [28]). We can refer to x̄ in (1.6), and assume that ρ∈L1(R2)∩
L∞(R2) is a non-negative function such that

∥ρ∥L1(BN0
)≥M0, ∥ρ∥L1(R2)∩L∞(R2)≤M1, (2.4)

for positive constants M0, M1, and N0≥1 with BN0 ⊂R2. Then for α>0, β>0, there
is a positive constant C depending only on α, β, M0, M1, and N0 such that every
v∈ D̃1,2(R2) satisfies

∥vx̄−β∥L(2+α)/β̃(R2) ≤C∥ρ1/2v∥L2(R2)+C∥∇v∥L2(R2), (2.5)

with β̃=min{1,β}.

Finally, let BMO (R2) and H1(R2) represent BMO and Hardy spaces [28, Chapter
4]. In the next section, some facts are more important to prove Lemma 3.2.

Lemma 2.5 (see [7]).
(i) There is a positive constant C such that

∥G ·M∥H1(R2)≤C∥G∥L2(R2)∥M∥L2(R2), (2.6)

for all G∈L2(R2) and M ∈L2(R2) satisfying

divG=0, ∇⊥ ·M =0 in D′(R2). (2.7)

(ii) There is a positive constant C such that

∥f∥BMO(R2)≤C∥∇f∥L2(R2), (2.8)

for all f ∈ D̃1,2(R2).

Proof.
(i) Please refer to [7, Theorem II.1] for a detailed proof.

(ii) It follows, together with the Poincaré inequality, that for any ball B⊂ (R2)

1

|B|

∫
B

|v(x)− 1

|B|

∫
B

v(y)dy|dx≤C(

∫
B

|∇v|2dx)1/2, (2.9)

which directly gives (2.8).
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3. Convergence rate of the solution

3.1. Lower order estimates. As div u=0, we have an estimate on the
L∞(0,T ;Lr)−norm of ρ, as follows:

Lemma 3.1. There exists a positive constant C depending only on ∥ρ0∥L1∩L∞ such
that

sup
t∈[0,T ]

∥ρ∥L1∩L∞ ≤C. (3.1)

Proof. We can see [16, Theorem 2.1]. Then, we will estimate the L∞(0,T ;L2)-norm
of ∇b, ∇θ and ∇u.

Lemma 3.2. There exists a positive constant C depending only on µ, ν, κ, ∥ρ0∥L∞ ,
∥∇u0∥L2 , ∥√ρu0∥L2 , ∥b0∥H1 and ∥θ0∥H1 such that

sup
t∈[0,T ]

(∥∇u∥2L2 +∥∇θ∥2L2 +∥∇b∥2L2 +∥b∥4L4)

+

∫ T

0

(∥√ρu̇∥2L2 +∥△θ∥2L2 +∥△b∥2L2 +∥|∇b||b|∥2L2)dt≤C. (3.2)

Here u̇≜∂tu+u ·∇u. One has

sup
t∈[0,T ]

t(∥∇u∥2L2 +∥∇θ∥2L2 +∥∇b∥2L2 +∥b∥4L4)

+

∫ T

0

t(∥√ρu̇∥2L2 +∥△θ∥2L2 +∥△b∥2L2 +∥|∇b||b|∥2L2)dt≤C. (3.3)

Proof. Invoking standard energy estimates, multiplying (1.1)2 by u and integrating
the resulting equality over R2 lead to∫

d

dt
(ρu2)dx+2µ

∫
|∇u|2dx

=2

∫
ρθe2 ·udx+2

∫
b ·∇b ·udx−

∫
∇|b|2 ·udx. (3.4)

Multiplying (1.1)3 by b and integrating the resulting equality over R2, we get∫
d

dt
b2dx+ν

∫
|∇b|2dx+

∫
u ·∇b ·bdx=0. (3.5)

Combining (3.3) and (3.4), we obtain from integrating the resulting equality over [0,T]
and the Cauchy-Schwarz inequality, that

d

dt
(∥√ρu∥2L2 +∥b∥2L2)+2µ∥∇u∥2L2 +ν∥∇b∥2L2 =2

∫
ρθe2 ·udx

≤∥ρ∥1/2L∞∥√ρu∥L2∥θ∥L2 . (3.6)

Multiplying (1.1)4 by θ and integrating over R2, then integrating the resulting equality
over [0,T ], we arrive at

sup
t∈[0,T ]

∥θ∥2L2 +κ

∫ T

0

∥∇θ∥2L2dt≤∥θ0∥2L2 . (3.7)
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Integrating (3.6) with respect to t and together with (3.1) and (3.7), we have

sup
t∈[0,T ]

(∥√ρu∥2L2 +∥b∥2L2)+

∫ T

0

(∥∇u∥2L2 +∥∇b∥2L2)dt≤C. (3.8)

Combining (3.7) and (3.8) yields

sup
t∈[0,T ]

(∥√ρu∥2L2 +∥b∥2L2 +∥θ∥2L2)+

∫
(∥∇u∥2L2 +∥∇b∥2L2 +∥∇θ∥2L2)dt≤C. (3.9)

Next, multiplying (1.1)2 by u̇ and integrating over R2 give∫
ρ|u̇|2dx=µ

∫
∆u · u̇dx−

∫
∇P · u̇dx+

∫
ρθe2 · u̇dx+

∫
b ·∇b · u̇dx− 1

2

∫
∇|b|2 · u̇dx

≜J1+J2+J3+J4+J5. (3.10)

In view of the integration by parts and (2.2), we get

J1=µ

∫
△u ·(ut+u ·∇u)dx

=−µ

2

d

dt
∥∇u∥2L2 −µ

∫
∂iu

j∂i(u
k∂ku

j)dx

≤−µ

2

d

dt
∥∇u∥2L2 +C∥∇u∥3L3

≤−µ

2

d

dt
∥∇u∥2L2 +C∥∇u∥2L2∥∇2u∥L2 . (3.11)

We estimate J2 by Equation (1.1)5, integration by parts and the duality of H1 space
and BMO (see [7, Chapter IV]). Then, since div(∂ju)=∂jdivu=0, ∇⊥ ·(∇uj)=0, and
along with (2.7) and (2.9) yields

J2=−
∫

∇P (ut+u ·∇u)dx=

∫
P∂ju

i∂iu
jdx

≤C∥P∥BMO∥∂jui∂iu
j∥H1 ≤C∥∇p∥L2∥∇u∥2L2 . (3.12)

We can deduce the term J3 by the Cauchy-Schwarz inequality, (3.1), and (3.9), to get

J3= |
∫

ρθe2 · u̇dx|≤C∥ρ∥1/2L∞∥√ρu̇∥L2∥θ∥L2 ≤ 1

2
∥√ρu̇∥2L2 +C. (3.13)

It follows from integration by parts, (1.1)3 and (1.1)5 that

J4=

∫
b ·∇b ·utdx+

∫
b ·∇b ·(u ·∇u)dx

=− d

dt

∫
b ·∇u ·bdx+

∫
bt ·∇u ·bdx+

∫
b ·∇u ·btdx

−
∫

bi∂iu
j∂ju

kbkdx−
∫

biuj∂i∂ju
kbkdx

=− d

dt

∫
b ·∇u ·bdx+

∫
(ν△b−u ·∇b+b ·∇u) ·∇u ·bdx

+

∫
b ·∇u ·(ν△b−u ·∇b+b ·∇u)dx−

∫
bi∂iu

j∂ju
kbkdx
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+

∫
ui∂jb

i∂iu
kbkdx+

∫
bi∂iu

kuj∂jb
kdx

≤− d

dt

∫
b ·∇u ·bdx+ ν

2
∥△b∥2L2 +C∥b∥2L2∥∇b∥4L2 +C∥∇u∥2L2∥∇2u∥L2 . (3.14)

The integration by parts together with (1.1)5 and (2.2) leads to

J5=
1

2

∫
|b|2∂iuj∂ju

idx≤C∥b∥6L6 +C∥∇u∥3L3

≤C∥b∥2L2∥∇b∥4L2 +C∥∇u∥2L2∥∇2u∥L2 . (3.15)

Next, substituting (3.11)-(3.15) into (3.10) gives

d

dt
(
µ

2
∥∇u∥2L2 +

∫
b ·∇u ·bdx)+ 1

2
∥√ρu̇∥2L2

≤ν

2
∥△b∥2L2 +C∥b∥2L2∥∇b∥4L2 +C(∥∇2u∥L2 +∥∇P∥L2)∥∇u∥2L2 . (3.16)

Then, adding (1.1)3×△b to (1.1)4×△θ and integrating the resulting equality over R2,
it follows form Hölder’s inequality and (2.2) that

d

dt

∫
(|∇b|2+ |∇θ|2)dx+2ν

∫
|△b|2dx+2κ

∫
|△θ|2dx

≤C

∫
|∇u||∇b|2dx+C

∫
|∇u||b||△b|dx+C

∫
|∇u||∇θ|2dx

≤C∥∇u∥L3(∥∇b∥4/3L2 ∥∇2b∥2/3L2 +∥b∥L6∥△b∥L2 +∥∇θ∥4/3L2 ∥△θ∥2/3L2 )

≤C∥∇u∥2L2∥∇2u∥L2 +C(1+∥b∥2L2)∥∇b∥4L2 +
ν

2
∥△b∥2L2 +C∥∇θ∥2L2 +

κ

2
∥△θ∥2L2 , (3.17)

which together with (3.16) and (3.9) estimate

d

dt
(
µ

2
∥∇u∥2L2 +∥∇b∥2L2 +∥∇θ∥2L2 +

∫
b ·∇u ·bdx)+∥√ρu̇∥2L2 +2ν∥△b∥2L2 +2κ∥△θ∥2L2

≤C(∥∇θ∥4L2 +∥∇b∥4L2)+C(∥∇2u∥L2 +∥∇P∥L2)∥∇u∥2L2 . (3.18)

On the other hand, as (ρ,u,P,b,θ) satisfies the following Stokes system
−µ△u+∇p=−ρu̇+ρθe2+b ·∇b− 1

2
∇|b|2, x∈R2,

divu=0, x∈R2,

u(x)→0, |x|→∞,

(3.19)

applying the standard Lr-estimates (3.1) to (3.19)(see [29]) that hold for any s>1,

∥∇2u∥Ls +∥∇p∥Ls ≤C∥ρu̇∥Ls +C∥ρθ∥Ls +C∥|b||∇b|∥Ls

≤C∥√ρu̇∥Ls +C∥ρθ∥Ls +C∥|b||∇b|∥Ls . (3.20)

It deduces from (3.18), (3.20), (3.1) and (3.9) that

d

dt
A(t)+

1

2
∥√ρu̇∥2L2 +2ν∥△b∥2L2 +2κ∥△θ∥2L2

≤C∥∇b∥4L2 +C∥∇θ∥4L2 +C∥∇u∥4L2 +
1

2
∥|b||∇b|∥2L2 , (3.21)
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where

A(t)≜
µ

2
∥∇u∥2L2 +∥∇b∥2L2 +∥∇θ∥2L2 +

∫
b ·∇u ·bdx, (3.22)

and owing to (2.1) and (3.9), one has

µ

4
∥∇u∥2L2 +∥∇b∥2L2 +∥∇θ∥2L2 −C1∥b∥4L4 ≤A(t)≤∥∇u∥2L2 +∥∇b∥2L2 +∥∇θ∥2L2 . (3.23)

Then, multiplying (1.1)3 by b|b|2 and integrating the resulting equality by parts over
R2 lead to

1

4
(∥|b|2∥2L2)t+ν∥|b||∇b|∥2L2 +

ν

2
∥∇|b|2∥2L2 ≤C∥∇u∥L2∥|b|2∥2L4

≤C∥∇u∥L2∥|b|2∥L2∥∇|b|2∥L2

≤C∥∇u∥4L2 +
ν

4
∥∇|b|2∥2L2 +∥∇b∥4L2 . (3.24)

Finally, combining (3.24), (3.21) and (3.23) yields

d

dt
(A(t)+∥b∥4L4)+

1

2
∥√ρu̇∥2L2 +ν∥△b∥2L2 +κ∥△θ∥2L2 +2ν∥|b||∇b|∥2L2

≤C(∥∇u∥2L2 +∥∇b∥2L2 +∥∇θ∥2L2)(A(t)+∥b∥4L4), (3.25)

which together with (3.9), (3.23) and Gronwall’s inequality gives (3.2). Then, (3.25)
multiplied by t, (3.9) combined with (3.23), (3.2) and Gronwall’s inequality gives (3.3).
Finally, it finishes the proof of Lemma 3.2.

Lemma 3.3. There is some positive constant C depending only on µ, ν, κ, ∥ρ0∥L1∩L∞ ,

∥∇u0∥L2 , ∥b0∥H1 and ∥ρ1/20 u0∥L2 such that for i=1,2,

sup
t∈[0,T ]

ti(∥√ρu̇∥2L2 +∥|b||∇b|∥2L2)+

∫ T

0

ti(∥∇u̇∥3L2 +∥|b||△b|∥2L2)dt≤C, (3.26)

and

sup
t∈[0,T ]

ti(∥∇2u∥2L2 +∥∇P∥2L2)≤C. (3.27)

Proof. First, operating ∂t+u ·∇ to (1.1)j2, it follows from a few simple calculations
that

∂t(ρu̇
j)+div(ρuu̇j)−µ△u̇j =−µ∂i(∂iu ·∇uj)−µdiv(∂iu∂iu

j)−∂j∂tP −(u ·∇)∂jP

+∂t(ρθe
j
2)+u ·∇(ρθej2)+∂t(b ·∇bj)

+u ·∇(b ·∇bj)− 1

2
∂t(∂j |b|2)−

1

2
u ·∇(∂j |b|2). (3.28)

Next, (3.28) multiplied by u̇j , and together with integration by parts and (1.1)5, we
have

1

2

d

dt
∥√ρu̇∥2L2 +µ∥∇u̇∥2L2 =−µ

∫
∂i(∂iu ·∇uj)u̇jdx−µ

∫
div(∂iu∂iu

j)u̇jdx

−
∫
(u̇j∂t∂jP + u̇j(u ·∇)∂jP )dx+

∫
(∂t(ρθe

j
2)+u ·∇(ρθej2)) · u̇jdx
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+

∫
(∂t(b ·∇bj)+u ·∇(b ·∇bj)) · u̇jdx− 1

2

∫
(∂t(∂j |b|2)+u ·∇(∂j |b|2)) · u̇jdx

≜
6∑

i=1

Ki. (3.29)

Following the same argument as [22, Lemma 3.3] we have the estimates of (Ki(i=1,2,3))
as

3∑
i=1

Ki≤
d

dt

∫
P∂ju

i∂iu
jdx+C(∥p∥4L4 +∥∇u∥4L4)+

µ

8
∥∇u̇∥2L2 . (3.30)

Estimating the term K4 by (1.1)1, (1.1)4, (1.1)5, (3.1), (3.2) and (3.9), one has

K4=−
∫

div(ρu)θej2 · u̇jdx+

∫
ρej2(κ∇θ−u ·∇θ) · u̇jdx−

∫
uiρθej2∂iu̇

jdx

=

∫
ρuθej2 ·∇u̇jdx+κ

∫
ρej2△θ · u̇jdx−

∫
uiρθej2∂iu̇

jdx

≤C

∫
ρ|u||θ||∇u̇|dx+C

∫
ρ|u̇||△θ|dx

≤C∥ρ∥1/2L∞∥√ρu∥L2∥θ∥L∞∥∇u̇∥L2 +C∥ρ∥1/2L∞∥√ρu̇∥L2∥△θ∥L2

≤ µ

8
∥∇u̇∥2L2 +C∥△θ∥2L2 +C∥√ρu̇∥2L2 +C. (3.31)

We can deduce from integration by parts, (1.1)3, (1.1)5, and (2.2) that

K5=−
∫

bit∂iu̇
jbjdx−

∫
bi∂iu̇

jbjtdx−
∫

∂iu
juibk∂kb

jdx

=

∫
(−ν△bi+u ·∇bi−bi ·∇u)∂iu̇

jbjdx+

∫
bi∂iu̇

j(−ν△bi+u ·∇bi−bi ·∇u)dx

+

∫
ui∂i∂ku̇

jbkbjdx+

∫
∂iu̇

j∂ku
ibkbjdx

=−ν

∫
△b ·∇u̇ ·bdx−ν

∫
b ·∇u̇ ·△bdx−

∫
b ·∇u̇ ·(b ·∇u)dx

≤C∥|b|2∥4L4 +C∥∇u∥4L4 +C∥|b||△b|∥2L2 +
µ

8
∥∇u̇∥2L2 . (3.32)

Same as K5, we also get

K6=

∫
divu̇b ·(b ·∇u+ν△b)dx− 1

2

∫
∂j u̇

jui∂i|b|2dx+
1

2

∫
ui∂iu̇

j∂j |b|2dx

≤C

∫
|∇u|3|b|2dx+C

∫
|∇u|2|△b||b|dx− 1

2

∫
∂ju

i∂iu̇
j |b|2dx

≤C∥|b|2∥4L4 +C∥∇u∥4L4 +C∥|b||△b|∥2L2 +
µ

8
∥∇u̇∥2L2 . (3.33)

Substituting (3.30)-(3.33) into (3.29) gives

1

2

d

dt
∥√ρu̇∥2L2 +

µ

2
∥∇u̇∥2L2 ≤

d

dt

∫
P∂ju

i∂iu
jdx+C(∥p∥4L4 +∥∇u∥4L4)+C∥√ρu̇∥2L2

+C∥△θ∥2L2 +C∥|b|2∥4L4 +C∥|b||△b|∥2L2 +C. (3.34)
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Multiplying (1.1)3 by 4ν−1b△|b|2 and integrating the resulting equality over R2 leads
to

ν−1(∥∇|b|2∥2L2)t+2∥△|b|2∥2L2

=4

∫
|∇b|2△|b|2dx−4ν−1

∫
b ·∇u ·b△|b|2dx+2ν−1

∫
u ·∇|b|2△|b|2dx

≤C∥∇u∥4L4 +C∥∇b∥4L4 +C∥|b|2∥4L4 +∥△|b|2∥2L2 . (3.35)

Next, we will adapt some key ideas used in [21] to estimate the term ∥|b||△b|∥2L2 . Indeed,
for a1,a2∈{−1,0,1}, denote

b̃(a1,a2)=a1b
1+a2b

2, ũ(a1,a2)=a1u
1+a2u

2. (3.36)

Notice that

∥|b||△b|∥2L2 ≤C∥∇b∥4L4 +∥△|b̃(1,0)|2∥2L2 +∥△|b̃(0,1)|2∥2L2

+∥△|b̃(1,1)|2∥2L2 +∥△|b̃(1,−1)|2∥2L2 (3.37)

and

∥|b||∇b|∥2L2 ≤E(t)≤C∥|b||∇b|∥2L2 (3.38)

with

E(t)≜∥∇|b̃(1,0)|2∥2L2 +∥∇|b̃(0,1)|2∥2L2 +∥∇|b̃(1,1)|2∥2L2 +∥∇|b̃(1,−1)|2∥2L2 , (3.39)

which combined with (3.35) and (3.36) implies

d

dt
(ν−1C1E(t))+C1∥|b||△b|∥2L2

≤C∥∇u∥4L4 +C∥∇b∥4L4 +C∥|b|2∥4L4 +C∥△|b|2∥2L2 . (3.40)

Putting (3.40) into (3.34), we have

d

dt
F (t)+

µ

2
∥∇u̇∥2L2 +∥|b||△b|∥2L2

≤C(∥P∥4L4 +∥∇u∥4L4)+C∥√ρu̇∥2L2 +C∥△θ∥2L2 +C∥∇b∥4L4 +C∥|b|2∥4L4 +C, (3.41)

where

F (t)≜
1

2
∥√ρu̇∥2L2 +ν−1C1E(t)−

∫
P∂ju

i∂iu
jdx (3.42)

satisfies

1

4
∥√ρu̇∥2L2 +

ν−1

2
C1E(t)−C∥∇u∥4L2 ≤F (t)≤C∥√ρu̇∥2L2 +CE(t)+C∥∇u∥4L2 . (3.43)

We can get the following estimates from (3.12), (3.20), (3.38) and Young’s inequality

|
∫

P∂ju
i∂iu

jdx|≤C(∥√ρu̇∥L2 +∥ρθ∥L2 +∥|b||∇b|∥2L2)∥∇u∥2L2

≤ 1

2
∥√ρu̇∥2L2 +

ν−1

2
C1E(t)+C∥∇u∥4L2 . (3.44)
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Thus, combining with (3.20), (2.1), (3.9) and Sobolev’s inequality, we will estimate the
term on the right-hand of (3.15) that

∥P∥4L4 +∥∇u∥4L4 ≤C(∥∇P∥4
L

4
3
+∥∇2u∥4

L
4
3
)

≤C(∥ρu̇∥4
L

4
3
+∥ρθ∥4

L
4
3
+∥|b||∇b|∥4

L
4
3
)

≤C(∥ρ∥2L2∥
√
ρu̇∥4L2 +∥ρ∥4L4∥θ∥4L2 +∥b∥4L2∥∇b∥4L4)

≤C∥√ρu̇∥4L2 +C∥∇b∥2L2∥∇2b∥2L2 +C. (3.45)

We can deduce from (2.1) and (3.9) that

∥∇b∥4L4 +∥|b|2∥4L4 ≤C∥∇b∥2L2∥∇2b∥2L2 +C∥∇b∥2L2∥|b||∇b|∥2L2 . (3.46)

Then, substituting (3.45) and (3.46) into (3.41), and together with (3.38), (3.43), (3.2)
and (3.3), we can obtain that for i=1,2,

d

dt
F (t)+

µ

2
∥∇u̇∥2L2 +∥|b||△b|∥2L2

≤C(∥√ρu̇∥2L2 +∥∇b∥2L2)(F (t)+∥∇u∥4L2 +1)+C∥△θ∥2L2 +C∥∇b∥2L2∥∇2b∥2L2

≤C(∥√ρu̇∥2L2 +∥∇b∥2L2)F (t)+C∥△θ∥2L2 +Ct1−i(∥√ρu̇∥2L2 +∥∇2b∥2L2 +∥∇u∥4L2).
(3.47)

Next, applying Gronwall’s inequality to (3.47), multiplying by ti(i=1,2), it follows from
(3.38), (3.43), (3.2), (3.3) and (3.9) that

sup
t∈[0,T ]

(tiF (t))+

∫ T

0

ti(∥∇u̇∥2L2 +∥|b||△b|∥2L2)dt

≤
∫ T

0

t1−iF (t)dt+C

∫ T

0

t∥△θ∥2L2dt

+C

∫ T

0

t(∥√ρu̇∥2L2 +∥∇2b∥2L2 +∥∇u∥4L2)dt

≤C(T ). (3.48)

Finally, as i=1,2, from (3.38), (3.43) and (3.3) we get (3.26). (3.27) is a direct conse-
quence of (3.26) and (3.20). We finish the proof of Lemma 3.3.

3.2. Lower order estimates. We are concerned with the estimates on the
higher-order derivatives of the strong solution (ρ,u,p,b,θ) as follows:

Lemma 3.4. For a positive constant C, such that

sup
t∈[0,T ]

∥ρx̄a∥L1 ≤C(T ). (3.49)

Proof. For M>1, let φM ∈C∞
0 (BM ) satisfy

0≤φM ≤1, φM (x)=

{
1, |x|≤M/2,

0, |x|≥M,
|∇φM |≤CM−1. (3.50)

We can deduce with (1.1)1 that

d

dt

∫
ρφMdx=

∫
ρu ·∇φMdx≥−CM−1(

∫
ρdx)1/2(

∫
ρ|u|2dx)1/2≥−C̃M−1, (3.51)
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in the last inequality of (3.51), we have applied (3.2) and (3.9). Integrating (3.51) and
letting M =N1≜2N0+4C̃T , we obtain after using (1.4) that

inf
t∈[0,T ]

∫
BN1

ρdx≥ inf
t∈[0,T ]

∫
ρφN1dx

≥
∫

ρ0φN1
dx− C̃N−1

1 T

≥
∫
BN0

ρ0dx−
C̃T

2N0+4C̃T

≥ 1

4
. (3.52)

(3.52) along with (3.1), (3.9) and (2.5) for any η∈ (0,1] and any s>2, result in

∥ux̄−η∥Ls/η ≤C(∥ρ1/2u∥L2 +∥∇u∥L2)≤C. (3.53)

Multiplying (1.1)1 by x̄a and integrating the resulting equality by parts over R2 we find
that

d

dt

∫
ρx̄adx≤C

∫
ρ|u|x̄a−1 log2(e+ |x|2)dx

≤C∥ρx̄a−1+ 8
8+a ∥

L
8+a
7+a

∥ux̄− 1
8+a ∥L8+a

≤C

∫
ρx̄adx+C. (3.54)

Using Gronwall’s inequality on (3.54) gives (3.49) and it proves Lemma 3.4.

Lemma 3.5. There is a positive constant C depending on T such that

sup
t∈[0,T ]

∥ρ∥H1∩W 1,q +

∫ T

0

(∥∇2u∥2L2 +∥∇2u∥
q+1
q

Lq + t∥∇2u∥2L2∩Lq )dt

+

∫ T

0

(∥∇P∥2L2 +∥∇P∥
q+1
q

Lq + t∥∇P∥2L2∩Lq )dt≤C(T ). (3.55)

Proof. We can follow from (1.1)1 that ∇ρ holds for any r≥2,

d

dt
∥∇ρ∥Lr ≤C(r)∥∇u∥L∞∥∇ρ∥Lr . (3.56)

Next, employing Lemma 2.2, (3.2) and (3.20), we have for q>2,

∥∇u∥L∞ ≤C∥∇u∥
q−2

2(q−1)

L2 ∥∇2u∥
q

2(q−1)

Lq ≤C∥ρu̇∥
q

2(q−1)

Lq . (3.57)

It follows from (3.52), (3.1), (2.2) and (3.49) that for any s>2,

∥ρv∥Ls ≤C∥ρx̄ 3a
4s ∥

L
4s
3
∥vx̄− 3a

4s ∥L4s

≤C∥ρ∥
(4s−3)

4s

L∞ ∥ρx̄a∥
3
4s

L1(∥ρ1/2v∥L2 +∥∇v∥L2)

≤C(∥ρ1/2v∥L2 +∥∇v∥L2), (3.58)
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(3.58) combined with the Gagliardo-Nirenberg inequality shows that

∥ρu̇∥Lq ≤C∥ρu̇∥
2(q−1)

q2−2

L2 ∥ρu̇∥
q(q−2)

q2−2

Lq2

≤C∥ρu̇∥
2(q−1)

q2−2

L2 (∥√ρu̇∥L2 +∥∇u̇∥L2)
q(q−2)

q2−2

≤C(∥√ρu̇∥L2 +∥√ρu̇∥
2(q−1)

q2−2

L2 ∥∇u̇∥
q(q−2)

q2−2

L2 ), (3.59)

which is deformed and when calculated appropriately, leads to∫ T

0

∥ρu̇∥
q+1
q

Lq dt≤C

∫ T

0

∥√ρu̇∥
q+1
q

L2 dt

+ sup
t∈[0,T ]

(t∥√ρu̇∥2L2)
q2−1

2q(q2−2)

∫ T

0

t
− q3+q2−2q−2

2q(q2−2) (t∥∇u̇∥2L2)
q(q−2)(q+1)

2q(q2−2) dt

≤C

∫ T

0

∥√ρu̇∥2L2dt+C

∫ T

0

t
− q3+q2−2q−2

q3+q2−2q dt+C

∫ T

0

t∥∇u̇∥2L2dt

≤C, (3.60)∫ T

0

t∥ρu̇∥2Lqdt≤C(

∫ T

0

t∥∇u̇∥2L2dt+1)≤C. (3.61)

Then, (3.60) and (3.57) imply ∫ T

0

∥∇u∥L∞dt≤C(t). (3.62)

Next, using Gronwall’s inequality on (3.56) shows

sup
t∈[0,T ]

∥∇ρ∥L2∩Lq ≤C. (3.63)

Then, letting s=2 in (3.20) and integrating the resulting equality over [0,T ], we obtain
after using (3.1), (3.2) and (3.3) that∫ T

0

∥∇2u∥2L2dt+

∫ T

0

∥∇P∥2L2dt≤C. (3.64)

Similarly, setting r= q in (3.20) and integrating the resulting equality over [0,T ], we
deduce using (3.60), (3.1), (3.2) and (3.3) that∫ T

0

∥∇2u∥
q+1
q

Lq dt+

∫ T

0

∥∇P∥
q+1
q

Lq dt≤C. (3.65)

Multiplying (3.20) by t and integrating the resulting equality over [0,T ], we can obtain
after using (3.60), (3.1), (3.2) and (3.3) that∫ T

0

t∥∇2u∥2L2∩Lqdt+

∫ T

0

t∥∇P∥2L2∩Lqdt≤C. (3.66)

Moreover, we can get from (3.64), (3.65) and (3.66) that∫ T

0

(∥∇2u∥2L2 +∥∇2u∥
q+1
q

Lq + t∥∇2u∥2L2∩Lq )dt
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+

∫ T

0

(∥∇P∥2L2 +∥∇P∥
q+1
q

Lq + t∥∇P∥2L2∩Lq )dt≤C, (3.67)

which combined with (3.1) and (3.63) gives (3.55). Lemma 3.5 is proved.

Lemma 3.6 (see [21]). There exists a positive constant C depending on T such that
for q>2,

sup
t∈[0,T ]

∥ρx̄a∥L1∩H1∩W 1,q ≤C(T ). (3.68)

Lemma 3.7. There exists a positive constant C such that

sup
t∈[0,T ]

(∥bx̄ a
2 ∥2L2 +∥θx̄ a

2 ∥2L2)+

∫ T

0

(∥∇bx̄
a
2 ∥2L2 +∥∇θx̄

a
2 ∥2L2)dt≤C(T ), (3.69)

and

sup
t∈[0,T ]

t(∥∇bx̄
a
2 ∥2L2 +∥∇θx̄

a
2 ∥2L2)+

∫ T

0

t(∥△bx̄
a
2 ∥2L2 +∥△θx̄

a
2 ∥2L2)dt≤C(T ). (3.70)

Proof. First, adding (1.1)3×bx̄a to (1.1)4×θx̄a and integrating the resulting
equality over R2, we have

1

2

d

dt
(∥bx̄a/2∥2L2 +∥θx̄a/2∥2L2)+ν∥∇bx̄a/2∥2L2 +κ∥∇θx̄a/2∥2L2

≤C

∫
(|b|2+ |θ|2)△x̄adx+

∫
b ·∇u ·bx̄adx+

1

2

∫
(|b|2+ |θ|2)u ·∇x̄adx

≜L1+L2+L3, (3.71)

where

L1≤C

∫
(|b|2+ |θ|2)x̄ax̄−2 log4(e+ |x|2)dx

≤C∥bx̄a/2∥2L2 +C∥θx̄a/2∥2L2 , (3.72)

L2≤C∥∇u∥L2∥bx̄a/2∥2L4 ≤C∥bx̄a/2∥L2(∥∇bx̄a/2∥L2 +∥b∇x̄a/2∥L2)

≤C∥bx̄a/2∥2L2 +
ν

4
∥∇bx̄a/2∥2L2 , (3.73)

L3=
1

2

∫
(|b|2+ |θ|2)u ·∇x̄adx

≤C(∥bx̄a/2∥L4∥bx̄a/2∥L2 +∥θx̄a/2∥L4∥θx̄a/2∥L2)∥ux̄−3/4∥L4

≤C∥bx̄a/2∥2L2 +
ν

4
∥∇bx̄a/2∥2L2 +∥θx̄a/2∥2L2 +

κ

2
∥∇θx̄a/2∥2L2 . (3.74)

Substituting (3.72)-(3.74) into (3.71), we get

1

2

d

dt
(∥bx̄a/2∥2L2 +∥θx̄a/2∥2L2)+

ν

2
∥∇bx̄a/2∥2L2 +

κ

2
∥∇θx̄a/2∥2L2

≤C∥bx̄a/2∥2L2 +C∥θx̄a/2∥2L2 . (3.75)

Using Gronwall’s inequality on (3.75), we obtain (3.69).
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Next, multiplying (1.1)3 by △bx̄a and integrating by parts over R2, we find

1

2

d

dt
∥∇bx̄a/2∥2L2 +ν∥△bx̄a/2∥2L2

≤C

∫
|∇u||∇b|2x̄adx+C

∫
|u||∇b|2|∇x̄a|dx+C

∫
|∇b||△b||∇x̄a|dx

+C

∫
|b||∇u||△b|x̄adx+C

∫
|∇b||b|∇u||∇x̄a|dx

≜
5∑

i=1

L̄i, (3.76)

we can get the following estimations by the Gagliardo-Nirenberg inequality, (3.2), (3.69)
and (3.53)

L̄1≤C∥∇u∥L∞∥∇bx̄a/2∥2L2 ≤C(1+∥∇2u∥q+1/q
Lq )∥∇bx̄a/2∥2L2 , (3.77)

L̄2≤C∥|∇b|2−2/3ax̄a−1/3∥L6a/6a−2∥ux̄−1/3∥L6a∥|∇b|2/3a∥L6a

≤C∥∇bx̄a/2∥6a−2/3a
L2 ∥∇b∥2/3aL4 ≤C∥∇bx̄a/2∥2L2 +C∥∇b∥2L4

≤C∥∇bx̄a/2∥2L2 +C∥△bx̄a/2∥2L2 , (3.78)

L̄3+ L̄4≤
ν

4
∥△bx̄a/2∥2L2 +C∥∇bx̄a/2∥2L2 +C∥bx̄a/2∥4L4 +C∥∇u∥4L4

≤ ν

4
∥△bx̄a/2∥2L2 +C∥∇bx̄a/2∥2L2 +C∥∇2u∥2L2 +C, (3.79)

L̄5≤C∥bx̄a/2∥4L4 +C∥∇u∥4L4 +C∥∇bx̄a/2∥2L2

≤C∥bx̄a/2∥2L2(∥∇bx̄a/2∥2L2 +∥bx̄a/2∥2L2)+C∥∇u∥4L4 +C∥∇bx̄a/2∥2L2

≤C+C∥∇2u∥2L2 +C∥∇bx̄a/2∥2L2 . (3.80)

Inserting (3.77)-(3.80) into (3.76) implies that

d

dt
∥∇bx̄a/2∥2L2 +ν∥△bx̄a/2∥2L2

≤C(1+∥∇2u∥q+1/q
Lq )∥∇bx̄a/2∥2L2 +C∥∇2u∥2L2 +C. (3.81)

Multiplying (1.1)3 by △θx̄a and integrating by parts over R2, we find

1

2

d

dt
∥∇θx̄

a
2 ∥2L2 +κ∥△θx̄

a
2 ∥2L2

≤C

∫
|∇u||∇θ|2x̄adx+C

∫
|u||∇θ|2|∇x̄a|dx+C

∫
|∇θ||△θ||∇x̄a|dx≜

3∑
i=1

L̃i, (3.82)

where

L̃1≤C∥∇u∥L∞∥∇θx̄
a
2 ∥2L2 ≤C∥∇u∥

q−2
2(q−1)

L2 ∥∇2u∥
q−2

2(q−1)

Lq ∥∇θx̄
a
2 ∥2L2

≤C(1+∥∇2u∥
q+1
q

Lq )∥∇θx̄
a
2 ∥2L2 , (3.83)

L̃2≤C∥|∇θ|2− 2
3a x̄a− 1

3 ∥
L

6a
6a−2

∥ux̄− 1
3 ∥L6a∥|∇θ| 2

3a ∥L6a

≤C∥∇θx̄
a
2 ∥

6a−2
3a

L2 ∥∇θ∥
2
3a

L4 ≤C∥∇θx̄
a
2 ∥2L2 +C∥∇θ∥2L4
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≤C∥∇θx̄
a
2 ∥2L2 +

κ

4
∥△θx̄

a
2 ∥2L2 , (3.84)

L̃3≤
κ

4
∥△θx̄

a
2 ∥2L2 +C∥∇θx̄

a
2 ∥2L2 . (3.85)

Submitting L̃1, L̃2, L̃3 into (3.82), one has

d

dt
∥∇θx̄

a
2 ∥2L2 +κ∥△θx̄

a
2 ∥2L2 ≤C(1+∥∇2u∥

q+1
q

Lq )∥∇θx̄
a
2 ∥2L2 . (3.86)

Finally, combining (3.81) and (3.86), we get

d

dt
(∥∇bx̄a/2∥2L2 +∥∇θx̄

a
2 ∥2L2)+ν∥△bx̄a/2∥2L2 +κ∥△θx̄

a
2 ∥2L2

≤C(1+∥∇2u∥q+1/q
Lq )∥∇bx̄a/2∥2L2 +C∥∇2u∥2L2 +C(1+∥∇2u∥

q+1
q

Lq )∥∇θx̄
a
2 ∥2L2 +C.

(3.87)

We multiply (3.87) by t, and together with (3.69) and (3.55) , then employing Gronwall’s
inequlity, one obtains (3.70). This completes the proof of Lemma 3.7.

Lemma 3.8. There exists a positive constant C such that

sup
t∈[0,T ]

t(∥√ρut∥2L2 +∥bt∥2L2 +∥θt∥2L2 +∥∇2b∥2L2 +∥∇2θ∥2L2)

+

∫ T

0

t(∥∇ut∥2L2 +∥∇bt∥2L2 +∥∇θt∥2L2)dt≤C(T ). (3.88)

Proof. For any η∈ (0,1] and any s>2, we deduce from (3.53), (3.58), (3.9) and
(3.2) that

∥ρηu∥Ls/η +∥ux̄−η∥Ls/η ≤C. (3.89)

Next, we will prove that

sup
t∈[0,T ]

(∥∇u∥2L2 +∥∇θ∥2L2 +∥∇b∥2L2)

+

∫ T

0

(∥√ρut∥2L2 +∥bt∥2L2 +∥θt∥2L2 +∥△b∥2L2 +∥△θ∥2L2)dt≤C. (3.90)

With (3.2) at hand, we need to only show∫ T

0

(∥√ρut∥2L2 +∥bt∥2L2 +∥θt∥2L2)dt≤C. (3.91)

First, owing to (2.2) and (3.89) it is easy to show that

∥√ρut∥2L2 ≤∥√ρu̇∥2L2 +∥√ρ|u||∇u|∥2L2 ≤∥√ρu̇∥2L2 +C∥√ρu∥2L6∥∇u∥2L3

≤∥√ρu̇∥2L2 +C∥∇u∥2L2 +C∥∇2u∥2L2 . (3.92)

At the same time, (1.1)3, (1.1)3 combined with (2.2) and (3.2) respectively, gives

∥bt∥2L2 +∥θt∥2L2 ≤C∥△b∥2L2 +∥|b||∇u|∥2L2 +∥|u||∇b|∥2L2 +C∥△θ∥2L2 +∥|u||∇θ|∥2L2

≤C∥△b∥2L2 +∥b∥2L4∥∇u∥2L4 +∥∇bx̄
a
2 ∥2L2 +C∥△θ∥2L2 +∥∇θx̄

a
2 ∥2L2
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≤C∥△b∥2L2 +C∥∇u∥2L2 +C∥∇2u∥2L2 +C∥△θ∥2L2

+∥∇bx̄
a
2 ∥2L2 +∥∇θx̄

a
2 ∥2L2 , (3.93)

where

∥|u||∇b|∥2L2 ≤C∥ux̄−a/4∥4L8∥∇b∥2L4 +C∥∇bx̄a/2∥2L2

≤ 1

2
∥∇2b∥2L2 +C∥∇bx̄a/2∥2L2 (3.94)

and

∥|u||∇θ|∥2L2 ≤C∥ux̄−a/4∥4L8∥∇θ∥2L4 +C∥∇θx̄a/2∥2L2

≤ 1

2
∥∇2θ∥2L2 +C∥∇θx̄a/2∥2L2 . (3.95)

According to (3.89) and (2.2), we can get (3.91) by the combination of (3.92), (3.93),
(3.2), (3.9), (3.9), (3.55) and (3.69).
Next, differentiating (1.1)2 with respect to t gives

ρutt+ρu ·∇ut−µ△ut+∇Pt

=−ρt(ut+u ·∇u)−ρut ·∇u+(ρθe2)t+(b ·∇b− 1

2
∇|b|2)t. (3.96)

Multiplying (3.96) by ut and integrating by parts over R2, we deduce from (1.1)1 and
(1.1)4 that

1

2

d

dt

∫
ρ|ut|2dx+µ

∫
|∇ut|2dx

≤C

∫
ρ|u||ut|(∇ut+ |u||∇2u|+ |∇u|2)dx+C

∫
ρ|u|2|∇u||∇ut|dx

+

∫
ρ|ut|2|∇u|dx+

∫
ρtθe2 ·utdx+

∫
ρθte2 ·utdx

−
∫

bt ·∇ut ·bdx−
∫

b ·∇ut ·btdx

≜
7∑

i=1

M̄i, (3.97)

where

M̄1≤C∥√ρu∥L6∥√ρut∥
1
2

L2∥
√
ρut∥

1
2

L6(∥∇ut∥L2 +∥∇u∥2L4)

+C∥ρ 1
4u∥2L12∥

√
ρut∥

1
2

L2∥
√
ρut∥

1
2

L6∥∇2u∥L2

≤C∥√ρut∥
1
2

L2(∥
√
ρut∥L2 +∥∇ut∥L2)

1
2 (∥∇ut∥L2 +∥∇2u∥L2)

≤ µ

8
∥∇ut∥2L2 +C(1+∥√ρut∥2L2 +∥∇2u∥2L2), (3.98)

M̄2+M̄3≤C∥√ρu∥2L8∥∇u∥L4∥∇ut∥L2 +∥∇u∥L2∥√ρut∥
3
2

L6∥
√
ρut∥

1
2

L2

≤ µ

8
∥∇ut∥2L2 +C(1+∥√ρut∥2L2 +∥∇2u∥2L2). (3.99)
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We can obtain the term M̄4 from (1.1)1 together with integration by parts, (3.89), (3.2),
(3.9) and (2.2) that

M̄4=−
∫

div(ρu)θe2 ·utdx≤C

∫
ρ|u||∇θ||ut|dx+C

∫
ρ|u||θ||∇ut|dx

≤∥√ρut∥L2∥√ρu∥L4∥∇θ∥L4 +∥∇ut∥L2∥ρu∥L4∥θ∥L4

≤ µ

8
∥∇ut∥2L2 +C(1+∥√ρut∥2L2 +∥∇2θ∥2L2). (3.100)

We can obtain the bound from the Hölder inequality and (3.1) that

M̄5≤∥ρ∥1/2L∞∥√ρut∥L2∥θt∥L2 ≤C∥√ρut∥2L2 +C∥θt∥2L2 (3.101)

and

M̄6+M̄7≤
µ

8
∥∇ut∥2L2 +C∥|b||bt|∥2L2 ≤

µ

8
∥∇ut∥2L2 +C∥b∥2L2∥bt∥2L2

≤ µ

8
∥∇ut∥2L2 +C∥bt∥2L2 +

ν

2
∥∇bt∥2L2 . (3.102)

Submitting (3.98)-(3.102) into (3.97) gives

d

dt
∥√ρut∥2L2 +µ∥∇ut∥2L2

≤C(∥√ρut∥2L2 +∥bt∥2L2 +∥θt∥2L2)+C(∥∇2u∥2L2 +∥∇2θ∥2L2 +1)+
µν

2C2
∥∇bt∥2L2 . (3.103)

Next, differentiating (1.1)3 with respect to t shows

btt−bt ·∇u−b ·∇ut+ut ·∇b+u ·∇bt−ν△bt=0. (3.104)

Now, multiplying (3.104) by bt and integrating by parts over R2, we find

1

2

d

dt

∫
|bt|2dx+ν

∫
|∇bt|2dx

=

∫
b ·∇ut ·btdx+

∫
bt ·∇u ·btdx+

∫
ut ·∇bt ·bdx

≤C∥b∥1/2aL4 ∥bx̄a/2∥(2a−1)/2a
L2 ∥utx̄

−(2a−1)/4∥L8a∥∇bt∥L2

+C∥bt∥L4∥b∥L4∥∇ut∥L2 +C∥bt∥2L4∥∇u∥L2

≤C(∥√ρut∥L2 +∥∇ut∥L2)∥∇bt∥L2 +C∥bt∥2L4 +C∥∇ut∥2L2

≤C(∥bt∥2L2 +∥√ρut∥2L2)+
ν

2
∥∇bt∥L2 +

C2

2
∥∇ut∥2L2 . (3.105)

Adding (3.103)×µ−1C2 into (3.105), we get

d

dt
(µ−1C2∥

√
ρut∥2L2 +∥bt∥2L2)+∥∇ut∥2L2 +

ν

2
∥∇bt∥2L2

≤C(∥√ρut∥2L2 +∥bt∥2L2)+C(1+∥∇2u∥2L2), (3.106)

which multiplied by t, together with Gronwall’s inequality, (3.90), and (3.55) shows

sup
t∈[0,T ]

t(∥√ρut∥2L2 +∥bt∥2L2)+

∫
t(∥∇ut∥2L2 +∥∇bt∥2L2)dt≤C(T ). (3.107)
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Then, differentiating (1.1)4 with respect to t shows

θtt−ut ·∇θ+u ·∇θt−κ△θt=0, (3.108)

and, multiplying (3.106) by bt and integrating by parts over R2, we find

1

2

d

dt

∫
|θt|2dx+κ

∫
|∇θt|2dx=

∫
utθt ·θdx

≤C∥θx̄a/2∥L8a/(4a−1)∥utx̄
−(2a−1)/4∥L8a∥∇θt∥L2

≤C∥√ρut∥2L2 +C3∥∇ut∥2L2)+
κ

2
∥∇θt∥2L2 . (3.109)

Meanwhile, adding (3.103)×µ−1C3 into (3.109), we have

d

dt
(µ−1C3∥

√
ρut∥2L2 +∥θt∥2L2)+∥∇ut∥2L2 +κ∥∇θt∥2L2

≤C(∥√ρut∥2L2 +∥θt∥2L2)+C(1+∥∇2u∥2L2 +∥∇2θ∥2L2), (3.110)

Then, multiplying (3.110) by t and integrating by parts over [0,T ], and due to Gronwall’s
inequality, (3.90), (3.55) and (3.70) we have

sup
t∈[0,T ]

t(∥√ρut∥2L2 +∥θt∥2L2)+

∫ T

0

t(∥∇ut∥2L2 +∥∇θt∥2L2)dt≤C(T ). (3.111)

Finally, we deduce from (1.1)3, (1.1)4, (2.2), (3.2), (3.94) and (3.94) that

∥∇2b∥2L2 +∥∇2θ∥2L2

≤C∥bt∥2L2 +C∥|b||∇u|∥2L2 +C∥|u||∇b|∥2L2 +C∥θt∥2L2 +C∥|u||∇θ|∥2L2

≤C∥bt∥2L2 +C∥b∥2L4∥∇u∥L2∥∇2u∥L2 +
1

2
∥∇2b∥2L2

+C∥∇bx̄a/2∥2L2 +C∥θt∥2L2 +
1

2
∥∇2θ∥2L2 +C∥∇θx̄

a
2 ∥2L2

≤C∥bt∥2L2 +C∥∇2u∥2L2 +
1

2
∥∇2b∥2L2 +C∥∇bx̄a/2∥2L2

+C∥θt∥2L2 +
1

2
∥∇2θ∥2L2 +C∥∇θx̄

a
2 ∥2L2 , (3.112)

which combined with (3.111), (3.107), (3.103), (3.70) and (3.27) gains (3.88). Finally,
the proof of Lemma 3.8 is finished.

4. Proof of Theorem 1.1
In this section, we will give the proof of Theorem 1.1.

Proof. (Proof of Theorem 1.1.) According to Lemmas 3.1-3.8, using standard
continuity theory of local existence, it is assumed that there is a T∗>0 such that systems
(1.1) and (1.2) have a local and unique strong solution (ρ,u,P,b,θ) on R2×(0,T∗]. Next,
we will extend the local solution to all time. Set

T ∗=sup{T |(ρ,u,P,b,θ) is a strong solution on R2×(0,T ]}. (4.1)

We deduce from (3.2), (3.9), (3.27) and (3.88), for any 0<τ <T <T ∗ with T finite,
and any q≥2 that,

∇u,∇b,∇θ,b,θ∈C([τ,T ];L2∩Lq). (4.2)
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Then, along with the standard embedding

L∞(τ,T ;H1)∩H1(τ,T ;L2) ↪→C([τ,T ];Lq), for any q∈ [2,∞).

And, due to (3.55), (3.68), and [15, Lemma 2.3], we have

ρ∈C([0,T ];L1∩H1∩W 1,q). (4.3)

We declare that

T ∗=∞. (4.4)

On the contrary, if T ∗<∞, we deduce from (4.2), (4.3), (3.2), (3.9), (3.68), and (3.88)
that

(ρ,u,b,θ)(x,T ∗)= lim
t→T∗

(ρ,u,b,θ)(x,t)

conforms to the initial condition (1.5) at t=T . So, we can assume the initial data is
(ρ,u,b,θ)(x,T ∗), since the existence and uniqueness of local strong solutions signifies that
there is some T ∗∗>T ∗, such that Theorem 1.1 holds for T =T ∗∗. This is contradictory
with the hypothesis of T ∗ in (4.1), so (4.4) holds. Hence, the previous lemmas and the
local existence and uniqueness of strong solutions indicate that (ρ,u,P,b,θ) is actually
the unique strong solution on R2× [0,T ] for any 0<T <T ∗=∞. This completes the
proof of Theorem 1.1.

Acknowledgments. The author would like to thank the referee’s questions and
suggestions, and Professor Yong Li for careful reading, helpful suggestions, and valuable
comments, which helped a lot to improve the presentation of this manuscript.

REFERENCES

[1] D. Bian and G. Gui, On 2D Boussinesq equations for MHD convection with stratification effects,
J. Differ. Equ., 261:1669–1711, 2016. 1

[2] D. Bian and J. Liu, Initial-boundary value problem to 2D Boussinesq equations for MHD convec-
tion with stratification effects, J. Differ. Equ., 263:8074–8101, 2017. 1

[3] D. Bian and X. Pu, Global smooth axisymmetic solutions of the Boussinesq equations for mag-
netohydrodynamics convection, J. Math. Fluid Mech., 22:12, 2020. 1

[4] Q.Y. Bie, Q. Wang, and Z. Yao, Global well-posedness of the 3D incompressible MHD equations
with variable density, Nonlinear Anal. Real World Appl., 47:85–105, 2019. 1

[5] Y. Cho and H. Kim, Existence result for heat-conducting viscous incompressible fluids with vac-
uum, J. Korean Math. Soc., 45:645–681, 2008. 1.2

[6] H.J. Choe and H. Kim, Strong solutions of the Navier-Stokes equations for nonhomogeneous
incompressible fluids, Commun. Partial Differ. Equ., 28:1183–1201, 2003. 1.2

[7] R. Coifman, P.L. Lions, Y. Meyer, and S. Semmes, Compensated compactness and Hardy spaces,
J. Math. Pures Appl., 72:247–286, 1993. 2.5, 2, 3.1

[8] B. Desjardins and C. Le Bris, Remarks on a nonhomogeneous model of magnetohydrodynamics,
Differ. Integral Equ., 11(3):377–394, 1998. 1

[9] J.F. Fan and F.C. Li, Global strong solutions to the nonhomogeneous incompressible MHD equa-
tions in a bounded domain, Nonlinear Anal. Real World Appl., 46:1–11, 2019. 1

[10] C. He and Z. Xin, Partial regularity of suitable weak solutions to the incompressible magnetohy-
drodynamic equations, J. Funct. Anal., 227:113–152, 2005. 1

[11] X.D. Huang and Y. Wang, Global strong solution with vacuum to the two-dimensional density-
dependent Navier-Stokes system, SIAM J. Math. Anal., 46:1771–1788, 2014. 2.3, 2

[12] N. Ishimura and H. Morimoto, Remarks on the blow-up criterion for the 3D Boussinesq equations,
Math. Model. Meth. Appl. Sci., 9(9):1323–1332, 1999. 2.2, 2

[13] A.G. Kulikovskiy and G.A. Lyubimov, Magnetohydrodynamics, Addison-Wesley, Reading, MA,
1965. 1

https://doi.org/10.1016/j.jde.2016.04.011
https://doi.org/10.1016/j.jde.2017.08.034
https://link.springer.com/article/10.1007/s00021-019-0468-8
https://doi.org/10.1016/j.nonrwa.2018.10.008
https://doi.org/10.4134/JKMS.2008.45.3.645
https://doi.org/10.1081/PDE-120021191
https://link.springer.com/article/10.1007/BF02788851
https://projecteuclid.org/journals/differential-and-integral-equations/volume-11/issue-3/Remarks-on-a-nonhomogeneous-model-of-magnetohydrodynamics/die/1367341058.full
https://doi.org/10.1016/j.nonrwa.2018.08.010
https://doi.org/10.1016/j.jfa.2005.06.009
http://dx.doi.org/10.1137/120894865
https://doi.org/10.1142/S0218202599000580
https://www.researchgate.net/publication/236420100_Magnetohydrodynamics


1458 GLOBAL WELL-POSEDNESS OF THE 2D MHD-BOUSSINESQ

[14] A. Larios and Y. Pei, On the local well-posedness and a Prodi-Serrin type regularity criterion
of the three-dimensional MHD-Boussinesq system without thermal diffusion, J. Differ. Equ.,
263(2):1419–1450, 2017. 1

[15] Z. Liang, Local strong solution and blow-up criterion for the 2D nonhomogeneous incompressible
fluids, J. Differ. Equ., 258:2633–2654, 2015. 4

[16] P.L. Lions, Mathematical Topics in Fluid Mechanics, Vol. I: Incompressible Models, Oxford Uni-
versity Press. Oxford, 1996. 3.1

[17] M. Liu, Global existence and large time asymptotic behavior of strong solution to the Cauchy
problem of 2D density-dependent Boussinesq equations with vacuum, J. Appl. Math. Phys.,
7:2333–2351, 2019. 1

[18] H. Liu, D. Bian, and X. Pu, Global well-posedness of the 3D Boussinesq-MHD system without
heat diffusion, Z. Angew. Math. Phys., 70:81, 2019. 1

[19] S.A. Lorca and J.L. Boldrini, The initial value problem for a generalized Boussinesq model:
regularity and global existence of strong solutions, Mat. Contemp., 11:71–94, 1996. 1

[20] S.A. Lorca and J.L. Boldrini, The initial value problem for a generalized Boussinesq model,
Nonlinear Anal., 36:457–480, 1999. 1
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