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STABILITY OF LARGE AMPLITUDE VISCOUS SHOCK WAVE FOR
1-D ISENTROPIC NAVIER-STOKES SYSTEM IN THE HALF SPACE*

LIN CHANGT

Abstract. In this paper, the asymptotic-time behavior of solutions to an initial boundary value
problem in the half space for 1-D isentropic Navier-Stokes system is investigated. It is shown that
the viscous shock wave is stable for an impermeable wall problem where the velocity is zero on the
boundary provided that the shock wave is initially far away from the boundary. Moreover, the strength
of the shock wave could be arbitrarily large. This work essentially improves the result of [A. Matsumura
and M. Mei, Arch. Ration. Mech. Anal., 146(1):1-22, 1999], where the strength of the shock wave is
sufficiently small.
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1. Introduction
We consider a 1-D isentropic Navier-Stokes system for general viscous gas, which
reads in the Lagrangian coordinate as,

vy — U, =0,
{ e+ Do = ((0) 22, (1.1)

where t>0,2€R,, and v(x,t)= ﬁ is the specific volume, u(x,t) the fluid velocity,
p=av~"7 the pressure with constant a>0, v>1 the adiabatic constant, and u(v)=
ov~® the viscosity coefficient with «>0. When the viscosity p(v)=0, the system
(1.1) becomes the famous Euler system

{ v — Uy =0, (1.2)

Ut +paf :Oa

that has rich wave phenomena such as shock and rarefaction waves. When p(v) >0, the
shock wave is mollified as the so-called viscous shock wave. Without loss of generality,
we assume g =1 in what follows.

Since the system (1.1) is regular than the Euler system (1.2), it is very interesting
and important to study the stability of the viscous version of the shock wave, i.e., the
viscous shock wave, for the viscous conservation laws such as the NS system (1.1) with
the initial data:

(v,u)(x,0) = (vo,up)(x) — (v4,ut), as x—o00. (1.3)

The stability of viscous shock wave for the Cauchy problem (1.1), (1.3) has been
extensively studied in a large amount of literature since the pioneering works of [2,13],
see the other interesting works [1,4-9,11,14,17]. Tt is noted that most of the above works
require the strength of the shock wave to be suitably small, that is, the shock must be
weak. The stability of a large amplitude shock (strong shock) is more interesting and
challenging in both mathematics and physics, see the works [3,6,10,13,16,18,19].
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It is shown by Matsumura-Nishihara [13] that the viscous shock wave is stable if
|vy —v_|<C(y—1)"1, that is, when v— 1, the strength of the shock wave could be
large. This condition is relaxed in [6] to the condition that |v; —v_|<C(y—1)72 later.
Recently, the restriction on the strength of the shock was removed in [16] by an elegant
weighted energy method as a > A’T*l Vasseur-Yao [18] removed the condition a > %71
by introducing a beautiful variable transformation. Moreover, He-Huang [3] extended
the result of [18] to general pressure p(v) and general viscosity u(v), where p(v) could
be any positive smooth function.

On the other hand, it is also interesting to investigate the stability of viscous shock
wave under the effect of a boundary. In 1999, Matsumura-Mei [12] considered an im-
permeable wall problem of (1.1) in the half space x>0, i.e.,

(00)(2,0) = (00,10) (1) — (14 ), 2=+, L
w(0,t)=0, teR,, (14)

where v4 >0,uy <0. The impermeable wall means that there is no flow across the
boundary so that the velocity at the boundary 2 =0 has to be zero. It was proved in [12]
that the solution of (1.1), (1.4), with @ =0, time-asymptotically tends to an outgoing
shock wave (2-shock) connecting the left state (v_,0) and the right one (vi,uy) if
|vy —v_| <C(y—1)"2, and the outgoing shock is initially far away from the boundary
so that the interaction between the shock and the boundary is weak, where v_ is
determined by the RH condition, i.e.,

{0y —v_) — (g —u_) =0,
{ — (g — )+ (p(v4) — plv_)) =0, (15)

with u_ =0. Matsumura-Nishihara [15] removed the condition that the shock is initially
far away from the boundary by extending the half space to the whole space, with the
price that the shock wave has to be weak even for y=1 case.

In this paper, we aim to prove that the large-amplitude shock wave is still stable for
the impermeable wall problem (1.1)-(1.4). Roughly speaking, there exists a 2-viscous
shock wave (outgoing shock) (Va,Us) connecting (v_,0) and (vy,u) with v_ determined
by the RH condition (1.5), and (V4,Us) is asymptotically stable if it is initially far away
from the boundary. The precise statement of the main result is given in Theorem 2.1.

We outline the strategy as follows. Motivated by [18] and [3], we introduce a new
variable h=u—v(~**Dy, and formulate a new equation (4.2), in which the viscous
term is moved to the mass equation (4.2); so that the two nonlinear terms p, and
(;a%7 )« are decoupled and the interaction between nonlinear terms is weakened. Since
the strength of outgoing shock is arbitrarily large, the interaction between the 2-shock
and the boundary =0 is strong. We have to assume that the outgoing shock is ini-
tially far away from the boundary so that the interaction is weak. Since the boundary
terms with first-order derivatives are controlled, we can obtain the low order estimates
through careful analysis. But the idea using the new system (4.2) does not work in the
higher order estimation since it is very difficult to control the second-order derivatives
of boundary terms for the new system. Note that the second derivatives of u on the
boundary can be controlled, we then turn to original system (1.1) to obtain the higher
order energy estimates, and finally complete the a priori estimates.

The rest of the paper will be arranged as follows. In Section 2, the outgoing shock

wave is formulated and the main result is stated. In Section 3, the problem is refor-
mulated by the anti-derivatives of the perturbations around the viscous shock wave.
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In Section 4, the a priori estimates are established. In Section 5, the main theorem is
proved.

Notation. The functional ||-||1s(q) is defined by || f[|r0) = (/g |f|p(§)d£)%. The
symbol € is often omitted, when 2=(0,00). As p=2, for simplicity we denote,

17l = (/Ooof%adg)é.

In addition, H™ denotes the m-th order Sobolev space of functions defined by

(£l = <Z||3§f||2> :
k=0

2. Preliminaries and main theorem

2.1. Viscous shock profile and location of the shift. As pointed out by [12],
the solution of the impermeable wall problem (1.1)-(1.4) is expected to tend toward the
outgoing viscous shock (V,U)(§) satisfying

—sV'-U'"=0,
= (). 2
(V.U)(=00) =(v-,0), (V,U)(400) = (v4,u4),

where '=d/d¢, €=z — st, s is the shock speed determined by the RH condition (1.5)
and vy >0,uy <0 are given constants. From (2.1); and (2.1), one gets

21,1 I SV/ '
sVi+p(V)'=— <Va+1> : (2.2)
Integrating (2.2) over (+o0,£) gives
VRV p(V) b h(V), V(d00) = v (2.3)
Va+1 - p - ’ = Uf, :
U=—s(V—-v_)==s(V—-vy)tug, (2.4)

where b= —s%v. —p(vs).

PROPOSITION 2.1 ([12]). There exists a unique viscous shock profile (V,U)(&) up to a
shift satisfying

O<v_<V(§)<vy, h(V)>0, U'<O0, (2.5)
V(&) —ve| =0(1) [y —v_|e” =, (2.6)
vt —u
as £ — 00, where Cy = —=—[p (v4+) + 57|, S=g

We expect [ [v(z,t) =V (z —st+fo—B)]dz—0 as t —oo. As in [12], the shift of
the viscous shock profile is given by

Bo= 1 {/Ooo[vo(x)V(xﬂ)]dx+/oooU(st5)dt}. (2.7)

7’U+—U_
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2.2. Main theorem. We assume that for 5> 0, the initial data satisfies
vo(x) = V(z—B)e H' NL' wg(x)-U(zx—pB)e H' NL', (2.8)
and
up(0) =0 (2.9)

as the compatibility condition. Set

o0

(A0, Bo) () = — / (vo(y) — V(y— B),uoly) Uy — B))dy.

x

We further assume that
(Ag,Bo) € L. (2.10)

The shift By has the following properties.
LEMMA 2.1 ([12]). Under the assumptions (2.8)-(2.10), the shift By defined by (2.7)

satisfies
Bog)o as ||A07B0||24)0 and 64)4*00

The main theorem is stated as follows.

THEOREM 2.1.  For any uy <0 and vy >0, suppose that (2.8)-(2.10) hold. Then there
exists a positive constant dy such that if

(Ao, Bo) |2+ B~ < éo,

then the initial-boundary wvalue problem (1.1), (1.4) has a unique global solution
(v,u)(x,t), satisfying

v(a,t) =V (z—st+ o —B) € C([0,400); H' )N L?([0,+00); H'),
u(z,t) —U(z —st+ By —B) € C°([0,+00); HY) N LA([0,+00); H?), (2.11)

where s >0 is defined by (1.5), and

sup |(v,u)(x,t) — (V,U)(x—st+ o — )| =0, as t— +oc. (2.12)

rER

REMARK 2.1.  The condition vy —v_ <C(y—1)"2 in [12] is removed.

3. Reformulation of the original problem
Set

o)== [ o)~ Viy—st+ o= )y,
w(x,t):—/oou(y,t)—U(y—St—i—ﬁo—ﬂ)d:% (3.1)

which means that we look for the solution (v,u)(z,t) in the form

v(x,t) = ¢z (x,t)+V(z—st+ By —f),
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u(x,t) =1, (x,t) +U(x—st+ 5o — ). (3.2)
The initial perturbations ¢ and 1 satisfy

LemMma 3.1 ([12]). Under the assumptions (2.8)-(2.10), the initial perturbation
(¢71/}) (LU,O) = (¢071/}0) (.’L’) € H2 and satisﬁes

1(d0,%0)ll, =0 as  [|(Ag,Bo)ll, =0 and — +o0.

Motivated by [12], substituting (3.2) into (1.1) and integrating the resulting system
with respect to x, we have

(bt - wx = 07
3.3
{wt—fwm—mzﬂ (33
with the initial conditions and Neumann boundary condition:
(¢0a¢0)(9€)€H27 x207
Vol yeo= btl,mo=—Ulst+5o—B), t=0, (3.4)
where
Ve , h(V
FV) =1 (V) + 0+ ) = (V) + e ) MV s, (35)
xr UCE xrxr UI x /
Pt 0t )2 ) —p(V) (V)6
=O0(1)(|¢2|? +]02al)- (3.6)

We will seek the solution in the functional space X5(0,7) for any 0 <T < +o0,

X5(0.7):={(¢,4) € C([0,T]; H?)| ¢y € L*(0, T3 H" ) 90 € L*(0, T H?)
(,9) ()2 <0},

sup ||
0<t<T
where 6 < 1 is small.

PROPOSITION 3.1 (A priori estimate).  Suppose that (¢,1) € X5(0,T) is the solution

of (3.3), (3.4) for some time T >0. There exists a positive constant &y independent of
T, such that if

(¢,9)(t)]|l2 <6 < do,

sup ||
0<t<T

for t€[0,T], then

||(¢7¢)(t)\|3+/0 (o= + 192 (B)113)dt < Co ([l (o, o) 5 +€~F),

where Co>1 and C_ are positive constants independent of T

As long as Proposition 3.1 holds, the local solution (¢,%) can be extended to T'=
+o00. We have the following lemma.



1482 LARGE AMPLITUDE SHOCK WAVE FOR IMPERMEABLE WALL PROBLEM

LEMMA 3.2.  If (¢o,%0) € H?, there exists a positive constant §; = \/5—(%0, such that if

l(¢0,%0)l5+e~C-F <4f,
then the initial-boundary problem (3.3), (3.4) has a unique global solution (p,v)€
Xs5,(0,00) satisfying

iggll(cb,w)(t)II%+/O°°(||¢x(t)||f+ 42 () [12)dt < Co(|l(¢0,v0)||2 +eC-5).

4. A priori estimate
Throughout this section, we assume that the problem (3.3),(3.4) has a solution
(¢,7) € X5(0,T), for some T >0,

(¢, ¥)(t)[l2 <0. (4.1)

sup ||
0<t<T
It follows from the Sobolev inequality that %’U+ <v< %v,, and

Oilng{ll(aﬁﬂ#)(t) [z +11(@a, %) (£) [ Lo } < 6.

4.1. Low order estimate. In order to remove the condition vy —v_ <C(y—
1)~2 in [12], we introduce a new perturbation (¢,¥) instead of (¢,1), where ¥ will be
defined below.

Inspired by [18] and [3], we introduce a new variable A which depends on v and
u, i.e., h=u—v" (Y, Through a direct calculation, v and h satisfy the following
system

{ vt —he = (3857 ) 2, (4.2)

ht —|—pw =0.
Then the initial-boundary conditions given in (1.4) are changed into

(v,h)(2,0) = (vo,up —vo~ g, ) (2) — (vi,uy), T — 400,
h(0,t) =u(0,t) —v(0,£) "D, (0,8) = —v(0,6) T, (0,1),t R,

Let H=U—V~(@+DV, . Then (2.1) is equivalent to

Hy+p(V),=0, (4.3)
(V7H)(_OO):(U770)7 (MH)(+OO):(U+7U+)'

We define

—/Oo(h—H)dx:\IJ. (4.4)

Substituting (4.3) from (4.2) and integrating the resulting system with respect to x, we
have from (4.4), (3.1); that

(4.5)

pr— Uy — 22 + (a+1)12% =G,
Uy +p' (V)ge=—p(v|V),
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where
G = ’Uo‘+1 - VaJrl - Va+1 + (Oé—|— 1) Va+2 ?

p(|V)=(p(v) =p(V)) =" (V) s,
with the initial data
o(x,0)e H?, W(x,0)€ H,

and boundary data

B(0,t)=— /oo[u(y,O) ~U(y+Bo—p)]dy+ (V—(““) — v—<a+1>) (x,0).

LEMMA 4.1 ([3]). Under the assumption of (4.1), it holds that
p(v|V) <Cé3,

(0| V)2 < O(|bratr| + |Vl 62),
G| < O (|puwtda| + Vil 62).

In addition, some boundary estimates are given as follows.

1483

LEMMA 4.2.  Under the same assumptions of Proposition 3.1, for 0<t<T, it holds

that:
t t
/ <<z>\v>|xodt‘<0e-”, <¢¢z)|zodt‘<ce-”,
0 0
t t
[ ontolsar| sce s | [ amlsar sce e,
0 0
t t
/ wam)z_odt‘ S Ceic!ﬁa / (wztwrx) |m:0 dt‘ S 067C7ﬂ7
0 0
and

1ol < ll%olli +Cligoll3, Nel*<I1¥|*+Clel,
[all* <[Pz |* +Cllga 17,

,Ua+1
where C_ = ——|p/(v_)+s?|>0.
Proof. Note that

W) =~ [ lulyt) = Uly—st+Fo— ldy
(9

+(g(v(z,t)) —g(V(z—st+Bo—f)))
=(z,t) +p(x,t) <Y(2,t) +C|s (z,1)],
Y(x,t) = ¥(x,t) —p(z,t) < t

(4
P(,t)+ Cloa(z, )],
0,

where g(v)=1v™% if a50; g(v) = —Inv, if a#
Motivated by [12], we have

0(0,)|<C,  ¢o(0,1)| <C, [$(0,t)| < Ce Pt

(4.6)
(4.7)

(4.8)

(4.9)

(4.10)

one has (4.9) from (4.10) immediately.

(4.11)
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Combining (4.10) and (4.11), we have (4.6). The estimates (4.7) and (4.8) can be found
n [12]. Thus the proof is completed. d

LEMMA 4.3.  Under the same assumptions of Proposition 3.1, it holds that

oo+ [ [~ (o) wasas [[1oira

t
< Cl(60. W)+ C5 [ el *de+ Ce 7.
0

Proof.  Multiply (4.5); and (4.5)2 by ¢ and %(V) respectively, sum them up,

and integrate the result with respect to ¢ and x over [0,¢] X [0,00). We have
1 o] ) ‘112 > t 00{1 ( 1 ) 5 ¢2 }
= - dx—i—/ / = U4+ —2- bdadt
2/0 (¢ (V) 0 Jo 2\r(V)/, Vet

:/Ot/OOOG¢dxdt+/0t/ooodedt

t o 2
_ _(a 1) 1 2_ L
/0 (¢ +(V + )0P2)|a=0dt + 2/0 <¢ p/(V)) ’tzodx

=) A (4.12)

Utilizing Lemma 4.1, we can get

| A1+ As|

t %)
<C (/ / |¢x¢m¢+|Vx¢i¢|—|—|\ll¢§|d:cdt)
0 Jo
= t || oo ¢ 00
Gu s U )

t
<Cllell2+119lh) [ Nal®+ lI¢asl*dt
0

<05 ([ 6.7 +lo.lat. (@13
With the help of Lemma 4.2, one has

|A3| <Ce -5, (4.14)

Taking 0 sufficiently small, using (4.12)—(4.14), we get Lemma 4.3. |

LEMMA 4.4. Under the same assumptions of Proposition 3.1, it holds that

t
1O + [ leule< (00, Bo) |+ Ce O

Proof.  Multiply (4.5); and (4.5)2 by —¢,, and p%‘;‘) respectively, sum over the

result, integrate the result with respect to t and x over [0,t] x [0,00). We have

o (i) o ) s G v s s
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AL (e [ [ oot

_/0/0 <pf(v>> (V)W dadt

. <¢t¢x oo, e 201, )

S
-, (¢ f )\_ i35,

dt
z=0

(v|V) U, dadt

Now we estimate B; term by term. The Cauchy inequality indicates that

t [ee]
|Bl|sc// (Ga0tel +[Ved2 )| bul + |60l ddt
0 0
t t
g(05+s)/ ||¢>m||2dt+05/ ¢ [|*dt,
0 0
and

dxdt

e [ b ),
SZ/O/O (p/(v)>tlllidxdt+0/0t||¢x|zdt.

Making use of the estimate (4.7) for the boundary, we have

b [ (oot 251

t
- / (G060)[ao < Ce=C—F.
0

dt

=0

By (4.9) and the Sobolev inequality, we obtain

t o)
\B4|S/ /
0 JO

t o0
2
<C /0 /O (6260 + Vad?) T, | ddt

V)W, |dadt

t [e%e]
<C / / {|(P202e + Vad2)tha | +|(¢raboz + Vababaz)da| } dadt
0 JO

_C(II¢H2+H¢IIQ)/O 1621 + |zl dt

t
<05 / (a2 + 16212 dt

1485

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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From (4.15)—(4.19), we get

o (astin) e [ [

s<c+ca+c€>/ o+ 4e) [ owalar
0 0

+Ce™ P 140 (|| poz >+ Tou?) -

2
) \112 + VaH} dzdt

Choosing ¢ sufficiently small, together with Lemma 4.3, we complete the proof of Lemma
4.4. O

LEMMA 4.5.  Under the same assumptions of Proposition 3.1, it holds that
t
| 1ol de<Clon. o) + e,
0

Proof.  Multiply (4.5); by ¥, and make use of (4.5)3. We get

U3 =(¢Wa): +[6(p(v) = p(V))]s = ¢u(p(v) —p(V))

— et -0, {G(oﬂrl)le_ﬂ] .

(4.20)

Integrate (4.20) with respect to t and x over [0,t] x [0,00). We have

e} t poo
:_/ OV |i=odx — / v, [G— (a+1) Voo } dzdt
0

Va+2
Jr/oo(b\l/mdo:f/ / mq_b:jlm dzdt
0 0oJo V©

—/Ot 6.0 dxdt—/ H(p(0) — p(V)]modt

::—/ Uy |i— de+ZH (4.21)
0

We estimate H; term by term. By the Cauchy inequality, it holds that

o <c/ / o (|62 0ua] +|Vatss]) dzdt

t
<e / |0, [2dt+C- / (6all? + 116 12) . (4.22)

In addition, it is straightforward to imply that
Hy+H3+Hy

t t t
<Jl(6, W)+ / 10,2t +C. / |buol2dt+C / léa2de.  (4.23)
0 0 0



L. CHANG 1487

Making use of the estimate (4.6) for the boundary, we have

/¢ V))lae odt<c/ Galaodt < CeCF, (4.24)

Collecting (4.21)-(4.24) and using Lemma 4.4, we complete the proof of Lemma 4.5. O

Combining Lemmas 4.3-4.5, we obtain the following low order estimates

t t
||(¢>‘1/)||§(t)+/0 H\I/xHth-i-/O ¢2[IF dt < Cl (b0, o) [T +Ce™ 7. (4.25)

If we continue to get the estimates of second-order derivatives ¢y 4, Vyp, new diffi-
culties arise from the boundary. In fact, multiplying the result {(4.5)1 }zs by ¢o. and
{(4.5)2} 2z X (—=p'(V))~1W,,., we obtain

2 2
2 2p(V) ), \ Vet 2\2p'(V) ),

1 1 0|V )za
:{Gzz(b:rx (Vo‘+1 )zzm¢x¢zz+2(‘/a+l )xz¢zx+(|(‘/))

2(5ir7) G008 (38) o]
+ { <(‘j§§fl)gﬂ¢m+¢m%>z} 141,

The last term I, vanishes after integration for the Cauchy problem. However, both
¢z and U, are unknown on the boundary and appear after integration for the initial-
boundary problem. In particular, ¥,, contains ¢.., and it is very difficult to estimate
Oraw®uze o0 the boundary. Thus, we turn to the original equation (3.3) to study the
higher order estimates. Inequality (4.25) can be rewritten by the variables ¢ and 1 as

\I/ZI

LEMMA 4.6. Under the same assumptions of Proposition 3.1, it holds that

(12 + ]2 /nwandH/ I6all2dt < Cligoll3 + Cllo |2 +Ce 02,
Proof. From (4.10), ¢(x,t) = U(x,t) — p(x,t), which gives that
(0] < [ (,8)|+ Clol, (4.26)
and
()2 < 9 (o,8) |2+ Cl (1.27)

Then it follows from (4.25) that
9[> < 12 [1*+Clg]IF < Cll(¢o, To)[IF +Ce™ =" (4.28)
Similarly, it holds that

t t
/ il ?di < / 10,2+ C 60 |2dt < Cll (b0, To) 24+ Ce-C-0. (4.20)
0 0

Therefore, Lemma 4.6 is obtained by (4.25), (4.28), (4.29) and (4.9),. O
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2. High order estimate.
LEMMA 4.7.  Under the same assumptions of Proposition 3.1, it holds that

a2 / [ asll?dt < CllgollZ+ Cllbol +Ce=C-5, (4.30)

Proof. Multiplying (3.3)2 by —..., integrating the result with respect to t and x
over [0,t] x [0,00) gives

sl [ [ avar
= el - /0 {$athe} om0t — /0 t /0 (V) bathanddt— /0 t /0 " Py dadt

3
1 2
=g oe >+ 3 M. (4.31)

i=1

Making use of the estimate (4.7) for the boundary, we have
M, <Ce=“-5, (4.32)
The Cauchy inequality implies that

t t
My<e / [asl|?dt+C- / lbal7dt. (4.33)
0 0

By (3.6) and the Sobolev inequality, we have
t poo 5
M <C [ [ (160 +16ul ] ) 1|zt
0 Jo

< [ [T 1021 (10" +10al)
306/; (Iall® + Noell”) . (4.34)

Substituting (4.32)-(4.34) into (4.31) and using Lemma 4.6, we obtain (4.30). 0

LEMMA 4.8.  Under the same assumptions of Proposition 3.1, it holds that

t t
sl + / lbus |2t < Clldol3+Clloll? + Ce=C-F .05 / lussl?dt.  (4.35)
0 0

Proof.  Differentiating (3.3); with respect to z, using (3.3)2, we have

¢xt

vass Tf(V)¢a =t~ F. (4.36)

Differentiating (4.36) with respect to  and multiplying the derivative by ¢, integrat-
ing the result with respect to ¢t and x over [0,t] x [0,00), using (2.3), one has

2/ Va+1d +// ( Ty ) fredudt
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1 0o 2 0o 0o
o e - xVxx d x zxd
2 )y Votlli—o /0 V=d =0 x+/0 Vafazda
t t t o]
+/ Vatbua| dt+/ ||¢m||2dt—// Fygpedadt

a+1// qubmmdxdt // F(V)atpdoadadt

1

2/ Va+1

do= [ st _

dx+ZN
By (2.5) and (3.5), one has

—p'(v4)>0.
The Cauchy inequality yields
Ny <ellpuall+Cella]*.
Making use of the estimate (4.8) for the boundary, it follows that
Ny <Ce P,

N3 can be controlled by (4.30). By the Cauchy inequality, we have

t t
Nyl <e / | buel2dt+C. / |Faldt.
0 0

Using

IR 2<C / (61 6262, + 02,02, + 02,02 + 6202, ) du
0

<08 (Jlgal +eo3).

we have the estimate of Ny

t t
Nl <e [ NoselPat+Cc5 [ (Il + 1) a

The Cauchy inequality yields

t [e'e] Vq/‘
‘N5|§O / Va+2¢acx¢xx
0 JO

t t
|Ng| <e / lbaal2dt+C- / 6|2 dt.
0 0

t t
dzdtgs/ \|¢m||2dt+06/ n|2dt,
0 0
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(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

Choosing e small, substituting (4.38)-(4.43) into (4.37) and using Lemma 4.6, Lemma

4.7, we have (4.35).

|

On the other hand, differentiating the second equation of (3.3) with respect to z,

multiplying the derivative by —t),.., integrating the resulting equality over [0,00) X

[07t]=
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using Lemmas 4.6-4.8, we can get the highest order estimate in the same way, which is
listed as follows and the proof is omitted.

LEMMA 4.9. Under the same assumptions of Proposition 3.1, it holds that

t
[an (O] + / | ae |2 < Cll(o,460) 3+ Ce=CP. (4.44)

Finally, Proposition 3.1 is obtained by Lemmas 4.5-4.9.

5. Proof of Theorem 2.1

Now we turn to the proof of the main theorem, i.e., Theorem 2.1. It is straight-
forward to imply (2.11) from Lemma 3.2. It remains to show (2.12). We will use the
following useful lemma.

LEMMA 5.1 ([13]).  Assume that the function f(t)>0€ L*(0,400)N BV (0,+00). Then
it holds that f(t)—0 as t— oc.

Proof. (Proof of Theorem 2.1.) Differentiating the first equation of (3.3) with
respect to x, multiplying the resulting equation by ¢., and integrating on (0,00), we
have

<Cllball +lloa ).

< (loul?)

Using Lemma 3.2, we have

[ Qo)

which implies ||¢.||? € L' (0,+00) N BV (0,4+c). By Lemma 5.1, we have

dt SC{H(%,%)Hg‘*‘e—CJ} =C

l¢z]| =0 as t—+oo.
Since ||¢z.|| is bounded, the Sobolev inequality implies that

lv= V% = l162]1% < 2[l62 )]l ¢z2(t) ]| 0.

Similarly, we have

lu—=Ul1% =1l < 2llve (8l 11es (£)]] —0-

Therefore, the proof of Theorem 2.1 is completed. 0
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