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GLOBAL WELL-POSEDNESS AND DECAY OF THE
LOW-REGULARITY SOLUTION TO THE 3D DENSITY-DEPENDENT
MAGNETOHYDRODYNAMIC EQUATIONS WITH VACUUM*

SHENGQUAN LIUT AND QIAO LIU#

Abstract. In this paper, we consider the initial-boundary value problem of the 3D density-
dependent magnetohydrodynamic equations with a low-regularity initial data. Assume that the initial
density po >0 is bounded, and the scaling invariant quantity

1/2
(llog* w0l +IIHol122 ) (I Vuol22 + [ VHol2)

is sufficiently small, then we prove that this system admits a unique global low-regularity solution.
Here, no compatibility conditions are imposed on the initial data, and the initial density is allowed to
vanish. In particular, we also obtain the exponential decay of the solution by introducing a delicate
time-weighted estimate.
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1. Introduction

Magnetohydrodynamics (MHD) is concerned with the macroscopic interaction of
electrically conducting fluids with a magnetic field, which has a very broad range of
applications, such as, the intensely heated and ionized fluids in an electromagnetic field
in astrophysics, geophysics, and plasma physics. In this paper, we consider the 3D
density-dependent MHD equations in Q xR, as

pt+div(pu) =0,

(pu)s +div(pu®@u) —pAu+VP =V xHxH,
H;+vVxVxH=V x (uxH),

divH=0, divu=0,

(1.1)

where p(z,t) >0 denotes the density, u= (ul(z,t),u%(z,t),u®(x,t)) the velocity, P(z,t)
the pressure and H= (H'(z,t),H?(x,t),H3(x,t)) the magnetic field, respectively. The
positive constants p and v denote the viscosity of fluid and the magnetic diffusivity
coefficient. Q CR? is a given bounded domain with C? boundary.

We shall consider the initial-boundary value problem of (1.1) with the initial con-
ditions:

(p,u,H)(2,0) = (po,up,Hp) in O, (1.2)
and the boundary conditions
u|89 :07

1.3
(H-n)|59=VXHXTL|aQ=0, ( )
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1518 THE 3D DENSITY-DEPENDENT MHD EQUATIONS

where n is the unit outward normal to 9. Here, (1.3)2 is a more physical boundary
condition on the magnetic field, known as the perfectly conducting boundary, which can
be used to describe a class of containers made of perfectly conductive materials.

System (1.1) describes in particular the motion of several conducting incompress-
ible immiscible fluids (without surface tension) in presence of a magnetic field. Due
to its important physical background and mathematical importance, there is a lot of
literature devoted to its mathematical theory. Let us firstly give some historical reviews
on the homogeneous incompressible MHD (i.e., p=const in (1.1)). Duvaut-Lions [13]
first proved the global existence of Leray-Hopf weak solutions, and local existence and
uniqueness of strong solution in the classical Sobolev space H*(RY) with s> N. Later,
Sermange-Temam [28] generalized these results in [13], and they also proved the unique-
ness of the global weak solution in dimension two. However, whether the weak solution
is regular or the unique strong solution can exist globally is still an open problem for
the spatial dimension N >3. So a lot of works were devoted to finding various reg-
ularity criteria in terms of the velocity field only (see, e.g., [7,18]). Also the global
regularity problem on the MHD equations with partial dissipation has been extensively
studied (see, e.g., [5,24]). Recently, He-Huang-Wang [19] proved the global existence
and uniqueness of the strong solution provided that the difference between the magnetic
field and the velocity is small initially.

The inhomogeneous case (1.1) has been also studied by a lot of authors. The global
existence of weak solutions with finite energy was establishend by Gerbeau-Le Bris [15]
and Desjardins-Le Bris [12] in the whole space R and in the torus T2, respectively.
However, the question of uniqueness of such a weak solution remains open, even in two
dimensions. Abidi-Hmidi [1,2] established the global (with small initial data) existence
and uniqueness of a strong solution in some Besov spaces with positive initial density
(no vacuum). If the initial density vanishes in some sets, the analysis becomes more
subtle, since the system degenerates in the vacuum region. So there exist a lot of works
devoted to this more physical and interesting case. Among these related results, Chen-
Tan-Wang [8] first showed a local unique strong solution to (1.1), where the initial data
satisfies

0<po€ H?, (uo,Hp) € H*. (1.4)
In particular, they need the following compatibility condition
—pAug+V P — (Ho-V)Ho=/pog, (1.5)

with some (Py,g) € H! x L?. Based on the local existence result in [8], Huang-Wang [20]
established the global existence of strong solutions to the 2D initial boundary value
problem (1.1)—(1.3) with a general large data in a bounded domain, and Gong-Li [17]
considered the 3D case for a small initial data. Recently, Lii-Xu-Zhong [26] considered
the 2D Cauchy problem (1.1), where they obtained the local and global well-posedness
of the unique strong solution with a general large data and py € WP (R?)(p>2).

From the results mentioned above, it reveals that the uniqueness of solutions to the
MHD system (1.1) is linked to its regularity, that is, if the initial data is smooth enough,
the uniqueness of the corresponding solution can be proved. A natural question is: When
the initial data is discontinuous, does system (1.1)—(1.3) admit a unique solution? And
whether the corresponding solution could admit some decay properties? The main
motivation of this paper is to provide the positive answers on these two topics. Indeed,
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there were some results on these two topics of the nonhomogeneous incompressible
Navier-Stokes equations (i.e., H=0 in (1.1)):

pe+div(pu) =0,
(pu)s+div(pu®@u) — pAu+ VP =0, (1.6)
divu=0.

Here, we mention some interesting works in [9,10,22,27] on these topics. Ladyzenskaja-
Solonnikov [22] first addressed the question of unique resolvability of (1.6) with less
regularity on the initial data. Under the assumption that ug € W2 5P (Q)(p>n) is di-
vergence free and vanishes on 92 and that py € C'*(Q) is bounded away from zero (2 C R?
is a bounded domain), they then proved global well-posedness with ||u0||W2,%, <e
for a sufficiently small e. To weaken their regularity condition on the initial data,
Danchin-Mucha [9,10] first introduced the Lagrangian coordinates to prove the unique-
ness of the solution of the system (1.6) in a critical functional framework, where the
discontinuous density is allowed. Abidi-Gui-Zhang [3] also discussed the well-posedness
results for (1.6) in various Besov spaces. Later, Paicu-Zhang-Zhang [27] proved the

global existence and uniqueness of solution in Sobolev space, in which the initial data
(po,uo) € L (R?) x H' (R?) satisfies

p

0<co<po<Co<+oo, |luglm <e,

for some small & > 0 depending only on the given constants ¢y, Cy. Chen-Zhang-Zhao [6]
refined the result in [27] with a smallness condition on |[ugl| 71,2, and they also showed
that if ug € LP (IRP’) with pe [2,2] , the velocity admits a decay estimate for t>1 and
k=0,1 as

IV*u(t)|| 2 < C(1+1) 5@,

with a(p):% (% - %) We should point out that the initial vacuum has been elimi-
nated in these works mentioned above. Recently, Danchin-Mucha [11] proved the global
unique solvability of system (1.6), where the initial density is allowed provided that
uoll 2 | Vuoll 2 <& with e sufficiently small. Here Q CR? is a bounded domain or the
torus T¢ with d=2, 3.

In this paper, we generalize the global well-posedness result in [11] to the 3D initial
boundary value problem (1.1)—(1.3), and improve their result by obtaining an exponen-
tial decay of the solution.

Before stating the main results of the paper, let us introduce a few notations. Set

/fdx::/gfda:.

For 1 <r<oo and k €N, we denote the Lebesgue space and the Sobolev space by
LM:=L"(Q), Wrr={feL :DfecL’ |a|<k}, H*:=W"?2,
Hj:= {uGHl, u=0 on GQ}, H}L::{u€H1, u-n=0on GQ}.

Let us now state our main result in this paper as follows.
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THEOREM 1.1. Let Q be a bounded domain with C? boundary in R3. Assume that the
initial data (po,ug,Ho) satisfy for a given constant p>0 that

0<po<p, (po,uo,Ho) € L™ x Hy x Hy, (1.7)
and the divergence-free condition
divuyp =0, divHy=0 in Q. (1.8)
There exists a positive constant €, depending only on Q, u, v and p, such that if
Bo:= (1105 *uoll3: + 1Holl3: ) (IVHo|I32 + I Vuol13:) <, (1.9)

then the initial-boundary value problem (1.1)—(1.3) admits a unique global solution sat-
isfying for any 0 <1< +o00:

0<pe L>®(0,400; L®)NC([0,400); L), p*/?ueC ([0,+00);L?),

we L (0,+00; H}) NL?(0,400; H2) N L2 (1,00, W2E)NC ([7,+00); WP,

VP e L?(r,00;L°)NL?(0,+00;L?), 1.10)
He L> (0,+00; HY) NL? (0,+00; H2) N L2 (7,+00; W26) N C ([1,+00); W) |

Vpug € L2 (0,400; L) N L (7,400; L?), ug € L? (1,+00; Hy) ,

H, € L? (0,400; L?) N L™ (7,400; L?) N L? (1,+00; H}) ,

where q € [1,400) and p€[2,6). In particular, (u,H) has the following decay rates:

2

le/zu("t)HLz <Ce™, for all t>0, (1.11)

and
(8 [5pa0 + () [3y2,0 < Ce™ ", for all t>1, (1.12)

for some o >0 defined in Lemma 3.1.

REMARK 1.1.

(1) Tt is easy to check that Theorem 1.1 still holds for the inhomogeneous incompressible
Navier-Stokes equation (1.6). Compared with the result in [11], the exponential
decay (1.11)—(1.12) is new. The key idea to this improvement is that some new a
priori estimates are obtained by introducing a dedicated initial layer analysis. So
our results also can be viewed as a generalization and improvement of those in [11].

(2) In this paper, we prove the global well-posedness of the system (1.1)—(1.3) with
much lower regularity on the initial data, and in particular, the initial density is
allowed to have a discontinuity. Our result improves the ones in [17,20], where they
all need continuous initial data to guarantee the uniqueness.

(3) We would like to point out that our result can be extended to Navier-slip boundary
condition for velocity as follows:

u-n=0, curluxn=0 on 9.

For more detailed derivation of the boundary condition, please refer to [4].



S. LIU AND Q. LIU 1521

Let us now make some comments on the analysis of Theorem 1.1. Compared with
the previous works [17,20], we prove the global existence of the solution with a low-
regularity initial data and without compatibility condition on the initial data. Because
po € L™ only, it gives rise to more difficulty to prove the uniqueness. On the other hand,
from the classical weak-strong uniqueness results given by Lions [25] and Germain [16]
for the inhomogeneous incompressible Navier-Stokes, we know that Vp€ L*®L3 is a
sufficient condition to prove the uniqueness. We can not expect more regularity on p
than pg due to the hyperbolicity of the density equation (1.1);. As a consequence, it
seems impossible to establish the uniqueness with only the regularity assumption (1.7).
To overcome this difficulty, the technique of Lagrangian coordinates is borrowed from
Danchin-Mucha [10,11], in which they considered the density-dependent incompressible
Navier-Stokes equations. We would like to point out that it is not a trivial extension
from Navier—Stokes equations to MHD system (1.1), because we have to make more con-
siderable effort to deal with the new difficulties caused by the strong coupling between
velocity and magnetic field. For example, we find that we must introduce an additional
term ||H||7. to establish the one order energy inequality due to the inclusion of the
magnetic field (see Lemma 3.2). In addition, some new estimates for magnetic fields H
are needed to be developed in the Lagrangian coordinates (see Section 4.2). After re-
moving the compatibility condition (1.5), we have to introduce a time-weighted energy
method to obtain higher regularity of the solution. To obtain the decay rate, we make
the initial layer analysis by virtue of the time-weighted function n(t) =min{¢,1} instead
of n(t) =t with ¢ >0 in contrast with [11]. The main advantage of choosing such a time-
weighted function is that it allows us to get the uniform estimate of [|e”*n'/2p'/2u;||2 . ,,
and [le?n/2H,||2 . » with respect to time ¢>0 (see Lemma 3.3). Consequently, the
exponential decay of the solution follows.

The rest of the paper is organized as follows. In Section 2, we shall recall some
well-known inequalities, which will be used frequently in the sequel. In Section 3, we
first deduce some uniform estimates and the time-weighted estimate of the lower-order
derivative of the smooth approximated solutions, and then the estimates of the higher-
order derivative. Finally, we complete the proof of Theorem 1.1 in Section 4.

2. Auxiliary lemmas
In this section, we firstly recall some well-known Sobolev embedding inequalities
(see [14,21]), which will be frequently used in this paper.

LEMMA 2.1.  The following inequalities hold for all 2<p<6:

() Iflle <CIfllr, ¥ f € HY, (2.1)
2) [Iflz= <Clflwrr, ¥ FEWT with 7€ (3,00), (2.2)
(3) 1flle <CIV 2, ¥ f € H or HY, (2.3)
@) IF15, <CIFISP IV IO, v ferd or HY. (2.4)

To deal with the estimate of the magnetic field H, we also need to state the following
lemma (see [29]), which reveals that | VH]||z2 is equivalent to ||curlH| ;2 as divH=0.
Therefore, we shall not distinguish these two quantities with no confusion in the sequel.

LEMMA 2.2.  Let QCR3 be a bounded domain with C? boundary and v€ Hi or H} be
a vector-valued function. Then, it holds

(IVv||zz <C (||divo] gz + ||curlv]|z2) . (2.5)
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In particular, if divo=0, it holds that
[IVv||z2 < Cl|curly||zz. (2.6)

Let us give the last lemma (see [11, Lemma 3.4]), which plays a key role in improving
the time-regularity for the velocity field by virtue of its time-weighted estimate.

LEMMA 2.3. Let p€[l,00], ve L2(0,T;LP) and e”*n'/?(t)v; € L*(0,T; LP) with n(t) =
min{t,1}, t>0. Then, v is in H%_“(O,T;Lp) for all a e (0,%). In particular, we have

2

102 t02010) SN0 202:2 +C 0T || Vi) (2.7)

L2(0,T;LP)

3. Some a priori estimates

This section is devoted to the proof of a priori estimates for a solution (p,u,H) to
the initial-boundary value problem (1.1)—(1.3). In particular, all of the estimates hold
for its approximate solutions, which will be constructed in Section 4. In this section,
the letter C' stands for a generic constant, depending on the up bound p of the initial
density, v, p and 2, but independent of T, and may change its value even in a single
string of estimates.

We begin with the following standard energy estimate for the solution (p,u,H) to
(1.1)—(1.3) and its time-weighted estimate. Although the time-weighted estimate in the
following lemma is simple, it is crucial to obtain the uniform estimate of higher order
derivative of the solution.

LEMMA 3.1.  For any given T >0, let (p,u,H) be a smooth solution to (1.1)—(1.3) on
Q% (0,T). Then, it holds that

0<p(x,t)<p, (3.1)

T
sup /(p\u|2+|H\2)da:—|—/ (204 Vw2 + 20| VH2. ) di
0<t<T 0

g/om%ﬁ+mwﬁm, (3.2)

and

T
sup e”t/(p|u|2—|—\H|2)dx+/ e (ul|Vul|7. +v||VH||72) dt
0<t<T 0

g/um%F+ma%Ma (33)

where o is a given positive constant depending on ), u, v and p.

Proof.  Equation (3.1) is a direct consequence of the transport Equation (1.1);.
(3.2) is the basic energy inequality for system (1.1). To do this, multiplying (1.1)2 by u
and then integrating by parts over ) lead to'

1d
q p|u|2dx—|—u/|Vu|2dx:—/H-Vu-Hda:. (3.4)

1Hereafter we shall make frequent use of the following identities: for all vector functions ® and W,
we have

1
V><<I>><<I>:—§V|V<I>|2+<I>-V<I>, AP =Vdivd—V x (VX ),
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Similarly, from (1.1)s it holds that

1d

§a/\H|2dx+y/|VxH|2dx:/H~Vu-de, (3.5)

where we use the following calculation

/Vx(VxH)-de:—/ (VxHxn)~HdS+/|VxH|de
o9

=/|V x H|*dz.
Adding (3.4) to (3.5), it follows that

d
< p|u|2+|H|2dx+2/,u|Vu|2+1/|V><H|2dx:O, (3.6)

and then (3.2) follows immediately after integrating (3.6) over (0,7).

It is easy to prove that there exists a constant ¢ >0, depending on p, p, v, £ and
the constants in Lemma 2.2, such that

o (11 2ull3z + 1|32 ) < pll Vs + 09 xH -,

which, together with (3.6), leads to

d
o p|u\2+|H|2dx+a/p|u|2+|H|2dx+/u|Vu|2+u|VXH\2dx§0.

Then, we obtain (3.3) by multiplying the above inequality by ¢°¢ and integrating the
result over (0,7"). ad

Next, we shall obtain a key estimate ||Vu, VH|| ;o (o,7;12) provided that Ey is small
enough.

LEMMA 3.2.  For any given T >0, let (p,u,H) be a smooth solution to (1.1)—(1.3) on
O x (0,T). Then, there exists a constant C such that

T
s (Il I+ ) + (20 I+ I+ ) e <.

(3.7)
provided that (1.9) holds. Moreover, it holds that
sup e’ (|[Vul|7. + |V x H||Z2 + |H||74)
0<t<T
T
[ et (o 2w I+ I+ ) ae <. (33)
0

Vx(®xT)=(V-V)®— (V)T (divl)d — (divd) ¥,
and

/VXCI>~\Ifdx:/<I>-VX\IJdac+ nx & -vds.
aQ
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Proof. Firstly, multiplying (1.1)3 by u; and integrating by parts over € yield

wd
2 dt

:_/(H-Vut-H—&—p(u-V)u-ut)dx

IVulg2 +[lp* 2wl

:f%/H~Vu~de+/HoVu~Ht+Ht~Vu'de7/p(u~V)uoutdx.
On the other hand, it follows from (1.1)3 that

y IV X B+ (Hl3a +29 x ¥ x Hllz2) :/|H-Vu—u-VH|2da:.
After summing up the last two identities, we obtain that

g p|Vu? +2H-Vu-H+ |V x H|2dz + 2] p* 2uy | 2. 4 | Hy |22 + V2|V x V x H||2.
:2/H-Vu-Ht—|—Ht-Vu~de—2/p(u~V)u-utdx+/|H-Vu—u-VH|2dm
1211 —|—IQ+13 (39)

Let us now estimate the terms on the right-hand side of the above identity term by
term. By the Hoélder inequality, Young inequality and Gagliardo-Nirenberg inequality,
it yields

._.
o
|

—Q/Ht-VwH—i—H-Vu.thx

IN

[He 172 + Cl[H[Lo [Vl Zs

IN
N — N~

[Hel1Z + CIVH|Za [Vl 22 [ Val a1

I,= /p(u-V)u-utdx

|
N

< 2o 2wl + CluleVulls
< 2o 2l + CIVul [Vl
and
13:/|H-Vu—u-VH|2dx

< CIH|Zs [Vull7s +CllullZo] VHIEs
< C|\VH|[Z=[IVull 2 [Vl g2+ C IVl 22 [ VH] g2 [ VH] g

Substituting I;—I3 into (3.9) and using the Young inequality, it holds that

d 1 1
[ HITuP 2 Ve H 0V X HP 50 2wl 5 Hel e+ % 9 xH

<C(IVH|[S: +[IVul|$:) +e(||Vul 3 + ][ VH|[,.). (3.10)



S. LIU AND Q. LIU 1525

To close the estimates, we have to get the estimate of ||Vu| g: and ||VH| g: on
the right-hand side of the above inequality. To this end, we need to rewrite (1.1)2 and
(1.1)5 into the following form, that is, u and H satisfy, respectively, the following Stokes
equations

—Au+VP=—pu,—pu-Vu+3V[H??—H-VH, in Q,
divu=0, in Q,
u=0, on 01,

and elliptic equations
—vAH=—-H;—u-VH+H-Vu, in Q,
divH=0, in Q,
H-n=V xH=0, on 09.

By the well-known regularity theory on Stokes equations (see [14]), we have

[l 2 + VPl < C(llpul| 2 + [ pu- Vul| 2 + |V [H[|| 12+ |[H- VH]| 2)
<O(||p" | g2 +|Jull o | V| £z + | H| £o | VH] s)
3/2 1/2 3/2 1/2
<C(1p 2wl 2 + || Vul[35 w12 + [ VHISS | H] 1),

and

[H[| g2 <C[Hel[ 2+ Cllu-VH] 2 + C[[H- V[ 2
<CHil[ g2 +Cllull e [ VH] Lo + ClH] o [ V]| s

<O|He| 2+ CIIVull 2 VIS [H] 2 + Ol V|2 Va2 ull 372
which, together with the Young inequality, immediately leads to
[all 2+ [[H 2 + [ VPl 22 < Cllp" *ue ]| 2 + [[He | 2 + | VH][F2 + [ Vul[F2).  (3.11)

On the other hand, multiplying (1.1)3 by H|H|? and integrating the resulting equality
by parts over € lead to

/ |H|4dx+u|||H||vxH|||Lz+fHV|H| 11122
4dt
< C||Vu| s |[H[4s +C / H||V|H[?|||VH]|dz
1/2 1/2
< ||V} IV} ||VHHL2+f||V|H| 1122+ C|[H||26 || VH| 2
1/2 1/2
< ||V} Va3 ||VHHL2+7||V|H| 1122+ C|IVH|| 32 || VH] 1
sonwniz+c||VH||L2+ZHV|H| 22 +&l| VH| 21+l V|2, (3.12)

where we use the following calculation
/v x (Vx)H-|H|*Hdz

:/|H|2V><H-Vdex+/VxH-(V|H|2xH)dx—/|H|2V><H><n-HdS
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:/||H||V><H\|2d:1:+%/|V|H\2|2dx—/H~VH-V|H|2dx.
It is easy to prove that there exist two constants C7 >0 and Cs > 0 such that
20|Vl 72 +v[|V x H|[ 72 + Co | H| 74
zyo(t)::MHVuHiQ+u||vxH||2L2+cl||H||§4+2/H.vu-de
> |l + IV x HIE + L >0,

Multiplying (3.12) by 4C; and summing the result and (3.10) together, and then taking
€ suitably small lead to

d
3 YO SCY2@)(IVullZ: + | VH]Z2), (3.13)
where Y(t) is defined as
1/t v
Y(t):=Yo(t) + Z/o 0" 2us 72 +1Hs |7 4021V X V x HI|Za + 5 [ VHP |72 ds.

For any t€[0,T), a direct calculation immediately yields

Y(t) < Y(0)

< : : - (3.14)
1- CY(O) fo HVUHL? + ||VH||L2dS

On the other hand, using the energy inequality (3.2), it holds that

t
¥(0) [ IVl + Vs
1/2
<Cs (llpg uoll3z + 1Hol132 ) (IVHol2 + 1V uoll 3 + [Ho1£:)
SC3E0(1+EO%).

If we choose a Ejy such that

1
Fo<e=:minq1l,—
0<e¢€ mln{ ,403},

then we deduce from (3.14) for all t€[0,7")
V(1) <2Y(0),
which immediately leads to (3.7).
To obtain (3.8), we deduce from (3.13) and (3.7) that

d
3 Yo(O)+ (o' ? 12 + [ He|Z2) < CYo (). (3.15)

We multiply (3.15) by e?? to obtain that

d
LY o)+ (M w2 + [Hil22) < Ce” Yo 1) (3.16)
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Once e7tY(t) € L2(R™), it is easy to prove (3.8) by integrating (3.16) over (0,7"). In-
deed, it holds

T T
| etvawaes [ e (BIvulf vV x I+ ColL ) de
0 0
T
<00 [ e |V x e <.
0

due to (3.3) and (3.7). The proof of this lemma is completed. d

1/2

The following lemma is concerned with the weighted L2-estimate of p/?u; and Hy.

LEMMA 3.3.  For any given T >0, let (p,u,H) be a smooth solution to (1.1)~(1.3) on
Q% [0,T). Then, there exists a constant C' such that

s €7 (/20 Pual[Ea I 2ol + ' ulle + 1 212 )

T
+ [ et AVl e Rt < C, (317)
0

where n(t) :=min{¢,1}.
Proof. Applying 0, to the momentum Equations (1.1)s yields

1
pugt + pu- Vuy — pAuy = —puy - Vu—pr(p +u-Vu) = VP + (H- VH — §V|H|2)t.

Multiplying the above equation by n(t)u; and integrating by parts over €2, one gets

1d
5 <020 Pl + () 2V
1
5 @Ol 2wt~ [a@pluPdo~ [ oo 9w)-nud

- / po(0- V) - () ugda + / (H, - VH+H-VH,)-n(t)n,dz. (3.18)

Similarly, differentiating (1.1)s with respect to ¢ and multiplying the resulting equation
by n(t)H;, we obtain after integrating by parts that

1d
(0 s+ ()2 x
1
=§n’(t)||Ht||%z—/ut-VH-n(t)thx—i-/Ht-Vu-n(t)Ht—H-VHt-n(t)utdx. (3.19)
Combining (3.18) with (3.19), one gets that
1d

55 (I 2HLZ 4 [0 20 202 ) + )2V ne) /29 ol 2
1
=5 ®) [ sl o [nOphulds - [n(©pda- Vo) udo

—/n(t)p(utVu)utdx+/n(t)(HtVHut—utVHHt)da?—F/T)(t)HtVthdx

5
1
— 5n'(t)/,o|ut|2+|Ht|2da:+zm. (3.20)
=1
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Let us estimate every term on the right-hand side of (3.20). First, using the Holder
inequality, Young inequality and (1.1),, we obtain

| Rll—' [t Viufar

< Clln(t)" >V ue g2 lln(6) /oM e s 1o *ul| o
<C|IVull 2 lIn@)"/2p 2w |2 () 2 V)32
<elln(t) 2V 22 +C (@)1 Vullza ()20 e 2.

Using (1.1), once again, it holds

|Rg|:'/n(t)pu-V(u-Vu-ut)dx

< C/n(t)pIHIIVU\QIUtI +1(t)plul*[V2ul[ue| +0(t) pluf*| Vul [ Vue|dz

3
= ZRQZ
i=1

By the Gagliardo-Nirenberg inequality, one obtains that

R <C [ n(t)plul| PP ulds
<Cln() 2" 2y L2 | Vul Fen(t) /2] p" *ul| 1o
< Clln ()20 20,132 |3 + CI V3,

Raal = [ 0(0)plu? V2l | do

< On() 21V 2ull 2 ullZs (D) | s
< OIV2ullg2lln(t) 2 Vgl 20 ()2 V|22
<elln(®)*Vue |72 +C(e)IV?ul 72,

and
Rasl = [ n(t)oluf? V| Tulds
< CIVallon(®) 2l ) /v

<O|Vullen(t) /2 Vul|Zaln(e) /> V| 2
<elln(®)'*Vue |72 +CE)IVulF,

due to (3.2) and (3.7). Inserting all the estimates of Ra1—Ras into Re, one gets
Ra| <2¢)ln() /> Vuu |72+ Clln(0)/? 0" w72 | Vull3: + ClIVul 3.

Using the Gagliardo-Nirenberg inequality again, we also get

Rl <C [ n(®phua [ Vulde <OVl ()2 w3
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<OVl g2 [n(6) 2 pM 2w |16 In(t) 2V, |35
<elln(t)>Vu, |22 + C(e) [ Vul Lalln(t) /2 0 2uy |22,
IRa|<C / n()|He || VH|[ug|dz < [ VH]| s || (£) /2 He | 2 [ m(£) /2y | oo

< C|[VHI| 2 (6 Hel 2 [0 ()2 V| 2
<elln(t)!/2Vue ][22 +C(e) [ VHIZ In(0) *Hel |22,

and
IRs[ < C/n(t)IHt\QIVuldl’ <Clln() *Hy|| 74| V|2
<elln(t) *VH |72+ C|Vul| 72 [n(t)/*Hy||7-.

Substituting all estimates of R;—R5 into (3.20), and then taking e small enough, one
obtains

d
= (@722 22 + ln () 2Be 32 ) + (1m0 2T, 22 + () /2 VH )
<C(In(®)2pM w3z +In(t) /2 Hel 32) (1903 + [ VHIZ: + ]| Vullf)
+ OVl + 11 g 32 + [ 22). (3:21)

Next, we multiply (3.21) by €°* to obtain that

d o o
G (72 Pl It Pl + ¢ (I 2Vt s+ [V EL 2

<O (02 2w 3 + 2 2) (1920 3+ [ VI + [Vul2)
+ et (Il + 1020l + [Hul2)

Using (3.8), we obtain the following inequality by integrating the above inequality over
(0,2)

t
e (120 s+ [ PR )+ [ et 7 o 2V H s
0
t
<O+ [ eI 20 A+ [ B )|Vl + VI 9l ) ds.

This, together with (3.7), (3.11) and the Gronwall inequality, leads to (3.17). This
lemma is completed. ]

Next, we shall apply the classical W2 P-estimate of elliptic equations to improve the
integrability of the solution.

LEMMA 3.4.  For any given T >0, let (p,u,H,P) be a smooth solution to (1.1)—(1.3)
on Qx(0,T). Then, it holds that

||eat771/2uveatnl/QH”L?(O,T;Wz»G) + ||eat771/2vp||L2(0,T;L6) < C. (322)
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Proof.  We deduce from (1.1)5 that e“*n'/?u satisfies the following Stokes systems
— Nt PuVeotnt/2 P =eotyl/? (—pu—pu-Vu+1iV|H]?—H-VH), in Q,
dive®tn'/?u=0, in Q,
e?'n'/?u=0, on 9N,

Applying LP-estimates to the above Stokes equations and using Sobolev inequality, it
holds that

||e"t771/2Vu||W1,6 + ||eatn1/2vp||L6

SC( e?tnt/? pu, ’ 6—&—||e("t771/2pu~V11||L6-|—||e"75771/2H~VH||L5)

<c(

e 2| Hllpullie €7 V0] o + [l e 2 VH] o)

<O(||e 2V, + IVl e n* 2Vl s + [V s 0 2VE 1)

<c(

e 2| IVl + IVH ).

due to (3.17). This, together with (3.7) and (3.17), immediately leads to

ot, 1/2

||€ uHLZ(O,T;WZ’S) + ||€Ut7’]1/2VPHL2(O’T;W1,5) S C

Applying the same method to (1.1)3, we obtain
||€Gt771/2H||L2(07T;W2»6) <C.

This completes the proof of the lemma. 0

Finally, let us conclude this section by presenting more information on the integra-
bility of the solution, in particular, the estimate of ||Vu| 1, which will be used in
the proof of uniqueness.

LEMMA 3.5.  For any given T >0, let (p,u,H) be a smooth solution to (1.1)~(1.3) on
Qx(0,T). Then, it holds that
le7"n 1/2u||LP(0,T;W2=T) + ||eatnl/ZVPHLP(O,T;WLT) <C, (3.23)

with r € [2,6] and

. In particular, we have
T
/ [Vl pedt <C. (3.24)
0

Proof. Lemmas 3.3 and 3.4 are indeed two special cases of this lemma. Taking
r=6 and p=2, (3.23) is reduced to (3.22), and taking r=2 and p=+o0, this case
corresponds to (3.17). So that we only need to prove that (3.23) holds with r € (2,6)

and pe (2, 3:126). To this end, we shall apply the interpolation inequality between

L2(0,T;W26) and L®°(0,T;H?) ((3.17) and (3.22)):

/ le” n* /> ul[f .. t<0/ e n a7 et 2 Vully F
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3p(r—2) 4r—3p(r—2)

T i T - T
<C / levtn/ 2V |2 edt / ||e"tr]1/2Vu||;_;f3p(“2) dt
0 0

4r—3p(r—2)

T ar p—2
<C (/ ||€”771/2Vu||?{1dt> ( sup Ie‘”supnl/QVuHm) <c,
0 0<t<T

3p(r—2 2p(6—r ‘
due to the fact p(2r ) <2< 4T_pép(r_)2) and (3.8).

Finally, taking r=4 and p=8/3 in (3.23), we obtain the desired result (3.24) as
follows

T T
/ ||VuHLoodt§/ letn'/2Vul|yr 4=t~/ 2dt
0 0

- 5/8
< (/ 68‘”/5774/5dt> Hnl/Ze”tVuHLs/s(O’T;WM) <C.
0

The proof of Lemma 3.5 is completed. O

4. Proof of Theorem 1.1
In this section, we shall divide the proof of Theorem 1.1 into two parts: the existence
and uniqueness.

4.1. Proof of the existence. In this subsection, we shall apply the a priori
estimates in Section 3 to complete the proof of existence in Theorem 1.1. We firstly
construct smooth approximated solutions (p?,u®,H?) to (1.1)—(1.3) by mollifying the
initial data, then establish some estimates on the approximated solutions, which are
uniform with respect to the mollifying parameter § and time 7 >0. Finally, we obtain
the existence of the solution to the original problem by compactness theorem, which
allow us to justify the passing to the limit as § — 0.

To this end, let (pg,up,Hp) be the initial data satisfying the conditions (1.7)—(1.8)
in Theorem 1.1 and define

po=Jds*po+0, uj=ue, Hy=H,
where js =js(x) is the standard Friedrich’s mollifier of width J. It thus holds

0<8<py<p+d<oc,

. (4.1)
i (o8 = poll o+ 10§ — ol + 5] — Holl ) =0, for amy pe (1,00)
and the initial energy of the mollified data now becomes
Ey = (|l/ pugllZz +IH | 72) (Vg2 + [ VHY 1 22)- (4.2)

Thanks to (4.1), it is easy to get that

lim E = F,.
6—0+
The short-time existence of approximate solutions (p°,u’,H?), defined up to a pos-
itive time 7% >0, to the MHD Equations (1.1) with initial data (pg,ud,H$) can be
obtained through the same method as [23].
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Indeed, the approximated solutions satisfy all the a priori estimates (3.1)—(3.3),
(3.7)-(3.8), (3.17) and (3.22) in Lemmas 3.1-3.4, independent of § and T. By these
bounds of the approximated solution, it suffices to pass to the limit to obtain a solution
of the original problem (1.1)—(1.3). Firstly, from the estimates in Lemmas 3.1-3.4, we
find that the sequence (p®,u’,H?) converges, up to a subsequence, to some limit (p,u,H),
that is, as d — 01, we have

P’ — p, weakly —x in L>®(RT; L),
u® —u,weakly —* in L®°(RT;H}), H? ~H, weakly —* in L®(R";H}),
u® — u,weakly in L*(RT; H?), H? —H, weakly in L*(RT; H?),
e?int/?u® — ety 2, weakly —* in L™ (RT;H?),
ety /2H? — 7'l /2H, weakly —* in L®°(R*; H?),
eo’tnl/Qu(S_\eo’tnl/Qu’ eo’tnl/QHﬁ_\eo’tnl/QH, Weakly in L2(R+;W2’6), (43)
Vpoud — /pug, HY —H;, weakly in L*(RT;L?),
"2\ poad =2 puy, ' PH] —n'/?Hy, weakly —x in L®(RY;L?),
e?tnt/2u — ety 2y, weakly in L2(R*; HY),
e?tnt/2HY — ety /2H,, weakly in L*(R*;H}).
On the other hand, to guarantee the convergence of the nonlinear term in the definition

of the weak solution, we need to deduce some strong convergence. From (3.7) and (3.17),
we firstly apply the Lemma 2.3 to obtain for any a € (0,1/2) and 0<T < oo that

”ué(t)HHl/?fa(o,T;Le) <C.

Applying the interpolation theorem between the above norm and |[u®(| ez, . m1), it is
easy to obtain that for 0 <8< ﬁ and T'>0

Hu(s(t)”Hﬁ((O,T)xQ) <C. (4.4)

This implies for any pe (1,2+ lziﬁ) that

u’ —uin LP((0,7) x Q), (4.5)

due to the standard compact embedding theorem. Then, by the above strong conver-
gence result and boundedness of u’ in (3.7), it (at least) suffices to yield that

w —uin L, (R HY). (4.6)
From (3.7) and (3.17), we can deduce that H® is bounded in {v|v€ L®(R;H"),v; €
L?(Ry;L?)}. Thus, by the Aubin-Lions-Simon theorem, we obtain for any p€ [2,6)
that

H° - H in Coe(R; LP). (4.7)

All this information obtained is more than enough to justify that (p,u,H) is a weak
solution to (1.1)—(1.3).
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To make decay rate more clear, in what follows, we need to justify the continuity of
p'/?u(t) and (u,H)(t) in the strong topology in [0,+00), which indeed can be rigorous
by appropriate regularization. Firstly, for any 0 <7 < o0, it holds

u’, H® € L°°(7,400; H?), wl € L?(1,+00; HY), HS € L*(,400; H}). (4.8)

Thus, one can deduce the strong continuity of the solution by Aubin-Lions-Simon the-
orem that

u, He C([r,00);WhP). (4.9)

for any p€[2,6).
On the other hand, using the method of renormalized solutions, arguing as in [25],
one eventually proves that for all p>1

p* = p in C([0,+00); LP),
and
VP = /p in C([0,400); LP).
Together with (4.9), we conclude that
VPueC (0,+00;L?). (4.10)

Next, we turn our attention to prove the continuity of |\/pu(-,t)||2 at t=0. By
the standard method, we can also prove that ,/p is a solution of

Oev/p+div(y/pu) =0, /p),_o=+/po- (4.11)
This, together with the fact \/pue L>(0,T;L?), yields
VP, EL®(0,+00; H1).
Due to u€ L>(0,+o0; H'), we obtain
\/ﬁtueLoo(O,—i-oo;W_l’?’/z).
Note that
(VBU): = v+,
consequently it leads to
(V/pu): € L*(0, +00; W—13/2),

due to /pu; € L?(0,400;L?). On other hand, noticing \/pu€ L>(0,T;L?), it immedi-
ately leads to

Vpue C([0,400); L* —w). (4.12)

By the above weak continuity and energy inequality, we obtain that

esslim sup/|\/ﬁuf./p0u0|2+|HfHo|2dx
Q

t—0+
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< : 2 2 _ 2 2
<ess fmn sup ([ (a4 %) e [ (poluol® + 1) o
+ess lim (2/ \/pT]uo(\/pT)uo\fpu)dx+/2H0(HH0)dx) =0.
Q Q

t—0t

This, together with (4.10), immediately leads to the strong continuity ./pue
C([0,400); L?). The proof of the existence and temporal decay of Theorem 1.1 is com-
pleted.

4.2. Proof of the uniqueness. Finally, we complete the proof of the uniqueness.
Due to the lack of regularity of the density, similar to the studies of the Navier—Stokes
equations, there is no hope to prove uniqueness of solutions to system (1.1) at the level
of the Eulerian coordinates. Therefore, we shall prove it for the solutions written in
the Lagrangian coordinates. In the sequel, we shall pay more attention to the terms
involving the magnetic fields.

To proceed, we introduce a flow X :R; xQ—Q of u, which is a solution to the
following integral equations

X(t,y):y+/o u(r, X (7,y))dr. (4.13)

Because of u|gpq =0, it holds that 0Q2= X (¢,0€?). We denote the Eulerian coordinates by
(t,X) with X = X (t,y), where the fixed (t,y) € RT x Q stand for the Lagrangian coordi-
nates. In Lagrangian coordinates (¢,y), we define the Lagrangian unknowns (n,v,d,Q)
as
n(ty):=p(t, X (ty)) and  v(ty):=u(t,X(ty)), (414
d(t,y):=H(,X(ty) and Q(ty):=(P+3[H)(t X(t.y))-

Notice that from (4.13), it holds that
¢
VyX(t,y):Hd+/ Vyv(r,y)dr.
0

Setting A(t):=(V,X(t,-))~!, we get that, in the (¢,y)-coordinates, operators V, div,
curl and A translate into

Vv::TAVy, curlv::TAVyx,

divy:="4:V, =div,(A) and A,:=div,(ATAV,"), (4.15)

and then (n,v,d,Q) satisfies

=0 in (0,7)x$
nvi—Ayw+VeQ=d-Vyd in (0,7)x€Q, (4.16)
dj—Ayd—d-Vyv=0 in (0,T)xQ
divyv=0, divyd=0 in (0,7)xQ

From the result of [10,11] on the Navier-Stokes equations, one can conclude that the
system (4.16) is equivalent to (1.1) whenever

(4.17)

N =

T
|19 vldr<
0
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In fact, under the condition (4.17), one gets thatV,X —1Id is small (in an appropriate
Sobolev space), and then the mapping X is a diffeomorphism. This is due to the fact
that if condition (4.17) is fulfilled then one may write that

+oo t k
A=Id+(V,X —1d)) ' =) (-1)* Vyv(r,)dr | (4.18)
2 (), T

and thus
1
| A—1d| Lo (0,7)x0) < 3
In what follows, let (p*,u,H!, P!) and (p?,u?,H%, P?) be two solutions to system
(1.1) with the same initial data (1.2) and boundary condition (1.3), and satisfy the
properties of Theorem 1.1. We now define the corresponding Lagrangian unknowns by

(n',v',d",Q") and (1°,v*,d* Q).
Note that the continuity equation becomes
n't=1"= po,

the density can be regarded as a parameter function in Lagrangian coordinates. More-
over, from Lemmas 3.1-3.5, we have for :=1,2, the following regularity

Vv, Vd' e L1(0,T;L>°)NL*(0,T;L3) N L3(0,T; LS),

t1/2vvi t1/2vd’ € L2(0,T;L>°) N L(0,T;Wh9), (2.19)
: , 4.19
vi, d'e L4(0,T;L>), d* e L>°(0,T;L3),

t12V Qi e L2(0,T; LY), tY/2vi, t1/2d! € L*/3(0,T; LS).

Denoting dv:=v2—v!, §d:=d*—d' and 6Q:=Q?—Q"', and subtracting the system of
(n',v',d",Q") from the one satisfied by (n?,v2,d* Q2), we get

P00V —Ayi6V+V18Q = (Ay1t — Ay2)vZ — (Vi1 — Vy2)Q?
—d?-V,20d+d?- (Vy2 — Vy1)d' +6d - Vi d',

6dy — Ayidd = (Ayz — Ay1)d® —d?- V2 0v+d? - (Vy2 — Vo )V +6d- Vv,

divy: 0v = (divy: —divy2)v2,  divyr 6d = (divyr —divy2)d?,

5V|aQ =0, VX (5d><n\0n =0.

OV]i—o=0, dd|—o=0.

(4.20)
To complete this uniqueness, it is a key step to prove the following claim.
Claim: There exists a sufficiently small Tg >0, such that
To
/ / (IVov[*+|Vad|?)(t,y)dydt=0. (4.21)
o Ja

Proof. (Proof of claim (4.21).) To this end, we decompose du and dd into two
parts

ov=v+v and 6d:&+a,
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respectively, where v is the solution to the problem:

divy1 v = (divyr —divy2)v2 =div(0Av?) =T5A: Vv (4.22)
and d is the solution to the problem:

divy1 d = (divyr —divy2)d? =div(6Ad?) =T6A4: Vd?, (4.23)

with §A:=A2? — A! and A%:= A(u?). Similar to the paper of Danchin-Mucha [11] (see
Lemma A 4.3 of [11] for details), one has for 0< Ty <T

IVl 4 (0,10;:22) + IV VI 220, 10) x @) T Vel s 0,10;0372) S (T0) IV V| L2 ((0,10)x ) (4-24)
and
1l 20,70 22) + 11Vl £2((0,10) x ) + 1dell L1730, 71572y < e(To) V8| L2(0,10) <) (4:25)

with ¢(Tp) going to 0 as Ty — 0.
Next, we rewrite the equations satisfied by (dv,dd,0Q) as the following system

p()\Aft — AVI{’—FVV] 6Q = (sz — Avl )V2 — (sz — V1 )Q2 —|—d2 -sz(Sd
+d%- (Vy2 = Vo1 )d! +6d-Vyrd! — povi + Ay v,

di—Ayid=(Ay2 — Ay1)d* +d% V2 6v+d? - (Ve — Vi v

£6d- Vv —dy+ Ayrd, (4.26)

divy1v=0, divy1d=0,

V)i=0=0, d|s=o=0.
Multiplying the first equation and the second equation of (4.26) by v and d, respectively,
and after integrating by parts, one gets
1d
2dt
:/(sz—Avl)v2 -vdy+/(vvl —Vy,)Q% vdy — /povt ~{rdy+/Av1\7-{rdy

Jtoov1aas+ [0, 9P+ el dP)dy

+/d2.vv25d.0dy+/d2-(vv2—vvl)dl-ody+/5d-vvld1.vdy
+/(sz—Av1)d2-&dx—/&t-&dy+/Av1€1~&dy

+/d2~VV25v-&dy+/d2-(sz—Vvl)vl-&dy+/5d-Vv1v1~fidy
13

:ZL-, (4.27)

=1

where we have used the identities

/ V16Q-vdy=— / divy1 V6Qdy=0 and — / Adyr -ddy = / |curly: d|2dy.



S. LIU AND Q. LIU 1537

Exactly along the same lines as the paper of Danchin-Mucha [11] (see pages 26-27 of [11]
for more details), one has

To
/ L ($)At <C(To) VoV 22020502 IV 9] 20,1052

o\

t)dt <C(To) (VP Loe (0,70:22) + IV VI 2 0,70:22)) I VIV L2 (0,70 2.2);

I3(t)dt <C(To)([[v/poV Lo 0.10;22) + IV VI L20,70:22)) 2

S—

X ”\/ VHLoo(o To;L?) HV(SV”L2 (0,To;L2)5

T() TO
Lt dt</ IV 1% [|72dt+C(To) VY7201 23
0

To
Is(t)dt <C(To) ||V 2 (0.10:22) VAl L2 0.7 22

To . . LAl
Io(t)dt <C(To) (|||l o (0,10;:22) + IVAll £2(0,10:22)) 2 ||d||foo(o7To;Lz) I1Vod|| 220, 1;22);

\o\o\o\

To R
110 dt</ IV d||72dt+C(To) IVd|1 720 1. 1.2
0

where C(Tp) is positive constant depending on Ty and going to 0 when Ty tends to 0.
For terms I5 and I;1, one has

To To “
/ Is(t)+ Iy (t)dt = / / 02 (Vo0 — Vyaov-d)dydt
) 0

(

To N R To 5 R
:/ /d2-(szf/-d—vvz{%d)dydt:/ /dz'(vvﬂ?'d—f—vvzd-\?)dydt
0 0
T() - ~
= / / d?- (TAVv-d+TA;vd - v)dydt
0

Ty ~ . i
< / 12 e (1579 1] 2+ 1970 2 9] 2 )t

<N zago. ;o) (V¥ | 22 010,22 14]| L4 (0. 70:22) + VA £20.10:22 ¥ 4 0,70 £2))
<C(To)(IVV 22 (0,10:22) IV 3| L2070 22) + V|| 22 (0,70:22) [ VOV 2 (0,70:22))

where the fact divy>d®=0 is used. Using (4.24) and (4.25), one can estimate I7(t) as

follows

To To To

/17(t)dt:/ /5d~Vvld1~{fdydt§/ VY| s |6d]| L2 ||¥]| edt
0 0 0

<C|16d| £a0,10:12) IV | L4 0,70:2) 191 20,7029
<C(To)IV¥l L2 (0,10; 22 (1Al ow 0,7 £2) + |1 L4 0,702 )

C(To) ”V‘A/”LQ(O,TO;L?)(Ha||L°°(O,T0;L2) +Vod| L2 (0,10;L2))
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and similarly I;3 with the following estimate

To To . To “
/ [13(t)dt=—/ /6d-Vvlv1~ddydt§/ ||VV1||L3H(SdHLszHL()dt
0 0 0

<C16d| s 0,122 IV V| 20,022 VAl 200,705 2)
<C(To)lIVA|l z20,10:22) Al Lo (0,70;22) + VA 22 (0,7 22)) s

where the Poincaré inequality is used. To deal with Ig, it holds that
I6(t):/(d2-T6AV)d1-fzdngHt‘%éAHLzHt%VdIHLM||d2||L3||\7HL6.

Notice that using the fact that if both v! and v?2 fulfill (4.19), then one has (see (4.12)
of Danchin-Mucha [11] for more details)

t
sup ||t_%6A||Lz <C sup ||t_%/ Vovdr| 2 <C|Vov| L2 0,10;12)-
t€[0,To] te]0,7o] 0

Thus, using the Poincaré inequality, one gets

TD 1 1
/ I6(t)dt SC”tii(sA”Loo(O’TO;LZ) Htf le HLZ(O,T();L‘X’) ||(‘12 HLOO(O,TQ;LS) ||V‘A,||L2(O,TU;L2)
0
<C(To)[IVOvir20,10:2) IV VI 20,10 22) -

Similarly, it holds

Ilg(t)z‘/d%AvVl-adx <Ot 26 A L2]|d?| s |12V || poe ||d]| o, (4.28)

and then
To R
| na(0d < C@) 198000 9520100 (4.29)
0

So altogether, substituting the estimates I; — I;3 into (4.27), using the Young inequality,
and then integrating over (0,7) immediately lead to, for a small enough T > 0, that

A TO ~
sup ([lv/pov ()22 +[1d(1)]|72) +/ IV¥1Z2 +1[Vd]|7dt
t€[0,To] 0

To
<C(Ty) / VS22 +||Vad||2adt, (4.30)
0
where C(T)) is a positive constant depending on T and goes to 0 when T} tends to 0.

This, together with (4.24) and (4.25), we conclude that

Tt

To 0
/ [Vov||32+ | Vod||2.dt < C(TO)/ [Vov]32 4 Véd||F2dt. (4.31)
0 0

Hence, claim (4.21) follows from taking a small enough Tj in (4.31).

Now, plugging information of the claim (4.21) in (4.30) yields

VPV Lo (0.7052) + 1l L0 (0, 70522) + IV V] L2 (0,70:2.2) + [ VAl 220, 70522) =0,
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which, together with the Poincaré inequality, implies that
(¥,d)=0 on [0,Tp] x Q.

This, together with (4.24) and (4.25), clearly yields

(v,d)=0 on [0,Tp] x Q.
Therefore we proved that for a small enough T > 0 it holds
vi=v2 d'=d? on [0,Ty] x Q.

Reverting to Eulerian coordinates, we conclude that the two solutions (v!,d') and
(v2,d?) coincide on [0,Tp] x . By virtue of the standard connectivity arguments, we
finally prove the uniqueness on the whole R . 0
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