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ON GLOBAL REGULARITY FOR A MODEL OF THE REGULARIZED
BOUSSINESQ EQUATIONS WITH ZERO DIFFUSION*

ZHUAN YEf

Abstract. In this paper, we consider the n-dimensional regularized incompressible Boussinesq
equations with a Leray-regularization through a smoothing kernel of order « in the quadratic term and
a B-fractional Laplacian in the velocity equation. Attention is focused on the case that the temperature
equation is a pure transport equation without regularizing the velocity in the nonlinear term. We
establish the global regularity for the regularized Boussinesq equations with zero diffusion in the critical
case a+ = % + % and 3> % In addition, a regularity criterion via the temperature is also established

for the critical case a+ 8= % + % and 0< B < %
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1. Introduction and main results

The standard incompressible Boussinesq equations with zero diffusion read as fol-
lows

v+ (v-V)v—Av+Vp=0e,, xz€R", t>0,
00+ (v-V)0=0,

V-v=0,

v(z,0)=vo(x), 0O(x,0)=060y(z),

(1.1)

where v(z,t) = (vi(z,t),va(x, t), -+, vp(x, 1)) is a vector field denoting the velocity, § =
O(x,t) is a scalar function denoting the temperature, p is the scalar pressure and e,, is
the unit vector (0,0,---,1). vy and 6y are the given initial data satisfying V-vo=0. The
Boussinesq equations model geophysical fluids such as atmospheric fronts and oceanic
currents as well as fluids in our daily life such as the Rayleigh-Benard convection (see
[5,13,15] for more details). Moreover, from the mathematical point of view, the full
inviscid case is analogous to the incompressible axi-symmetric swirling three dimensional
Euler equations (see e.g. [13]).

The incompressible Boussinesq equations not only have many applications in mod-
eling fluids and geophysical fluids but also are mathematically important. The global
well-posedness problems on the Boussinesq equations have recently attracted consid-
erable interest. For the case n=2, Chae [4] and Hou-Li [7] established the global
well-posedness of the problem (1.1), independently. Later, Hmidi-Keraani-Rousset [8]
successfully established the global well-posedness for the system (1.1) when —A was
weakened to half Laplacian, namely, v/—A. However, when n >3, the global regularity
problem of (1.1) is a very challenging open problem in fluid mechanics. Remarkably,
some interesting models have been proposed to guarantee the global regularity in the
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higher dimensions. One natural generalization is to replace —A by A??, namely,

Btv+(v~V)v+A2ﬁv+Vp:Gen, reR", t>0,
O+ (v-V)0=0, (1.2)
V-v=0,

where the fractional Laplacian operator A7 denotes the Zygmund operator defined
through the Fourier transform, namely

AF(E) =1el f(€).

In fact, the global existence and regularity result holds true for the system (1.2) with 5>
142 (see [10,17-19] for details). On the other hand, a weaker nonlinearity and a strong
viscous dissipation could work together to imply the regularity (see [14]). Recently,
inspired by the idea of Olson and Titi [14], Bessaih and Ferrario [2] proposed (in fact
n=23) the following regularized n-dimensional incompressible Boussinesq equations with
zero diffusion

O+ (u-Vv+A*Pv4+Vp=0e,, zcR" t>0,
80+ (u-V)0 =0,

v=u+ A%,

V-u=V.-v=0.

(1.3)

Moreover, they established the global regularity result for the system (1.3) in the case
n=3 provided that a+52§ and %<ﬂ< %. In our recent paper [22], the unnatural
restriction % <B< % was removed and the global results were also extended to arbitrary
spatial dimensions. More precisely, the system (1.3) admits a unique global regular
solution as long as >0 and >0 satisfy a+ 5> %—i—%. These results are also true
even for some logarithmically supercritical cases (see [22] for details).

It should be noted that the work of Olson and Titi [14] showed that the lack of
viscous diffusion strength may be compensated by regularizing the velocity within the
nonlinear term. This drives us to believe that regularizing the nonlinear term within the
velocity equation may be enough. Consequently, this paper aims at the global regularity
of the following regularized n-dimensional incompressible Boussinesq equations with
zero diffusion *

O+ (u-Vv+APv+Vp=0e,, zcR" t>0,

00+ (v-V)6=0,

v=u+A*u, (1.4)
V-u=V.v=0,

v(x,0)=vo(x), O(x,0)=0y(z).

The physical motivation of this regularization defined in terms of smoothing kernels is
very related to a sub-grid length scale in the model and these kernels work as a kind
of filter with certain widths (see [14] for more details). When a=0, (1.4) reduces to

1The author would like to express his special thanks to one of the anonymous referees of our
paper [22] for providing us with the interesting model (1.4) and helping us to derive some results for
this model.
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(1.2). Compared with the system (1.3), we only regularize the nonlinear term in the
velocity equation. More precisely, the system (1.4) is only regularized (v-V)v to (u-V)v,
without (v-V)# to (u-V)#. As a matter of fact, the global regularity problem for the
system (1.4) is more interesting and challenging to some extent. Now let us state our
result of this paper as follows.

THEOREM 1.1.  Assume that n>3 and vo € H*(R"), 0 € H*=?(R") with s>1+ 2. If
a>0 and 62% satisfy

n
R

1
>7
a+,8_2+4

then the Boussinesq system (1./) admits a unique global regular solution (v, 6) such that
for any given T >0,

ve L*([0,T; H*(R")NLA ([0, T]; HH(R™)), 0 €L<([0,T;:H* P (R™)).

REMARK 1.1. The proof of Theorem 1.1 is divided into two cases, namely,

1 n 1

: >+ - wi —

Case 1 04—1—672—1—4 with /3’>2,
Case 2:a> and S L
: — an =—,
‘=7 2

The proof of Theorem 1.1 is not trivial and involves the combination of an array of tools
and new techniques. The core of the proof is to establish a global a priori bound. This
is obtained by consecutively proving more and more regular global bounds. Let us now
explain the main difficulty and our arguments. When a+ 3 > % + 7%, the best regularity
estimate is

||’U,(T)||L%H1+% SC(TWOﬁO), (15)

which can not help us get any regularity for # because 6 satisfies a pure transport
equation with the convective term v-V#. On the one hand, for Case 1, we fully exploit
the space-time estimates (see Lemma 2.3) to derive the following key estimates (see
Lemma 2.4)

IVo@)lLizee + VOOl e < C(#500,60)-

Therefore, the global H?®-estimate for Case 1 follows from the above estimates im-
mediately. On the other hand, the proof of Case 2 is much more difficult which
needs several techniques, such as Littlewood-Paley technique, maximal regularity type
estimate. To bypass the above mentioned difficulty, we first establish two new com-
mutators (2.16) and (2.17). Then, combining the localized maximum principle, (1.5)
and the two commutators (2.16) and (2.17) altogether, we derive the crucial estimate
vz Br . < C(Tv0,60), where By . denotes the nonhomogeneous Besov space (see
Appendix A for details). Finally, with this estimate at our disposal, the desired global
H?-estimate follows immediately.

REMARK 1.2. We remark that our main efforts are devoted to the proof of the critical
case a+ = % + 7 as the subcritical case a+ 3> % + 7 is more easier and can be handled
in the same manner with only some suitable modifications.
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REMARK 1.3.  Unfortunately, at present we are not able to show that Theorem 1.1
holds true under the condition o+ 3> % + 4 with g< % The key reason is that the
temperature equation is a pure transport equation without regularizing the velocity in
the nonlinear term. Thus, the best information of 6 is the boundedness of ||6(t)|| £y Lo,
without any regularity. Therefore, it would be interesting and challenging to show the
global regularity result for this remainder case. This is left for the future. However,
if one adds some certain regularity on 6, then the global regularity of solution (v, )
actually holds true. More precisely, as a by-product of the proof of Theorem 1.1, we
have the following regularity criterion result.

THEOREM 1.2.  Assume that n>3 and vy € H*(R"), 0 € H*"P(R") with s>1+%.
Let (v,0) be the local (in time) smooth solution of the Boussinesq system (1.4) with o+
B> % +%4 and 0< 3 <% corresponding to the initial condition (vg,0). If the following
condition holds true

10) s ay2s <00 for 1<p<os, (1.6)
D P
TPoo, 0
then the solution (v,0) can be extended beyond time T, where E%B;T denotes the mixed
space-time Besov spaces (see Appendiz A for its definition).

The rest of the paper unfolds as follows. In Section 2 we carry out the proof of
Theorem 1.1. Section 3 is devoted to the proof of Theorem 1.2. In Appendix A, we
present the Besov spaces and some useful lemmas. For the convenience of the reader,
we present the proof of Lemma 2.1 and Lemma 2.2 in Appendix B.

2. The proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. We first state that the existence
and uniqueness of local smooth solutions in the functional spaces H® with s >1+ % can
be performed through the standard approach (see for example [6,13]). Thus, in order to
complete the proof of Theorem 1.1, it is sufficient to establish a priori estimates that hold
for any fixed T'>0. In this paper, we shall use the convention that C' denotes a generic
constant, whose value may change from line to line. We shall write C'(A1, A2, -+, \) as
the constant C' depends on the quantities A1,Aa, -+, A\p. We also denote ¥ =T if there
exist two constants C'y < Cy such that C1 T < ¥ <CyY. For a quasi-Banach space X and
for any 0 <7 < oo, we use standard notation L?(0,7;X) or L4.(X) for the quasi-Banach
space of Bochner measurable functions f from (0,7) to X endowed with the norm

1
T P
(/ f(~7t)||§gdt> 1sp<os,
||f||L1;(X) = 0

sup [l f(-8)lx, p=00.
0<t<T

We now recall the following two lemmas (Lemma 2.1 and Lemma 2.2), which can
be proved in the same way as Lemma 2.5 and Lemma 2.6 of [22]. For the sake of
convenience, we present the proof in Appendix B.

LEMMA 2.1.  Assume (vg,00) satisfies the assumptions stated in Theorem 1.1. Then
the corresponding smooth solution (v,0) of (1.4) admits the following bounds for any
t>0

10@)Lr <116ollLr, pE[1,00], (2.1)
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t
()2 + / ()25 dr < C (2, 00,00), (2.2)

t
ut) 220 + / () 2 s dr < C(t,00,00). (2.3)

LEMMA 2.2.  Assume (vg, 6p) satisfies the assumptions stated in Theorem 1.1. If >0
and >0 satisfy a—f—ﬁzé—i—%, then the corresponding smooth solution (v,0) of (1.4)
admits the following bounds for any t>0

t
[o(t) 7 +/0 [0(7)|[7725 d7 < C(t,v0,00), (2.4)

t
()| Fr2ess +/0 (7 7200026 dr < C(t,0,60). (2.5)

We note that 6 satisfies a pure transport equation with the convective term v-V#,
which is a big obstacle to derive the regularity of #. Actually, in order to obtain the
regularity of 6, we need to control the norm ||Vv|| . Consequently, our next main goal
is to derive this crucial estimate. To this end, we divided the proof into two cases.

Case 1: a—i—ﬂz%—l—% with 6>%.

In this case, we will make use of the following space-time estimates (see [20, Lemma
3.1]), which play a key role in proving our main result.

LEMMA 2.3.  Consider the following fractional dissipation equation with v >0
Wf+N f=g,  [f(x,0)=fo(x),
then for any 0 <e <~ and for any 1 <p,q<oo, we have
AT fllpare <C(t, fo) +CllgllLare- (2.6)
Now we are in a position to derive the key estimate ||Vo|| 1.

LEMMA 2.4.  Assume (vo,0g) satisfy the assumptions of Theorem 1.1. Let (v,0) be the
corresponding smooth solution of the system (1.4). If a+ 8= % + 7 with > %, then the
following estimate holds

1A%~ 20(#)l| 3 23 < C(t,v0,00) (2.7)
for any 0<e<2B—1 and for any 2,8%1 <qg<oo. In particular, we have
V()| L1 Lo < C(E,v0,00). (2.8)
This further implies
IVO(#)]| 1 e < C(t,v0,00)- (2.9)
Proof. Due to V-v=0, we rewrite the first equation of (1.4) as
v+ AP v="P(be, —u-Vv),

where P denotes the Leray projector over divergence-free vector-fields, namely,

Pi= (]IVAV‘>.
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Applying the estimate (2.6) to the above equation yields

1A%~ 0 (t) ]|y pa <C(t,v0,00) + [P (Gen —u- V)| 11 1o
<C(t vo,00) +C||0ey, —u- Vvl L1
<C(t,v0,00) +C||0|| L1 g +Cllu-VollLia
§C(t,v0,90)+C||u-Vv||L%LgE, (2.10)

where we have used the fact that the Calderon-Zygmund type operators are bounded
on L" for 1<r<oo. Thanks to the Holder inequality and the Gagliardo-Nirenberg
inequality (see Lemma A.5), it ensures for any 0 <e <25 —1

Cllu-Vollpy g <Cllullpge o Vol 1y o2

nq(gp—2) nq(gp—2)
<C||UHL°°L‘“||VU||L1 q2[2(28—1—¢)q+(g—2)n] ||A2[3 € ||2212(42B 1—e)q+(g—2)n]
92[2(28—1—¢)g+(g—=2)n]

§§||A2ﬁ ()| Lrps +C|lu ||Z2002£2(151 et |V e,

where g1 and gy should satisfy
1 1 1 28-1-—
2B-1-¢
q9 92 G n
If we further take ¢; satisfying

20+ —— > ——
a
then it follows from (2.4) and (2.5) that
[ull g L2 + [Vl Ly 22 S Cllull oo g2ats +Cllvll 1 2o <C(E,v0,00). (2.11)

It should be pointed out that the above ¢; and g2 would work as long as 3 > % Putting
(2.10)-(2.11) together leads to

1A% =20(®) 112 < C(tv0.00),

which is (2.7). Taking ¢ > we have that

n
28—1—¢?
190l < ClIVoll 2 +CIA% 0] 1a.

As a result, the desired estimate (2.8) follows directly. We now apply gradient operator
to (1.4)2 to get

OVO+ (v-V)VO=—(Vv-V)0. (2.12)

Multiplying the Equation (2.12) by |V8[P~2V#), integrating by parts and using V-v =0,
it yields

1d
S IVOOIL, < [1Voll = [IVOI[Zs,
which further gives

d
2 IVI Iy <[[VollL= VO] L.
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Letting p — 0o, we have
d
S IVO@lz <[Vl ][V L. (2.13)

The Gronwall inequality and (2.8) allow us to deduce
[VO)|| 21z < C(t,v0,60).

This ends the proof of Lemma 2.4. ]

With the above estimates at our disposal, we are now ready to deduce the global
H?-estimate for Case 1.

Proof. (The global H?-estimate for Case 1.) Applying A® to (1.4); and AS—#
to (1.4)2, taking the L? inner product with A®v and A®~?6 respectively, then adding
them up, we can get

Ld,

2dt

:7/ [AS’“’V]”'ASMJ’*/ [A*F,0-V]OA* 70 da
n Rn

1A% (@)1 +[A°P0()|[72) + A 0l|7

+/ Asbe,, - APvdzx. (2.14)
By using the commutator (A.3), it is obvious to see

—/ [A%, u-V]v- AN vde <C||[A°,u-V]v| L2||A%v|| L2

<C(|Vull L= |A%0]| L2 + [ Vol o [ A% 2) [ A®0]| 22
<C(|Vul o +[[Voll ) (|ullZ2 +[[A%0]|2)
<SCA+ Vol o) (1 + [[A%0]1Z2),

—/ [AS7F 0-V]OA*~POdr <C||[A*P,v-V]0)| 2| A*~P0)| 12

<C(IVllL=[A*50] z2 + (| VOl L= |A° 0]l 12) | A7) 2
C(IVollzee + (VO L) (1+ A0 Z2 + [ A°70]72)

<
<C(IVlzoe + V0] oo ) L+ [|A0][72 + | A*70)1Z2).

According to the Young inequality, it yields

1
: Ase,, - Novdx < C|| AP L2 || AP0 L < §|\AS+%||%2 +C||A*P0)2..
Putting all the above estimates together, it is easy to show that

d S
X @O +A 0|2 SCA+ V| pee + (V8] L) X (2)

where

X(t):=1+[[A%0(®)]| 72 + [ A*P0(0) 2.
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Thanks to (2.8) and (2.9), we obtain by using the Gronwall inequality
¢
IA0(6) |72 + 1A 76(t)]172 +/ 1A+ 0(7) |22 dr < C(t,v0,60).
0

This completes the proof of Theorem 1.1 for Case 1. ]
Case 2: az% and 5:%.
In this case, we first establish the following crucial estimate.

LEMMA 2.5.  Assume (vo,6p) satisfies the assumptions stated in Theorem 1.1. Let
a>% and 3= %, then the following estimate holds

lo@) s By, ., <C(T,vo,00), (2.15)

where C (T, vy, 6p) is a constant depending on T and the initial data.

To prove Lemma 2.5, we first establish the following commutator estimates, which
play an important role.

LEMMA 2.6. Let u be a divergence-free vector field and 1 <r <oo, then for any k>0
and 0<6 <1, we have

NARR - Vvl g om <O+ D2 ully, py follze g, (216)

[k Vel pre <Ch+D2 O ulz, 0 follgeprs,  (217)

GL”A (m=1,2,---,n) are the classical Riesz transforms.

where R, :=

Proof. First, we make use of Bony’s decomposition to show that

[ARRu-Vio= Y [AyRR:, S u-VIAu+ Y [AWRIR;, Aju-V]S;_1v
[i—k|<4 li—k|<4
+ Y [AWRR,Aju- VA
j—k>—4
I:Nl +N2 —|—N3
Now we recall the following fact. Let A be an annulus centered at the origin. Then

for every F with spectrum supported on 274, there exists n€S(R™) whose Fourier
transform supported away from the origin, such that

RIRF =27"n(27 )+ F.

For fixed k, the summation over |j — k| <4 involves only a finite number of j’s. For the
sake of brevity, we shall replace the summations by their representative term with j =k
in N7 and Ns. By Lemma A.1 and Lemma A.2, we have

IN1[| g oo SCN|2280(252) || Lo 11 [V Sk—1ul| g Lov | Ak V| Lo oo

<C27% N (|ARVul Ly o | Ak Vo Lo e
k' <k—2
<C27 R N Ap Vaul oy oo || ARA ]| oo oo
k' <k—2
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<C(k+ 1)2*(1*5)’“||u||Z;Béom 11|52 g1, »

INall g <Cll22n(2 ) Lge 1| AVl g oo | k-1 Vol e 1<
<C27F||AVullLpre D ARV gL
k'<k—2

<C2 M| AkVaulgre D 2 ApA 0l
k' <k—2

—(1-6
<c27¢ )kHUHZ;B;om||UHZ;°B;;‘;'
The last term N3 can be rewritten as

N3 = Z AleRi(sz'vAj'U)— Z EjU'VAleRiAj’US:N;-FN??.
j—k>—4 j—k>—4

Due to V-u=0 and k>0, we conclude by Lemma A.1 that

IN3 | g o = Z ARRIRV - (Aju®Ajv)

j_k2_4 L;Loo
<C > 2FAuA Ly L
j—k>—4
<C > 2X)Aullnp ]| A g s
j—k>—4

=C Y 2|Aulpr Al e
j—k>—4, j>0
+C Y 2 A
j—k>—4, j=-1
§C2_(1—5)k Z 2(2_6)(k_j)||£jvu”L5;L°°||AjA1_5’U||L%oLoo

j—k>—4, j>0
+C Y 2 Al e 1A ]| g
k>4, j=—1
<C27 =0k |y|

7SR AV [P F 2

—(1-6)k
Z;B;YOOHUHZ?BQ‘LO_FCZ (1=9) ||u|

ipne, Mvlzep

SCQ_(I_(S)]CHUHZTTB;,N ”vHi?B;;‘fm :
With the same argument, it yields

INZ [l e <C Y IAjullig Lo [ VARRRAjv|| e oo
j—k>—4

<C >y 25| Ajul| 1 poe || A 0] pge Lo
j—k>—4

—(1-6
<c2~t )kHUHZ;B;om||U||E;°Bi;io'
This allows us to get

—(1-6
IN3ll g <CCk+ 12O a7, 51 ol prcs, -
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Summing up all the above estimates, we obtain
[[AKR R, u- Vvl Ly 1 SC(k‘i'1)2_(1_5)k\|u||593é0m ol zee pazs. s

which is the desired estimate (2.16). Finally, (2.17) follows from the proof of (2.16).
This completes the proof of Lemma 2.6. ]
With (2.16) and (2.17) at our disposal, we are in a position to prove Lemma 2.5.

Proof. (Proof of Lemma 2.5.) Keeping in mind, it suffices to consider 5= % To

this end, we apply Ay with k>0 to the first equation of (1.4) to get
KA+ Ap{(u-V)v}+AAgv+VARp=Agbe,. (2.18)
By V-u=V-v=0, we can rewrite (2.18) as
VV-

atAkv—i—(u-V)Akv—l—AAkv:—[Ak,wV]v—&—AkGen—&—Akj(Gen)
- Ay aA( zaﬂ}m)
VV.
—[Ag,u- V]U+Ak96n+Ak—A(06n)
[Akvi, } Bitm,

where we have used the fact

ulAk Vo 8vm—uzAk i@mvmz().

This implies

O A+ (u- VAR +AA v =—[Ak,u-V]v+ A (I+RR,)(bey,)
—[AkRRm, u- V] v, (2.19)

V_ is the classical Riesz transform.

where T is the n xn identity matrix and R:=

>

According to the localized maximum principle (see [16, Theorem 1.1]), we deduce from
(2.19) that

d
1Akl + 2" | Agv| oo <[[[Ak, u- Vol Lo + ([ AR (T+RR) (0en) || L=
+ H [AkRRm,u-V]UmHLoo,

where ¢ >0 is an absolute constant. We therefore obtain

t
1AK0(1) | o <[|Agvollp~e™2"t + / e D[[Ag, u- V]o(r) || dr
0

t
+/ e—ch(t*T) ||Ak(]I+RRn)(9€n)(T)HLOO dr
0

t
+ / e~ D [ARRRm, 1 V] 0y (7)|| o d. (2.20)
0



ZHUAN YE 1577

Recalling (2.16) and (2.17), a straightforward computation gives

_ ok
<Clle™ oz Ak, w- Vo)l 2 L

t
[ e DNk Vo) dr
0

LF

_(3_
<C(k+1)2-G 6)k||uHZ2TBéc,ooHUHZ%OB‘}’;(Z")’

t
/ e~ 2 | (AR R, u- V] vy (7) || oo dr

0 Ly
<Clle™ | [[ARR R, - V)0 (1) | 2 1
<Ck+1)27 G ullza g ol e
Due to £ >0, we may deduce
t
[t RR G |
7

t
<C’/ =2 =) 0(7) |y dr
0

t
<C (/ e‘C2ktdt> 16(7) | e <
0

<C27%6g || oo -

LF

Inserting the above three estimates into (2.20) yields for any k>0
1Ak (8) 25 e <IAkvoll et +COA 12 E Il 25 1 oll s s,
+C27F)6g || Lo - (2.21)
Moreover, it is obvious to check that
1A 10(t) | e < CIA 10| 13 12 < C(T,00,00): (2.22)
Fixing d € (0, 1), it follows from (2.21) and (2.22) that

[0z g1, <C(Tv0,60) + Cililé{(k+1)2 (2*5)k}\\UI|L231 NMollzee przs,

<C(Ty00,80) + Cllull 0l s, (2.23)
Invoking the facts of (A.1), we thus deduce from (2.23) that

ol Lg B, . <C(Tsv0,00) +Cllu®)llzy, Mol e pros -

Noticing the following interpolation inequality

2752 +2 225
||U(t)HL393;ojio SOHU(t)HZ%L?” v(t )”nggl
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it yields

2—26

_26 n+
vz By SC(TJUO,@o)+C||U(t)||L2TB;QYOO||U(t)||£;2L2HU( Moz
1
§§||U(t)||L;°B;O,oo +C(T,v0,00) + Cllu(t )||L2 BL Mo®llzge 2,
which implies
vz 5L o < C(T'v0,00) + Cllu(t )HLz i, 0@z - (2.24)

It follows from the simple embedding and (2.5) that

T T
| ol < [ )y dr < CT0t0).

This along with (2.24) yields
vz B . < C(T,v0,60).

We therefore conclude the proof of Lemma 2.5. 0

With the above estimates at our disposal, we are now ready to prove Theorem 1.1
for Case 2.

Proof. (The global H*-estimate for Case 2.) Recalling (2.14), we have
1d
2.dt

:—/ [As,u~V]v-Asvdx—/ [As_'B,vV]QAS_BHdm—i—/ Afe,, - Nvdz.

n

— (IA0() [ + AP0 ][72) + A P02

It follows from the commutator (A.3) that

<C[[A%,u- Vol L2 [|A%0] L2

/ [A°,u-V]v-Avdx

<C(|Vull = |A%0] 2 + [ Vol oo [ A%u| 2) [ A%]| 22
<C([Vullz + [ Vollze ) (IA*u]| 72 + | A%v][72)
<C(I|Vull o +[[Voll ) [A*0]|7-. (2.25)

Thanks to V-v=0 and (A.4), it yields for 5> % that

/ [A*=P v-V]OA ~Poda| =

/ [AS=P8;, v,]0A* PO dx
<CIIA*2 s, )61 12| A0 1

<C(IV0llw |A*0] 12 + 0] < A5+ o) | A*50) 2
<0||vU||Lw||AS*Be||i2+0||eum|\v||2§*_ﬁ1||m+ﬁ 15 1A= 10

2(s+8) 2(28—1) 2(s+B)

IIA”"vIILz+C||Vv||Loo|IAS 07 +Cl0I o ”3’3 iAo e (2:26)
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The Young inequality yields
1
/ Ase,, - Nvdx < C|| AP p2|| AP0 2 < ZHAS*%HQLQ+C||A5*ﬁ0||2L2. (2.27)

Putting all the above estimates together, it is easy to show that

d

GEO+I ol <O (L4 [Vulm + [0l + 161

s+3ﬁ 1 ||

(28—1)
s+3ﬁ 1>Z(t)
where
Z(t):=1+ [ A%(t)|[ 72 + [|A°70(2) | 7.
Recall the logarithmic Sobolev inequalities (see [3,12] for instance)
n n
9 fllee <C(LH 1l A E Felog (L)), s>140, (229
n
IVFlem <C(1+ Sl + 1y log (L1 l)), s>145.  (229)
Now we thus deduce

2(s+8) 2(28— 1)

Z(t)+[|A" |72 <O (1+||A1+2UHL2+HU”Bl H01 257 ol 7377 > x Z(t)nZ(t).

d
dt

According to (2.1)—(2.5) and (2.15), we obtain

2(s+8) 2(28— 1)

T ol s+38- )dt<C(T 0, 60),

T
| (1A B uol + 1o, +100)1

which together with the Gronwall inequality yields for any ¢t <T
T
A0 (®) 122 + | A°76(2) |72 +/ IA° 50 (7) |22 dr < C(T w0, 60).
0

This ends the proof of Theorem 1.1 for Case 2. ]

3. The proof of Theorem 1.2

The proof of Theorem 1.2 can be performed in the same fashion as that of Theorem
1.1 with some certain modifications. Now we present the details as follows. We first
point out that due to oz—f—ﬁZ%—i—%, Lemma 2.1 and Lemma 2.2 are still true. For
simplicity, we denote

M::HH(t)HZF . 2ﬁ+2ﬁ < 00.

700,00

Now we will show the following crucial estimate under the assumption (1.6).

LEmMA 3.1.  Assume (vg,00) satisfies the assumptions stated in Theorem 1.2. Let
a+p> % +7 with 0<B< %, then it holds under the assumption (1.6)

H’U(t)HL%OB})o’OC SC(Ta M7U0790)7 (31)

where C(T, M, v, 0p) is a constant depending on T, M and the initial data.
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Proof. We first deduce from (2.19) that

DA+ (- V) A+ AP Agv == [Ag, u- Vo + A (I+RR0 ) (0en) — [ARRom, - V] 0.

Again, thanks to the localized maximum principle (see [16, Theorem 1.1]), it yields

d
%HAM}HLO@ + 225 | Agv| e <||[Ak, w- Vv Lo + | AT+ RR,) (Ben) || Lo
+ | [ARRR s - V] v || £oe

where ¢ >0 is an absolute constant. Consequently, we have
t
| Ak @)z <IAwvollz=e" + / e[ A, u Vo (r) | dr
0
t
+ / 2 T AT+ RR) (Ben)(7) | 1 dr
0
t 228k (t—7)
—l—/ e ° NARRRm s - V] 0 (7) || Lo dT.
0
By (2.16) and (2.17), one thus obtains

t
”/ e~ D Ay - Vo(r)| - dr
0

Ly
_ 928k
<Olle™ I g 1Ak, w V]o(r)ll 2 o

— —4
<C(k+1)2 (1+8 )k”uHZQTBéO,w”UHZ%OB;(E’C”

t
’/ e~ 2 T [ALR R, - V] v (7) || oo dT
0

<Clle™ " 3 [ARRR - V] o (7)]| 2

<Ck+1)27 W ullzy gy ollze pis -

LF

By means of k>0, one can bound it as follows

<c|

t
[ e D A4 RR, ) ) (1)1 dr
0

Lz

t
/ e~ 2| ALO(T)|| oo di
0

LF
_ 928k
<Clle™* ) 1 ARO(T) | 2.
T

_ 28(p—1)k
<C27 7 |ARO(7)| Lo e -
Plugging the above estimates into (3.2) gives that for any k>0
| Az 2 <l Arvoll =™ + O+ 1)27 = u

28(p=1k

+C27 7 [ ARO(T) | g -

(3.2)

TN LS

(3.3)
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Moreover, one has

-1V LPL>® > -1 LL2 > ,V0,00)- .

1A 10(t) L5 L SCA10(t)|| e L2 < C (T, v0,60) (34)
Taking 6 € (0, 8), we deduce from (3.3) and (3.4) that
o)z e, <C(Totn.60)+ Coup{(h+ D2 ullgy ol s
+O||9(t)”~ 1-28+ 328
LB, ?
<O(T.M00,00)+Clullzs gy [ollz poos.

Invoking the following facts of (A.1), it implies

lo(®)llzg By, . <C(T,M,v0,600) + Cllu(®) || 3,51, N0 e pr-s_-

With the same argument in dealing with (2.24), we derive

n+2
5

[v®lleg s, < C(TM00,00) +Cllu)]| 5y No(®)]lLg 2,
which further gives
vl rse B, . < C(T, M, o, 60).

We therefore conclude the proof of Lemma 3.1. ]

With the help of (3.1), we are now in a position to prove Theorem 1.2. Keeping in
mind (2.14), we get that

1 d S S— S
Zz A v(®)[I72 +IA*P0(8)|172) + ATl
:_/ [As,u~V]v-Asvdx—/ A, 0. VIOAP0da+ | A*Oen-A*vdz.
n n Rn

By (2.25) and (2.27), one arrives at

[ 180w Vo Aovda] <O Vullm +[T=) A%,

1
/ Ase,, - Nvdx < C|| AP p2|| AP0 < ZHAH%HQLQ +C||A*P0)2..

However, the estimate (2.26) depends heavily on the requirement /> % However, our
case 0< 3 <% fails. Thus, we should handle this case differently. The following crude
estimate is an easy consequence of (A.3)

/ [A*=P v-V]OA ~POdx

<C[[A*7,0- V)0l 2 A 78] 2
<SC(IVullp [A*00] z2 + VOl o< A 0]l £2) | A7) 2

2
Z;fs ||As+5v

=8
<OVl |A*7P0)Z +ClIVO|| L |lv 2 [1A70)| 2
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2(s+8)
a+3ﬁ

(s+8)
HA“ﬁva‘%CHVvHLxHASBHHmA%CHVQHL+”||HL”BHASBG

Putting all the above estimates together, it is easy to show that

dixs . s
S (IO + A P0(0)]72) + | A v 2

2(s+8)

+8)
<CA+Vullres +[[Vollzee) (1A ]|z + [A*P0] ) +C VO 7 HUIILQB’3 A=~ 69\\5“6 - (3:5)

However, at this moment we have no estimate for || V6| . To this end, some special
techniques are required. To begin with, according to (3.1), it is not difficult to see that
for any small constant €>0 to be fixed hereafter, there exists To=Tp(e) € (0,T) such
that

T
/ ||7)(T)||Béc _dr<e.

To

For any T, <t <T, we denote

T(t):= max (|Ao(r)|%+[|APO(r)|2%:), s>1+—.
T€[To, 1] 2

Consequently, one may verify that I'(¢) is a monotonically nondecreasing function. Then,
the next objective is to show

lim T(t) <C <oo.
t—T—

Recalling (2.13), (2.29) and noticing the monotonicity of I'(¢), it is not hard to check
for any Ty <t <T that

V60 < IV x| [ 190 ]
<Con[C [ (1)l + o), e A7) i) ]
<Cexp [/Tt C(1+ ||v||L2)dT} exp [00(/; HU(T)HB;de) In (e+r(t))}

<Cexp [co(/; lo(r)lpy, _dr ) (e+T(0)]
<C(e+T(t))°,

where Cy >0 is an absolute constant whose value is independent of ¢, T' or Ty. Conse-
quently, it implies

[VO(t)|| 1~ < C(e+T(t))¢ for any To <t<T. (3.6)
Integrating (3.5) over the interval (Tp,t) and making use of (2.28)-(2.29), it leads to
A6 72 +[A*70() |72 = |4 0(To) 72 — [|A*760(To) |7
<C T:(1+||U(T)|H1+g Hlo()llpy, ) (e+ A% ()2 +1A°70(7)]Z2)

(s+8 )
x (A% ()72 + [ A*770(r) || 72) dT+C/ IVO(T)ll = 5 IA*=20(r)l > K
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which along with (3.6) yields
¢
e+ () <C+T(To)+C | (I+[u(m)]l i+ +llo(m)lB, )n(e+D(7))T(7)dr
To ’
t 2Cqe(s+A8)

+C [ (e+T(r)) =% (6+F(7’))%d7'

To

t

<C+TI(Ty)+C ; (1+ HU(T)HH1+5 + ||U(T)||Bé01w) xln(e+F(7')) (e—|—F(7‘))d7’,

where in the last line we have chosen 0 <e< QCL This tells us that
0(s+5)

e+T'(t) <C+T(Tp) JrC'/Tt A(T)In(e+T(7)) (e+T(7))dr, (3.7

where
A(r) =14 [lu(n) | g3 + o)y, -
Thanks to (2.5) and (3.1), we observe

/OTA(T)dT<oo.

Applying the Log-Gronwall inequality to (3.7), we end up with
T(t)<C<oo, Ty<t<T.

By the local well-posedness results, the solution (v, #) can be extended beyond time 7.
Consequently, we complete the proof of Theorem 1.2.
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Appendix A. Besov spaces and some useful facts. This Appendix includes
several parts. It recalls the Littlewood-Paley theory, introduces the Besov spaces,
provides Bernstein inequalities as well as several facts used in the proof of our main
result. We start with the Littlewood-Paley theory. We choose some smooth ra-
dial nonincreasing function x with values in [0,1] such that y € C§°(R™) is supported
in the ball B:={¢€R" [¢|<3} and with value 1 on {£€R" [£|<3}, then we set
ga(f)zx(g) —x(&). One easily verifies that ¢ € C5°(R™) is supported in the annulus
C:={¢€R™,3 <|¢[< 3} and satisfies

X+ p(277¢) =1, VEeR™

i>0

Let h=F"'(¢) and h=F (), then we introduce the dyadic blocks A; of our decom-
position by setting

Aju=0, j<-2% A71u=X(D)U:/ h(y)u(z —y)dy;

n
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Aju:<p(27jD)u:2j"/ h(2y)u(x —y)dy, VjeN.

n

We shall also denote
S]‘UZ: Z Aku, ﬁju::Aj,lu—i—Aju—i—AjHu.
—1<k<j—1
The nonhomogeneous Besov spaces are defined through the dyadic decomposition.

DEFINITION A.1. Let s€R,(p,r) €[1,4+00]?. The nonhomogeneous Besov space B, .
is defined as a space of f € S'(R™) such that

By ={f €S R");[|fllps, <oc},

where

1
=

(X 2 la i) r<oo,
I7llm;, =4 >

sup 275 A; fllze, T=00.
j>—1
We shall also need the mixed space-time spaces

1llg by, = | @714 )iy

T p,r

L
and
A VN P
The following links are a direct consequence of the Minkowski inequality

LABS,—~LABs,, ifr>p, and LABS, —LAB:,  ifp>r. (Al

In particular,
LyB, . ~L1B, ..
The following lemma provides Bernstein-type inequalities for fractional derivatives.

LEMMA A.1 (see [1]). Assume 1<a<b<oco. If the integer j > —1, then it holds

1

|ARA; f ]l < CL2FIMGED A f e, k0.
If the integer j >0, then we have
Co27¥ (|8 fll e <IAFA; fll s < Ca 278D A fl| e, kER,

where Cy, Cy and Cs are constants depending on k,a and b only.

Let us recall the following commutator estimate (see [9, Lemma 3.2]).
LEMMA A.2. Let f, g and h be three functions such that VfeL>, g€ L and
xhe L'. Then it holds

1hx (fg) = f(hxg)llee < llahl[ L[V Fll<llgll Lo,
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where x stands for the convolution symbol.

We recall the following commutators estimate (see [21, Lemma 2.6]).
LEMMA A.3. Let f be a divergence-free vector field and %: p%"’_p% with p € [2,00),
P1,P2 €[2,00], r€[l,00] as well as s€(—1,1—-0) for 6 €(0,2), then it holds

I[A, £-Vg]

By, <C(p,1,0,5) (IVfllLorllgll pzrs +1£llz2 gl z2)- (A-2)

We also need the classical Kato-Ponce type commutator estimate (see [11]).

LEMMA A.4. Let s>0. Let p,p1,p3 € (1,00) and pa,ps €[1,00] satisfy
1 1 1 1 1
S —=——.
P P1 P2 P3 P4

Then there exist some constants C such that

I1A*, Flgllze <C (IA° o lglizes +IA* " gllzos [V £l zrs) - (A.3)

In some context, we also need the following variant version of (A.3), whose proof is the
same as that for (A.3)

I[A*=10s, flgllr <C IV F Il IA " gllpar +1A fll o2 llgll o2 ) - (A.4)

The following lemma is the fractional version of the Gagliardo-Nirenberg inequality.

LEMMA A.5. Letl<p,q,r<00,0<0<1 and s,s1,s2 €R, then the following fractional
Gagliardo-Nirenberg inequality

1A%l 2o &y < CIA™ | Gy [ A2 )
holds if and only if
7_7:(1_9)%_7”9(7_?)’ s<(1—0)s1+0ss.

Appendix B. The proof of Lemma 2.1 and Lemma 2.2.
Proof. (Proof of Lemma 2.1.) Multiplying the Equation (1.4)y by |6|P~26,

integrating by parts and using V-v=0, we get

d
Z10(®)lz =0

The desired estimate (2.1) follows by integrating it in time. Multiplying the Equation
(1.4); by v and integrating by parts, it yields by using (2.1) with p=2 that

**Hv(t)ll%fz+||A5v\|iaS/}R w[0]dz <|[v][r2[|0]z2 < [[v]|L2[60]lr=-  (B.1)
It follows that

d
e @lize <160l 2
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Integrating in time yields
[o(@)]lz> <llvollz> + ][0l >

Recalling (B.1) and integrating in time imply
t t
(]2 +2 / AP ()20 dr <[luo |22 +2 / ()22 160l 2 dr
0 0

t

§||v0||2L2+2/ (llvoll 2 +7ll00ll L2)[1Boll L2 d7
0

=(llvol 2 +¢]|6ol| 22)*-

Notice the simple fact

t t
/0 lo(r) 20 dr / ([o(P)I22 + [A0(r)[22)dr < C(t,v0,00)-
This leads to (2.2). Noticing the following facts

A+EP"

—~ I - 1
v(f):u(§)+|§|2au(§)7 57@’

we have

o 1+[£%)3
fulla- =0+ gy Fae) e = | S )|

[ g5

o—2a

= +1EP) = 0O 2 = [[vll 2o,

L2

L2

which gives
||| e = ||v]| gro—2a- (B.2)

An easy consequence of (2.2) and (B.2) is that

t t
|\U(t)||§;za+/ [u(T) |20 deHv(t)HQLer/ [o(7) |15 dT
0 0
SC(t,UO,QO)«
This completes the proof of Lemma 2.1. 0

Proof. (Proof of Lemma 2.2.) Applying A? to Equation (1.4); and taking the
inner product with APv yield

Ld

2dt||ABv(t)||%z+HA25UH%2:—/ AB(U-VU)ABde—I—/ APOe, NPvdz. (B.3)
Rn

n

To bound the first term at the right-hand side of (B.3), we split it into two cases, namely,
the case f<1 and the case §>1. For the case <1, we have by using commutator
estimate (A.2) that

‘/HAB<U'VU)ABvd$‘:‘/n[ABaU'V}UAﬁUd;L‘
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<CIIA7 u- Vol -]l r2e
<C(IVul 5 llvllpe,,

n—23"

<C(llullgzass vl as +[[ullz2 vl )]0l 2e

T llullzzlfollz2) ol s

1
<1870l 7e + CO+fulfzass) A 0] 72+ C,
where we have used the following facts

||Vu||L% <Cllu||gza+s, a+B==+

M| —
3

and

[vllgo,,  <Cllvllgs.
n—2p5 2

For the case §>1, the commutator estimate (A.3) would suffice our purpose. In fact,
it implies

‘/”Aﬂ(u.Vv)Aﬁvdx‘:‘/R[Aﬂ’u,wvAgvdx

<C[A%,u- Vo) g2 [A%0]) 2

<C(IVull, 3 1A%, 2 + 190 2o (6%l o AP 2o

SO([ull przess 1A% 0] L2 + |2 0] p2ful przess) | A0 2

1
< 1A% 0l 7a + CO+[ulfpaass) A 0] 7
The following is a direct consequence of the Young inequality

1
AfenAPvde < 0] 2| A 0|2 < 3 A0 22+ C.
RTL

Summing up the above estimates gives
d
1A%l + A% 0] 72 SCO+ [[ullfpzars ) [ A70IIZ: + C.

The classical Gronwall inequality ensures
t

AP0+ [ 1APo()]adr <C.
0

which along with (2.2) implies (2.4). It is not hard to see that (2.5) is an easy con-
sequence of (2.3) and the relation v=wu-+A?*u. This completes the proof of Lemma
2.2.

|
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