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ON THE EXPECTED NUMBER OF REAL ROOTS OF RANDOM
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Abstract. In this paper, we obtain finite estimates and asymptotic formulas for the expected
number of real roots of two classes of random polynomials arising from evolutionary game theory. As
a consequence of our analysis, we achieve an asymptotic formula for the expected number of internal
equilibria in multi-player two-strategy random evolutionary games. Our results contribute both to
evolutionary game theory and random polynomial theory.
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1. Introduction

1.1. Motivation from evolutionary game theory and random polynomial
theory. Large random systems, in particular random polynomials and systems of
random polynomials, arise naturally in a variety of applications in physics (such as in
quantum chaotic dynamics [3]), biology (such as in theoretical ecology [23], evolutionary
game theory and population dynamics [19]), computer science (such as in the theory of
computational complexity [33]) and in social sciences (such as in social/complex net-
works [25]). They are indispensable in the modelling and analysis of complex systems
in which very limited information is available or where the environment changes so
rapidly and frequently that one cannot describe the payoffs of their inhabitants interac-
tion [16,18-20,24]. The study of statistics of equilibria in large random systems provides
important insight into the understanding of the underlying physical, biological and social
systems such as the complexity-stability relationship in ecosystems [17,20, 23, 32|, bio-
diversity and maintenance of polymorphism in multi-player multi-strategy games [19],
and the learning dynamics [18]. A key challenge in such a study is due to the large (but
finite) size of the underlying system (such as the population in an ecological system,
the number of players and strategies in an evolutionary game and the number of nodes
and connections in a social network). Understanding the behaviour of the system at
finite size or characterizing its asymptotic behaviour when the size tends to infinity are
of both theoretical and practical interest, see for instance [29,31].

In this paper we are interested in the number of internal equilibria in (n+ 1)-player
two-strategy random evolutionary games as in [8,9,11,12]. We consider an infinitely
large population that consists of individuals using two strategies, A and B. We denote
by y, 0 <y <1, the frequency of strategy A in the population. The frequency of strategy
B is thus (1—y). The interaction of the individuals in the population is in randomly
selected groups of (n+ 1) participants, that is, they interact and obtain their fitness from
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1614 ROOTS OF RANDOM POLYNOMIALS FROM EVOLUTIONARY GAME THEORY

(n+1)-player games. In this paper, we consider symmetric games where the payoffs do
not depend on the ordering of the players. Suppose that a; (respectively, b;) is the
payoff that an A-strategist (respectively, B) achieves when interacting with a group of
n other players consisting i (0<i<n) A strategists and (n—14) B strategists. In other
words, the payoff matrix is given by

Opposing A players 0 1 ... ¢ ... n
A ag a1 ... QA ... G
B b b1 ... by ... by

The average payoffs (fitnesses) of strategies A and B are respectively given by

n n
A=Y 0 (?) y'(1—y)"" and mp=)» b (7) y'(1—y)" "

i=0 i=0
Internal equilibria in (n+ 1)-player two-strategy games can be derived using the repli-
cator dynamic approach [19] or the definition of an evolutionary stable strategy, see
e.g., [4]. There are those points 0 <y <1 (note that y=0 and y=1 are trivial equilibria
in the replicator dynamics) such that the fitnesses of the two strategies are the same
w4 =mpg, that is

Zfz’ <7Z> y'(1-y)"'=0 where &=a;—b;.
i=0

In the literature, the sequence of the difference of payoffs {¢;}; is called the gain sequence
[1,30]. Dividing the above equation by (1—y)™ and using the transformation x= ﬁ,
we obtain the following polynomial equation for z (x> 0)

Pn(x)::;& <7) 2 =0. (1.1)

In random games, the payoff entries {a;}; and {b;} are random variables, thus so is the
gain sequence {;};. Therefore, the expected number of internal equilibria in a (n+1)-
player two-strategy random game is the same as the expected number of positive roots
of the random polynomial P,, which is half of the expected number of the real roots
of P, due to the symmetry of the distributions. This connection between evolutionary
game theory and random polynomial theory has been revealed and exploited in a recent
series of papers [8,9,11,12]. Tt has been shown that, if {&;}; are i.i.d normal (Gaussian)
distributions then [8,9]

2n <ENn§2\/ﬁ

T™2n—3 s
where N,, is the number of real roots of P,. We emphasize that (1.2) is true for all
finite group sizes m, which is useful for practical purposes, for instance when doing
simulations. A direct consequence of this estimate is the following asymptotic limit

logEN,, 1

li =—. 1.
oo logn 2 (13)

(1 +1og2+%log(n)) Vn, (1.2)

On the other hand, the expected number of real roots of random polynomials has been
a topic of intensive research over the last hundred years. Three most well-known classes
studied in the literature are
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(i) Kac polynomials: Y i &a’,
(ii) Weyl (or flat) polynomials: > i, &%,

(iii) Elliptic (or binomial) polynomials: Y 7, (?) &t
When {¢;} are Gaussian distributions, it has been proved, see for instance [13], that

2]og(n)+C1+ = +0(1/n?) for Kac polynomials,
EN,={ vn for elliptic polynomials, (1.4)
Vn (% + 0(1)) for Weyl polynomials.

We refer the reader to standard monographs [2,15] for a detailed account and [7,26]
for recent developments of the topic. The asymptotic formulas (1.4) are much stronger
than the limit (1.3) because they provide precisely the leading order of the quantity
EN,,. A natural question arises: Can one obtain an asymptotic formula akin to (1.4)
for the random polynomial from random multi-player evolutionary games? It has been
conjectured, in a study on computational complexity, by Emiris and Galligo [14] and
formally shown in [12] that

EN, ~V2n+0(1). (1.5)

In this paper, we rigorously prove generalizations of the asymptotic formula (1.5) and of
the finite group size estimates (1.2) for two more general classes of random polynomials

P,(ﬂ)(x) = Zn:& (?) in and P,(LO"B)(:L') = i <Zt?> ’ <n—:5> ’ &t (1.6)
i=0

=0

Here v>0,a, 8> —1 are given real numbers, {{;};=o.... » are standard normal i.i.d. ran-
dom variables. The class of random polynomials P, arising from evolutionary game
theory is a special case of both P.” (when y=1) and pie?) (when a=£3=0). For
general values of o, and 7, Pﬁ) and P,Ea’ﬂ ) are related to more complex models in
evolutionary game theory where the gain sequence {¢;}; depends not only on i but also
on group size n. An example for such scenarios is in a public goods game in which
the benefit from cooperation are shared among all group members rather than accruing
to each individual [21,28,29]. From a mathematical point of view, the class Pr(ﬂ) is a
natural extension of P, and covers both Kac polynomials and elliptic polynomials as
special cases (corresponding to v=0 and 7:% respectively). In addition, as previously

shown in [9], P, is connected to Legendre polynomials. As will be shown in Section 3.1,
the class P,(La’ﬁ ) is intrinsically related to Jacobi polynomials, which contain Legendre

polynomials as special cases. The link between P, and Legendre polynomials in [9] is
extended to that of between PT(LO‘”B ) and Jacobi polynomials in the present paper.

1.2. Main results. Throughout this paper, we suppose that {¢;} are ii.d
standard normal distributions. We denote by ENr(ﬁ) and IENT(LQ”B ) the expected number
of real roots of P,(ﬂ) and PT(LO"B)
the following theorems.

respectively. The main results of the present paper are
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THEOREM 1.1 (Estimates of EN? for any n). Suppose that o, > —1.

(1) (Estimates in terms of roots of a Jacobi polynomial.) Let 0< Sy maz <1 be the
mazximum root of the Jacobi polynomial of degree n as defined in (3.1) . Then

]' n,maxr
/i <EN(@#) g\/ﬁlﬂi’. (1.7)

- Sn,mam

(2) (Explicit estimates for finite n.) For all a=/>—1, it holds that

2, [ nnt2a) <EN{®® < 2n (1 +1log(2) +}log

n+ao
z . . 1.8
TV 2n+2a—1 " T 2 ) ( )

14+«

Theorem 1.1, which combines Theorems 3.1 and 3.2, provides lower and upper
bounds for ENy(La’B ) in terms of the group size n. It is only applicable to the class P%#
since our proof makes use of a connection between P# and Jacobi polynomials. In
addition, in the second part, we use a symmetry condition on the coefficients of the
polynomial Pff"ﬁ ) which requires a=[. The next result characterizes the asymptotic
limits, as the group size n tends to infinity, of both ENS and ENP),

THEOREM 1.2 (Asymptotic behaviour as n— +00).  We have
EN) ~y/29n(1+0(1)) and EN(P ~v2n(140(1)) as n— oc. (1.9)

As a consequence, there is a phase transition (discontinuity) in the expected number of
roots of EN,(LV) as a function of v as n— o0

EN{) ~ {ilog(n) for v=0, (1.10)
V2yn  for ~>0.

Our study on the expected number of real roots of P\ and P\ contributes to
both evolutionary game theory and random polynomial theory. From an evolutionary
game theory point of view, our results show surprisingly that in random multiplayer
evolutionary games, one expects much less number of equilibria, which is proportional
to the square root of the group size, than in deterministic games (recalling that the
expected number of internal equilibria is the same as the expected number of positive
roots, which is half of the expected number of real roots). In addition, since for a poly-
nomial equation, the number of stable equilbria is half of the total number of equilibria,
our results also apply to stable equilibria. From a random polynomial theory point of
view, the present paper introduces two meaningful classes of random polynomials that
have not been studied in the literature. In particular, the fact that the asymptotic
behaviour of EN,Sa’ﬂ ) is independent of v and f is rather unexpected and is interesting
in its own right. In addition the phase transition phenomenon (1.10), to the best of our
knowledge, is shown for the first time.

1.3. Organization of the paper. The rest of the paper is organized as follows.
In Section 2 we recall the Kac-Rice formula for computing the expected number of real
roots of a random polynomial. In Section 3, we establish connections between P,Sa’ﬁ )
and Jacobi polynomials and prove Theorem 1.1. Proof of Theorem 1.2 is presented
in Section 4 and Section 5. In Section 6 we provide further discussions and outlook.
Finally, detailed proofs of technical lemmas are given in the Appendix.
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2. Kac-Rice formula

In this section, we recall the celebrated Kac-Rice formula for computing the ex-
pected number of real roots of random polynomials, which is the starting point of our
analysis. Consider a general random polynomial

n
= Zaifiﬂ
i=0

Let {¢} are standard i.i.d. random variables. Let EN,(a,b) be the expected number
of real roots of p,, in the interval (a,b). Then the Kac-Rice formula is given by, see for
instance [13]

;/b \/A”(x)ﬁ”(x)_B’Q‘(x) dz (2.1)

where

My (x) =var(pn(z)), An(x)=var(p,(z)), B=cov(pn(x)p,()).

We can find M,,, A,, and B,, explicitly in terms of the coefficients {a;} of p, as follows.
Since {¢;} are standard i.i.d. random variables, we have

pn Zaﬂfz > pn Zazajfzfj -a pn( pn Zazajl§z§] sk 1

2,j=0 2,j=0

:nghw%@ﬁﬂ E(p,,(2)) =0
=0

M, (x) =var(p, () =E(pj, (z)) — (E( Z aia;r VE(&E) = ) aja™,

2,7=0 =0

Ay (z) =var(p,, () = E((p), (2))?) — (E(p}, (2)))?
= Z a;a; ijat IR (g &) Za222x2(1 v,
=0

1,j=0

By, (z) =cov(pn(z)p,,(x)) =E(pn () Z iaia;x" TTRE(EE)) Zza r?

2,j=0

In conclusion, we have

Za2 % Za2 22(-1) Bn(x)zziafx%—l. (2.2)
i=0

Furthermore, the following relations between M,,, A,, and B,,, which follow directly from
the above formulas, will also be used in the subsequent sections:

Ba(e) =y My(@), An(e) = (eM1(0))
An(@) Ma ()~ B3() _ (Mma;M<>@mmﬁ
Mg (x) My (z) @ My(z) M, ()

() (Mo )y’
~iGe Gee)) =nlare):
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where the prime ' notation denotes a derivative with respect to the variable z.

Let EN,” (a,b) and EN,(LO"ﬁ)(a,b) be respectively the expected number of real roots
of P\ and of P{*? in a given interval [a,b]. Applying (2.1)-(2.2) to P and to
Péa”g ), we obtain the following common formula for ENT(LV)(a,b) and ENT(LV)(a,b) but
with different triples {A,,, By, My}

EN) (a,b) = i/b \/A"'(x)%zgg —Bi@) 4 (2.3)

where (x) € {(7),(a,3)}. For EN{" (a,b):
Mo =3 (1) uto) = > (7) 0 @ =3ok(1) e

For ENT(LQ’[}):

zi: (n+oz> <n+5) 22k, An(m):ikg (24'2) (n7€-5> 2201,

zn_:k <n+a> (n—lzﬁ) L2k - (2.5)

By writing EN,S'Y) or EN,Sa’ﬁ ) it becomes clear which class of random polynomials is
under consideration; therefore, for notational simplicity, we simply write {A,,, By, M}
without superscripts () or (o, ). The above Kac-Rice formulas are starting points for
our analysis. The difficulty now is to analyze the integrand in (2.3) for each class of
random polynomials.

3. Finite group-size estimates
In this section, we show a connection between the class P,Sa’ﬁ ) and Jacobi polyno-

mials which extends that of between P, and Legendre polynomials in [9]. Using this

B)

connection, we will prove Theorem 1.1 on the estimates of EN,(LO" for finite n.

3.1. Connections to Jacobi polynomials and finite estimates of ENT(La’ﬁ).

We recall that the Jacobi polynomial is given by

=S CIN (T EET e

1=

If =, Jacobi’s polynomial J,(f”g ) (z) is called an ultraspherical polynomial. Legendre’s
polynomial is a special case of Jacobi’s polynomial when a==0. It is well-known
that the zeros of J,(La’ﬁ ) are real, distinct and are located in the interior of the interval

[—1,1] [34]. The following lemma links M*? to Jacobi polynomials. Its proof is given
in the Appendix.

LEMMA 3.1. It holds that

1 2
M) (@)= (1-22) I (5 o ).
— T

n

(3.2)

Ny(laﬁ)

The following theorem provides estimates of E in terms of the maximum root of

the Jacobi polynomial.
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THEOREM 3.1.  Let 0 <S8y mae <1 be the mazimum root of the Jacobi polynomial of
degree n. Then the expected number of real roots, IENy(La’B), of Py(ba’ﬁ) satisfies

1 n,maxr
VR <EN#) < St Enmas (3.3)
1— Sn,max

Proof.  Let {—1<s1<s$2<...<8, <1} be the zeros of the Jacobi polynomial of

degree n. Note that sy = —s,11- 1 <0fork=1,...,|5]. We deduce from Lemma 3.1 that
M, has 2n distinct zeros given by {=£i

1781C
Thus M,, can be written as

T, 1<k< n} which are purely imaginary.

n

M () =my, [ [ (2* +75), (3.4)
k=1
where m,, is the leading coefficient and for 1<k <n

lf.Sk
Tk

= 0. 3.5
1+5k> (3:5)

It follows from the properties of {sj} that r1 >re>...>r, >0 and rir,+1-r =1 for
k=1,...,]5]. Using the representation (3.4) of M, we have

M;z(x):2xngH($2+7’j), M;L(x),z 2z (xM/(x)

= : ,
=i M, (z) x4y,

k=1 o (@)
Hence the density function can be represented as
1 M/ (z)\’ - Tk
2 n
- = =) — . 3.6
fn(@) 4z (SC Mn(x)) I; (x2+7ry)? (36)
Since 0 <7, <...<r1, we deduce that
s N~ Tk T
n\T) = 5 3.7
fn(@) ;(xZJrrk)? (x2471y)2 (3.7)
that is
i
fn(z) S\/ﬁxg_’_rn
Since
1 (oo}
EN(®A) == fo(z)dz
we have

EN(A) <1 / gi” da,
T ) oo X2+

that is, since [~ w%mdx: ﬁ for a>0,

EN(® < /n, [ L.

T'n
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Since 717, =1, the above expression can be written as
EN*) < /nr.

(a,8) &

From (3.5), we obtain the following upper estimate for ENp in terms of roots of

Jacobi’s polynomials

ENQ5)<\/> \/»1+5n

_Sn

It remains to derive a lower bound for IEN}La’ﬁ). From (3.6) and using Cauchy-Schwartz

inequality we have

=nfa(z)?,

x2+r;€)

-~
??‘
3
8
[\v)
o
<
Ead
N———
[\v]
M:

from which we deduce

n

Tkz 2+Tk

Therefore,

EN{*P) = / fo(z dx>\FZ/ x2+r dz=+/n.

It is worth noticing that this lower bound is independent of «,3. This completes the
proof of the theorem. 0

The following theorem provides an explicit finite estimate for ENr(La’B ) in the ultra-
spherical case. It generalizes a previous result for « =0 (see (1.2)) obtained in [9].

THEOREM 3.2.  Consider the ultraspherical case (i.e., a=). We have

2 [ n(n+2a)

1 n+ao
— " <EN®® <2V 2vn 1+1 ~lo .
Pt 2a—1- (14 108(2) + 5 loa )

2 1+a
As a consequence,

log(ENS™) 1
i 108EM ) L (3.9)
n—+oo  log(n) 2
Proof. Since a=f changing x to 1/x and = to —z leaves the distribution of the

coefficients of Pﬁa’a)(x) invariant. Thus we obtain that
EN*P) = 4EN{*P)(—00,~1) =4EN*P)(~1,0) =4EN > (0,1) = 4EN*?) (1,00).

It follows from (3.6) that f,(x) is decreasing on (0,+00). Thus for any z € [0,1], we
have

n(n+a) 1 [/ n(n+2a)

Tta an(x)an(l):§ m (3.10)

fn(o):
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In addition, since (z2+74)% > 4r,x? for all 2> 0, we also deduce from (3.6) that
fn(a:)2 < 4—22 for x>0,
that is

fn(z )S\/—; for x>0. (3.11)

Using the second inequality in (3.10) we obtain the lower bound for IEN,Sa’ﬁ ) as follows

(6) — 4fn(>f2 n(n+2a)
B /f" Jdv= 2 /f" aV2n+2a—1

Using the first inequality in (3.10) and (3.11) we obtain the following upper bound for
EN#X’B) for any 0<y<1

EN @) :i/olfn(x)dx:i(/oyfn(m)dx—kxyl il dz
<i(/07fn(0)dx+[yl\;§dx)

_4 (’y n(nta) @log('y)).

o 1+« 2

We choose 7€ (0,1) that minimizes the right-hand side of the above expression. That
is

1 /1+«

2V n+a’

which gives

1 n+ao
EN(®8) < ‘f(1 ] ] )
+log(2)+5log o

This completes the proof of the theorem. 0

REMARK 3.1. The connections to Jacobi polynomials is crucial in our approach to
obtain finite n estimates for the expected number of the real roots of the class P25,
It is an interesting question to derive such estimates for the class P). In the special
case v=0, this problem has been studied intensively in the literature [6,36-38] using
the explicit formula

E(N®)= V1-hi(z) d:c
1—22

where h,(z)=(n+1)z"(1—22)/(1 —z2”+2) computed earlier by Kac [22]. The explicit
and benign formulation of the density function enables the authors in the mentioned
papers to get lower and upper bounds for E(Ny(LO)) in terms of the degree n. In the

general case, the density function (2.4) is much more complicated, and to the best of

our knowledge, there is no existing connection between Pﬁ) with a well-known special

polynomial as in the class P%%. As such, currently it is not clear to us how to obtain
similar results in Theorem 1.1 for the class PT(LV) for an arbitrary v>0. We leave this
interesting problem for future research.
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4. Asymptotic behaviour of EN,(LW)
In this section, we prove Theorem 1.2 obtaining asymptotic formulas for IENy(;’).

Strategy of the proof. Let us first explain the main idea of the proof since it requires a
rather delicate analysis. The first observation is that, similarly as the proof of Theorem
3.2, since changing = to 1/x and z to —x leaves the distribution of the coefficients of

Pyg'Y)(x) invariant, we have
EN{ (—00,—1)=EN)(=1,0)=EN{"(0,1) =EN{V(1,00).

Thus IEN,SW):ZLEN,(LW)(O,D and it suffices to analyze ]ENT(L'Y)(O,l). We then split
the interval (0,1) further into two smaller intervals (0,n7) and (n,1), ]EN,(L’Y)((),l):
EN,S'Y)(O,n) +ENY (n,1) for a carefully chosen 0 <7 <1 (which may depend on n) such

that EN,(L’Y)(O,n) is negligible. To select a suitable n, we will use Jensen’s inequality
(see Lemma 4.1) that provides an upper bound on the number of roots of an analytic
function (including polynomials) in an open ball. As such, we obtain n=n"%"/* and
write

EN{(0,1) =EN{ (0,034 £ EN (n=377/41).
In fact, as will be shown, ENr(ﬂ)(O,n_?"V/‘l) is of order o(y/n), which is negligible

(see Proposition 4.1). The next step is to obtain precisely the leading order in
ENr(ﬂ)(n*SV/ 41). We recall that by Kac-Rice formula (see Section 2) we have

vV An(2)My() — B} ()
n—3v/4 Mn(l‘)

EN) (n=37/4 1) = da (4.1)

where A,,B, and M, are given in (2.4). Therefore, we need to understand thor-
oughly the asymptotic behaviour of A, (z)M, (z)— B2(x) and of M,(x) in the interval
[n‘37/ 41]. This will be the content of Proposition 4.2. Its proof requires a series of
technical lemmas and will be presented in the Appendix.

We now follow the strategy, starting with Jensen’s inequality.

LEMMA 4.1 (Jensen’s inequality). Let R>r>0 and f be an analytic function on an
open domain that contains the closed disk B(R)={z€C:|z|<R}. Then the number of
roots (including multiplicities) of f in B(r)={z€C:|z| <r}, denoted by N;(r), satisfies

log%
Ni(r)< —3s, (4.2)

- log 2Rr

where M; =max|,<;|f(z)| for t>0.

An elementary proof of Jensen’s inequality can be found in [27, Section 15.5]. Now

we show that IE]\L({Y)(O,TFSW 4) is negligible as an interesting application of Jensen’s
inequality.

ProrosiTION 4.1.  We have
EN) (0,024 = o(v/n).
Proof.  We aim to apply (4.2) to Pﬁ)(z)7 which is indeed an entire function. Let
r=n"37*and R=n"2"/3. Then
R? 412
2Rr

log =logn. (4.3)
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Moreover,

M, = max| P ()] 2| P(0) | = ¢, (4.4)

|z|<r

and

n v
M= max [P )'Sg'“i@ < ma m;(zw( ))
§n0max |€:] (1+R1/7)""f
<nor£1ax €] x exp(yO(nt/?)). (4.5)

We define the event

€= { max |G <n}n{n™! <lé] <n}.

Since {&; }i=o,...,n are standard normal i.i.d. random variables,
P(E)>1-0(1/n). (4.6)
By combining (4.2)—(4.5), we obtain

Cn1/3
logn ’

N (MI(E) < (4.7)

for some positive constant C', where N3 (r) is the number of roots of P’ in the ball
B(r) defined above. We notice also that fo’)(r) <n. Therefore, by (4.6) and (4.7)

ENO(0,n-37/) SEN (1) = B[N (r)I(E)] + EINS (1)1(E9)
Cn1/3

—+nP(E9) < Cnl/3.

As a consequence, we obtain
EN{(0,n=374) = 0(y/n). (4.8)

d

As already mentioned, the following proposition characterizes precisely the asymp-

totic behaviour of A, M, — B2 and of M,,, the two quantities appearing in (4.1). The
proof of this proposition is presented in the Appendix.

PROPOSITION 4.2. If1>z> (log") then

=3 (1) = (1) oy as)
and
,axn(g;)J\4n(:c)Bg(z)<i:gc>27 si 2x(g+o(1))< (le;/:M) )2, (4.10)
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21/

where iy =[Nty 5] With t, .= Trair -

We are now ready to prove the asymptotic behaviour of EN}{Y) (the first part of
(1.9) in Theorem 1.2).

Proof. (Proof of asymptotic formula of IENT(LW).) From Proposition 4.1, Propo-
sition 4.2 and Kac-Rice formula, we get

EN{(0,1) =EN{ (0,034 + EN) (073774 1)
1t VAn(z) M, (z) — B2(z)

== o M, (1) dz+o(y/n)

/ Ve 1+g:1/7) da+o(vn)

f; 2*? +o(v/n) = */247” +o(v/n),

where the last line follows from the change of variable u=z@" and the equality
/1 du w
—— = —. Hence
0

1+u? 4
EN( =4EN{(0,1) = \/2yn+o(v/n).
The proof is complete. 0

5. Asymptotic behaviour of EN™P

This section deals with the asymptotic formula of ]EN,(LO"B ) (the second part of
(1.9) in Theorem 1.2). The strategy of the proof is as follows. We will first relate

the asymptotic behaviour of ENr(la’B) for general («, ) to that of IEN7£L07O) for a=3=0.
We then exploit the relation that ENTEO’O) :IENr(Ll) and use the result from the previous
section.

The negligible interval [O,n‘3/4]. We use the same argument as in Proposition 4.1.
The estimate for Mg can be replaced as

1
- (n+a\2 (n+p
M p(aﬁ) < | R n
R=max| )I_glﬁl o i

< max [6|(n—+[a])!(n+3)) xZRl( )

0<i<

N[ =

< Orgax |€:] % exp(O(n1/3)),

where, for the second line we used the inequality that ("1%) < (})(n+]|a[)?*l. Then by
repeating the same argument in Proposition 4.1, we can show that

E[N*2 (0,073 = o(V/n). (5.1)

The main interval [n=3/*,1]. We first study the coefficients. It follows from Stirling
formula that as i A (n—1i) — oo,

QB n+a\ (n+p
i \n—i i
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+)

_ (n+a)(n+p) ati
_(1+0(1))\/4ﬂ'2i(i+a)( 72)(n+ﬁiz)eXP((n+a)I( H ) (n+p)1 (

st = P ((HOTGED + (0 0)1(5))

=(140(1))

where I(t)=—tlogt+ (t—1)log(1—t). By Taylor expansion,

L) vt

n+a n

I<;:2>=f<:;>+f<;>(

aln—

1)+ () 20 Lok,

Note that I”(t)=—t~1(1—t)~!. Therefore, as i A (n—1i)— oo,

(e a)(8) —n1() = (o) (a(H+ar (). s
Similarly,
(4 k)~ ()= (+o0) (B1C3) ~AI'(2) ).
Hence,

a(n—i)—

al™? = (14 0(1)) exp ((aw)f(g)ﬂ'(;) ﬂi)exp@nf(;)),

n
2mi(n—1)

so that
a{™") = (14 0(1))exp <(a+ﬂ)f(;) +1’(3)W> a{®?
= (1 o(1)hiap()a"”,
where, for t€ (0,1)
hia,p)(t) = (a+B)I(t)+I'(t)(a(l 1) - Bt).

Suppose that = € [n=3/4,1]. In the case (a,8)=(0,0), or equivalently the case y=1, in

0,0

Lemma A.2 below, we show that the terms az(- ’ ):ci attain the maximum around 7=

ip o/t with i, = [na/(z+1)], and the other terms are negligible. Here, the asymptotic
behavior of aga #) differs from that of ago,o)

compared with ago,o)

only on the term h(q ) (%) which is minor
. Hence, using exactly the same analysis in Lemma A.2, we can

also show that these terms aga’ﬁ)xi, when |i—i,| > i/

MED (@) =1+01) Y a™Pri=(140(1) Y hs(d)aVa

3/4 3/4

, are negligible. Therefore,

it|i—ig | <iy

=(1+o(Whp () Y. alPa=(1+0(1)ha,s (55) MO0 (@),
3/4

it|i—ig | <iy

ii|i—ig | <iy
since when |i —1i, §i§/4, we have h(, g)(£)=(14+0(1))ha (=% ). Similarly,
(a,8)\ % B x+1

AL @)= (oo, ()AL (@), - B (@) = (14 0o(1)) o (53) B (@),
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Thus for = € [n=3/4,1],

£8P (@) = (1+0(1)) f120 (2),

and hence

EN©@8) (n73/4 1) = (14 0(1)ENO (n=3/4 1) = (1 1 o(1))

V2n
=, (5.3)

Combining (5.1) and (5.3), we obtain that EN,Ea’ﬁ)(O,l) =(1+0(1)) V21 and hence

.
EN{®Y =4EN{*) (0,1) = (140(1))V2n.

6. Summary and outlook

In this paper, we have proved asymptotic formulas for the expected number of
real roots of two general classes of random polynomials. As a consequence, we have
obtained an asymptotic formula for the expected number of internal equilibria in multi-
player two-strategy random evolutionary games. Our results deepen the connection
between evolutionary game theory and random polynomial theory, which was discovered
previously in [9,11]. Below we discuss some important directions for future research.

Ezxtensions to other models in EGT. The class of random polynomials that we stud-
ied in this paper arises from the replicator dynamics. It would be interesting to gener-
alize our results to more complex models in evolutionary game theory and population
dynamics. The most natural model to study next is the replicator-mutator dynamics
where mutation is present. Equilibria for the replicator-mutator dynamics are positive
roots of a much more complicated class of random polynomials, which depend on the
mutation. Studying the effect of mutation on the equilibrium properties, in particular
on the expected number of internal equilibria, is a challenging problem, see [10] for an
initial attempt. One can also ask whether our results can be extended to multi-player
multi-strategy evolutionary games whose equilibria are positive roots of a system of ran-
dom polynomials. In this case, the assumption that the gain sequence is independent
is not realistic from evolutionary game theory’s point of view (see [8, Remark 4] for a
detailed explanation). Therefore, one needs to deal with a dependent system of random
polynomials, which is very challenging.

Universality and other statistical properties. The assumption that the random vari-
ables {&;}7 , are Gaussian distributions is crucial in the present paper. It allowed us to
employ the fundamental tool of Kac-Rice formula in Section 2. What happens if {¢;}
are not Gaussian? Very recently, it has been shown that universality phenomena hold
for three classes of random polynomials: Kac polynomials, elliptic polynomials, and
Weyl polynomials (recall the Introduction for their explicit expressions) [7,26,35]. The
universality results state that the expectation of the number of real roots of these classes
of random polynomials depend only on the mean and variance of the coefficients {¢;}
but not on their type of the distributions. It would be very interesting to obtain such
a universality theorem for the class of random polynomials arising from evolutionary
game theory studied in this paper. The distributions of the roots in different classes are
different, and the methods to study them need to be tailored to each class. It remains
elusive to us whether the techniques in [7,26,35] can be applied to the class of random
polynomials in this paper. Furthermore, studying other statistical properties such as
central limit theorem and the distribution of the number of equilibria also demands
future investigations, see for instance [5] for a characterization of the probability that a
multiplayer random evolutionary random game has no internal equilibria.
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Appendix. In this appendix, we present detailed computations and proofs of
technical results used in previous sections.

A.1. Proof of Lemma 3.1 and detailed computations of f,(0) and f,(1).
In this section, we prove Lemma 3.1 and compute f,(0) and f,(1).

Proof. (Proof of Lemma 3.1). It follows from the definition of Jacobi polynomial
(3.1) that for any ¢ €R

()= () () () ()
=50 (V) ()

() () e

Taking ¢ =2 yields the statement of Lemma 3.1. O
Next we compute f,,(0) and f,,(1). We have

0= ("7 40=(0E) (") =men (0F]). B0 ()

n—1
Thus
(0= A OML (0~ B0 _ A,(0) _nin+5)
M, (07 M,(0) ot
that is
fa()=y /D

Next we compute f,,(1). We have

=3 (325 (") = ().

=0

Using the following formula for the derivative of Jacobi polynomials [34, Section 4.5]

20+t 6)(1—22) - IO (2)

—n(@ntatBe+B-a) IO (@) +2n+a)(n+8)1D (@)

and Lemma 3.1 we obtain the following formula for the derivative of M 2% (z).
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z(2n+a+ B) M, (z) = (n(2n+a+ﬁ) +6— a) MP) (z)
-2(1 —xQ)(nJroz)(n—irﬁ)M,(ﬁ’f) (r). (A.2)

Applying (A.2) for z=1, we obtain

1, n@2nta+p)+B—-a)M,(1) 1 B—a 2n+a+p
B"(1)75M"(1)* 2(2n+a+pB) 2(n+2n+a+ﬁ)< n >

Taking derivative of (A.2) we have

(2n+a+B)(M! (x)+aM! ()= (n(2n+a+B8)+B—a) M. (z)
~2(n-+a)(n+ )|~ 20My -1 (2) + (1= 2*) M, ().

It follows that

An(1)= (1) + M2 (1)

1
1 !
:m{(n(2n+a+[3)+B—Q)Mn(1)+4(n+a)(n+6)Mn_1(1)}
1 B—a \2(2n+a+f (n+a)(n+8) 2n+a+H5—-2
_Z(" 2n+a+ﬁ)< n >+ 2n+a+p ( n—1 )
Hence
P M, (1)
2n+a+p—2
_ [(nta)(n+B) ( n—1 )
2n+a+p <2n+a+ﬁ>

B 1 n(n+a)(n+pB)(n+a+p)
 2n+a+p 2n+a+p-1 '

In particular, when o= g3,

1 [ n(n+2a)

n(l) ==/ —.
Fn(1) 2V 2n+2a—1

A.2. Proof of Proposition 4.2. In this section we prove Proposition 4.2. The
proof will be established after a series of technical lemmas. We start with the following
lemma that provides an estimate for a power of the binomial coefficient, which is a key
factor appearing in the expressions of A,,, B, and M,,.

LEmMMA A.1. For 0<t<1 and >0 we define I(t):=tlogt+(1—t)logt:; and
Jyz(t) :=~I(t)+tlogz. Then

<7Z>wzi(%i(rLM)v/Q<1+0(1+n1_i>)76n.u,z(i). (A.3)
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Proof. It follows from Stirling formula

i'=V2mi(14+ 03 ")) (2)

that
n n 1 nI(£)
. 1+0 n),
ORE=r=IC =)
where
1
I(t )—tlog +(1- t)logf
Therefore,
v v/2 v )
7.1 $i: L 1+0 }‘FL eanl(%)y
( 2mi(n—1) i m—i
which is the statement of the lemma. 0
LEMMA A.2.  We define
xl/'y .
try’z = m and by, ' = \_nt%xJ . (A4)

We note that t., , is the unique solution of the equation J. .(t)=0, where

1-¢ —y
J! (1) zylogT +logx and JI ,(t)= a0 (A.5)

Assume that 1>z > (logn)*Y/nY. Then the following holds for all n large enough.:
a. If |i—1iy 4] Zzi/;l then

(s 1
<

T f7eme = n(n)):; = (140 (ks ) ) exp { [ 2 (by.0) +O (L) G L

Gy,
Proof.
a. Since n) <exp(nl(i/n)), using (A.3) we have
i
(7;)7‘1;1 . v/2 . .
( n T in e < (27in,) " " exp (n [y, (i/1) = Ty 2 (iy 2 /1)])

i i/
§(2m'%z)7/2exp n J%z L _ny,x(i'y,z/n) ’
n
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where the second line follows from the fact that the function J, ,(t) is concave and
s +/)

attains maximum at t,,. By Taylor expansion, there exists 6 ¢ e,

such that

. 3/4 . 3/4 : 3/4
Iy (W) —Jy (7”/’””> I e J’/y ) (MJ) _’_Jzy/m(g) 22%7;.
n ’ n ’ n

n n

Notice that

B (52| = (B22) - Al | < s 2
yE( 3,711 ty,e)
1 — C
=n Sup ‘y(l —y) ‘ nat/v (4.6)
yE( an ity ,a)
Combining this with the fact that

—y —y —ny —cn

JY L (0)= <—< <
, 0(1—9)~ 6 /L.'y,:c'i_ii{.L iy

we get that for n large enough,

") . cidly
(TE))% < (2mis )2 exp <m¥/w —cis/z

iy,

1
< (2mn)"2exp (—c (logn)?) < 10

where in the last line we use the estimate 7., , ~nz'/7 = (logn)*. This ends the proof of

Part a.
b. Suppose that |i —i, | < zi/i By using (A.3) and Taylor expansion,

oo e ()0

1y, @

~(1+0 (555 ) )0

iye ) (= iy0) iy ) (1= iy,2)? (i—iy)®
(n [J:’x <n> n +J:’l’x< n > 2n? +J:*/’lx ©) 6n3 ’

for some 6 € (=, L),

n ’'n

Observe that

] c’ C
J'/y - by ’ < —7- <-—— as in the proof of Part a.
’ n nal/v Iy,

o JI'.(y)=0(y~?) for all y e R. Therefore J.",(0) =O(t532).

7 T 1 7 . 1
® J'/Y/vx ( :,; ) :‘]3:2/ (t’va)_'_O (t2> < ’;; _t’YJ) :JQIL'/ (tf%x)"'O (’[’Lt2> .
o V@

Combining these estimates,

[ () ()]
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3/4 o .\

e 1 1 \i—i (I—iy)
=0 > J// t - o) 0] VT VT
(7;%1> - |: 'y,ac( v )+ (nt?y,m) * (t%,z) n 2n

3/4 S s 2
=0 (i) 4 | () 0 (V) | 5l

2
nts 2n

Then Part b. follows. a
LEMMA A.3. We have

M- Baer=1 -7 (1) () e

1,7=0
Proof. Using formulas of M,,,A,, and B,, given in (2.4), we obtain

Ay (x) M, (x) — B, (x)?

n 2y 2y n 27y 2y
_ Z ;2 (") 22G-1) (n) 22 _ Z Z(”) 221 (“) 221
=\ j i J

i,7=0

Zli[z’%f—mﬂ (M) i
2. 7 J

n 2y 2
1 Y AL n 2(i4j—1)
52 () () e

The last step is the desired equality. O

The following lemma will be used to obtain asymptotic behaviour of A, M, — B2
later on.
LEMMA A.4. Let f(z,y) be a bivariate function such that f(z,y)=O0(x?+1y?).
4
Consider two sequences (an) and (by) such that a, —0 and %—)0. Then for

k<iy.—ap' and 1>y, +a,",

l

D flg)exp (—(an+ba) ((i=iya)® + (G —iy0)°))

i,j=k

1 . . ..
_<1+O<1ogn>) Z f(i,j)exp (*an ((1*1%96)2*(]*Z%x)Z))JFO(l)
li—in,o|<(anbn)~*/*
i =iyl <(anbn)~'/*

Proof.  Denote by 0= (a,b,) /4. If [i—iy ,| >0 or |j—i, .| >0 then
—(an+by) ((1—iy,0)°+(F —iy2)?) < —anb?* < —c(logn)*.
Therefore

> F(,5)exp (= (an +bn) ((i = iy.0)* + (G~ iy,2)%))

li—iq,o|<(anbn) /*or
|j7i'y,z |<(anbn)_1/4

<Cntecloen)’” — O(1).



1632 ROOTS OF RANDOM POLYNOMIALS FROM EVOLUTIONARY GAME THEORY

Consider [i —iy | <6 and |j—i, .| <6. Then

bu (i =iy,0)° + (5~ 13.0)%) =O(bn6%) =0 <<10g1n>2) '

It implies that
eXP( (an"'bn) (( Z'y a:)2+(j_i'y,x)2))

(110 () ) exp(can ((i—isu)? +(—iy)?).
(140 ()

Then the result follows.
LEMMA A.5. Let g: R—R be a differentiable function such that

sup [(z* +1)]g(2)|+ 19 (2)]] < C < c0.

Then for any K,l,m such that K,—- T \/» — 00, we have

=3 o) =arow) [ sto

and

IR i j 2
a2 2 0= )a( )=o) [ wmwiat@stdody
K2 el VK VK R2
Proof. We start by proving (A.8). Let
mq :min{m,K2/3}, Iy :min{l,KQ/?’}.

Then using |g(x)| < C/(z*+1) we have

1 & 1 i
\K_Zg(m) rE_: (f) VE g(ﬁ)‘
i=—1 i > K 2/3
4
SL Z (‘/?> _O(K_l/Q)
\/KMZKM il
For —I; <i,5 <mq, by the mean value theorem,
Vi Ny c
K .
x)dz| <su Llde < —.
)L Pl [ e

Therefore,

e 2 o) [ atwranl< SO <ouc
- —l1

(A.9)

(A.10)

(A.11)
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Since [, ]g(z)|dz <oo (as |g(x)| < C/(|z*+1)), and m1/VE,l VK — o0,

mi+1
/Rg(x)dx— VK g(z)dz|=o0(1).

—I

VK

Combining this with (A.10) and (A.11) we obtain (A.8).
Next, we prove (A.9). Define

mg =min{m, K/}, Iy =min{l, K°/°},
and
h(z,y) = (x—y)*g()g(y)-

Then using the inequality

Ih(@,y)| <2(2® +y?)]g(2)g(y)| <202 (2 +y)/((@* +1) (" +1)), (A.12)
we have
LS ()L S () < h( =,
7 X MRk m L FmR)im X (k)
hj=—1 hi=—l2 li],13|> K579
2c? o oK\ —2/9
SKz Y @4 )(|¢|j|> =0(K~*7). (A.13)
[4],]5]> /9
For Iy <i,j <mg, we define Dij:[\/%,i/%] x[\}—?,%} Using the trivial bound if
(u,v) €;; then |u—v| Slﬁﬁ and the assumption that sup,cp(|g(x)|+|¢'(z)]) <C,
we have
sup  |0zh(u,v)|, sup |0,h(u,v)| <3C? <12+m2)2
(u,v)ely; ’ ’ 7(u,v)GDij Y ’ - \/? .

Thus using the mean value theorem again, we have

lo+m 2 ) .

2 2 2 7

<3C (\F ) /D~ Hx—fﬁ‘-l—’y—f\/%udmdy
K ij

/Du {h ( \/il?’ \;7) - h(%y)} dzdy

_3c? <l2+m2>
2KVK\ VK )~
Therefore, with O(l3,mq) = [:/71?27 m\;%l]? we have
ma . . ma 302(m2—|—l2)2
h( =, %= —/ h(x,y)dxdy| < i VAT NV
iJ;l'z (\/? \/?) O(l2,mz2) ( ) i,];lz 2K5/2
4
=0(1)M=o(1), (A.14)

K5/2
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since ma,lo < K°/°. Notice that by (A.12), [ |h(z,y)|dzdy < oo, and O(lo,mo) — R?

(as \}—% T—wo) Hence,
/ h(z,y)dzdy=o0(1).
RQ\D(lg,mz)
This estimate, together with (A.13) and (A.14), implies (A.9). |

Finally, we now bring all previous technical lemmas to prove Proposition 4.2.

Proof. (Proof of Proposition 4.2.) We have

n 2y ) n 2y ]
Mn(x): Z <Z) x2Z+ Z <7,> xzz::Ml,n—’_MZno
8/4

. 3/4
|[i—iy | >15) \z—z%$|<z.y{w

By Lemma A.2 Part a.,

and by Lemma A.2 Part b., Lemma A.4 and Lemma A.5,

(o) Y /4e><p<[J” <m+0(”t2)3/4ﬂ )

) -
(_" ) me%m 3
Ly, [i—iy, o | <5

:(1+o(1))/e*z dz x \/n/]|J" (L, )]

R

nq;l/’Y

= (VAo g

Now according to Lemma A.3, we have
n 2y 2y
1 n (n o
2 _ s 2 2i 2i+25—2
An(2) My (z) — By () = §iJ§:0(l—J) (l) x (j) =TT

Then by the same argument as above, we get

An(@) My (2) = B} () = 5 (1+0(1)) / (w—y)Pe T dudy x (0|7 (b))

(2 o) (M)

which completes the proof. O

/~ [\D\»—l
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