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ERROR ANALYSIS OF
GALERKIN SPECTRAL METHODS FOR NONLINEAR OPTIMAL
CONTROL PROBLEMS WITH INTEGRAL CONTROL CONSTRAINT*

YANPING CHEN', XIUXIU LIN%¥, AND YUNQING HUANGS#

Abstract. The error analysis of Galerkin spectral methods for integral control constrained non-
linear optimal control problems is investigated in this paper. At first, the optimality conditions of
the optimal control problem are presented. More precisely, on the basis of the property of projection
operator, a priori error analysis of Galerkin spectral discretization is derived. Moreover, a posteriori
error analysis of state, control, adjoint state is established rigorously. Furthermore, for this nonlinear
problem, detailed a posteriori error analysis of hp spectral element discretization for the optimal control
problem is also proved. In the end, ample numerical experiments are presented to verify the theoretical
analysis of Galerkin spectral discretization by using the efficient gradient projection algorithm.
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1. Introduction

In recent decades, the numerical analysis of optimal control problems has already
become a very attractive field of research. There exist a great number of works for
the purpose of studying optimal control problems [1,7,9,16,22-24,29]. More detailed
research can be found in Hinze et al. [17], Lions [20], and Troltzsch [32]. With the
development of engineering applications, the problem of nonlinear optimal control has
gradually stepped onto the stage of academic research, such as in [5, 6,14, 18,21, 25,
28] and so on. Troltzsch [33] considered a parabolic optimal control problem with a
nonlinear boundary condition and constraints on the control and the state. Arada,
Casas and Troltzsch [2] studied error analysis of distributed nonlinear optimal control
problems governed by semilinear elliptic partial differential equations with pointwise
constraint on the control. Liu and Yan [26] investigated a posteriori error analysis of
nonlinear control problem. In [10], Chen and Lu considered a priori error analysis of
semilinear parabolic control problem which is approximated by mixed finite element
methods.

It is well known that spectral method [3,4,30,34] is very efficient numerical approach
for solving partial differential equations, because it can obtain fast convergence and high
order accuracy when the solutions have higher regularity. We must mention the works of
Shen, Tang, and Wang [31]. Recently, spectral discretization for linear control problem
has already been discussed in [15] successfully. In [11,12], a priori and a posteriori error
estimates of Galerkin spectral approximation for optimal control problem with elliptic
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PDE are proved rigorously. In [8], Chen, Huang, Yi, and Liu investigated the spectral
discretization of integral control constrained Stokes optimal control problem, and proved
a priori and a posteriori error analysis. In [35,36], the authors investigated Galerkin
spectral method for state constrained optimal control problem, and established a priori
error estimates. A posteriori error estimates of hp spectral element methods for elliptic
optimal control problem with state constraint are proved in [19], and then a priori and
a posteriori error estimates of hp spectral element discretization for first bi-harmonic
optimal control problem with integral state constraint are established in [13].

Motivated by above literature, the study of Galerkin spectral discretization for non-
linear optimal control problems is significant, because it can obtain high order accuracy.
It is more difficult to study than linear optimal control problems because of the nonlin-
ear function. The novelty of this article is analysing and discussing Galerkin spectral
methods for nonlinear optimal control problem. Based on some properties of operators,
a priori error analysis of spectral discretization is established in details. Moreover, a
posteriori error analysis for this control problem is also deduced in L? — H'-norm and
L? — L?-norm rigorously. Additionally, a posteriori error analysis of hp spectral element
discretization is obtained in L? — H'-norm and L? — L?-norm, respectively. Finally, an
efficient projection algorithm is presented, and the theoretical analysis is confirmed by
numerical experiments.

Throughout this article, the following control constrained nonlinear elliptic optimal
control problem is analyzed:

minJ(y,u) = g(y) +h(u)

subject to

—Ay+¢(y):f+u» in Qa
y=0, on 09,

where the constraint set K is

K:{UGLZ(Q):/UZO}.

Q
The details of the problem are presented in Section 2.

The rest of this article is organized as follows. In Section 2, we are going to construct
the spectral discretization of the nonlinear optimal control problem. Based on the
property of operators, a priori error analysis is derived rigorously in Section 3. Moreover,
a posteriori error analysis is proved in L? — H'-norm and L? — L2-norm for the control
problem in detail in Section 4. Furthermore, a posteriori error analysis for the nonlinear
control problem discretized by hp spectral element methods in L? — H'-norm and L? —
L2-norm is also investigated in Section 5. In Section 6, the gradient projection algorithm
is presented and then some numerical experiments are carried out to verify that the
theoretical analysis of Galerkin spectral approximation can obtain spectral accuracy.
Finally, a brief conclusion and some future works are summarized in the last section.

There are some basic notations that will be used in the sequel. Let € be a bounded
open set in R? with a Lipschitz boundary 9. Introduce the standard notation W (£2)
for Sobolev spaces on Q with a norm ||-||,, , given by ||v||fn’p=| ‘{: [1D%v]7, ) and

(0% m
a semi-norm |- |, , given by [vff, = > ||Dav||’£p(m. Set WP (Q)={weW™P(Q):

la]=m
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w|gn=0}. For p=2, we denote H™(Q) =W™2(Q), HJ*(Q)=W"*(Q), and || || =||-
llm,2; || -1l=1"lo,2. Additionally, c and C' denote different positive constants independent
of discrete parameter.

2. Optimal control problems and its spectral approximation

In this section, we study Galerkin spectral approximation for control constrained
optimal control problem governed by nonlinear elliptic equation. To begin with, we
present a weak formulation and the optimality conditions of optimal control problem.

2.1. Optimal control problems. Let Y =Hg(Q) be the state space, and U =
L?(Q) be the control space, we investigate nonlinear optimal control problem as follows

. 1 2, @ 2
min () =5 [ =+ 5 [ 2 (21)
subject to

—Ay+9(y)=f+u, in Q,
y=0, on 09,

and the constraint set is
KZ{’UELQ(Q)Z/’UZO},
Q
where 3o is the desired state, and « is the regularization parameter. Suppose that
the function ¥(-) € WL (=R, R), for any R>0. ¢'(y) € L*(Q) for any y € H'(2), and

' >0.
Take

A(yav):Avy'vvz V?JWGY,

(p,q)=/pq, Vp.qel,
Q
and there are two positive constants ¢ and C such that V y,v €Y

Aly.y) = cllylly, [A,0)<Cllylly llvlly-

Thus the weak formulation of (2.2) is: for given functions f and u, seek y(u)€Y
satisfying

A(y(uw),v)+ (W(y),v)=(f+u,v), VveY.

Hence, the nonlinear problem (2.1)-(2.2) can be shown as:

- I R SR I
min I = [ -+ [ o (2.3)

A(y(u)7v)+(w(y)vv):(f+uvv)7 VoeY. (2'4)

It is well known [20] that the control problem has a solution (y,u). It follows from
Lions [20] that the optimality conditions are presented as follows.
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LEMMA 2.1.  If a pair (y,u) is the solution of the optimal control problem (2.3)-(2.4),
then there exists an adjoint state z €Y such that the triplet (y,u,z) satisfies the following
optimality conditions: (OPT —CON)

(a) Aly,0)+(P(y

),0)=(f+u,v), Yvey,
(b) A(g,2)+ (W' ()=

Q)= (y—v0,9), Yqevy, (2.5)
(¢) (au+z,n—u)y>0, Vnek,
and
oau=max{0,z} —z=0—2z, (2.6)

Jo=

where zZ = Jig means the integral average on €.

2.2. Galerkin spectral discretization. We will establish Galerkin spectral
discretization of the nonlinear control problem. Let L, (x;)(:=1,2) be the r-th degree
Legendre polynomial on the variable x;. Set

Xiy=span{Lo(x;), L1 (x;), , Lar(x:)}, M >0,

and the product space is defined as

2
X =]]Xu

i=1

Take the approximation spaces Yy, =Xy NY, Uyy=XpyNU, and Ky =Upy NK.
Here K); and V), are the spaces of control and state approximations, respectively.
Then spectral discretization of the problem (2.3)-(2.4) is given as follows

1 «
J , —yo)2+= [ W3, 2.7
uﬂir.lellréM v (Y, unr) = 2/(1/M Yo) +2/QUM (2.7)

A(yM,vM)—i—(w(yM),’uM):(f+uM,vM), Y vpr €Yar. (2.8)

Analogously, the control problem has a solution (yas,unr), and the discrete optimality
conditions are also gained as follows.

LEMMA 2.2, If a pair (ypr,unr) is the solution of the discrete optimal control problem
(2.7)-(2.8), then there exists an adjoint state zpr € Yar such that (yar,unr,zar) satisfies
the following optimality conditions: (OPT —CON)

(a) A(yar,vnr) + (W (yar ) onr) = (f +unonr), vV om €Y,
(b) Algar,zm) + (W' (yam)zae,an) = (Ynr — Yo, anr), Y qur € Y, (2.9)
(c) (qurr+2ar,mm —un)u >0, Y na € Koy,

and
aup =max{0,Zar } — 200 =0a — 201, (2.10)

z .
where Zp = J? M means the integral average on § of z.
SZ
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From [27], for Taylor expansion, assume that ¢(-) € W%°°(—R, R), and the property
of ¥ can be written as follows: for ¢ € Yy, we get

() —(p) =—1'(p)(p— ) =—¥'(p)(p— ) +¥" (0) (p—¥)?,

where
J(p)= / ¥ lp+s(p—))ds, ()= / (1—8)¢" (p+ s(p— p))ds

are bounded functions in Q.

3. A priori error analysis

A priori error analysis of Galerkin spectral discretization for the nonlinear optimal
control problem will be derived rigorously in this section. Some important results of
operators will be introduced to help us to establish the error analysis. They can be
found in the reference books [4, 31].

LEMMA 3.1.  For any v€ L*(Q), we define the orthogonal projection operator Py :
L2(Q2) — Uns, which satisfies

(v—Pypo,wp)=0, Y wp €Uy
For allve H™(Q2) (m>0), we have

||U—PMU||H1(Q)SCMl7m||UHHm(Q), 0<i<m.

LEMMA 3.2.  For any v e Hg (), we define the projection operator P\, : Hj(Q) — Yar
satisfying

/V(U—PRMU)-V’U}MZ(L Y war €Y.
Q

Ifve HY(Q)NH™(Q),m>1, then we have that
[o = Pp a0l m () SCMP =" o] grm (), 0<p<1.
The regularity of the control problem is presented as follows [11].

REMARK 3.1.  Suppose that (y,z,u) satisfy the (OPT —CON), and assume that f, yo
and ) are infinitely smooth, we can get the control ue C>(Q).

The following auxiliary equations are important to derive a priori error analysis,
seek (yar(u), zpr(u)) such that

Alyn (w),var) + (¥ (ym (w),var) = (f +u,om), YV on €Y, (3.1)
and
Algnr, 2ar (W) + (@' (yar () zar (w),qar) = (yar (w) —yo,qm)s ¥ qu € Yo (3.2)
The important analytical results are proved in the following theorem.

THEOREM 3.1. Let (y,z,u) and (ynr,znm,unr) be the solutions of optimality conditions
(OPT —CON) and (OPT —CON)yy, respectively. Suppose that (y,z,u) is sufficiently
reqular, and then for any m>1, there holds

lu—wunrll 2 + 1y —yaell ) + 12 — 20 | <CM*™, (3.3)



1664 NONLINEAR OPTIMAL CONTROL PROBLEMS

where C'>0 is a constant independent of M.
Proof. We obviously know that

1y —ynrll ) < lly —y(unr) @) + 1y (uar) —ynrll ), (3.4)
and
|2 = 2mll 1 (0) < Mz — 2 (uar) |1 ) + |2 (uar) — 2m || 1 () (3.5)
From the substraction of the (OPT — CON) and auxiliary Equations (3.1)-(3.2), we can
get
Ay —yar(u),oar) + (9 (y) = (yar (w)),oar) =0,V on € Yar, (3.6)

and

Algnr,z—zar(w) + (' ()2 = 0" (yar (w)) zar (), qar) = (Y — yar (u), qar ), VQMGYJEm |
3.7
We divided the proof process into the following five steps:
The first step: to estimate ||y —yas(u)| g1 (). Letting vy =y —ya(u) in (3.6), we
get
C||y*yM(u)||le(Q)
< A(y—ynm(w),y —ynr(w)) + (O (y) = (ynr (w),y —yn (u))
=A(y —ym (w),y —yar (w) +war) + (W (y) =¥ (ynm (w)),y —yar (u) +war)
= Ay —yar (), y —yar () +war) + (4 (1) (Y — yar(w),y — yar () +war)

<y —ym (W)l zr(a) w};IéfYM ly —warllz ()

where we employ the fact that ¢/(-) € WH°°(Q), and 9’(-) >0, then we obtain
ly—ynr (W) i) <C inf  |ly—war|| gy <CM'™™. (3.8)
wym €Y M

The second step: to estimate |z —zar(u)|| g1 (o). Similarly, letting g =z — 2as (u)
in (3.7), we have

A= g (), 2= 21 () + (0 ()2 — 0 (gar () 20 ()2 — 200 ()

=(y—ynm(u),2—2m(w)),

namely
Az = zp(u),2 = 200 () + (W (yar (W) 2 =9 (Y (u)) 2ar (), 2 — 201 (1))

=(y—yn (W), 2 — 20 (W) + (' (yar ()2 =¥ (y)2,2 — 20 (u)),
combining (2.9) with (3.7), we gain
ellz— 20 ()21 ) < Az — 201 (1), 2 20 () (8 (yas () (2 — 201 (0)), 2 — 201 (1)
= (y—ynm(w), 2 —2n (W) + (V' (yar (u) 2 =¥ (y)2,2 — 20 (u))

<CNl9' (y) =" (yar (W) |2 @)1 2] 51 0 12 = 200 (W) [ 1 ()
+Cllz = zn (u) | L2 () 1y — yar (W) L2 ()
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where we used the fact that ¢/(-) e Wh>(Q), and ¢'(-) >0, [|z]|g1 ) <C, then the
following inequality is obtained

12— 200 (W) 2 () S Clly =y ()| 20y SCM ™. (3.9)
It follows from (OPT —CON )y and (3.1)-(3.2) that
Alynr(w) —yar,var) + Oy () =¥ (yar) o) = (u—unr,on), Vo €Yy, (3.10)
and

Alanr, 2 (w) —2nr) + (V' (yar (W) 2 (w) =¥ (yar) 21, a0 )

3.11
=(ym(w) —ynrqnm), ¥ an €Y. (3:11)

The third step: estimating [lyas(u) —ynrllm1(). Letting var =yar(u) —yn in (3.10),
then

Alyne (w) —yar,ynm (w) —yar) + (0 (yar (w) = (yar ), yanr () —yar)
=(u—unrr,ym(w) —yn),

where we used ¢’'(-) >0, and we have
lynr () —ynrll @) < Cllu—unrl L2 (q)- (3.12)

The fourth step: estimating ||zar(u) —2ar|| a1 (). Letting gar = zar(u) —zar in (3.11),
then

Alzn (w) = 2ar, 200 () = 200) + (O (yar (w)) 200 (w) =" (ynr ) 2a 200 (w) — 221)

=(ym (w) —yar, 2m (w) — 2m),
the above equation can be restated as

A(znr (u) = 2ar, 200 (w) = 2a0) + (V' (yar (w)) (zar (w) = 2r), 200 (1) = 211

=" (ynr (W) 2ns =¥ (ynr) zars 201 (w) — 2a1) + (ynr (w) —yar, 201 (w) — 201),
then we have
1201 () = 20| 2 ) < Cllynr (w) —ymll 22 @) S Cllu—unl 2 (), (3.13)
where we used

(W' (yar (w)z2ar — " (yar) 2ars 20 (w) — 2ar)
<C||Y" (ynr (w))zar =" (yar) |2 o ll2ae || 11 @) 1202 (w) = 201 || 1 (@)
<Cllyar(w) —ynmll L2y llzar (w) = 2as | 1 () -

Letting vpr = zpr(u) — zp7 in (3.10) and gpr =yar(u) —yar in (3.11), then

(u—unr,zar (w) = 2ar) — (P (yar (w) = (yar), 2 (u) — 21)
=(ynr(w) —ynryar (W) —yar — (' (yar () zar (w) =" (yar) zar, yanr () —yar ),

then the above equation can be written as

(u—unr,zar (w) = 2ar) = (yar (w) = yar,yar (w) — yar) + (Y (yar (w) = (yar), 2ar (w) — 2ar)
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— (" (yar (w) znr (w) =" (yar) 2aa, yna (W) — yar)- (3.14)
The fifth step: estimating ||u—uas||z2(q). It follows from (2.5)(c), (2.9)(c)that
ocHu—uMHZLQ(Q):a(u—uM,u—uM)z(u—uM,au—auM)
=(u—up,qutz—2z+2p — 20 —Qupy)
=(u—upr,au+z)+(u—upr,zp —2) — (W—upr, 2pr + g )
=(u—up,au+z)+(u—upn,zp —2) — (U—vpr +Var —Upg, 200 + Q)
=—(up —u,qu+2z)+(u—upr, 200 —2) — (Wu—vpr, 200 +Qupg)
— (var —uns, 2n o)

<(u—wupr,zar —za (W) + (u—upr, zpr (u) — 2).

Letting vy; = Pysu € Upy, where Py is defined in Lemma 3.1. Letting wp; =1 in Lemma

3.1, then we have
/(u—PMu)zo, /PMu:/uzO7

thus, we have Pyyu € K. Finally, we get
||u—’LLMHL2(Q)SCHZ—ZM(U)HLz(Q). (3.15)

Combining with (3.4)-(3.15) to obtain the result (3.3), the proof is completed. 0

4. A posteriori error analysis

We will prove a posteriori error analysis of optimal control problem rigorously in
this section. Firstly, the L2 — H! posteriori error estimates are established, based on
control error approximation using L?-norm, and the both state error approximation
using H'-norm.

It is necessary to introduce the auxiliary equations as follows

A(y(uM)7v)+(w<y<uM))’v):(f+uM7U)> Vovey, (4'1)
and
A(g,2(unr)) + (@' (y(uar)z(une), q) = (y(unr) —yo,q), ¥ q€Y. (4.2)

Next, to derive the intermediate equations, from the (OPT —CON) and auxiliary
Equations (4.1)-(4.2), we have

A(y(uar) —y,0) + (W@ (y(un)) = (y),v) = (upr —u,v), Vvey, (4.3)
and
Alg,z(unr) = 2) + (@' (y(uar))z(unr) =4 (y)2,0) = (y(un) —y,q), ¥V qeY.  (4.4)
Letting v=y(ups) —y in (4.3) to get

Ay(uar) = y,y(unr) —y) + (U (y(uar)) =9 (v),y(unr) — y) = (unr —u,y(unr) —y),

Sihnce (V(y(uar)) = (y),y(unr) —y) = (' (y(uar)) (y(uar) = y),y(uar) —y) and ¥'(y) >0,
then we get

ly(unr) =yl zr ) < erllunr —ul 2 - (4.5)
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Setting g =z(ups) — 2 in (4.4), we have
Az(unr) = 2,2(unr) = 2) + (' (y(uar)) 2 (uar) =o' (y(uar)) 2,2 (unr) — 2)

—((une) 9, 2uar) — 2) — (0 (p(une))— 9 (5)2,2une) — 2). (+0)
In fact
(Q/JI(ZJ(UM))Z—W(ZJ)%Z(UM) z)
=(("(y(unr)) =" (y)) 2, 2(urr) — 2)
<Clzll e ) - 19" ((unr)) =" (W)l 220y - 12 (uar) = 2]l L2
<Clly(urr) —yllz2c0) - 1 2(uar) — 2l L2 ()
We can derive
l2(unr) = 2l ) < erlly(uar) =yl 2oy <erlluar —ullL2(q)- (4.7)

These intermediate error estimates are important for analysing a posteriori error
analysis.

LEMMA 4.1.  Let (yar,za,unr) and (y(uar),z(unr)) be the solutions of optimality con-
ditions (OPT —CON)r and auxiliary Equations (4.1)-(4.2), respectively. Then there
holds

ly(uar) —yarl ) + 1 2(unr) = 2zl 1 (@) < Clm+m2), (4.8)
where n1,m2 are defined as
m =M f+un+Ayn —(ynm)l 2.
and
112 =M lyar —yo + Aznr = (yar) 2 || 22 () -

Proof.  In the light of the (OPT —CON)j; and auxiliary Equations (4.1)-(4.2), we
have

A(y(unr) —yn,vn) + (W (y(unr)) = (yar),vn) =0, YV oar € Yoy, (4.9)
and
Algnr, z(unr) = zar) + (@ (y(unr)) 2 (uar) =" (yar) 2a 5 g )
(4.10)
=(y(unr) —ynr,qm),Y qur €Y.

Assume that E, = z(up) — zp and EM = PP E., where P, is defined in Lemma 3.2.
According to (2.9)(b), (4.2), (4.10), we derive that

cllz(unr) = zar |3 ) S(VE, VE.) + (0 (y(unr)) (2 (uar) = 2m), E-)
=(V(E,—EM) VE,)+(VEM VE,)
+ (¥ (y(unr))z(unr) =¥ (yar) zar, Bz — EX)
(unr))z(unm

+ (' (y(un))2(uar) = (yar) zar, EM)
+ (W' (yar) =" (y(unr))) 2ar, E-)
=(y(unr) —yo+Azrr — ¥ (yanr)zn, B2 — EX) + (y(unr) —yar, EXY)

+ (¥ (yar) =¥ (y(unr))) zar, E2)
=(ym —yo+Azpn —7/}/(yM)ZMaEz _Eiw) +(y(un) —ymr, E-)
+ (@' (ymr) =¥ (y(unr)))2m, Ez)
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then applying Lemma 3.2, we get

cllz(uar) = 231 0y <Cllyar —yo+Azar =¥ (yar) za | 2@ | B — EM | 20
+Cllzamllag) - 19" (yar) =" (y(uan)) | L2 ) - 1Bl L2 o)
+Cllyar —y(uar) 2 @) - 1 E: | 220
<C(O)M 2 ||lyar —yo+Azn — ¢ (yar) za 172
+CO) Izl o - 119 (yar) =4 (y(un)) 72y
+CO)lynr —y(uar) |20 +COl B3 o
<C(O)M 2 |lymr —yo+ Aznr =¥ (ym) za 1720
+CO)lynr —y(uan) |2 () +Cll2(unr) — 2mll3p ().
where we have used the embedding theorem [[v[| 10y < C||v| g1 (o) and ¥(-) € W (Q)
and the property ||za|| g1 () <C. Hence we have
l|2(unr) = 2ae L) SCM ™ lyar —yo + Azas — ¥ (ynr) 2ae |l 20

(4.11)
+Cllynr —y(uar) |5 (-

Similarly, suppose that E, =y(un)—yar, and Eéw :P{J’MEy €Yy, where PRM is
defined in Lemma 3.2. According to (2.9)(a), (4.1), (4.9), we obtain

ly(uar) =yarllFr @) S(VEy, VE,) + (¥(y(unr)) = (ym), Ey)
:(V(Ey*Eé\/[)7VEy)+(¢(y(UM))*ZD(QM)vEy*EéVI)
+(VE) VE,)+ (¢ (y(uar) = ¢(ym), B)')
=(f +unr + Ayn = (yumr), By — E))
<CO)M || f +unr +Aynr = (yan) |72 ) + 01 Byl )
SC(O)M || f +unr + Ayar = (yan) 72y + 0y (uar) —yar |31 )

Hence we get
ly(unr) = yar L ) SCM Y| f+uns + Ayns — ¥ (yan)| 2 ) (4.12)
Combing with (4.11)-(4.12), we arrive at
ly(uar) —yarll o) +12(unr) = 2n |l 1 (@) < C (i +m2),

which completes the proof. 0

THEOREM 4.1.  Let (y,z,u) and (Ynar,2n,unr) be the solutions of (OPT —CON) and
(OPT —CON) y, respectively. Then we derive

lu—unrll L2y + 1y —ya 5 ) + 112 — 20 | 5 () S C (0 +m2), (4.13)
where n1,m2 are presented in Lemma 4.1.

Proof.  From [26], assume that the objective functional J(-) is locally convex in
the neighborhood of the solution, then there exists a constant ¢ >0 satisfying

(J'(v) = J' (w),v—w) > v~ w720,
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then
cllu—unrl|F2y <(J'(w)yu—unr) = (J' (uar),u—unr)
<—(J (unr),u—unr)
=(Jy (unr),uns —u) + (T (ung) — J' (ung)yu—upy)
<(auns+zar,00 —u) + (Jpy (ung) — I (uns),u—ung)
=(Jar(unr) = J (unr),u—unr)
=(zym — z(upnr),u—upr)

<COz(unr) = 2m 2 lu—unrl 2 () -

A

Here, using the following results:
(J' (upr),u—w) = (quns +2(upr),u—w),
and
(Jas (unr),unr —war) = (Qunr + 2ar,un — war),

letting vys = Ppru € Upy, where Py is defined in Lemma 3.1, then we have vy, = Pyu €
Kr. Hence we arrive at

Hu—uMHLz(Q)SCHZM—Z(UM)HLz(Q). (4.14)
Employing the triangle inequality, we obtain
ly—ymllar ) < lly =y (uan) [ @) + 1y (uar) —ymll ), (4.15)

and

== zarlazs @ <Nl = 2(uan) 1+ 12(un) — zarll s - (4.16)

It follows from (4.15)-(4.16), and Lemma 4.1 that the error result (4.13) is proved. 0O

In real applications, we are mostly interested in computing the error estimates using
L?-norm to derive the estimators. We need to introduce the auxiliary problems to derive
error analysis:

—AE+TE=f1,in Q, E|lan=0, (4.17)
and
A+ (y(unr))C = fz, in Q,  (laa =0, (4.18)

where

Y(y(unr)) = (yar)
U= y(un) —ym

V' (ynm), if y(un) =yum-

s if y(un) #ymrs

From [23], the regularity results are given as follows:

LEMMA 4.2.  Let &, ¢ be the solutions of (4.17)-(4.18), respectively. Suppose that
e W°[0,00),9" >0 >0 and Q is a convex domain. Then we get

1€l 2 < Cllfill2(0),
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and

1<l m2(0) < Cll fallL2(0)

The following intermediate error estimates will be obtained, which are key to prove
a posteriori error analysis.

LEMMA 4.3. Let (yar,zarunr) and (y(unr),z(uar)) be the solutions of (OPT —
CON)yr and auziliary system (4.1)-(4.2), respectively. Then there holds

ly(urr) —yarll2 o) + 112 (unr) — 20zl 2 (o) < Cna, (4.19)

where n3 is defined as

n3 =M "?|lynr —yo + Dznr — 3 (Yar) 2 || 22y + M 72 f 4+ uns + Ayar — ¥ (yar) | 22(0)-

Proof.  Suppose that ¢ is the solution of (4.18) with fo=2z(up)— 2y and let
PRM be the projection operator defined in Lemma 3.2. According to (2.9)(b) and (4.2),
(4.10), there holds

l2(unr) = 2ar 172 (@) =(VC, V(2(unr) -
=(VC,V(2(unr) = 20)) + (@ (y(unr)) 2(unr) =¥ (yar) 2a1,€)
+ (W' (yar) =¥ (y(uar)))2ar,€)
=(V(¢= PP p€), V(z(unr) = 2a0)) + (V(PL 20, V(2 (uar) — 2a1))

(W' (y(uar)) (2(uar) = 201),C)

zm))+
)+

+ (" (y(unr) 2(unr) — '(yM)ZM,C P yi€)
+ (V" (y(unr)z(unr) — /(yM)ZM>P1 m<)
+ (%' (yar) =" (y(unr))) 2ar, )

=(y(unr) —yo+ Aznr — ' (yar) 2a1,¢ — PP prC)

+ (y(uar) = yar, PYagC) + (4 (yar) =9 (y(uar))) zar,€)
=(ynr —yo+Azn — ¢ (ynr) 2a, ¢ — PL ) + (y(unr) =y <)
+ (W' (ynr) =" (y(unr))) 2a1,6)

then employing the Lemma 4.2, we obtain

cllz(unr) = zael172(0) <Cllymr —yo +Azar = (yar) zar | L2 (@ 1€ = PP arCll L2 ()

+CllzallLacay - 19" (yar) =" (y(uar))ll 2 @) - IS Lo o)
+Cllym —y(un)llz2(e) - [1¢I L2 (o)

<COM?|lynr —yo+ Azas — ' (ynr) 2nell 2y - 1< 2
+Cllzm ||z - 19 (yar) =" (y(unn)) 229 - I€] 00,0
+Cllym —y(unm) L2 - [I¢l L2 (o)

<CO)M~*lyar —yo+Azn — ¢ (yar) zar 1 72(q

C(8)lyar —y(unn)||72(q) + Coll f2l 720

where we have applied the embedding theorem [[v]|p4(q) < C||v][1,0 and ¥(-) e W (Q)
and ||zar|| 1) <C. Hence we have

l2(unr) = 2 || 220y < CM 72(lyas — yo + Azar — 4 (ynr) 2 || 22 + Cllyar —y(unr) | r2(0)-
(4.20)
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Analogously, let ¢ be the solution of (4.17) with f1=y(un)—yn, let P2, be the

)

projection operator defined in Lemma 3.2. It follows from (2.9)(a) and (4.1), (4.9) that

||Z/(UM)*Z/M||%2(Q):(V(U(UM)*yM)aV§)+(¢(y(UM))*%Z)(yM)vﬁ)
=(V(y(unr) *yM)aV(E*Plo,Mf))Jr(ﬂ)(y(UM)) *¢(yM),§*P1O,M§)
+(V(y(unr) =ym), V(P &) + (©(y(unr)) = (yar), P as€)
=(f +un +Aynr = (ynr),§ = PL asf)
<CON f +unr + Ayns — 0 (yar) | L2 1€ = PY sl 2 o)
<CO)M | f +unr +Aynr — 0 (yan) |72 () + OllE N7 0
<CO)M M f+unr+Ayns — 0 (yar) |72y + cOlly(uar) —yarl|72q)-

Hence we have

ly(unr) =yarll 2y < CM 72 f +uns + Ayar = (yar) | 2o (4.21)
This combined with (4.20)-(4.21) gives the result. This completes the proof. O

THEOREM 4.2.  Let (y,z,u) and (ya,zm,unr) be the solutions of (OPT —CON) and
(OPT —CON) 1, respectively. Then we derive

lu—unllr2) + 1y —yarllLz (o) + 112 — 20l 22(0) < Cns, (4.22)
where n3 is defined in Lemma /.5.

Proof. 1t is easy to derive the triangle inequality, we can obtain

ly —ynrllz2) < 1y —y(uar) 2 @) + ly(unr) —ynrll 229,

(4.23)
[z = 2mllr2(@) <12 —2(um)l L2 (@) + |2 (uar) = 2a || L2 (-

Employing (4.23), and Lemma 4.3, which completes the proof of the analysis result. O

5. hp spectral element approximation

In this part, hp spectral element method is used to discretize the nonlinear con-
trol problem. More details can be referred to [11,13,19]. The hp spectral element
approximation of optimal control problems (OCP) will be developed in this section.

The domain is divided into N, nonoverlapping subdomains (elements) 7;,1 <i < N,:

N,
Q= (=0, i#j 1<ij <N,
=0

Let T={7} be a local quasi-uniform partitioning of € into nonoverlapping regular
elements 7. Denote the reference element 7= (—1,1)>. Let £(T) be the set of all edges,
and let & (T) be the set of all edges which do not lie on the boundary 92. Each element
7 can be the image of the reference element 7 under an affine map F, :7—7. Set h,: =
diam 7 and assume that the triangulation is y-shape regular:

_ -1
he IE el (F) ™ < (5.1)

For ~-shape regular meshes T of the domain €2, we associate a polynomial degree p, € Ny
with each element 7 € T; these polynomial degrees {p,} are collected into the polynomial
degree vector p={p, }. Then the spaces of hp spectral element approximation UP(7,),
YP(T,Q), YP(T,Q) are defined as follows:



1672 NONLINEAR OPTIMAL CONTROL PROBLEMS

UP(T,Q):={ueL?*Q):ul, o F P, (7)},
YP(T,Q):={uc H (Q):ul, o F, €P,_(7)},
Yz)p(T’ Q) = YP(T’ Q) ﬂH& (Q)v
where P,_(T) denotes the spaces of polynomials in 7 of degree <p. in each variable,
respectively. For the polynomial degree distribution p, similar to (5.1), we assume

that the polynomial degrees of neighboring elements are comparable; i.e., there exists a
constant x >0 such that

X Mo+ D) <pl+1<x(p,+1)  Vr,7eT, TNT 0. (5.2)

The order of convergence can be obtained either by increasing the degree of the poly-
nomials or by increasing the number of these nonoverlapping regular elements.

Let KP:=K[\UP and YP be the spaces of the control and state approximation,
respectively. The hp spectral element discretization of (2.3)-(2.4) reads:

1 «
0T (hp: Ynp) = Q/Q(yhp—y())%rg/ﬂuiw (5-3)
and
AYhp:vhp) + (U (Ynp), vip) = (f +tnp, Vhp), ¥V vrp €YP. (5.4)

If a pair (ynp,unp) is the solution of optimal control problem (5.3)-(5.4), then there

is an adjoint state zp, € YP such that (ynp,2znp,unp) satisfies the following optimality
conditions (OPT —CON )p,:

(a) A(yhpvvhp) + (ql)(yhp)?Uhp) = (f+uhp7vhp)7 YV vpp € YP,
() A(qhps2hp) + (" (Ynp) Zhps Ghp) = Whp — Y0, ahp)s ¥ ahp €Y, (5.5)
(C) (O‘uhp""zhpynhp_uhp)U >0, N Mhp € KP.

In order to derive error analysis, we introduce auxiliary equations to find
(y(unp),2(unp)):
(a) A(y(uhp)’v> + (w<y(uhp))7v) = (f+uhp7v)’ Vwvey,
(b) Alg, 2(unp))+ (W' (y(unp))2(unp),q) = (Y(unp) = yo,q), ¥ q€Y.

Next, we will introduce three lemmas [11,19] which are helpful for analysing a
posteriori error analysis.

(5.6)

LEMMA 5.1 (see [11]. Clément type quasi-interpolation). Let T be a 7y-shape regular
triangulation of a domain QCR? and p be a polynomial degree distribution which is
comparable. Then there exists a bounded linear operator I1:L'(Q)—YP(T,Q), and
there exists a constant C >0, which depends only on vy, such that for every u€ H(Q)
and all elements T €T and all edges ec E(T),

||’LU H’wHL2(T)+ ||VU) Hw)”Lz )<C17vaHL2(wT)7

||U) H’wHLQ(e)<C“ vanLZ(we),

where h. 1is the length of the edge e and p.=max(p,,p,;/), where 7,7 are elements
sharing the edge e, w., we are patches covering T and e with a few layers, respectively.
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LEMMA 5.2 (see [11]. Scott-Zhang type quasi-interpolation).  Let T be a 7y-shape
regular triangulation of a domain QCR? and p be a polynomial degree distribution
which is comparable. Then there exists a linear operator 11: H}(Q) = YP(T,Q), and
there exists a constant C >0, which depends only on vy, such that for every u€ HE ()
and all elements T €T and all edges e€ (),

T h’T s hT
[|w—TTw[ 2 (r) +;||V(w—ﬂw)||L2(T) < C;I\Vw\lm(w,y

_ he
[w =Tlw|[L2(e) <Cy | F‘va||L2(wc)>

where h. is the length of the edge e and p.=max(p,,p;/), where 7,7" are elements
sharing the edge e, w., we are patches covering T and e with a few layers, respectively.

LEMMA 5.3 (see [19]. New Scott-Zhang type quasi interpolation). Let T be a v — shape
reqular triangulation of a domain Q CR?, and let p be a polynomial degree distribution
which is comparable. Then there exists a bounded linear operator A: HE(Q)NH?(2) —
YP(T,Q)NH(Q), and there exists a constant C >0, which depends only on x, such
that for every ue H}(Q)NH?(Q), all elements 7 €T, and all edges e € E(T),
h, hy oy
Hw—AwHL?(T)+pj||v(w—Aw)||L2(r) Sc(pj) Wl 2w,

he .3
l[w — Awl| z2(c) sc<p—e>3|w|m<we>,

€

where h. is the length of the edge e and p. =max(p;,p. ), where 7,7’ are elements shar-
ing the edge e, and w.,we are patches covering T and e with a few layers, respectively.

It follows from (OPT —CON) and auxiliary equations that

(a) A(y —y(unp),v) + (P (y) =P (y(unp)),v) = (u—unp,v), VveY,

(0) A(g, 2 — 2(unp)) + (' (y) 2 =¥ (y(unp)) 2 (unp),0) = (y = y(unp),q), ¥ €Y. 7
Letting v =y —y(upn,) in (5.7)(a), which implies
ly —y(unp) |1 (@) < Cllu—unpll L2 (0)- (5.8)
Letting q= 2 — 2(upy) in (5.7)(b), we get
Az —2(unp),2 = 2(unp)) + (' (y) 2 =" (y (unp)) 2 (unp), 2 — 2(unyp))
=(y —y(unp),z—2(unp)),
in fact
Az = 2(unp), 2 — 2(unp)) + (' (y(unp)) (2 = 2(unp) ), 2 = 2(unp))
=(y = y(unp), 2 = 2(unp)) = (V' (y) =¥ (Y(unp))) 2,2 = 2(unyp)),
thus
12 = 2 (unp) | 1. (2) < Crlly = y(unp) 2 (@) < Crllu—unpl| L2 (q)- (5.9)

Letting v=2—z(upp) in (5.7)(a) and g=y—y(upp) in (5.7)(b). Then we get

(u —Unhp,Z — Z(Uhp)) =(y— y(uhp)ay - y(uhp)) - (w’(y)z —¢/(y(uhp))2(uhp)7y—y(uhp))
= (W (y(unp)) =¥ (y), 2= 2(unp))-
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Applying the above notations, we now prove the important result.

LEMMA 5.4.  Assume that (y,z,u) and (Ynp, Zhp,Unp) are the solutions of the optimality
conditions (OPT —CON) and (OPT —CON ), respectively. Let (y(upp),z(unp)) be
the solution of auxiliary equation, then there holds

llu—unpl T2y < Ci +[l2np = 2(unp) 172 () (5.10)

where

2

h7
ng = Z 7||V(auhp+zhp)||%2(T)'
TETpT

Proof.  From [26], assume that the objective functional J(-) is locally convex in
the neighborhood of the solution. Let E"=w—uyp, applying (2.5)(c) and (5.5)(c), we
get

el | B[y (I (u), B) = (' (unp), E*)

— (' (unp), B") + (ttnp + 2hp hp — nyp)
(J;Lp(uhp)7_Eu)+(J}/Lp(uhp)_Jl(uhp)7Eu)+(auhp+zhp>77hp_uhp)
(Qunp +2p, —E*) + (2hp — 2 (np), B) + (aUhp + 2hps Thhp — Uhp)
(Qunp + 2hps hp — 1) + (2np — 2(unp), E*)

<(attnp +znp, hp — 1) + C(6) || 2p — 2(unp) |72 () + COI E" |72 -

1 IA

Suppose that 7, = Pyyu, where P, is the L?-projection onto UP, and assume that
Pypyuec KP. Let 11 be as defined in Lemma 5.1, we can gain

el B [72(0) < Y (@Unp+ 2hp, iy — )7+ C(8) | 2p — 2(unp) | 711 ) + CO N E* |72
TET

= Z (aunp +znp = W(unp + znp), Prp(E*) — (EY))7
TET

+C(0)lznp — 2(unp) I3 () + I E* 1720

h?
<C(9) Z 2 IV (@t + 2np) 72 () + C(O)l|2p — 2 (np) | 3110
TeT 1T
+8)| B (|72 (q)-

Choosing 6 = i, we get

lu—unpll T2y < Ci+2np — 2(unp) [72(0))

which completes the proof. 0

In the following lemma, the error estimates of the intermediate variables are derived
for a posteriori error analysis rigorously.

LEMMA 5.5.  Assume that (Ynp,2np,Unp) 5 the solution of the (OPT —CON )y, let
(y(unp),z(unp)) be the solution of the auziliary equation (5.6). Then there holds

lly(unp) — yhp”?{l(ﬂ) + |2 (unp) — thH%Il(Q) < C(n? Jan)a (5.11)
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where
h2 5yh
me =Y 2| f +unp+ Aynp =Y (Wnp)Te e+ D *II p]||L2(€)a
TeT T cego(T) Lo IMe
and
(9th

h2
77(% = Z —2||yhp —yo—l—Azhp _’(//(yhp)zth%Q('r) + Z 7”[
rer Pr ccenn?

Iz2e)
Te

Proof. Set E*=z(unp) — znp, and B =I1E#, where II is as defined in Lemma 5.2,
we obtain

N B |1 ) SA(E? B?)+ (4 (y(unp)) (2(unp) — 2np), E7)
=A(E*,E* — E})+ A(E*, E7) + (¢ (y(unp)) 2 (unp) =" (Ynp) 2np, E* — E7)
+ (" (y(unp)) 2 (unp) =0 (Ynp) 2hps BT ) + (0 (Ynp) 20p — ' (Y (unp)) 2p, E7)

which then yields

cllz (Uhp)*zhpnill(ﬂ)
Gzh .
<Z/yhp Yo+ Aznp =1 (Ynp) 2np) (E* = E7) + Z /8np —E7)
TET e€&o(T) ¢
+(y(uhp)_yhvaz)'i'((Q//(yhp)_w (y(unp)))zhp, E7)
h?
SC(&?)((Z *2||yhp*yo+Ath*¢ (yhp)thHL(T)Jr Z
TeT 5T 6680(7—)
+Hy(uhp)_yth%?(Q)+||y(uhp)_yhPHQL?(Q)HZhPH%Il(Q))+C€||EZ||%{1(Q)
<C(e)mg +C () ly(unp) = ynpll72 () + Cellz(unp) = 2np 712 )

8th
pe 8ne

HZe)

Hence, we get
|2 (unp) — th”%ﬂ(ﬂ) < 077(? +Clly(unp) *yth%z(Q)- (5.12)

Analogously, set EY =y(unp) — Ynp, and EY —=TIEY, where II is as defined in Lemma 5.2.
Then, we obtain

CLIEY |3 (o) SA(EY, EY) + (% (y (unp)) — ¥ (ynp) BY)
=(V(EY = E]),VEY) + (¢ (y(unp)) =¥ (ynp), EY — ET)
(VE?VE?J) (W (y(unp)) =¥ (ynp), EY))
=(V(EY = E]),VEY) + (¢ (y(unp)) = ¢ (ynp), EY — EY)
=A(EY = ET, EY) + (¢ (y(unp)) = (ynp), EY — ET)
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so we get

Culluny) ~vnp sy < 3 [ 1+ g+ By =) (5~ )

TeT
8yhp Y
- ¥ [
eEEo(T)
<C)y i”f"‘uhp"‘Ayhp_w(yhp)HL?(‘r)HvEy”LQ(wT)
reT 7

ayh
+C > H[ a2 IV EY 12
6650(7—) Pe

SCW)(Z 7; | AYnp — ¥ (Ynyp) +f+uhp||%2(r)

TGT T

3yh
+ ) *II p]||L2 () +A Ol EY |7 -
eefo(T)pe fle

Choosing that ¥ = 5, we have

”y(uhp)_yth%{l(Q) §C77§~ (5.13)
Then, we combine (5.12) and (5.13) to derive the estimates. d

THEOREM 5.1.  Assume that (y,z,u) is the solution of optimality conditions (OPT —
CON), and (Ynp,Zhp,unp) be the solution of optimality conditions (5.5). Then there
holds

|y — yhp”?ql(sz) +ju— Uhp||2L2(Q) 12— th||%rl(sz) <Cmi+mE +m3),
where n3,m2,n2 are defined by Lemma 5.4 and Lemma 5.5
Proof. It follows from triangle inequality that
ly = ynpll () < lly—y(unp) | @) + 1Y (unp) = Yapll e ),
2= znpll 11 () < M2 = 2(unp) |1 (0) + |2 (Unp) = Zhpll 1. (2)-
Using Lemma 5.4 and Lemma 5.5 proves the result. ]

A posteriori error analysis in L2 — L?-norms are very important for many applica-
tions. In the following, we introduce the auxiliary problems to help us to prove the error
analysis.

AL+ VE=f1, In Q, loa=0, (5.14)
and
—AC+ Y (y(unp))¢= f2, in Q, (lag=0, (5.15)

where

Py (unp)) = (ynp)
V= y(uhp) —Ynp

V' (Ynp), i y(Unp) = Ynp-

; if y(uhp) 7éyhpv
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Similar to Lemma 4.2, we can get the regularity results.
The following intermediate error estimates will be obtained, which are key to prove
a posteriori error analysis.

LEMMA 5.6. Let (Ynp, 2hp,unp) and (y(unp),2(unp)) be the solutions of (OPT —
CON)pyp and auziliary system (5.6), respectively. Then there holds

[y (unp) _yth%Q(Q) + [z (unp) — zthQLQ(Q) < 0(773 +77§)7

where the error indicators n2,m3 are defined as

hy 3yh
77$5227||f+uhp+Ayhp D (Ynp) T2y + Z €|| -] HL2(@),

TeT 5T ec&(T) Pe
and
hf‘_ hg 8Zh
773:27||yhp—yo+A2hp—1//(yhp)2hp||i2(r)+ Z ﬁ\\[anp]“%?(ey
TeT T cego(T) P ¢

Proof.  Assume that ¢ is the solution of (5.15) with fa=2(upp)— 2np and let A be
the projection operator defined in Lemma 5.3. We derive that

12(unp) = 2hp 1220y =(VE: V(2 (unp) = 20p)) + (8 (4 (unp)) (2 (unp) = 20p),)
=(V(,V(z(unp) = 2np)) + @' (y(unp)) 2(unp) =¥ (Ynp) 20p, )
+ (¥ (ynp) =¥ (Y(unp))) znp, )
=(V(C=AQ), V(2(unp) = 2np)) + (V(AC), V (2(tnp) — 2np))
+ (@' (Y(unp) 2 (unp) =" (Ynp) 2p, ¢ — AQ)
+ (' (y(unp) 2 (unp) =" (Ynp) 20p, AC) + (V' (ynp) = (y(unp))) 20, €)

then employing Lemma 5.3, we get
cllz(unp) — thH%%Q)

6Zh
< Ynp — Yo+ Azpp — V'(y p)2hp) (C—AQ) + [ p](C AQ)
z;/ o+ Ay ' (i) 21 egm/ea
+ (Y(tnp) = Ynp: O) + (¥ (ynp) =" (y(unp))) 2np,C)

h;l. e 8Zh
SC(E)(Z pTlHyhp*yoJrAth*l/) (yhp)th”L(T)+ Z I || anp]”L(e))
reT 4T ec&(T) " ¢ €

+0E) Ny (unp) = ynpll720) + CE) 1y (unp) = ynpll7z(q) ||th||%11(9 +Ce||Cl 2o
<C hi A e 8Zh;0 2
<C(E)(Y vy =0+ A2y =¥ (np)2mpll iy + D || o, MZey)

TeT 5T e€&y (T)

+C(e)ly(unp) — yhp||%2(9) +Cel|z(unp) — Zh;DH%%Q)’

where we applied the embedding theorem [|v||f1(q) < Cllv|l1,0 and ¥ () € W(Q) and
| 2hpll 51 () < C. Hence we have

hs
[2(unp) = znpll L2(02) < C( E TYnp = Y0+ Aznp — 0 (Ynp) 2| 7.y
TeT 1T
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8Zh
+ *H[ 7))+ Cllynp = y(unp) [ 22(2)
cego(m) P OMe
<O +Cllynp —y(unp) 220 (5.16)
Analogously, let & be the solution of (5.14) with f1 =y(unp) —Ynp, let A be the
projection operator defined in Lemma 5.3. It follows from (5. 3)( ), (5.4) that
1y (unp) = ynpll72(0) =(V (Y (unp) = ynp), VE) + (¥ (y(unp)) = ¥ (ynp).€)
=(V(y(unp) = ynp), V(= AE)) + (¢ (y(unp)) =¥ (ynp),§ — AE)

(T () = 1), VAE) + (S (wnp)) ~ (o) AE)
=30 [+t By = )6~ A0

TET
0
+ Y [(Pme-a
e€&o(T)
5){2 %Hf—’_uhp—’_Ayhp_¢(yhp)||%2(.r)
TeT 5T
8yh
+ 22 oo} SlEle )
€€50(T
5H§:*ﬂﬁ+uw+Aww—ww@m;@)
TeT 5T
5%
+ Y g Lo} edlly(uns) = ynpllZ2 o).
eEEU(T) e

Hence we have

h3
lly (unp) _yth%?(Q) SC(Z 7||f+uhp+Ayhp_w(yhp)H%?(-r)

TeT 5T
he ayh 5.17
Y G (517
eEEO(T)
<Cuj.
This combined with (5.16), (5.17) gives the theoretical result. O

THEOREM 5.2.  Let (y,p,u) and (Ynp,Php,Unp) be the solutions of (OPT —CON) and
(OPT —CON)y,, respectively. Then we derive

HU—Uhp||2L2(Q)+||y—yhp||2L2(Q)+||Z—th||2L2(Q) <Cni+n7+13),
where ny is defined in Lemma 5.4, n7,ms are defined in Lemma 5.6.

Proof. According to the important triangle inequality, we obtain
g

ly —ynpll2) <Ny —y(unp)ll L2 @) + 1y (unp) = ynpll 20y,

|2 = 2npllL2() <12 = 2(unp) | 2 (@) + |2 (Unp) — 2hpll L2 (0)-

Employing Lemma 5.4 and Lemma 5.6 completes the analysis result. ]
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6. Numerical examples

In this section, we carry out two numerical experiments to confirm the theoretical
analysis. The gradient projection algorithm is constructed and designed. The iterative
scheme is (n=0,1,2,---)

{(u"+z,v)Z(un,v)—pn(f(“n)v”)’ Vuek, (6.1)

1
u"t = P (u™T72),

where p,, will be specified in the sequel.
It follows from [11,26] that the convergence result of the scheme is given as follows.

LEMMA 6.1.  Assume that the objective function J is locally uniformly convex near the
solution, and J' is locally Lipschitz and monotone near the solution, there exist different
positive constants C, ¢ satisfying

|J'(p)—J' ()| <Clp—dqllv, ¥ p.qel,
(J'(p)—J(@).p—a)>cllp—dalt, ¥V pael.

Then there exist 0<d <1, € >0 such that
||u_u’ﬂ||§5n||u_u0||’ n:0a1727"'7

provided p, <e€.

REMARK 6.1. To ensure the convergence of the algorithm (6.1), we select suitable p,,
to satisfy 0 <1+ p,,(Cp, —c) <6.

Suppose that P, :Upr — Ky is the discrete projection operator, then it can infer
that:

(Pgyyw—w,Pg,,w—w)= urenll(rL (u—w,u—w),
which is equivalent to
(Pg,,w—w,v—Pg,,w)>0, YoveKy,
for given we Uy;. Tt follows from (2.10) that
P, ups = —min{0,ua7 } +upr,
for any ups € Ups. Then we have by (6.1) that
Wt = P utE = —min{(),u’T%} +unts,

In the following, we will investigate the nonlinear optimal control problem with
a=1:

. 1 1
minJ ()= 5 /Q (v-w)+ /Q (u—uo)?, (6.2)
subject to

_Ay+y3:f+ua in Q7
y=0, on 0LQ.



1680 NONLINEAR OPTIMAL CONTROL PROBLEMS

Algorithm 1 Algorithm for optimal control problem.

1: Fix p>0 and select an initial approximation u9, € Uy, seek 44, € Vs such that

(Ve Vour) + (W) var) = (f +ulgvar), ¥ oa €Yy

2: Find 2}, € Yis such that

(VQM,VZJ@)JF(W(Z/JLV[)ZTA%QM) =(Yn —Y0,qm), Y au €Y.
1
3: Seek u;tjz such that
+l
(uhy 2 o) = (Why,par) — p(25 +ouliy.par), Y par €U,

then
n+%

n+l _ ntgy . nti
Upp —PKM(’ILMQ)——HHH(O,UIMQ +UIM

4: Find ynMle €Y such that

(Vyr Vou) + (@it on) = (f+ulfom), YV on €Yag.

5: Stop if stopping criterion |[uf/ ! —u?, |lo.q < Tol is satisfied. Otherwise take n=n-+1
and then go to Step 2.

6.1. Example one. Based on the gradient projection algorithm, we now con-
sider the problem on domain 2= (—1,1) associated with the exact solutions

y=sinmx, z=0,
u=1uy=—Ay+y>=n’sinmz+sin®rz,
yo=sinmz, f=0.

The numerical errors are presented in Table 6.1 to show that the errors decrease
rapidly. We also plot the exact and discrete solutions when M =13 in Figure 6.1. Based
on Table 6.1 and Figure 6.1, we can get the fact that Galerkin spectral methods obtain
high order accuracy for the nonlinear elliptic control problems when the solutions are
sufficiently regular.

M 5 7 9 11 13
lu—unllz2(0) | 2.891e-001 | 6.920e-002 | 9.300e-003 | 8.005e-004 | 5.805e-005
ly —ynmllzr o) | 9-200e-003 | 3.288e-004 | 7.618e-006 | 1.210e-007 | 2.107e-008

6.2. Example two.

TABLE 6.1. The values of discretization errors.

We now consider the integral control-constrained nonlin-
ear optimal control problem on domain Q=(—1,1) x (—1,1), associated with the exact
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The exact solution and its spectral solution of u
15 T T

r
exact solution
*  spectral solution

The exact solution and its spectral solution of y

T
exact solution
H % spectral solution

0.6

0.8

041

0.2r

-1 -0.5 0 0.5 1

Fic. 6.1. The exact solutions and its spectral solutions for the one-dimensional case

solution
y=sinmxisinmry, z2=0,
u=wup=—Ay+y® =2r?sinmz; sinwry + (sinmry sinmag)?,
yo=sinwzrisinTre, [f=0.
M 5 7 9 11 13
[u—unil 20y | 3-774¢-001 | 8.480e-002 | 1.140e-002 | 9.804¢-004 | 5.885¢-005
||y —Ym ||H1(Q) 1.240e-002 | 4.537e¢-004 | 1.061e-005 | 1.705e-007 | 2.107e-008

TABLE 6.2. The values of discretization errors for the two-dimensional case.

Employing the projection algorithm to solve the example, then the approximation
errors are presented in Table 6.2. Finally, some numerical results confirm the theoretical
analysis of spectral approximation.
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7. Conclusion and future work

The gist of this article is analysing the Galerkin spectral discretization of the in-
tegral control constrained nonlinear optimal control problem. More precisely, a priori
error estimates for the Galerkin spectral discretization are derived. Next, detailed a pos-
teriori error estimates of the nonlinear control problem are established in L? — H'-norm
and in L2 — L?-norm. Additionally, a posteriori error estimates of hp spectral element
discretization are also derived in L? — H'-norm and in L? — L%-norm rigorously. The
theoretical analysis of Galerkin spectral approximation is confirmed by the numerical
examples by the efficient gradient projection algorithm. The findings of this paper seem
to be new, especially, error estimates of nonlinear optimal control problems. The work
of this article is important and helpful for the future works.

In our future work, we will investigate more complex nonlinear optimal control
problems approximated by Galerkin spectral methods and hp spectral element meth-
ods. Furthermore, we shall establish a priori and a posteriori error estimates of control
problems.
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