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EXPONENTIAL DECAY FOR .
A CLASS OF NON-LOCAL NON-LINEAR SCHRODINGER
EQUATIONS WITH LOCALISED DAMPING*

MARIANO DE LEOf

Abstract. In this paper we study the exponential decay of both the charge and the free energy
for solutions of a family of non-linear, non-local Schrédinger equations with localised damping on the
whole line. We first establish an observability inequality for the linear flow, from which we obtain the
result in the linear case. Then we consider the non-linear case and by perturbative arguments we obtain
the exponential decay for solutions with small initial data. Finally we discuss qualitative aspects of the
dynamics and show that the stabilisation rate becomes smaller as the free damping region is chosen
around the origin.
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1. Introduction

We are mainly concerned with the exponential decay of solutions for the following
class of 1-D Schrodinger equation posed in the Sobolev space {¢p € H'(R): [ u(z)|¢|? <
oo}, where p is a positive regular function satisfying u(z)=|z|, for |z|> 1:

iUy = —Ugy + p(r)u—ia(z)u+m(u)u, c€R, ¢ >0. (1.1)

Here, the term —ia(x)u models the mechanism of dissipation of the system. Since
we are interested in damping terms of localised nature, throughout this article we will
assume that a € W1 (R) satisfies a(z) >0 for z € R, a(x) =0 for z € [K1, K»] and a(z) >
a for z e R\ [[?1,]?/2}, with [K7,K53] C (E,E) On the other hand, the non-linear term
is of non-local nature:

m()(x) = / o(z.)|6(y) dy,

where the kernel satisfies the estimate |o(z,y)| < u(y).

The model Equation (1.1) was first used in [6] to handle the controllability of the
self-consistent 1-D Schrodinger-Poisson equation. The motivation of this choice is as
follows: When coupling the Schrodinger equation with the Poisson equation in the whole
line, we get a Hartree type potential V (u)=1 (|z[* (D —|u/?)), where D(x) denotes the
fixed positively charged background or impurities, see [8] and references therein for
semiconductor models. After a suitable splitting, V' (u) reads as

V(w =an(z) + [ 5 (o=l @) (D)~ (o) ) d

where ¢ =||D|| 11 (r) — ||¢||%2(R) is a constant that depends on the difference between the
impurities and the size of the initial datum. Besides, due to the regularity requirements

*Received: September 02, 2021; Accepted (in revised form): January 17, 2022. Communicated by
Peter Markowich.

fDepartamento de Matemdtica-Instituto de Matemadtica de Bahia Blanca (INMABB-CONICET),
Universidad Nacional del Sur, Av. Alem 1253 (8000), Bahia Blanca, Buenos Aires, Argentina (mariano.
deleo@uns.edu.ar).

1685


mailto:mariano.deleo@uns.edu.ar
mailto:mariano.deleo@uns.edu.ar

1686 EXPONENTIAL DECAY FOR DAMPED SCHRODINGER EQUATION

of the unique continuation technique used in Lemma 2.3, the regular function u(x)
appears as a regularised approximation of a locally constant electric field, which is
modelled with |z|. It is also worth mentioning that, since the impurities give rise to a
bounded potential

Vi) = [ (jo= 1= ) D)y,

and hence enters the model equation as a bounded multiplication operator, and since our
results remain valid for bounded perturbations, there is no loss of generality by restrict-
ing to the case D=0. Let us finally mention that results on controllability /stabilisation
with local nonlinearities as |u|??u are extensively developed, see [7,9,11], and will there-
fore not be taken into account.

Regarding the problem of controllability/stabilisation for Schrodinger—like equa-
tions, we shall mention the work [1] in which the authors present stabilisation results
for the free Schrédinger equation in the complement of a bounded interval. Concerning
bounded domains, in [11] the authors show exact controllability results in H® for the
Schrédinger equation

iug = —Au+y|ul|®u, r€QCRY,

where s> N/2, or 0<s< N/2 with 1< N <2s+2, or s=0,1 with N=2.
In [12], the author considers the equation in the whole space

iy = — A+ MNMu) >N, reRY,

N=1,2,3, with a dissipation term given by a complex constant A\ € C, and shows that
for Im(A) <0 the solutions with small initial data are globally defined and decay in L™
as (tlog(t))~N/2.

Concerning the results that include a localised damping, we shall mention [4] in
which the authors consider a defocusing NLS equation

iy = —Au+|ul?u—in(z)u, r€R?

and show the exponential decay for the L?-norm of solutions (here n€ W%>°(R?) with
n(z) >no >0 for |x|>1). In [9], the author establishes the exponential decay of the L2
norm for the solutions of the cubic-like Schrodinger equation

iUy = Uy + A|u|* tu—in(z)u, z€R,

in both focusing and defocusing cases (A <0 and A >0 respectively). Moreover, in [3],
the authors treat also the case in which the damping is given by ib(z)|u|?u and show
that the L?-norm of the solutions decay with a polynomial rate.

It should be noted that the key ingredient in achieving exponential stabilisation is
to first establish the existence of an observability inequality, which at the level of L?, as
in the papers cited above, means:

/OT/I|<1|u($vt)|2d$dtSC(T)/OT/U(JJ)U(x,t)|2d:cdt,

Concerning nonlocal interactions with unbounded kernels, such as happens when
coupling with the Poisson equation in one spatial dimension, in [6] we treat the problem
of exact internal controllability for the nonlocal, nonlinear Schrodinger equation

U = —Uge + p(x)u+m(u)u, TER,
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posed in the Sobolev space {¢ € H'(R): [ u(z)|¢|*}, in which p is a positive regular
function that coincides with |z| away from the origin. In this work, we show an observ-
ability inequality at the H-level which, as we have pointed out above, together with the
unique continuation property, are the starting points for the present work. Finally, we
mention that in [2] we give numerical evidence of the exponential decay for the solutions
of the model equation considered.

The paper is organised as follows. In Section 1 we state the problem. In Section 2,
we treat the existence of dynamics and establish the exponential decay of the total charge
and the free energy (given by the L? and H norms, respectively) for the linear evolution.
Section 3 is devoted to the nonlinear problem: We first establish the local existence of
solutions for arbitrary initial data and then show the existence of an invariant set in
which the evolution shows exponential decay rates. In Section 4 we deal with the
problem of obtaining bounds for the stabilisation rate: We first discuss qualitative
aspects of the dynamics and then show that the rate becomes smaller as the free—
damping region is chosen closer to the origin.

NOTATION 1.1.  Throughout this article we will use the notation:

{f,9} :=Re(f,q) =Re / Fotde,

2. Stabilisation: linear problem

2.1. Existence of dynamics. In order to get the exponential decay we shall
show the global existence of the solutions for the linear problem given by the equation:

10 = — Vg + p(x)v(z) —ia(z)v, z€R, t> 1y, (2.1)

together with the initial datum v(to) =¢ € H, in which the localised damping satisfies
ace Wh>(R), a(z)>0 for x€R, a(z)=0 for x€[K;,Ks] and a(z) >a >0 for z€R)\
[KI;KQL with [Kl,Kz] g (Kl,KQ)Z

This problem is posed in the energy space, H:={p€ H*(R): ||¢)H%i = [|¢|*n< oo}
with 1618, i= 6212+ 612, here u(x)€C2(R), p2max{lel, 1} and plz)=le] for
|| > 2.

We introduce the notation for the linear operator L:D(L)— L? given by L(¢):=
—ur+ ¢, Following [6] we know that L is a self-adjoint operator with compact re-
solvent; in addition, a straightforward computation shows the identity ||¢||%, = (¢, L(¢))
and therefore we have H = D(L'/?), H'=D(L'/?) and L: H —H'.

Since a € W™ we have that the damping term a acts as a bounded operator in
‘H. According to a standard perturbative argument, see [10], it follows that —iL—a
generates a strongly continuous semigroup.

Thus, we have proved the existence of dynamics:

THEOREM 2.1. For any ¢ €M there exists a unique solution v of Equation (2.1)
satisfying v(0)=¢ and v € C([0,00),H)NC([0,00),H'). Besides, the solution satisfies:
[o()lln < C(@)]|B]12-

In order to complete the well-posedness result we shall consider the continuity with
respect to the damping term; since a sharper result concerning some continuity in the
rates is valid we will give the details after we have proved the exponential decay of the
solutions, see Lemma 4.1.

Once the well-posedness result is established, we take into account the exponential
decay of the energy, given by the H—norm. To get this result, the main challenge is
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to manage the current-like terms, such as {a,v,v,). This will be accomplished by first
showing the exponential decay of the total charge, from where a uniform-in-time bound
for the kinetic energy v, ||%. is easily deduced, see Corollary 2.1.

2.2. Exponential decay for the total charge. To deal with the evolution of
the L2-norm of solutions to the linear problem (2.1) we develop a useful observability
inequality. To start with, we present some lemmas:

LEMMA 2.1. Let €M and let ve C([0,+00),H) be the solution of the problem (2.1).
Then the total charge satisfies:

d
Gl ==2 [ a(@ota,Pds (22)
Proof. 1t is a straightforward computation and will be omitted. 0

LEMMA 2.2 (Observability inequality: L?—level). Let T >0 be fized. Then there exists
a positive constant C=C(T) such that for any to €R and ¢ € H the solution v of (2.1)
with initial datum v(tg) = ¢ satisfies the estimate:

[ [orasascm [ [ awtop 3

Proof.  We argue by contradiction. Let us suppose that (2.3) is not true. Let
J=[to,to+T], with tg >0, and let ¢ € H be a sequence of initial data with ||¢g| <1
such that the corresponding solutions of (2.1) vy € C(J,H) satisfies the estimate:

//|v;€ (z,t)] dxdt>k// x) vy (z,t)|*dzdt. (2.4)

Since previous estimate is equivalent to

// z)|v(z,t)|?dedt < — //|vk z,t)|*dzdt

and since the total charge is a nonincreasing function, we get the uniform bound

x)|vg(x,t) dxdt< vkxt 2dacdt< Tqbk 2,< T
=k

from where we deduce the convergence, strong in L?(J, L?), al/?y;, — 0 valid for ae L™,
and conclude:

avy, — 0. (2.5)

Since the sequence of initial data is uniformly bounded and H being a Hilbert space,
there exist ¢ € H and a subsequence, still denoted {¢x}ren, such that ¢ — ¢ weak in
H; since the embedding H C L? is compact, we have ¢, — ¢ strong in L?. Let {vg }ren
be the sequence of the solutions satisfying vy (tg) = (to=min(J)), using the well-
posedness result of Theorem 2.1 we know that for a fixed T >0 the solution satisfies
vk ()|l < M(T), valid for all ¢t € J; in addition, L?(J,H) being a Hilbert space, there
exist w € L?(J,1) and a subsequence, still denoted {vg }xren, such that vy —w weak in
L2(J,H). From the compact embedding H C L? we have vy — w strong in L?(.J,L?) and
also, from uniqueness of weak limits in L?, we have w(0) = ¢.
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Since a € L™ we get avy, — aw strong in L2(J,L?), taking into account the conver-
gence (2.5) and the uniqueness of the strong limits we deduce that aw=0 in L?(J,L?);
in addition, using that w(t) e H C H?, for t € J, we conclude that w(t):R— C is a con-
tinuous function and therefore a(z)w(x,t)=0 is valid in R x J. It is worth remarking
that w(z,t) =0 is valid for z € R\ [K1,Ko).

Up to now we have shown that w satisfies both the equation iw; = —wgz, +pw and
the condition w(x,t) =0 in [K1,K3] X J, in order to derive a contradiction we are willing
to use the unique continuation property; with this in mind we consider the auxiliary
problem, where 1 € C§°(R) is given by ¢(z)=1 for x € [Ky,K3] and ¢(z)=0 for z €
[—1—|—K1,1—|—K2]3

iWy =W+ p(z)p(x)W
W(ZL‘,to) :w(l’,to).

Since Yw =w we have that w is a solution of the auxiliary problem, in which the initial
datum is of compact support. We then apply the results of Proposition 2.3 of [11] with
A(z,t)=p(z)yY(z) € C°(R) and B(z,t)=0 to conclude that we C>®(Rx (tg,to+T)).
By the unique continuation property we deduce w=0 on R X (tg,to+7). In view of
inequality (2.4) we conclude that this is a contradiction. Then, we have shown the
observability inequality. ]

Using previous estimates, we can adapt the proof given in [3] about the exponential
decay of the L2—norm of the solutions for the linear problem.
THEOREM 2.2. Let a€ W™ (R) be a localised damping with a(z)=0 for z € [K;, K>
and a(x) > a>0 for x e R\ [K1, K3], with [K1,K3] C (K1,K2). Then, there are constants

C and 8 such that, for any ¢ € H, the solution ve C([0,+00),H) of the problem (2.1)
with initial datum ¢, satisfies:

lollz2(t) < Ce™ (|6 2.

As it was stated before, the proof is similar to the proof of Th. 3.1 in [3] and will be
omitted. However, the stronger result for the H—norm is based on a slight generalisation
of this result and will be given in detail, see Theorem 2.3.

Below are some useful estimates that follow directly from previous theorem:

COROLLARY 2.1.  Let ¢ €H and let ve C([0,4+00),H) be the solution of the linear
problem (2.1) with initial datum ¢. Then the following estimates are valid:

o llvallze(t) <llgllz +C (laalloe + luallLoe) - e 10,400 - [l 2
o |[vllz= () <Cem P2 |g]l5.

Proof.  The first assertion is obtained as follows. We compute the time deriva-
tive of the kinetic energy %%H%HQLQ ={vz¢,Vs }, see Notation (1.1), and then apply an
integration by parts to obtain the identity {vyt,v; } = —{v¢,02,}. Thus, we get

1d ) ,
5@”%\\%2 = —{iVpg — IV — AV, V5 }

= —{WIU,%} - {awvavx} - {avxavaz}

from where we deduce

d .
[vallzz - llvallzz < {(ika +az)v,ve} < (el +llacllze) - lvllz2 - lvsll e,
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d -
—lvellze <C- el oo +llazllo) - [l 2 e

Integrating in the time interval [0,t], we obtain the first estimate.
The second assertion is a direct consequence of the well known estimate [|1]|% . <

Cllta 2 - ¥l >-

3. Main result. We turn to the main result of this section, that is the expo-
nential decay at the H—level whose proof relies on the following observability inequality
at the H—level, see [6], inequality (3.14) of Lemma 3.4 for details.

LEMMA 2.3 (Observability inequality: #H—level). Let € Wh(R) be a posi-
tive function satisfying Y(x)=0 for x€[K1,Ks] and Y(x)=1 for xeR\ [Iz,lfé], with
[K1,K5]C (Kl,Kg) Then for any fivzed T >0 there exists a constant C,=C,(T) such
that for any time interval J with |J|=T and any ¢ € H the solution ve C(J,H) of (2.1)
with initial datum ¢ satisfies the estimate:

/] |2 dt<C, / lol2.dt. (2.6)

The stabilisation result is obtained as follows.

THEOREM 2.3. Let a€ WY (R) be a localised (positive) damping satisfying a(x) =0
for xe€[K1,K3] and a(z)>a>0 for zGR\[Kl,KQ] with [K1,K3] C (Kl,Kg) Then
there are constants C and n such that for any initial datum ¢ the solution v of (2.1)
satisfies the estimate, valid for t >0:

[z (t) < Ce™™ (]l

Proof. Since we are in the linear case we take [|¢||3x <1 and consider v € C(0,00,H)
the solution of (2.1), with initial datum ¢. The starting point is the identity

T T T
/ lol2,dt = / gl 2t + / loll2 dt
0 0 0 o

from where we deduce the estimate, in which R=R\ [E,E]

/ ||vHHdtf/ / (o +vs? d:cdtJr/ / (v + |vy|?) dzdt
[K1,K2]
§/ (1lv]? +|vs|?) dedt + — / / a(plv]?+|vs|?) dadt
[K1,K2]
S/ / (,u|v|2+|vm\2)dxdt+—/ /a(,u|v|2+|vw|2)dasdt.
0 J[K1,K3] @ Jo JR
On the other hand, since

3l =—{asvvab= [ a(uloP 1o, do

we have

T T
1 1
| [ alulePttoaPydsdt=- [ faovaddes o0~ 5loln). @)
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Thus, we combine these results in order to produce the estimate

/nvnH //MQ (ulof? + [0, %) —f/ a0} 5 [0l (0) — ol (T).

(2.8)

To introduce the observability inequality (2.6), we take 1 € C*°(R) such that |[4)? —

a||W1,2([171f{2]) <e and Y?(x)=a for 2 ¢ [E,Kg]. Since

lvllz = l19vllLs +vvellZs +[1evllLs +2{vthev, v, }

we deduce an estimate for the first term in the right-hand side of (2.8):

/ / (plv]? + vz [? dmdt<C/ / ) (v, t)[* + va (2,8)|?) dadt
[K1,K2]
—|—C/ {azv,v5 }(t dt+C’/ /1/)95 V2 |v(z,t)Pdadt.

We recall that, in view of Theorem 2.2, the last two terms are uniformly bounded
in time; in addition, from Corollary 2.1, we have the following estimate, in which Cy =
Ci(|la|lywr.s, | fte || L) is a constant:

/ [t Plotat)Pdode < Crlle g0

/0 {aa0,0:} (8)]dt < Co [l | 11(0.400)- (2.9)

This leads to the estimate

T
// (il + lva? d:cdt<0// ) (uloa, )2 + v (2, 0)[2) dedt
0 z€R

+CoCrlle™ || 110, 100)- (2.10)

Since the total energy is not a decreasing function of time, it is necessary to re-
formulate the arguments of [3] to bound the term T'|v||3,(T). With this in mind we
write:

T T
0l2(T) = [Jo]Z(s) —2 / {a,0,v0}dt 2 / / 0 (ufo? + Jua[?) dadt,

valid for s€[0,T]. Integrating in the interval [0,T] and neglecting the last term, we get
the estimate

T
T|vl3,(T) < Callte™" |l 210, 400) +/0 [v3(s)ds (2.11)

in which the current-like term {a,v,v,} was treated as in (2.9) and Co=
Co(||ppzll Lo, ||az|| L) is a constant.

Replacing the last term in (2.11) by the estimate (2.8), neglecting the negative
terms and using the estimates (2.9)—(2.10), we obtain

1
Tlol3(T) < 5= [vl[3(0) + Cr (Cot— )He 7| L110,400) + Collte™ || 110, 1.00)
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T
+C’O/ /a(u|v|2+\vz|2).
0

Thus, we replace the last term using identity (2.7) to get the following inequality,
in which we have used estimate (2.9),

1 Co C‘10
TolB(T) < o [ol13(0)+ 2 [01(0) — =2 [o]3(T)

1 _ _
+2C (Co+ %) e BtHLl[O,-‘roo) +Cslfte 6t||L1[0,+oo)' (2.12)

Next, we introduce the notation C(T)=2C1(Co+5)lle | 11(0,+00)
+Cs|[te | 1110, +00) and write previous expression as follows:

s ipye (L, CoN o oy Coyo o C(T)
lol3(T) < o ( 5+ 52 ) 10130 - 52l () + =,

from where we conclude

(452 ) iger < (5 ) ol + S5, (213)

We now recall that we are interested in showing the exponential decay of ||v||3,(¢).
For this purpose we fix 7' > (2«)~! and introduce the constants

1 C,
712:m+ﬁ: 1+aC, <1
1+2%: 20T +aC,
ory  20(T)
d1 = =

T(1+52) 2T+C,’
which lead us to write the bound (2.13) in the form
[13(T) <71 l[vll3,(0) +di. (2.14)

We obtain the exponential decay by means of an inductive argument, typical from
semigroup theory, which consists in getting bounds for time intervals of the form Jy :=
[kT,(k+1)T]. With this in mind we consider the time interval [T, 2T and adapt previous
computations to obtain the following estimate, similar to the one previously given in
(2.12) for the interval [0,7],

1 G,

C
2 - Yo 2 Yo 2
2ol 1) < (51 + 2 ) 0lBT) — 2 et

1 _ _
+2(Cot 5l 400 + Coll(E=T)e ™ | 1(7,1.00)-

It is worth remarking that the constant C, =C,(T) given by Lemma 2.3 depends
only on the length of the interval and therefore is the same for all of Ji, = [kT, (k+1)T].

Recalling the exponential decay of both terms [le ™| 17 400y =€ PT||e 7! || 1[0, 4 00)
and H(t—T)e_ﬁtHLl[T’Jroo) :€_5T||t€_ﬂt||L1[07+oo), we are led to obtain the bound

A 1 /1 G\, v L O(T)
o < (=42 bl
<1—|— 4T> lv]|5,(2T) < 5T <2a + 5 > |v]|5,(T) +e 5T
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As we did for [0,T], we introduce the constants

o ﬁ%—% _ 1+4aC,
V2= 1+%  4aT+aC,’
c(T) 2C(T)
d2 = C = )
2T (1+ %) 4T+C,
and write
[0]|3,(2T) < yal|v[|5,(T) + dae™ 7" (2.15)

Applying inductively previous estimates to the interval [(k—1)T,kT], we get se-
quences {7yt }r and {dj}, given by

%::ﬁ—&-%: 1+aC,
1+ 2% 2kaT +aC,’

o 2C0(T) _20(T)
FT kT (14 S2)  2kT+ O,

such that the following estimate holds
[0lIF,((k+1)T) < g ||0l3, (KT) +dire™ T (2.16)

Since both sequences satisfy 1 >3 >~9>--- >, and dy >ds > --- > dj, by means of
an inductive argument we get the upper bound, in which ¢ :max{’yl,e_ﬁT} <1,

oI5 ((k+1)T) <¢* (11 llv]17,(0) + (k +1)ds)

from where we deduce (||v[|%,((k+ 1)T))1/(k+1) — (<1 and therefore we conclude that

there exists a constant C such that 0|3, (kT) < 5’\\@”%(0)(’“ We finally take ¢ >0, write
t=kT +r with r€[0,T), and apply previous estimates to obtain

[0]|2, (KT +7) < C|l||2,(r)¢F < Cll||3,(r) ¢ ¢FF T,
In addition, from (2.7)—(2.9) we have the uniform estimate, valid for r €[0,T:

[0l (r) < [[]13,(0) A+ T)Cr.

Collecting previous estimates and setting C' = cCy CHA+T),n=— %, we obtain
the estimate
[v]l3,(t) < Ce™.
This finishes the proof. 0

3. Non-linear problem

3.1. Local existence. The local existence for the non-linear problem is derived
from standard arguments, see the Appendix for details.
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3.2. Global existence and exponential decay. Once the local existence is
established we consider the exponential decay for solutions with small initial data. The
key idea here is to show the existence of a suitable bounded invariant set; this will allow
us to get both the global existence and the exponential decay.

THEOREM 3.1.  There exist €>0, C>0 and v>0 such that for ¢ € H with ||P|ly <e
the local solution u for the nonlinear problem (A.l), given by Theorem A.1, satisfies
both we C([0,00),H)NC([0,00),H') and the ezponential decay:

lull2(t) < Ce™"||g]l2.

Proof. The starting point is the semigroup estimate ||Uy()[ln <Ce™"| ¢l
given by Theorem 2.3. We thus introduce the norm in H: [|¢|], :=sup||e”Uq,(t)o|». A
>0

straightforward computation shows the following well-known identities:

[0l <lllln < Clllln (3.1a)
[Ua(T)0lln <e™"l|9lly (3.1b)

We then apply a fixed-point argument to bounded sets of H,,:=(H,|-||,), with
n>0. Let r,6 >0 be positive constants and set the Banach space X, s=C([0,0],B,)
equipped with the norm [|v[| L (0,53,)- We also consider the fixed-point operator:

Applying || - ||,, and using the estimates of (3.1) and Lemma A.1, we get the following
estimate, here C' represents different constants, none of them depending upon r,d:

ID(0) (1) < [T (£)0(0) | + / Ut — )N (u(s)) s
<M o(0)]]+C / I (w(s)llpeds
< e u(0)]|,+C / (s 13,ds

t
<e "), +C/0 [v(s)5ds.

Since v:[0,d] — B, we have the estimate, valid for » >0 and for t € [0,4], ||T'(v)(®) ||, <
r(e7"4+Cr?t). We set g(t):=e " +Cr?t. Since g(0)=1 and e~ <1—nt+ $n*t* we
have g(t) <1—(n—Cr?)t+ $n*t>. We thus take

r2< 1 and §<2n7%(n—Cr?) (3.2)

Q

from where we conclude that g(¢) <1 is valid for ¢ € [0,0]. This shows that I'( X, 5) C X, 5.
Next, we consider the Lipschitz property of I'. To this end we take v,w € X, s such

that v(0)=w(0) and compute: T'(v)(t)—T(w)(t)= fot Ua(t—5)(N(v(s))— N(w(s)))ds.
Proceeding as above we get:

IT(0)(8) =T (w) (B[l < /0 1Ua(t =) (N(0(s)) = N(w(s))) [lnds
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t
<0r? [ ots) - w(o)lds
0
<Cr?S|lv—w| r=(0,,5,)

from where we obtain ||I'(v) —T'(w)| 1 (0,5,5,) < Cr?||v—wl|L=(0,6,5,)- Taking (r,8)
such that Cr2§<1, together with the conditions (3.2), we have that, for ¢ € B,,
I'y:X,5—X,s is a well defined Lipschitz continuous operator with ||I'y|/Lip <1 and
therefore exists w € C([0,4],B,), the unique fixed point of I'p. This means that, for
¢ € B,., the local solution given by Theorem A.l remains in B, as t€[0,6]. We shall
show that w can be extended to [0,+00). From Duhamel’s formula we have the identity,
valid in [0,6]: w(t) :Ua(t)(b—ifot U, (t—s)N(w(s))ds, in which U,(t) is the semigroup
generated by the linear term. Taking norm in H, we get the estimate, valid for ¢ € [0,4]:

[[wlln () < IIl'fa(t)sblanr/0 [Ua(t = 5)N(w(s))[lnds.

Using the estimate of Lemma A.1 and the exponential decay of the linear evolution, we
obtain:

t
el (&) < e~ 6]} +Cr2 / e~ ()| s,

valid for ¢ € [0,6], which is equivalent to the estimate:

t
Ml (£) < 6]l + O / " [w(s) [ nds.

Using the result of Gromwall lemma with z(t) = e |lw||,, (¢), we deduce e ||w||#(t) <
|p]l,eC""t, which means:

— - T2
lwlly () < [|llye= =",

Let v:=n—Cr?, since (r,0) satisfy estimate (3.2), we have >0 and therefore we
also obtain the exponential decay valid for t€[0,6]: ||w||,(t) <|/¢|,e~*. This shows
that the H,~-ball with radius r is an invariant set for the non-linear flow; from where we
conclude that for any ¢ € 1 with ||¢||, <r the solution u is globally defined and satisfies
the estimate:

ully (£) < Cllgllne ™",

for all ¢t > 0.
Since ||u||, and ||u||y are equivalent norms, the proof is complete. |

4. Stabilisation rates: qualitative aspects of the dynamics

Since we have so far only used the size of the damping term, as ||a|lw1., and not
its precise location to derive the estimates, it is natural to expect that, for terms of
similar size, the values of the rates are strongly dependent on the configuration. In this
section we will focus on how rates vary as a function of the location of the free damping
region. More precisely, we will take damping terms satisfying:

a€WH® 4=0in [K;K5],a=a in [Kl;kg]c, K <K, <K <E7 (4.1)
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and show that when the free-damping region is chosen as [— Ka; K] and for large times,
the rates for charge and energy could be made smaller than those given in Theorems
2.2-2.3; we also provide estimates for the length of these time intervals. Finally, let
us mention that the following analysis is based on the spectral decomposition of the
operator Lo(¢) = —¢u +|x|¢ on the space Ho:=(H,||-|lo) where ||¢[]3:=(¢p;Log), we
refer [6] for details on the spectral decomposition; however; it is worth remarking that
L — Ly is the multiplication operator with compact support given by p(z) — || and that
II-llo and || ||+ are equivalent norms.

We start with the following lemma relating the rates of solutions with different
damping terms for the linear Equation (2.1); this will provide both the continuity of the
rates with respect to the size of the damping term and also the basic estimates involved
in the proof of the main result, see Theorem 4.1. We consider the rates for both the
charge and the energy.

LEMMA 4.1.  Let ag,a; € WH°(R) both satisfying (4.1), let ¢ € H and let ug, uy be the
related solution of (2.1) with initial datum ¢. Let also By be the decaying rate given by
Theorem 2.2 for ||ug||rz, and 1o be the decaying rate given by Theorem 2.3 for ||ugl|3-
Then, the following estimates hold, in which C' and D are constants:

Juo®) ~ur (8) 2 <10z (Mool 1) 0ot
o) (1) < Nl (Ploo -l 1) e,

Proof. 1t is based upon a classical argument stemming from Duhamel’s identity.
We outline some details for further reference.

Let U;(t), 7=0,1, denote the Cy—semigroups of contractions with generators iL —
A;j, in which L(¢) =—¢ze +p¢ and A; is the multiplication operator given by a;; let
also A be the multiplication operator given by da=a; —ag. The starting point is the
identity:

Ul(t)gb—Uo(t)(;S:/Uo(t—s)dAUl(s)ngds. (4.2)

Setting E©)(t)=Uy(t)¢ and B+ ()= fot Uo(t—5)SAE™)(s)ds, m >0, we shall
show the convergence of the formal series: F(°°) = Z EM.
m=1
Let M >1 and > 0 be such that ||Uy(t)¢||x < Me 7||¢|x, here X =L? or X =H.
Taking norm in X and performing an inductive argument, we get the estimate:
Mmgm

1B @)x < e e~

10A[I 7 x)- (4.3)

On the other hand, a straightforward computation gives the estimates [|0A||z(z2) <
|6al| Lo and ||6A]| £(3) < 2[|6ally1.. Using the estimates ||Uy(t)¢|| 12 < Coe™P*(|¢]| 12 and
|Uo(t)p|l3 < Doe"||¢||x of Theorems 2.2-2.3 respectively, where Cp and Dy are the
bounding constants, we obtain the desired estimates. 0

REMARK 4.1. In the nonlinear case, identity (4.2) and the related error term become:
u(t)p—Up(t)p= / Up(t—s) (6Au(s)+N(u(s)))ds.

E(m+1)(t) _ /t Uo(t—s) ((SAE(m)(S) +N(E(m)(8))) ds.
0
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Following Lemma A.1 and taking CR? <&, we get the estimate for the nonlinear
term: [|N(¢)]|# <el|¢]l3 valid for [|¢]l3 <R.
Thus, for small initial data, the perturbation A+ N satisfies the estimate:

16A+N) ()l < (164l ey +2) Dl

From Theorem 3.1 we have the exponential decay for the solutions in the nonlinear
equation, from where we deduce the estimate:

. B Mmgm m
BT @)llx <™ [19lle ——— (104ll ooy +€) ™ (4.4)
which is similar to the one given in (4.3).

The main result relies upon the use of the method outlined in the proof of Lemma
4.1 for some suitable splitting of the given damping operator. Previous remark lead
us to state the result for the nonlinear problem. This will be done with the aim of
the behaviour of the Airy functions involved in the spectral decomposition of the linear
term Lo(¢) = —¢yq +|z|¢p. The following lemma gives the basic estimates.

LEMMA 4.2. Let the damping term a satisfy (4.1). Let A(¢p):=a¢ be the related mul-
tiplication operator. Then, for any e >0, there exists 0 < Ky such that for J=[—Ks, Ks]
the following estimates hold, in which Py is the projection on the first eigenfunction of
Lo and X=L? or X="H:

[APo||x <e,
|PyAPy||x €e*[Cy;Ca),

here C; are constants depending only on .
Proof. We first notice that the first eigenfunction of Ly is given by:
po(x) = co Ai(|z| = o),

in which \g is the first zero of Ai’(—2z) and ¢y = (2)\0)71/2 |Ai(=Xo)| " is the normaliza-
tion constant; in addition, we have Py¢= (po;¢)po and thus APyd = (po;0)App.
Since a=0 in [—Ko; K3], we have

| Apoll72 = a® ()5 (x)dr < o ol 22 (10> iy -
x| > K

We now consider X =%H, and we recall that Lo(¢) = —due +|x|¢. Since [¢]|F, =
(¢;Log), we get:
HAWOH?HO §||GH2L0<>||<P0||%ﬁ(\z\2K2)+||az||%oo||<PO||2L2(\z|2K2)

Hlall 2 1(00)all 72 (1o)5 1) +2laall Lo lall Lo lleoll L2 (2> k) [ (P0) | L2(0)> Ka)
from where we deduce:
HA<P0||3{O §3||a||%vl,oo (||900H%g(|x|21(2)+ ||(<P0)x||2L2(|x|zK2))-

For the quadratic term, we have the identity:

<<P0;A<Po>=/ a(m)%(x)dm:/

|z|> K> K

a(2) 3 (@)de+ o / R (),
Ky>|z|> K>

|| > K>
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from where we deduce the estimates

a”(p()Hig(m‘Zj?z) < <900;A(p0> SaHSDOH%?ﬂm\ZKQ)'

In order to obtain the required estimates we take advantage of the following prop-

erties of the Airy function, which are valid for z >1 and = 223/2, see [13]:
1

Ai(z) =2 VA€ R By < ——.

l(gj) € € 1(I)7 || 1||L _2ﬁ

1
Ai'(z) =—a4e ¢ Fy (), HFQHngTﬁ.

Ai(2)%dz=Ai'(M)? — M Ai(M)?
z>M

/ 2Ai(2)%dz= 1MAi/(M)2 BESVE Ai(M)? — 1Ai(M)Ai’(M)

z>M 3 3 3

/ Ai'(2)%dz = iMAi’(M)Z - 1M2Ai(M)2 - ZAi(M)Ai'(M)
z>M 3 3 3

and obtain the inequalities:

_ . _ 3 \3/2
||@0||%2(‘x|>K2)§(20ﬂ'>\0) 1A1(_)\O)2(K2_)\0)1/26 4/3(K2 )\O) .
||<P0||2Lﬁ(|z|>K2) + \|(<Po)x||2L(\x|>K2) < (8mAo) ! Ai(—Ag)Ze /327

3/2

Taking Ko >1 such that
aC(No)(Kz — Ag) Y/ 2e4/3K2 =20  o=(K2=20)>"? 2 (4.5)
we conclude the required inequalities:

|AP|x <e,

||P0 AP0||X S 52[01;C2].
This finishes the proof. ]

The main result of this section is based on the continuity of the rates with respect
to the damping term given by Lemma 4.1 and expresses that, for finite times, the closer
the origin is to the non-damping region, the smaller the rates are.

THEOREM 4.1.  Let the damping term a€ W satisfy the assumptions (4.1). Let
€M and u be the solution of the nonlinear Equation (A.1) with small initial datum
¢. Let T>0 and (>0 be fized, then there exists K>1, 0<v <1 and S(t) a Co-
semigroup such that: €"*||S(t)d||x > || Podl|x and, fort e [0;T)], the solution u(t) satisfies
the estimate:

e”||u(t) - S()gllx <¢.

Proof. To start with, we consider the split: A=Ay+0A, in which Ag=
PyAPy+ P, AP, and 0A=P,APy+ PyAP,. Since Ay is a bounded perturbation of
A (in both X =L? and X =H), the operator iL — Ay indeed generates a Cy—semigroup
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of contractions, which will be denoted by S(t). Let Xq=span{pg} and X; = X", valid
in both X =L? and X =%H, since X and X, are Ag-invariant subspaces, we have that
P; S(t)=S(t) P;, for j=0,1, and therefore:
P()S(t)¢ — efvxt+i)\otpo¢7
PS(t)g=S(t)Pig,
where vx =||Py AP x.-
Since the damping term satisfies assumptions (4.1), we apply the results of Lemma
4.2 and get the inequalities:
[Py APy|x ~e?,
with e to be especified and C'=C(a,pq) a constant. Let 6x expresses any of the rates
{B,n,7} provided by Theorems 2.2-2.3-3.1, we have the following estimates for the
semigroups:
PoS(t)g~e="g,
[PLS ()¢l x <e X M||g] L2
Thus, setting € < min{3'/2;n/2;4'/2}, we deduce the estimates for the semigroup:

1S(t)o|lx <e =" tM||¢|lx and ||S(t)Pod|x ~e = t||¢|lx. From previous estimates and
recalling the inequality (4.4), we have ||dA||x < Ce, from where we get:

_ .2 (Mf:‘t)m
IE™ (t)||x <e = tH¢||XT~

Applying the results of Lemma 4.1, we get the bound:

lu(t) = S0l x <e =" (€M —1)1¢]|x

(23
Finally, we take: K2>)\0+(1n(¥)) , v=e"(K2=20)"* 44 e=v'2, and the

result follows from estimate (4.5). |

Appendix. Local existence for the nonlinear problem. For the sake of
completeness, and since the local existence of solutions for the non-linear case are derived
from standard arguments mainly from fixed-point techniques, we devote this appendix
to present the related details.

To start with, we focus on the local existence of solutions for the problem given by
the equation

Uy = —Ugy + p(x)u—ia(z)u+ N(u), (A.1)

together with the initial condition u(z,0) =wug(xo) € H; here, the non-linearity N is of
non-local nature and is given by N(¢)=¢m(¢) with

m(9)(w) = [ ole.w)lot) P (A2)
In the sequel we made the following assumptions on the kernel,

lo(z,y)| <p(x), lox(2,y)|<C, (A.3)
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this choice is motivated by the Schrodinger—Poisson equation whose kernel is given by
o(z,y) = 5 (|lz —y| — |z[), see [5].

We also recall that p(z) € C*°(R), p>max{|x|,1} with u(z)=|z| for |z| >2, and a €
W2 (R), a(x) =0 for z € [K1,K3] and a(z) > a >0 for x € R\ [K}, Ko|, with [K;, K] C
(Ky1,K3).

As usual, the nonlinear result is obtained from the linear case by means of pertur-
bative arguments. With these ideas in mind we present some useful estimates.

LEMMA A.1.  Let m(¢) be given by (A.2), with the kernel satisfying the estimates
(A.3), let also N(¢)=¢dm(p). Then for ¢p,ib € H the following estimates hold, in which
C are different constants depending only upon the kernel p.

o [N(@)ln=Clloll3-
o [[N(¢) = N(¥)lln <CR?||¢ =2, valid for ||¢]l2, [[¢]lx < R.
Proof. 1t is a straightforward computation and will be omitted. 0

‘We now move to the local existence result.

THEOREM A.1l. For any ¢ €H there exists §=05(¢) >0 such that the nonlin-
ear Equation (A.1) with initial datum u(0)=¢ has a unique solution ue C([0,0],)N
C*([0,0],H").

Proof. It is based on a fixed-point argument. Let ¢ € H and let U,(t) be the
semigroup generated by —iL—a. For ¢,7>0 we define X, ,(¢)={weC([0,7],H)N
CH[0,7), 1) : ||v—=Ua(t)@|| oo ((0,7],2) <€} and equipped it with |[w]| e (0,7,2). We also
define the fixed-point operator:

Since U,(t) is a Cp—semigroup it is clear that I'(X. .(¢)) CC([0,7],H)N
C*([0,7],H). In order to show the invariance of X. ,(¢) for a suitable choice of the
parameters we consider the estimate, in which we have used Lemma A.1:

t
1T (w)() — Ua(®)bllae < / IN (w(s))
t
<c / leo(s)11,
<Cr (|l +e)*
from where we conclude ||T'(w) — U (t)@|| o= ([0,7,7) < C7 (||]l% +e)’.

On the other hand, in order to get the Lipschitz constant we take wi,ws € X, -(¢)
and apply previous estimates. We thus have:

Hl“(wl)(t)—T(wz)(t)HHS/o 1Ua(t =) (N (w1(s)) = N(wa(s))) || 2ds

t

<C(|6flx+e)? / s —ws 5 (s)ds
0

<C (||l +e) Tlwr —wa Lo (0,773

and therefore ||T|Lip < C (||o|lx +€)° .
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We finally take, for ¢ € H, some € >0 and get § > 0 such that C (||¢]l% +¢)*d < 1 from
where we conclude that I': X, 5(¢) — X, 5(¢) is a contraction and therefore there ex-

ists u € C([0,8],H) NC*([0,8],H') such that u(t)=U,(t)¢—i [, Ua(t —s)N(u(s))ds. This
finishes the proof. ]
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