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STABILITY OF THE PLANAR RAREFACTION WAVE TO
THREE-DIMENSIONAL COMPRESSIBLE MODEL
OF VISCOUS IONS MOTION*

YEPING LIf, ZHEN LUO!, AND JIAHONG WU$

Abstract. The compressible Navier-Stokes-Poisson equations model the motion of viscous ions
and play important roles in the study of self-gravitational viscous gaseous stars and in the simulations
of charged particles in semiconductor devices and plasmas physics. This paper establishes the stability
and precise large-time behavior of perturbations near the planar rarefaction wave to three-dimensional
isentropic compressible Navier-Stokes-Poisson equations. The results presented in this paper are new.
Previous studies focused on the one-dimensional compressible Navier-Stokes-Poisson equations and little
has been done for the multi-dimensional case. In order to prove the desired asymptotic stability, we
take into account both the effect of the self-consistent electrostatic potential and the decay rate of the
planar rarefaction wave. Due to the complexity of the nonlinearity and the effect of the self-consistent
electric field, the proof involves highly non-trivial a priori bounds.
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1. Introduction
The three-dimensional (3D) compressible isentropic Navier-Stokes-Poisson system
for viscous ions motion is given by

Op+div(pu) =0,
O(pu) +div(pueu) + Vp(p) = pVeo+ pAu+ (p+v)Vdivu, (1.1)
A¢ =p— 67(#7

where p(t,x1,22,23) >0 denotes the density, u =u(t,z1,z2,23) = (u1,u2,us3)(t,z1,22,73)
denotes the velocity field and ¢ = ¢(¢,x1,29,23) is the electrostatic potential. The shear
viscosity p and the bulk viscosity v both are constants satisfying the physical restrictions

p>0, p+v>0.

The pressure p=p(p) is given by the y-law p(p)= % with 7>1 being the fluid con-
stant. The spatial domain is taken to be R x T2, namely x; € R being the real line and
(w2,73) €T?:=(R/Z)? being a two-dimensional unit flat torus. (1.1) has many phys-
ical applications. For example, (1.1) models the transport of charged particles under
the influence of the self-consistent electrostatic potential force as in the study of self-
gravitational viscous gaseous stars. (1.1) is also useful in the simulations of the motion of
charged particles in semiconductor devices and plasmas physics. Here we only consider
a fluid description for ions, in which ions and electrons interact through the electro-
static potential. Electrons are assumed to be thermalized and follow a nondimensional
Maxwell-Boltzmann distribution p, =e~? connecting the scaled electron density p, and
the potential ¢. Moreover, the electron potential is determined by the density and the
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background doping profile b(z), namely, the third equation in (1.1) is A¢=p—b(x).
More background information on the compressible Navier-Stokes-Poisson equations can
be found in, for example, [4,8,18,29].

The compressible Navier-Stokes-Poisson system has recently attracted considerable
interest and many important results have been established. In what follows, we only
mention those closely related to our study. Assuming that the initial data are small
perturbations near the non-vacuum constant states, Li, Matsumura and Zhang [20] were
able to obtain the global existence and algebraic decay estimates for solutions of the 3D
unipolar isentropic compressible Navier-Stokes-Poisson equations. Li and Zhang [22]
showed the optimal decay rates of solutions in [20]. Li and Zhang [23] further obtained
the decay rates for the derivatives of solutions when the initial perturbation is also in the
negative Sobolev space H~*(R?) with 0<s<3/2. By analyzing the Green’s function
of the corresponding linearized equations, Wang and Wu [37] obtained the pointwise
estimates of the solution to the unipolar isentropic compressible Navier-Stokes-Poisson
system in R™(n >3). More recently Wang and Wang [38] established further new decay
estimate of classical solutions to the unipolar isentropic compressible Navier-Stokes-
Poisson equations in three and higher dimensions. More interesting results for unipolar
non-isentropic, and bipolar isentropic and non-isentropic compressible Navier-Stokes-
Poisson equations can be found in [21,32,33,41,42]. In addition, the global strong
solution to the one-dimensional non-isentropic Navier-Stokes-Poisson system with large
data for density-dependent viscosity was established in [34] and the nonexistence was
discussed in [3]. The results mentioned above showed that the momentum of the Navier-
Stokes-Poisson system decays at a slower rate than that of the compressible Navier-
Stokes system in the absence of the electric field (see [20,41]). This demonstrates that
the electric field can affect the large-time behavior of the solution.

There are also substantial developments on the stability and large-time behavior
around nonlinear wave patterns such as the stationary wave, discontinuity wave and the
rarefaction wave. The stability of stationary states for the multi-dimensional isentropic
compressible Navier-Stokes-Poisson system was studied by Tan, Wang and Wang in [31],
and by Cai and Tan [2] in the case of non-flat doping profile and with an external force
under the assumption that the gas states at far fields +00 are equal. Duan and Liu [10]
were able to obtain the stability of rarefaction waves of the one-dimensional unipolar
isentropic compressible Navier-Stokes-Poisson equations with different gas states at far
fields. Another interesting and challenging problem is to study the stability of the
isentropic compressible Navier-Stokes-Poisson equations on half space with different
far field and different gas states at boundary. In general, the large-time behavior of
solutions in the half space case is much more complicated due to boundary effect. For
outflow problem on the unipolar isentropic compressible Navier-Stokes-Poisson system
with doping profile, Jiang, Lai, Yin, and Zhu [17] and Wang, Zhang, and Zhang [35]
studied the existence and stability of stationary solutions, respectively. Li and Zhu [25]
investigated the asymptotic stability of the superposition of a stationary solution and a
rarefaction wave for the out-flow problem of the unipolar compressible Navier-Stokes-
Poisson equations in which the electron is assumed to be thermalized and follows the
nondimensional Maxwell-Boltzmann distribution p. =e~? relating the scaled electron
density p. and potential ¢. We mention that there is a large literature on the stability of
the two-fluids isentropic and non-isentropic compressible Navier-Stokes-Poisson system
(see, e.g., [7,11,12,15,40]).

Most of the existing studies on the stability and large-time behavior near nonlinear
wave patterns focus on the one-dimensional compressible Navier-Stokes-Poisson equa-
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tions. Very little has been done for the corresponding multi-dimensional case. The goal
of this work is to initiate the study on the three-dimensional compressible isentropic
Navier-Stokes-Poisson equations. More precisely, we consider the time-asymptotic non-
linear stability of the planar rarefaction wave to the initial value problem for the three-
dimensional compressible isentropic Navier-Stokes-Poisson equations. The initial data
to the model (1.1) are specified as follows:

(p,u)(z1,22,23,0) := (po,u10,u20,u30)(T1,22,23), (1.2)
which satisfy
(po,u10,u20,u30) (21, 22,23) = (p+,us,0,0) as x1 — too. (1.3)
In order to solve (1.1)3, we also need

lim ¢(t,x) =¢4. (1.4)

x1—too

Here py, uy and ¢4 are constants satisfying
pr >0, pr=e %t (1.5)

The periodic boundary conditions are imposed on (x9,x3) € T? for the solution (p,uy,us,
U3,¢)(t,l‘1,$2,$3).

Duan and Liu in [10] have shown that the one-dimensional compressible Navier-
Stokes-Poisson equations near the rarefaction wave converge to the Riemann problem
on the corresponding one-dimensional hyperbolic conservation laws

pt+ (pu)xl =0,
{(/’U)t+(pu2+10(p)4—,0)561 =0 (1.6)

with the initial data

—,u_), if x1 <0,
<p6,u6><x1>={(p h o< (L)

(py,uy), if >0,

and ¢ = —Inp. This hints that the large-time behavior of the solution to the compressible
Navier-Stokes-Poisson Equations (1.1)-(1.5) is closely related to the Riemann problem
on the corresponding three-dimensional compressible Euler equations

{ Orp+div(pu) =0, (1.8)
9 (pu) +div(pu®u)+V(p(p)+p) =0, '

with the Riemann initial data

_,u_,0,0), if z1 <0,
(po,uoxxl){(” bt (1.9)

(p+,us,0,0), if 21 >0,

and ¢=—Inp.

As we know from the results in [5,6,9,14], there are essential differences between
the one-dimensional Riemann problem (1.6)-(1.7) and the three-dimensional Riemann
problem (1.8)-(1.9) even with (ug,us)-component continuous on both sides of z; =0 in
(1.9). Partially motivated by [16, 24, 28,39], we study the time-asymptotic nonlinear
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stability of the planar rarefaction wave to the three-dimensional compressible isentropic
Navier-Stokes-Poisson Equations (1.1)-(1.5). We first give the description of the planar
rarefaction wave to (1.8). It is well-known that the inviscid Euler system (1.6) is strictly
hyperbolic for p>0 with two distinct eigenvalues

A(pu) =u—/p'(p)+1, Xalp,u)=u++/p'(p)+1

with the corresponding right eigenvectors denoted by ri(p,u) and ra(p,u), respec-
tively, and both characteristic fields are genuinely nonlinear. The i-Riemann invariant
zi(p,u)(i=1,2) is given by

) =u (-1 [ O T Ie e,

satisfying V(, u)2i(p,u) - ri(p,u) =0,(i=1,2) for any p and u. Without loss of generality,
we only consider the 2-rarefaction wave case. The cases of 1-rarefaction wave and the
superposition of two rarefaction waves can be dealt with similarly. It is well-known that
if the states (pi,uy) satisfy

P+
Uy — vpl(§)+1£—1d€:u7’ >‘2(p+7u+)>>‘2(p*7u*)7 (110)
pP—

i.e., 2-Riemann invariant z5(p,u) is constant and the second eigenvalue Aa(p,u) is ex-
panding along the 2-rarefaction wave curve, then the Riemann problem (1.6)-(1.7) would
admit a self-similar wave fan (p”,u")(x/t) which consists of only the constant states
and the centered rarefaction waves (see, e.g., [19]). Then the planar rarefaction wave
solution to the three-dimensional compressible Euler Equations (1.8)-(1.9) is defined
by (p",u",0,0)(x1,t) with (p",u")(x1,t) being the one-dimensional rarefaction wave to
(1.6)-(1.7). We also define ¢" =—1np".

We shall use the following notation. Throughout this paper, C and c¢ denote
generic positive constants, which are independent of time ¢ unless otherwise stated. Let
1<p<oo, L? (R) and LP(R x T?) denote the space of Lebesgue measurable functions

1
whose p-powers are integrable over R and R x T?, with the norm [|- ||z = ([g|-[Pdz1)?

1
and ||| r = (fp2 [z | |Pdz1dzodas) ” | respectively. For simplicity we denote dzodas by
dy, and ||-][z2 by |-]. L2(R) and L*°(RxT?) are the space of bounded measur-
able functions over R and R x T?, with the norm |- ”Lixi =ess sup,, cg|-| and || ||z~ =
€SS SUD (4, 4, 2q)eRxT2| |- FOr a non-negative integer F, H"*(R x T?) denotes the stan-
dard Hilbert spaces of order k, and we write ||-||; for the usual norm of H"*(R x T?).
In addition, we denote by C°([0,T]; H*(R x T?)) (resp. L?(0,T;H*(R x T?))) the space
of continuous (resp. square integrable) functions on [0,7] taking values in the space
H*(R x T?).
We are now in a position to state the main results of this paper.

THEOREM 1.1. Let the planar 2-rarefaction wave (p",u",0,0)(x1,t) connecting the
constant states (p4,uy,0,0) and satisfying (1.10) with py >0, and " =—1Inp". Suppose
that the initial data satisfy (po — ph,u10 — b, uz0,us0) € L*(R x T?), which is periodic in
the directions (z2,23) € T2, and (Vpo,Vug) € H (R x T?),

[[(po — posur0 — g, uz0,us0) || 4[| (Vpo, Vo) |1 +-€ < €0, (1.11)
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where € is defined in (2.5)2, and the positive constant eq is sufficiently small. Then
the initial value problem (1.1)-(1.5) admits a unique global smooth solution (p,u,$)=

(p7u17u27u37¢) Sa’tlsfylng

(p_pT7u1 —uq,u2,u3,¢)—(;ST)(t,xl,zg,xg) 60([07+OO)7L2(RX Tz))v
(Vp,Vu,Vo)(t,x1,x0,23) € C([0,+00); H (R x T?)),
(V3u,V3¢)(t,21,22,23) € L*(0,+00; L*(R x T?)).

Moreover, it holds that

lim Sup |(p7u17u2;u37¢)(t7x1a$25x3>_(prau;70707¢r)(x)|20' (112)

t=+00 (31 25,23)ERXT2

REMARK 1.1. Theorem 1.1 gives a first stability result of the planar rarefaction
wave to the multi-dimensional system (1.1) with physical viscosities. Our stability
analysis could also be applied to the time-asymptotic stability of the superposition of
1-rarefaction wave and 2-rarefaction wave to the three-dimensional compressible Navier-
Stokes Equations (1.1) and the wave interaction estimates as in [26] will be considered
additionally. Moreover, it is also interesting for researchers to study similar problems
for the full compressible Navier-Stokes-Poisson system and the bipolar compressible
Navier-Stokes-Poisson system. Finally, in this article we only consider the initial value
problem to three-dimensional compressible Navier-Stokes-Poisson equations. However
we should mention that the corresponding initial boundary value problem such as the
out-flow problem and the inflow problem for the multi-dimensional compressible Navier-
Stokes-Poisson equations is surely more difficult. These are expected to be done in the
forthcoming papers.

The proof of Theorem 1.1 is outlined as follows. We use some of the ideas in [24] for
the compressible Navier-Stokes system. However, due to the complexity of nonlinearity
and the effect of the self-consistent electric field, it is highly non-trivial in establishing
the suitable energy estimates for the compressible Navier-Stokes-Poisson system, as can
be seen in the proof of Lemma 4.1. Our attention will be focused on the effect of the
self-consistent electric field. Being different to the compressible Navier-Stokes equations,
the main difficulty in this paper is to estimate the interacting terms of the potential
function ¢ and the density under the case that the unknown ¢ has a slow time-decay rate
(see [10]). To estimate those interacting terms, we use some of the ideas in [10] to make
use of the good dissipation property of the Poisson equation by expanding the term e~?,
up to the third-order, around the rarefaction wave. We combine not only the equations of
the density and the velocity to cancel the terms such as (u+A\)Vdivl -V + uA¥ -V,
but also the equations of the density and the electrostatic potential to cancel the terms
such as VW -V in order to get the estimate of V and its derivatives.

The rest of the paper is organized as follows. In the next section, we first review a
smooth approximate rarefaction wave which tends to the rarefaction wave fan uniformly
as the time ¢ tends to infinity. Then we reformulate the system for the perturbation
around the approximate rarefaction wave in Section 3 and establish the a priori estimates
for the perturbation in Section 4. Finally, in the last section, by applying these a priori
estimates, we prove Theorem 1.1.

2. Smooth approximation rarefaction wave
In this section, we will construct a smooth approximation rarefaction wave in or-
der to overcome the difficulty that the rarefaction wave is only Lipschitz continuous.
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As in [26,39], we construct a smooth approximation of the rarefaction waves through
the Burgers equation. For this, we make use of the Riemann problem of the Burgers
equation:

Wy +wWwg, =0,

w(z1,0) =wo(x1) = {

w_, x1 <0, (2.1)

w4, T1>0.

If w_<wyg, it is well known that problem (2.1) admits a continuous weak solution
w"(%L) connecting w_ and w, (see, for instance, [30]), taking the form of

w_, T <w-_t,
x
w” (71) = le, U)_tgxl Sw-‘rta (22)
Wy, T >w+t.

Recall the definition of Ay and set w_ =Aa(p_,u_),wy =Aa(p4,us). It is easy to check
that the 2-rarefaction wave (p",u")(t,z1) = (p",u")(x1/t) to the Riemann problem (1.6)-
(1.7) is given explicitly by Aa(p",u")(t,21) =w" (t,21),22(p",u")(t,x) = 22(p+,us). That
is, (p",u")(t,z) satisfies the following Riemann problem of the Euler equations

{ p:‘f‘([)rur)wl :0, (23)
P’ (up +uuy )+ (p'(p7) +1) py, =0,

and

(p—,u_), if x1 <0,

(p,U)(Om):(po,uO)(m):{ (2.4)

(p+,us), if z1>0.

Further, let ¢"=—1np".

We now turn to the approximate rarefaction wave for the Euler system (2.3)-(2.4).
Here and in what follows, the constant states (p+,u+) are fixed so that they are con-
nected by the 2-rarefaction wave. Following [26,27], we recall that w" (%) may be

t
approximated by a smooth function w(z,t) which solves

{wt +wwy, =0, ) (2.5)

w(z1,0) =wo(2) = $(w_ +wi)+ 3 (wy —w_)tanh(ezy).

Here 0<e<1 is a constant to be determined later on. Then, by the characteristic
methods, the solution w(¢,z1) of the problem (2.5) has the following properties and
their proofs can be found in [26,27].

LEMMA 2.1. Let w=wy —w_ >0 be the wave strength of the 2-rarefaction wave.
Then the problem (2.5) has a unique smooth solution w(t,xz) which satisfies the following
properties

(1) w_ <w(t,x1) <wg , Wy >0 for z1 €R and t>0.

(i) For any 1 <p<+4o0o there exists a constant C, such that for t>0,

=

~Ll 141
,wz’t 1+p}a

, N PR R S .
||8lw||L51§Cpm1n{w5’ et 1}, where i=2,3.

e, 12, < Cpmin{ '~
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Uﬁ)tgggﬁgphutaq) w (21)] =0.

Now we shall approximate the rarefaction wave (p",u",¢")(%*) by the smooth func-
tion (p,,®)(t,z1), which can be constructed by

/\Q(ﬁaﬂ)(taxl):w(l‘i’taxl)a ZZ(ﬁaﬂ)(taxl):ZQ(p:tau:t)a ¢:*1HP

Here w(t,71) is the smooth solution to the Burgers equation in (2.5). One can easily
check that the above approximate rarefaction wave (p,a,)(t,z1) satisfies the system:

0. pU) e, =0,
Pt o =0, (26)
Pl +Ullg, ) +p(P)ay = —Pa
with
o (p—,u_), if 1 <0,
(p,u)(0,21) = . (2.7)
(py,uq), if 1 >0,
and

p=—1Inp. (2.8)
With Lemma 2.1 at our disposal, we have the following result concerning (p,,¢)(t,z1).

LEMMA 2.2. Set §:=|py—p_|+|uy—u_|. The smoothed rarefaction wave
(p,u,9)(t,x1) which satisfies (2.6)-(2.8), possesses the following properties:

(i) pzy >0,1z, >0, and p— <p(t,x1) <p4, u_ <a(t,z1) <uy for z1 R and t>0.

(i) For any 1<p<+4o0, there exists a constant C), such that for t>0,

|ty @) 2, < Cpmin {82175, 67¢71%5
\|(3l1p,8ilﬂ,ailq_5)||Lgl SC’pmin{ési_%,si_l_%fl}, here i=2,3.
(i) tim_sup |(7.1.6) (t01) = (o u”07) (5) | =0-

3. Reformulation of the problem
In this section, we reformulate the original problem (1.1)-(1.5) in terms of the
perturbed variables. To begin with, we define the new unknowns (¢, ¥, W) by

o(t,x1,22,23) = p(t,21,22,23) — p(t,21),
U(t,z1,29,23) = (P1,02,93) (t,71,72,23) = (u1,u2,u3) (t,21,72,23) — (4,0,0)(,21),
W (t,z1,22,23) = (t,x1,22,23) — d(t,21).

Then from (1.1), (2.6) and (2.8), it is easy to check that the perturbed variable (¢, ¥, W)
satisfies

%20 +PdiV‘I’+P12¢2 +pm3¢3 Furp = f7
(Wrmuwm+¢a@m+¢ewm)+p()V¢=NAW+Ok%MVdWW+pVWW#d&D
AW = 90+P(1 ) Gzyzys

where f and g are given by

f = _QD’E/II _¢1ﬁm17
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g_(Qﬁ‘:Aam,o,o)t(azlwl,o,mt((p/;p)@P’@))%’O’OY'

The initial conditions are

(0, 0)(0,21,22,23) =: (@0, Vo) (x1,22,23) = (0,Y10,¥20,¥30) (1,22, 23)
= (po — Po,u10 — Uo,U20,u30) (T1,Z2,23), (3.2)

and the far-field condition becomes

lim W (t,z1,22,23)=0. (3.3)

z1—Fo0

Our main result in terms of the perturbed variable (¢, ¥, W)(t,z1,x2,23) can then
be restated as follows.

THEOREM 3.1. Suppose that all the assumptions of Theorem 1.1 are met. Then there
exists a unique global solution (o, U, W)(t,21,22,23) to problem (53.1)-(5.5), satisfying

(0,0, W)(t,z1,29,23) € C([0,+00); H*(R x T?)),
Vo(t,x1,m2,23) € L?([0,+00); H (R x T?)),
(VO,VW)(t,z1,22,23) € L?(0,400; H*(R x T?)),

and

sup [(0, U, W) (t,21,29,23)] =0 as t — +o0. (3.4)
(z1,x2,23)ERXT?

To prove this theorem, we shall employ the standard continuation argument based
on a local existence theorem and on a priori estimates stated in the following proposition.
PROPOSITION 3.1. Assume that (o, ¥, W)(t,x1,22,23) is the classical solution to
problem (3.1)-(3.3) satisfying

(0, U, W) (t,21,29,23) € C([0,T]; H*(R x T?)),
Vo(t,x1,29,23) €L2([O,T];H1 (R x ’}I‘Z)),
(VO,VW)(t,z1,x0,23) € L*([0,T]; H*(R x T?))

for any fixed T'>0. Then there exists a suitably small constant €1 >0 such that if

sup (0,9, W)(1) |13 +¢ <e1, (3.5)
0<t<T
then the following estimate holds:

T
sup [ 0I5+ [ I8 2000+ (T T2 TW) 4+ (70,7 W) e
0

0<t<T

<Ol (o, Wo) |3+, (3.6)
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4. The energy estimates

This section is devoted to the derivation of the a priori estimates for the unknown
function (¢, ¥, W)(t,x1,x2,23) and their derivatives, that is, we are going to show Propo-
sition 3.1. To derive those a priori estimates, we assume that there exists a solution
(o, U, W)(t,z1,22,23) to the problem (3.1)-(3.3), such that

(0, U, W)(t,z1,29,23) € C([0,T]; H*(R x T?),
Vo(t,x1,z2,73) € L*([0,T]; H (R x T?)),
(VU,VW)(t,z1,22,23) € L*([0,T]; H*(R x T?)),

sup |[|(p, U, W)(t)[|l2 <e1
t€(0,T]

for any 7'>0. For the sake of simplicity, we set E'=sup,cjor (¢, ¥,W)(t)[2. Note
that if £1 is suitably small, then the condition sup,¢jo 7y [|(, ¥, W)(t)[|2 <e1 and Sobolev
embedding theorem:

| f(21,22,25)|| Lo <C||f(21,22,23)||2 for any f(z1,22,23) € H*(RxT?),  (4.1)

imply that
el <
Pl= 2P—7
which, together with Lemma 2.2, yields
1 1
0<§P—§P§§p_+p+. (4.2)
We also have
[ =|(u1,u2,us)| < C, [W|<C. (4.3)

For the sake of clarity, we will divide the proof of Proposition 3.1 into some lemmas.
First, we establish the energy estimate for the unknown variable (o, ¥, W)(t,21,22,23)
to problem (3.1)-(3.3). For this, we introduce

vip)— [,

Combining this and (4.2) yields
cp? <®(p,p) < Cp”. (4.4)

Next, multiplying (1.1) and (3.1)2 by ®(p,p) and ¥, respectively, and after tedious
computations, we arrive at

1 . . ) o
(5P 4 p@)s+ p[ VO + (14 N)|divE | + pit 7 + [p(p) = p(P) P (P) Pl
= divRy + (200 + N gaths + pU VW, (4.5)

where

Ry = (1 Vb1 +h2 Viho +103V1h3) + (p+A) Wdivl — [pu@+ %pul\I’F +(p(p) —p(p))¥|.
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Then we have the following lemma.

LEMMA 4.1.  Assume that (o, ¥, W)(t,21,22,23) is a solution to (3.1)-(3.3), satisfying
the conditions in Proposition 3.1, then there exists a positive constant C such that the
following estimate holds

T 1
sup (0. L@ +ITWOIR+ [ [l (oo O + V0]
0<t<T 0

T
SC(H(%,\I’o)IIQﬂL||W0\|f+€§)+0(77+E+8)/ 1(Vo, VW, V2W)(1)[Pdt.  (4.6)
0

Here and in the subsequent, >0 is a suitably small constant.

Proof. Integrating (4.5) with respect to (z1,72,73) over R x T? yields
d 1 2 2 : 2 = 2
- (57 +p®)dzydy + pl| V" + (u+A)[|divE|[" + Uz, [pY1 +p(p)
dt ']1‘2 R 2 ']1‘2 R
_p(ﬁ)_p/(ﬁw]dxldy:(2M—|—/\)/2/amlmlwldxldy+/2/p\I/Vdeldy. (4.7)
T2 JR T2 JR
First, using (4.2) and (4.4), it is obvious that
L o2 2 2
(5P +p@)dzrdy 2 c([lo]*+ [P (4.8)
T2 JR
and
[, [asloustt +00)~plp) 5 Geldmdyze | [ a0 +dmady. (49
T2 JR T2 JR
Second, we employ Lemma 2.2 and the Sobolev’s inequality
1 1
IFlls; <VEIFNEs 1l (410)
for any f(x1) € HY(R), to obtain

T2 JR T2
1 _7 1 1
068/2(1+t) “1llze 9122 dy
']I‘ xT x

IN

<cet [ Minalty, +00+07 walf; lay
< CeR e [P+ (14+6)7F + (1407 F 7] (4.11)
Finally, we deal with the term [, [ p¥VWdz1dy. Noting (3.1); and (3.1)s, we have
div(p¥) = —p; — (1) 24 s (4.12)
and

AWt:(Pt""_[ﬁ(l_e_w)}t_d;ailIlt' (413)
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which, together with integration by parts, leads to

/ /p\I/Vdeldyz—/ /div(p\IJ)deldy
T2 T2
= th/ /|VW| dxldy—i—/ /W(bwlwltdxldy
- / / W (51— e=W))dzrdy + / / W (i10), a1 dy. (4.14)
T2 JR T2 JR

Invoking Lemma 2.2, by integration by parts, Holder’s inequality and Young’s inequality,
we obtain

/ /W(ﬁmmdandy:—/ /leéwltdxldy
T2 JR T2 JR

SC/ / |W11(ﬁil + Pzyzy T Py Uz, +7_L961961)|d$1dy
T2 JR
<l W |2+ Ce(1 1) (4.15)

For the third term on the right-hand side of (4.14), we note
1
1—e*W:W—§W2+RQ, (4.16)

where R is the Taylor remainder. This implies

—/TZ/W(ﬁ(l—e_W))tdxldy:—/W/W(ﬁ(W—%W2+Rz))td$1dy

__ - 2 - v 3
= th/p/pw dxldy+3th2/pW dxldy+H1+H2, (417)

1 1
le/ /(ﬁﬂ)xl(7W2—fW3)da:1dy,
']1‘2 R 2 6
HQZ/ /W(ﬁﬂ)wlRle‘ldy—/ /WﬁRgtdl‘ldy
T2 JR T2 JR

We remark that H; cannot be directly controlled for the time being and it will be
treated by cancelation with other terms later on. Here we first deal with Hs. Since,
IW]lLe <C, it follows that

where

Ry ~O(W3), Ry ~O(W?2Wy). (4.18)
Further, making use of Young’s inequality, we have
Hy < C(IWA|2-+ | (5)a, WII2) +nll Wi 12 (4.19)
In addition, we get from (3.1); and (3.1)5 that

W2+ IV < Clllel* + 176V 17 + |y 7)
< Clldiv(@)|* + [[(Tg)e, |* + ldiv(pO)|* + 5 W > + || Ga e 1]
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<V, VO O + 10, ol + 15wy 11|
H(PD), W + [Pyt °]- (4.20)

Applying the interpolation inequality in the domain D=:R x T2 in [1,36], that is,
1917 ) <Cl9ll 2@ IVl L2y + IVl L2 @) V9l 22 @)
for g€ H*(D), we have

[W3IP<CIW || 7 W]
<CIWIPIWIPIVW P+ VW2V W 1?)
<CEX(|[VW2+ V2. (4.21)

From Hoélder’s inequality and Lemma 2.2, one has

[ty ol + | oy 01 [|* + II(ﬁﬂ)ijIQJr [k
<C(p;), II%;ol (0,01, W)I? + | byt ||
<Ce(141) 72| (@, 01, W)||2+Ce(1+1) 2. (4.22)

Inserting now inequalities (4.20)-(4.22) into (4.19), we then arrive at

Hy <CE(||[VW >+ |[V*W|1*) 4+ Cnl|(Ve, V) (#)]?
+Ce(1+t)72|| (@, 1, W) ()| + Ce(1+1) 2. (4.23)

We now turn to deal with the fourth term on the right-hand side of (4.14). Utilizing
(3.1)s, it follows that

//W(W)xldxldy
T2 JR
:/ /(Wagowl—i-Wgoﬂwl)dxldy
T2 JR
:/Z/Wa(Awﬂfl_(ﬁ(l_eiw))ﬂfl+q§£€1$1$1)d1‘1dy
T2 JR
+/ /W% (AW —p(1—e W)+ @y 0, ) drrdy=: Hy+ Hy+ H5,  (4.24)
T2 JR
where
1 _
ngf/ /awl(Wﬁ W2 —W? )dmldy—/ /ﬂ(/)leledxldy,
2 T JR ! ? 3 T JR
H4:—/ /Wﬂ(ﬁ(l—e_w))wldxldy,
T2 JR
H5:—/ /Wﬂg;lﬁ(l—e_w)dxldy.
T2 JR

We have used in (4.24) the following identities:

1
/ /WﬁAWIldmldy+/ /WﬁwlAdeldy:§/ /ﬂggl(Wﬁl—sz—WﬁS)dxldy,
T JR T JR T2 JR
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/ /12(5$1$1$1de1dy+/ /ﬂm(ﬁdexldy:—/ /ﬂq@wlxlwwldxldy.
12 JR T2 JR T2 JR

By Lemmas 2.2, and Holder’s and Young’s inequalities,

Hy<C / e, s (VW13 dy+C / W llgz, 16er2a 22, dy

<n|[Wa, |2+ Ce(141) "2 +Ce||[ VIV 2. (4.25)

To estimate Hy and Hs, we use the Taylor expansion (4.16) to get

H,= //Wu W—7W2—|—R2)]xldx1dy
T2

/ /pmluW dridy+ = / /pmluW dridy+ = / /(ﬁﬂ)xlwzdxldy
T2 T2 T2 JR
—7/ /(ﬁﬂ)mW?’d;vldy—/ /Wﬂ(ﬁRg)Ildxldy,

3 T2 JR T JR

1
H5:—/ /Wﬂxlﬁ(W—fW2+R2)dx1dy
T2 JR 2

1 (
7/ /ﬁxlﬂWdeldy+f/ /ﬁzlﬂW‘sdxldyf/ /pfamWRdeldy.
T JR 2 T2 JR T JR

Then, with the help of integration by parts and (4.21), summation of Hy,H, and Hj
yields

and

H1+H4+H5=—/

/Wﬂ(ﬁRg)mldxldy—/ /WﬁzlﬁRgdl'ldy
T2 JR T2 JR

= [ [ WeipuRadeidy <ul w2 +C
T2 JR

<Cln+E) (VW] + (V2w %) (4.26)

Therefore, combining (4.15), (4.23), (4.25) and (4.26), and recalling (4.14), (4.17)
and (4.24), we evaluate the term [r, [ pUVWdz1dy as

/ /p\I’Vdeldy

T2

<- |VW| dxldy—i— pW dridy— = pW dx1dy
dt T2 3 Jr2

+C(n+E+€)||(V%V‘I’,VW,V W)(O)]|* +Ce(1+)"% +Ce(1+1) 2| (0,501, W) (D)%,

which is combined together with (4.7), (4.8), (4.9) and (4.11), then is integrated with
respect to t, choosing Cn < % and finally implies (4.6) since E +¢ <e; and €1 is assumed
sufficiently small. This completes the proof of Lemma 4.1. ]

LEMMA 4.2. There exists a positive constant C' such that for 0<t<T,

H(cp,\IhVKV%VW)(t)HQJr/O (172 (0,91) (8)IIP + (| (V 0, VO, VW, VW) (5[]t
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t
C[H(%,Wo)II?JrII\Ifo||2+€§}+CE/ V2@ (s)]*dt. (4.27)
0

Proof.  Applying the operator V to (3.1); and then multiplying the resulting
equation by Vi/p? yield

Vo|? . u|Vepl|? + AV -Vdivl +uVp- AT iy, 2
(Isﬁ2\)ﬁdw(ul fIH(u Vo Vdivl + V- AY 1<§1
2p 2p (2p+A)p P
1% (pw1¢2a:1 ¢w1¢3x1 szzwlwg @wzw?wz
s [, (Bobiny (i) (Pt
Py V12 Py Y2a; Pay Y1as PayY2u, PasV3a,
+( “p =)y + ( “p =) — ( xp ) — ( wp )y — ( “p )y
P 1/}3r Pz 7/111' P 'l/)Qz
(Pt (i)l
_ |v@|2dlv\1/ + ﬂ11|v¢‘2 _ (ﬁﬂ?lﬂﬁlwl +’L_LI1I190)SDI1 o ﬁr1v@v¢1
2p? 2p? p? p?
ﬁih sﬁiﬂldlvql (‘Pm Vﬁ’l + Loy V¢2 + P V¢3) -V
o 2 o 2
p p
_:u’ﬁicl [QOQCQ (¢13}2 _1/}2301 ) +<)036‘3 (¢13§3 —¢3x1 )] (4 28)
2t N2 ’ '

and multiplying (3.1)s by % gives

P (p) Vol - (p+ N Vdivl - Vo+puAV-Ve
P
+(u1$0¢2z1 )12 + (u1§0¢311) - (u1¢w212)1’1 - (u1@w3z3)x1

(V-Vo), —div(Te;) +

. +A / "(P) - _ .
=p(div®)? + VW -V + Mp Ugy 21 Py — (pf)p) - M)pm%l + Py P1divl
771171 (907/)11?1 - d}l(pml ) +1/’2(90121/)1z1 + Py 1/)3%3 — P, 1/’112 - 90131;[}312)
+w3(g0fr3’¢)1£1 +Q0.’E3/l/}2?£2 - @11 1/)113 - <)05E2 1102%‘3)

+90(1;[}1x21/)2x1 +7//1m3'¢)3x1 71/)1561 w2x2 711)1.’161 1/133:3)- (429)

Then multiplying the equality (4.28) by 2u+ A, and then adding the resulting equation
and (4.29) together, and then integrating the final equation over T2 x R, we have

2 2 /
// ““W 21 0.Vy) dxldy+// AN G R p—(p)lwﬂdmdy
T2

2d \I/ 2
/ / (div) dxldy—i—/ /VW V<pdx1dy+/ / \V<p| v le‘vﬂ
T2 T2 T2 2p2
7(/’1111@51 +um111@)§0x1 PmleO V'l,zfl pmlcpmldlvlll 2/,L+A_

2 B 2 - 2 + Ugyz1Pry
14 P P P
_ (‘pm Vb1 + @z, Viho + %:BV%) Vo _ HPz, [‘Pzz (¢1w2 — Y2z, )+ Prs (¢1w3 — Y34, )]
p? (2p+A)p?

_(p /()p) £ ,(jﬁ) )ﬁzl P,y +ﬁ£1/’1 '(/Jlle‘Ij _’17/261 (@wlzl _wﬂpxl) +¢2(<Px2?/}1m1 +<pa:21/}3x3
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—Px; 7//1902 — Pxs 1/133:2 ) +3 (pr3 1/)1951 A2 Vozy — Py 1/)1x3 —Pxs ¢2x3 )
P (V12220 + Bras Vs, — Vo Boas — V1o, Paag) pdordy. (4.30)

Moreover, applying the operator V to (3.1)3, we obtain
VAW = VSD—’_ (ﬁrl 3070)t(1 - eiw) +ﬁv(1 _67W) - (9596190111 70»0)t' (431)

Then multiplying (4.31) by VW, and integrating the resulting equalities over R x T? by
parts, one has

/ /|V2W|2dx1dy+/ /ﬁefW|VW|2dm1dy

T2
/ /VW Vpdzdy — / /pzl Wzldfcldy+/ /q_bxlxlemldxldy,
T2 2 JR

which, together with (4.30) and (4.2), yields

2 +)\
G L [ CEERTel 40 Tpdoady [, O+ VW T W)

SC(HdiV\IfHQHl+12+13+I4+15). (4.32)

Here
Il:/ /|&111111Wm1|d$1dy+/ /|ﬂx111(pml|dxldy7
TR 2 JR
12:/ /|diV‘If||V<ﬂ|2dx1dy+/2/|(<Px1V1/J1+<px2V1/J2+gpx3V¢3).V(p|dx1dy’
T2 JR T2 JR
13:/2/R|1P2(%2¢1m1 +§012¢3x3—Wzlw1w2—¢13w3I2)|dmldy
T
+/2/ [V3(Pas V12, + Pus 2wy — Py Vi — Py V2u,)|dT1dy
T2 JR
+/2/ [o(V120 V22, + V12532, — V1o Y2z — Viz, Y3z, ) |dz1dy,
T2 JR

I4:/ /|(ﬁx1x1¢1+am1m1§0)(pzl|dx1dy7
T2 JR
and
f= [, [ 1peionsdivwidsidys [ [ pnirdiveidndy+ [ [ 19 9oV inldody
T JR T2 JR T2 JR
+ / / |Por P ldady + / / s W W1 dy + / / 1Per P (103 — o )| drdy
T JR T2 JR T2 JR
+/ /Iﬁzlwzs(wus—w3m1)ldw1dy+/ /Iﬁzl(wm—wlsoml)ldfvldy-
T2 JR T2 JR

In the following we focus on the estimate of I3 — Iy in (4.32). First, using the
Holder’s, Young’s inequalities and Lemma 2.2, we have

B=C [ W, Winio I, dy+C [ len e, Nz, do
T2 T2
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1 1 _ -
< S IWar 17 + 15 1922 D17 + Ol O + [ Gar2102 (B)]]%)
1 1 _
< g IWe, O + Z5llew, @ +Ce(1+1) 72, (4.33)
By Sobolev’s inequality (4.1) and Young’s inequality,

/ 2 / v [V dirdy < Cldiv | | Vgl < CIIVE o] Vool
T R

SCVE[+ V2RVl +CI V|| Vel
<CE(|[V@)|* +[IVe®)]*). (4.34)

Similarly, we can deal with the other terms of Is. Then, we have
L<CE(|V2¥)*+ | Vel?). (4.35)
Next, using Holder’s, Young’s inequalities and Sobolev’s inequality (4.1), we have

L [ Foapratbrnsldordy < il L s |

< [2l2 %12, [l @ |
<CE(IVel® + Ve |?). (4.36)

Similarly, we can deal with each term of I3. Then, we have
I <CE(|Vell*+[Veu]?). (4.37)
By Young’s inequality, Holder’s inequality and Lemma 2.2,
B£C [ Vpni iy Wk, Voo bz, A0 [ Wi Wiz, oz
i||V<PH2+C€(1+1?) e ) @) (4.38)
16 1

Finally, we focus on I5. First, it follows from Lemma 2.2 that

//|ﬂx1|\V¢|2d$1dy§05||V<P||2-
T2 JR

Moreover, making use of Young’s inequality, Holder’s inequality and Lemma 2.2, we
have

/ / Por s div |y dy < / 1l 00 2, v ] g2 dy
< Clldiv |+ Ot (146) g, |1
and
L [ 1ompnidndy < / 1ol 255 e ez, Il 2, dy

_40H<Pm1|\2+062(1+t) 2l
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The other terms in I5 can be analyzed similarly. Thus,

1 1 _3
IsSCIIV‘PIIQ+g\l(V%VW)(t)IIZ+08||V<P(f)||2+055(1+t) 2o, W) ()2
(4.39)
Since E+¢e<e; and &7 is assumed sufficiently small, inserting the estimates of I;(i=
1,2,3,4,5) in (4.32), we have
2 +)\
G L [ B 96 49 - Vopdordy+ ol o |+ (T, TW. W) O
’]1‘2
gcnwu?+0E||v3qf|\2+cs%<1+t>*%||<so,w1,w><t>||2
+Ce(14+6) [ (p, 1) (0)|* + Ce(1+1) >

Integrating in ¢, and using (4.6), we have (4.27). This completes the proof of Lemma
4.2. 0

LEMMA 4.3. There exists a positive constant C such that for 0<t<T,
t
II(%‘P,W)(t)ll?vL/O @ (0, @) (s) 1>+ [ Ve (s) |1 + [ (VE, VW) (s) | }]ds
t
<C[||(@o,\l'o,Wo)||f+€1/8}+CE/ VoW (s)|*ds. (4.40)
0

Proof. Multiplying (3.1)s by —% gives

v

( Ht+A
2

)e —div(¥, V¥ + diviVdivl — %div\l’A\P) + %(u1 | Wy |? + 1 | Wy |

1 +A .
—un Wy [P)ey = Wy W)y = (W - Wiy )+ 57 [ W, o+ H|A\If|2+ “T\dew

P )V AV —VWAY +1po Wy, - AU 413U, - A\IJ—|— d1v‘IJV<p Vdiv¥

p
+A .
> dlv\yv‘P'qu+7¢lzl(|q’12| +|\Ilrs‘ _|\Ijz1| )_d)lmd)%md)?wz_1171131/}3111/)3963

20 ) .
A s A g (a4 ) 4 1y 1+ (P 20

)le A"/)l
+A_ . . +A_
+“p—2 o, divldivil,, — “7 Doy divI A, .
Integrating over R x T? and making use of (4.2) yield

5@“““” @y 2o, [P+ | AT + | Vdive |

SC’/ /(|V<p~A\I/|+|VW-A\I/\)d:r1dy+C/ /(\1/)2\11352~A\I/|
T2 JR 12 JR

+\¢3W13~A\Il|)dw1dy+0/ /(|div\IlVg0~Vdiv\Il\+\div\I/Vg0~A\I'|)d:r1dy

T2 JR

+C/2/(W)lwl|(|\I’w2|2+|\Ill‘3‘2+|\Ilwl|2)+|w1w1w2w1w2w2|+|¢113¢311w313|)dx1dy
T2 JR

+c / / (21 A |deady + C / / [ | (a2 [ Wiy [2) + [ 101 A |
™ JR T2 JR

6
1Py VOV, |+ [ oy dVEAY |+ |pay oAt [Jdardy =D T (4.41)

=1
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We estimate each term on the right-hand side of (4.41) as follows. By Cauchy’s and
Young’s inequalities,

1
T < SIAY|P+ClI(Ve, VW) (1)) (4.42)

As in (4.34) and (4.36), we have

Jo SClva || poo [ Wa, [[[ AW+ Clls]| oo [ Was [[[| AV
<Ol o [ AT+ Clls 2] Ca, [| AV < CE([ V| + | AV]J),  (4.43)

and

J3 SC||divW | o< [V l[[[VAivP || + Cf|div ¥ || L [[ Vo[ [ AT|
<CIVE|+IV*ED[Velll V[ +Cl V||Vl V|
SCE(IVPE|2+ (V22 + [Vl ?). (4.44)

Similarly, we can deal with J as follows:

J4 < C”’L/}ll"l ||L°° ||V\II||2 +C||Ql)1m1 ||Loo ||’(/}211 ||H¢2E2 || +C||w1$1 ||LOo ||¢3x1 H||¢313 ||
<O(IVE|[+ (V2D VE|*+ V|||V e
SCE(|V2Y|P + || V202 + [ VE[?). (4.45)

By Cauchy’s inequality, Young’s inequality and Lemma 2.2,
Js < %|\A¢1|\2dt+()e(1+tr2. (4.46)
Finally, as in (4.39), we also have
T SC|VUIP+ S IVAROP+C (140 (o0, VWP (447)

Inserting the estimates for J; —Jg in (4.41) and using the elliptic estimate ||A¥| ~
[V2¥||, and noting E+¢e<¢e; and ¢; is assumed sufficiently small, we have

1d
2dt
<C|(Vo, VIV)(O)I* +C(E+e)(||VPU ()| +[|VE()|*) + Ce2 (1+6) 72 || (0, 1) ()]

IV @)1+ s> e, (O + V22 ()]

Integrating in ¢, and using (4.27), we have (4.40). This completes the proof of Lemma
4.3. O

LEMMA 4.4. There exists a positive constant C such that for 0<t<T,
t
II(sD,‘I/,W)(t)H?Jr|\V2<P(t)||2+/0 (a2 (0,0) ()17 + 1 (Vep, VE) (8) 1§ + VWV () 3]t
t
<Ol (W0, W)+ ol +21 + CE [ V0 (s)]ds. (4.49
0

Proof. Applying the operator V2 on (3.1); and then multiplying the resulting
equation by V2p/p?, we have
V2|2
22

ulV2pl?
22

20z, | Vo, |2 N (u+ N V20 - V23divl + uV2p- VAT N

( p? (2p+A)p

)i+ div( )
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v@w3 . v¢1z3 vg0$1 . Vl/)Zzl
p p

1 ( V‘pwz : vw1$2

Jar +( Jas +(

Vg,V Vg, -V Vg, -V Vg,V
+( Lp:Eg ¢2m3 )Iz +( (10261 ¢3z1 )g:3 +< ‘sz ’(/Jng ):c2 _( SDIz ,(/)2211 )zl
p p p p
V@ml : v"/’lm VSD;U3 : vw&m v‘Pzg : V¢3w2 V(prQ : va:Eg
_( )Iz_( )Il_( )302_(7)%%
p p p p
_(vwl’l .vwll’s ) ]
p "
=Ki(t,z,y)+ Ka(t,z,y), (4.49)
where
2 (273 . . .
Ko (t,2,) = V| ;IhV‘IJ B cpgclVgaxg-leV\Il Py Vgpwg- Vdivl  pa, Vapgc32- Vdivw
2p p p p
a7 (Ve Vties + Vioua Vibtag = Vipus Vi, = Vipra Vibsas)
g7 (Voo iz + Vipaa Vi, = Vo, - Voias = Vipay - Visza)
a7 (Ve Vo + Vipra Vies = Vors  Voa, = Vu,  Vibiag)
_ V- (diV\Il;Cl Vpz, +divWs, Vg, +divl,, v‘pm) _ Payao Viba - Vipa,
p? p?
_ Prias VU3 VPuy  Payay V2 Voo, + Puga; VI3 - Voo,
p? p?
_ (Y20, Voz, + 9205 Vipas) - Vipa, _ (a2 V21 4 Pao V242 + ) V21[J3) Vi
p? p?
_ (V321 Vo, + 325 Vipuy) - Vipay _ (Y121 Vo, + V125 Voo, + V125 Voay ) - Vipay
p? p?
_ V1 (Par21 VP, +Paias Ve + Paiay Viprs)
p? '
and
K2(t T y) _ Ug, |v250‘2 o ﬁfllldivlpwﬁlfﬂl o Qpitl VCIOI1 -Vdivy - ﬁx1v2¢ i v2¢1

202 02 02 02

Jrﬁ(vwm NP1y, +Vuy  V1ay —Vior, Vibay, =V, - Vibs,, )
_ 20z,2, V1V, _ Uz 21 Py Paria1 . 20y, 4, Vo Vg,
p2 p2 p2
_ﬁxlxlxlwlgp;m _ Uy, )21 PPz 21
p? p? '

On the other hand, dividing (3.1)2 by p, applying the operator V on the resulting
equation and then multiplying the final equation by V2, we have
! V2p - VAV + (u+ N V20 -V23divl
(V0924 L g2z M2 VERH LA — div(pe Vi
FPust Viho + 00yt VP3) + (1 Vo Vo 0y )an + (Vo Va0 )ay — (1 Ve Wayas)z,
—(Ulv@ : \Illsls)ﬁ
=pVdivl - AU+ V2W - V20 + K3 (t,2,9) + K4(t,z,y), (4.50)
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where
Ks(t,z,y) =diviVe - AU+ 102V, - AV 4103V g, - AV — )14, Vb1 - Vo,

+/\div\IlgDIVgo-Vgoml

/11
*pv _(q) Pz, V- Vipz, — %Awlvw‘vtpzl -

H2y Viho AV + 00, Vs - AV + 5, Vi1 - AW 4910, Vo U 2y
FY125 Vo Wayzg — Vi VO Waszy — Y1z VO Wagrg — Y20, V1 - Viou,
— 30, VU1 Vipay —1h2VVWay - V20— 13V Wy, - V2o — P12, Viho - Vipu,

1
123 V3 - Vo, — 22, Vo - Voo, =32, Vi3 Vg, — p,y _(/1) oo Vo Vo,

2z

A A
~EER iy, Ve Vi, — P2 dive,, Ve Vi,

Ky (taxay) = ﬁﬁnle\PAwl +aﬁf1v@ ' \I’xlwl +ﬁx1931 w1A¢1 + Uz, ay ¢A¢1
p"(p) P"(P), - P(p) PP, .
- - r1¥Fxr1T1 - T1T z1z1 ~ o9 Fx \Y T AV
(,y1 771)p1<pll (p p)pllwll 2P Vo

C2p+A
p2 ufElailv@ v¢11+u$1¢$1Aw1 +p$1vw1 A\Ij uJUl\IJZEl V(,Dml

ol A
*ﬂzlzlwl@zlzl *ﬂzvd}l . vwz - :_(f) ﬁzVQO VSDZ - %ﬁmv@x : VdiV\Ija
and
ITED N 24X _
K5(t,x,y) TPMUMMQOM»H +Tuwlw1w1 Prizy-

Multiplying (4.49) by 2u+ A, adding to (4.50), and then integrating the final equation
over R x T?, one has

7o

2—|—/\
+ [ w9, o P 9y

:/ /(deiv\Il-A\II+V2W~V2<p)da:1dy+(2u+)\)/ /(Kl(t,x,y)
T2 JR T2 JR

2,u+)\

o> + V- V2p)|dz dy

+K2(t,x,y))dx1dy+/ /(K3(t,$,y)+K4(t71‘ay))d931dy- (4.51)
T2 JR

Moreover, applying the operator V2 to (3.1)3, multiplying it by V2W, and integrating
the resulting equalities over R x T? by parts, one has

/ /|V3W|2dx1dy+/ /pe—W|v2W|2dx1dy

T JR T2 JR

__/ /V2WV2QDde1dy+/ /(Kﬁ(t,l‘,y)+K7(t,$,y)+K8(t,$,y))d$1dy,
T2 JR T2 JR

here

Ke(t,z,y)=pe" VVWVW VW,
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3 3
K?(t,.’f,y) = —2ﬁ$1€_WVW . ZVW;DL - ﬁwlzl (1 - e_W)Zlewm

i=1 i=1

Ks(t,:c,y) = (Zgwlmlwlibl Wiy, + Wayay + Way 2y )dzady.

Then combining (4.51) and (4.52), and using (4.2) yield

2 +)\ _
G | [ ook + V-V dardy+ (12 Veon, |+ (V2 VW5 W)
T2
T2 JR
+K6(t,:c,y)+K7(t,x,y)+K8(t,z,y)|)dz1dy. (452)

Now we estimate the terms on the right-hand side of (4.52). First, using Holder’s
and Young’s inequalities, (4.2) and (4.1), we have

V2p|?|divl
[ SR sy < i 9717 <l a9

<C(IVE]+ VeIVl +C V|| V2e|>
SCE(IVPEO*+IV2e@®)I), (4.53)

and

21 V@i - VdivW .
/ 12, Vepa, sy < Ol g |5 [V AV o Vg, |

02
<Cllar 1+ 1V, IDIV2ivE [ Vg, |
SCE(|VPEO+IV2e®)I). (4.54)

Similarly, we can estimate the other terms of [ [; |Ki(t,z,y)|dz1dy. Therefore, we
have

[, [1Ks(tng)idondy <o (1950 0]+ 92000 (1.55)
Next, we bound [, [ |K2(t,2,y)|dz1dy. First, it follows from Lemma 2.2 that

L, [ 11926 dardy < Clin 1z, IV < Cl 92l

Moreover, making use of Young’s inequality, Holder’s inequality and Lemma 2.2, we
have

/E2A‘ﬁ$1$1@$1$1divw|dx1dy§/ ||/7:v1:v1||L;° “prlﬂﬂl“l/i ||d1V\111HL%1dy
< 16||V290||2+C€(1+t) 2Ive?,

and
L 169, Vaiveianay < / e V0w, 2, 9kl dy

_E|\V¢11|I2+C52(1+t) 3| V2w,
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The other terms in [, [, |K2(t,2,y)|dz1dy can be analyzed similarly. Therefore,
1 1 _3
[, [ 1Kaltidendy < IVl + CoIV2 o)+ Cob (16 F [V u (o)
T JR

+Oe(14+1) 72| (9,91, Voo, V) (1) |2 (4.56)

Furthermore, as in (4.55), we have
L [ attapldniay< CEOD R0+ 19200+ Vo). @57
and
[, [ 1Kaltlderds < CEQV WP+ VWO +[FWOI). - (458)
As in (4.56), we have

1 1 _3
/T 2 / Kt p)ldrady < £ [V%0(0) |2+ CIT*R(0)|+ C2 (140) (o, T, T0)(0) P

+Ce(1+t) [ (0,01, Vo) ()17, (4.59)
and
//|K7(t,fﬂ,y)ldw1dy
T2 JR
]. 1 3
SgHVQWHQ+Cs§(1+t)*5||VW(t)||2+Cs(1+t)*2||W(t)||2. (4.60)

Finally, as in (4.33), we can obtain

[, [1Ks(ezidandy < g2l + cen (1.61)
and

/TQ/R|K8(t,x,y)|dx1dy§ %||V3W||2+C’s(1+t)’2. (4.62)
Inserting the estimates of K;(¢,x,y)(i=1,2,---,8) in (4.52), using the elliptic estimates

|AW||~|| V2P| and |[VA¥| ~[|V3¥|, and noting E+e<e; and ¢; is assumed suffi-
ciently small, we have

d 20+ A _
G | [ BRI+ 0 T dasdy+ 102 Viow, |2+ (T VW, W)

<OV2U|*+Ce(1+t) 2.

Integrating in ¢, and using (4.40), we have (4.48). This completes the proof of Lemma
4.4. ]

LEMMA 4.5. There exists a positive constant C such that, for 0<t<T,

II(sDa‘I’)(t)H§+HW(t)H?Jr/O (172 (2, 00) (9)]1* + 1| (Yoo, VO, VW) (5) [}
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H|(VAE, VAW (5)|*]ds < C[ll (w0, Wo) |13 + [Wo I +£1/%]. (4.63)

Proof. We first divide (3.1)2 by p, apply the operator V on the resulting equation
and then multiply by —VAW to obtain

V2o 2, 2 2 2
5 )t+§uzl|‘lfa,111| 7|VA\II| |V divP|© —div [¢142, V14,

+w1ta[:2 le.'liz + ¢1t(l}3 le.'lig + thwl Vwal + thwz Vwag + th.'L'g sz’l;g
+A . . .
F Y310, VU3, +Ustas V32, +Vst0, Vag, + NT (div¥,, Vdivl,, +divl,, Vdivl,,

(

pAA

+divl,, Vdivl,, ) — ——(div¥,, Adivl,, +divl,, Adivl,, +divl, Adivl,,)

U1 U1 uy
+(?‘\P1212|2 + ?l\:[/1313|2 - ?"Pwlwl |2)w1 —(U1Ve iy  Vaw tu1Vaiay  Vaya, ),

_(Ul\pzlxl : \I/xlazg +u1\11w1w3 '\I’wsws)ws
:Ll(tvxay) +L2(t7xvy) +L3(t,l’,y) +L4(t,x,y), (464)

where
/
Li(t,x,y) = p/()p)vch~VA\I/ —V2W.VAVU,

2,u—|—/\ 2u+ A

Ly(t,z,y) = gy 10, A1g,

Ls(t,x,y) =12, V1 - VAP + 102V, - VAT — 10 W - AV — P15, Uy 5, - AT
YV oy VAT 4, Vit VAV, + 0, Vo VA5 + e, (Vo
HWages]? = Wy [*) + V- (mm@m 20, VAY) + Vi3 - (1h12, VAU,

p"(p) " (p)
a0 VAYs) + =700, Vo VAY 4 5 B A V- VAP, + 1 P Ve Vi

pzl uaslml Awlwl -

AT (v, Vi + divl,, VA, + divi,, VAgs) + deiquzlvﬁp.mpml

)

0aa Vo VAD3 + %A%w-vm% (divil,, AT,
+d1V‘I/I3A\I/z3 —divl,, Vdivl,, —divl,,divl,, —divl,, divl,,),
and
1_ 9 1_ 9
L4(t,x,y) = 5“961 |\Ilﬂﬁ2r2| + 5”11 |\Ilfbsfbs| + U, \Ilzl A\:[Iﬂﬁl
+ﬁx1111/11A1/11x1 +ﬂzl v'll)l . VA¢1
P"(p) " (P), - p'(p) P (p) _
+(ﬁ*ﬁ)pilA¢lr1+( P P )Pz A1z, + pgpmA\IJ'A\Ijaﬁ
2 _|_A "
+ ”p2 a0, Vo VA, +p7 (pl)

A
+’“‘: P, VAV - (VA — Vdivl,, )+

IIV (A\Ifa;l +VA’(/J1)+ A’(/JQV(,D VAwQ

A
B s Vdive AT,
Integrating the equation (4.64) over R x T? yields that

2dt\lvz‘PIIQ U@ oo, (O + VAR (@) + V2 div T (2)|)
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<c [ [Untaml +iLattom) + Lot + Latta)ldods. (165
Now we estimate the terms on the right-hand side of (4.65). As in (4.42) and (4.46),
L, [1msapiandy < Qvavi+oy e e v wiolE, oo
and
/TZ/R|L2(t,x,y)|d:v1dy§ éHVSi/JlHZdt—i-Cs(l—i—t)_Q. (4.67)
As in (4.43), (4.44) and (4.45), we have
L [1sttamiindy <CEQT VP IV V. (468)
Finally, similar as (4.39), we also have

/ / [La(t,,9)ldmrdy < <[V 4+ O 9]+ et (140) (Vo V0,720 (1)
HO(1) 2|01, V) (0|2 + C= (1) [, (4.69)
Then putting (4.66)-(4.69) into (4.65), using the elliptic estimates ||AW| ~ || V2 Y ||

and |[VAVY| ~ V3|, and and noting E+¢<e; and ¢; is assumed sufficiently small,
it holds that

2CMIIVQ‘P( P+ 1175, Wy, ()1 + V2 (0)]]
<CI(V2, VW) (@) + CE(|V* T + [ VZ0l*) + Cel [ V2T |* + Ce(1+1) (1)
+Ce2 (14672 [[(Vo, VI, V) (0)[* + Ce(14+8) || (p,11, Vi) (1) + Ce(1+1)

Integrating the above inequality with respect to ¢, and using (4.48), we have (4.63).
This completes the proof of Lemma 4.5. O

Proof of Proposition 3.1. First, from (3.1)3 and Lemmas 2.2, we have
VW < Clle)*+CIW|* +Ce,

which, together with (4.63), yields

II(%‘IHW)(t)I§+/Ot[llu}/2(%¢1)(8)2+II(V%V\IfaVW)(S)II?JrII(V?’\I’,V?’W)(S)IIQMS
< Clll (%o, %o, Wo)ll3 +¢/*1 < Cll(po, Lo) 5 +€"/%). (4.70)
Here we have used that
IWoll3 < Cligoll* +Ce,

which is derived by using (3.1)3 and Lemma 2.2, we thus arrive finally at (3.6). The
proof of Proposition 3.1 is complete.
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5. The proof of Theorem 1.1

This section proves our main theorem. First, we focus on the proof of Theorem
3.1. To prove Theorem 3.1 we employ the standard continuation argument based on a
local existence theorem and the a priori estimates. It should be noted that the uniform
lower and upper bounds of the density function p(t,z1,22,23) in (4.2) guarantee the
strict parabolicity of the momentum equation, which is crucial for the local and global-
in-time existence of the classical solution to the system (3.1). Similar to [13], we can
prove the local existence theorem, so we omit the details. On the other hand, the a
priori estimates have been given in Proposition 3.1. Therefore, to complete the proof
of Theorem 3.1, we need only to investigate the large-time behavior of the solution
(, U, W)(t,21,22,23) to problem (3.1)- (3.3) as time tends to infinity.

Proof. (The completion of the proof of Theorem 3.1.) First we have, by
(3.6),
+oo
/ (Ve, VI, VIW)(t)||?dt < +oo. (5.1)
0
To prove (3.4), we only need to show

+o0 d
| 51V v e W) Plde < s (5.2)
0

In fact, by Cauchy’s inequality, Lemma 2.2, (3.6) and the standard elliptic estimates,
one has

o0 d )
| igivel

+o0
:/ \/ /V@~Vgatdx1dy\dt
0 T2 JR

+oo
2/ I/ /diV(%V@)—thsodxldyldt
0 T2 JR

“+oo
2/ |/ /gptAgodasldy|dt
0 T2 JR

+oo
2/ I/ /(pdivqj+w2¢12+¢3§013+U190r1+ﬁm17/)1 +Ug, ) Apdr dy|dt
0 T2 JR

+oo
<O [ [ [ATUP T 410,02 0+ (A sy
0 T2 JR
<o, W) +</%) < +ox, 63)

and

+oo d )
—||VU||“|dt

+oo
:2/ \/ /\Ift-A\Ideldy|dt
0 T2 JR

“+o0
=C/ / /(|V\I/|2+ﬂl-lwf+\V<p|2+|VW\2+ﬁl-l<p2+|V2\IJ|2+ailw1)da:1dydt
0 T2 JR

< C[ll(wo, To)lI3 +e'/%] < +oc. (5.4)
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Moreover, we also note

+oo
[igiewiEae= [ [ [ vwevwasa
0

<¢ [CIvwlPac [ vwio|Pa,
0 0
which, together with (4.20) and (3.6), yields
/ |— ||VW|| |dt < +o0. (5.5)
0

Thus (5.3), (5.4) and (5.5) give (5.2). (5.1) and (5.2) imply that

i [[(Vip, %, 9W) (2, =0, (5.6

which, together with Sobolev’s inequality and Proposition 3.1, yields

lim sup [(0, U, W)(t,x1,22,23)| =0. (5.7)

t—+o0 (z1,x2,23)ERXT?

This completes the proof of Theorem 3.1. ]
Finally, we give the proof of Theorem 1.1.

Proof. (Proof of Theorem 1.1.) Due to Theorem 3.1, it remains to show (1.12).
In fact, by (3.4) and (iii) in Lemma 2.2, we have

lim sup |p(x1,22,23,t) — p" (21,1)]
t—>+<>o($1 To,r3)ERXT?2
= lim sup lo(x1,22,23,t) + p(x1,t) — p" (21,t)] =0,
1=+ (31 w0 ,25) ERXT2
lim sup (@1, 22,23,t) = (u",0,0)" (z1,1)]
t—>+c>0(w1 To2,r3)ERXT?2
“dm o swp W)+ (50,00 (e, 6) — (u7,0,0) (er, )] =0,
t—>+<>o($1 To,x3)ERXT?2
lim sup ‘d’(xlaz%x&t)*gﬁr('xht”
tg)+oo(z1,x2,zg)€]l§><ﬂ'2
= lim sup \W (21,22,23,t) +¢(z1,t) — ¢" (z1,t)| =0.

t—+oo (z1,z2,23)ERXT?

The proof of Theorem 1.1 is now completed. 0
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