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DEGENERATE CAHN-HILLIARD AND INCOMPRESSIBLE LIMIT
OF A KELLER-SEGEL MODEL*

CHARLES ELBAR', BENOIT PERTHAME?!, AND ALEXANDRE POULAINS

Abstract. The Keller-Segel model is a well-known system representing chemotaxis in living organ-
isms. We study the convergence of a generalized nonlinear variant of the Keller-Segel to the degenerate
Cahn-Hilliard system. This analysis is made possible from the observation that the Keller-Segel sys-
tem is equivalent to a relaxed version of the Cahn-Hilliard system. Furthermore, this latter equivalent
system has an interesting application in the modelling of living tissues. Indeed, compressible and in-
compressible porous medium type equations are widely used to describe the mechanical properties of
living tissues. The relaxed degenerate Cahn-Hilliard system, can be viewed as a compressible living
tissue model for which the movement is driven by Darcy’s law and takes into account the effects of the
viscosity as well as surface tension at the surface of the tissue. We study the convergence of the Keller-
Segel system to the Cahn-Hilliard equation and some of the analytical properties of the model such as
the incompressible limit of our model. Our analysis relies on a priori estimates, compactness proper-
ties, and on the equivalence between the Keller-Segel system and the relaxed degenerate Cahn-Hilliard
system.

Keywords. Degenerate Cahn-Hilliard equation; Asymptotic analysis; Keller-Segel system; Incom-
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1. Introduction

When describing living tissue dynamics, the most relevant Hele-Shaw free boundary
models come with a surface tension term, [19,21]. In the regime of a smooth free
boundary, these problems are well established and obtained as the sharp-interface limits
of Cahn-Hilliard equations [4]. However, it is an open question to prove such a derivation
in the global regime of weak solutions. Our goals are to establish the incompressible
limit departing from the Relaxed Cahn-Hilliard system (RCH in short), and to make
the link with a specific Generalized Keller-Segel (GKS) type system, namely

§ o 0. B 4] .
8tnf%An +Ud1v(an)nG(U(nw)), in (0,+00) xQ, (1.1)

—0Aw+%w7+w:n, in (0,+00) %€, (1.2)

where QCR? is a smooth open bounded domain. We are going to prove that as o
vanishes, its limit is the Degenerate Cahn-Hilliard (DCH) model

On—div(nVp)=nG(p), in (0,+00) xQ, (1.3)
pu=n"—35An, in (0,400)x,

where p is formed of a repulsion potential n7 and a surface tension potential —JAn (see
further explanations below). In this work, n" actually stands for max(0,n)” but since
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the solutions are nonnegative, we keep the notation n” for sake of clarity. The growth
(or source) term G(u) takes into account death and birth of cells.

It is crucial for the analysis of the convergence of the GKS system to the DCH
equation to remark that the nonlinear system (1.1)—(1.2) is equivalent to a relaxed
version of the Cahn-Hilliard model (see [29]). Indeed, defining

M:i(n—ﬂ)), U}:’I’L—%,u,7 p:w')’7 M:p_(SAw7 (15)
(o)

System (1.1)—(1.2) can be rewritten in the form
On—div(nVu)=nG(p), in (0,+00)xQ, (1.6)
—oAu+p=(n- %,u)v—éAn, i (0,400) x Q. (1.7)

Although they are equivalent, Systems (1.1)—(1.2) and (1.6)—(1.7) carry different infor-
mations. For instance, since we consider non-negative densities n >0, we also have

The Keller-Segel formulation of the system also provides higher regularity of the solu-
tions. In the following, we combine analytical methods better adapted to each of these
two equivalent formulations in order to pass to the incompressible limit v— oo and
obtain

atnff,oo _div(nmoov,u/moo) :na,ooG(,u/o',oo)7 (18)

0,00 — Po,co — 5Aw0,ooa
{“ (1.9)

o _ _ o
_UAwU,oo + Epa,oo +wo,oo =MNg,00) Weo,00 =No,00 — E/J/oytxr

In this ‘stiff pressure limit’, the system (1.8)—(1.9) has three unknowns 1y o, Ws,00 (Or
Ho,0o) and Do oo and is completed with a type of incompressibility condition

Po00(Wo,00 —1) =0. (1.10)

For these systems, we use the zero mass and energy flux boundary conditions

op_ow
”au_au

where v is the outward normal vector to the boundary of €2, and the initial condition

=0 on (0,00)x09, (1.11)

n(0,-)=n"c H (Q)NL>®(Q), and 0<n’<1 ae. (1.12)
We also need assumptions on the pressure-dependent proliferation rate of the cells

GeC(R;R), sup(1+|p])|G(p)| < +o0. (1.13)
pHeER

For instance we can suppose that there exists pug such that G(u) =0 for |u|>pm. In
that case, the value upy can be viewed as the homeostatic pressure which is the lowest
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level of pressure that prevents cell multiplication due to contact-inhibition. For the
pressure law exponent, we assume

y>1. (1.14)

Using assumptions (1.13) the total mass of the system is bounded. More precisely,
we find a constant Cp such that for all ¢t € (0,T") and for all o,7, it holds for all 7'>0

1 1
@/ﬂnw(t,-)gc&, @/Qwaﬁ(t,-)gcp (1.15)

This allows us to use the Poincaré-Wirtinger inequality.
System (1.6)—(1.7) comes with the energy and entropy respectively defined by

s~ [ P o (=S + 51

D[n) :/inogn.

They formally satisfy, as already used in [29], the relations

d
%E[muh—/nIVu|2+/7wG(u),
Q Q

TR OB R
+/QnG(u)(log(n)+1).

From (1.5), they also provide informations on w. The purpose of this work is to establish
estimates which allow us to study the convergence of the nonlinear GKS model to the
DCH model, and to analyze the incompressible limit v — co.

Modelling of living tissues and assumptions.  Our study lies among other models
which represent biological phenomena that we present here.

System (1.6)—(1.7) models the movement and proliferation of a population of cells
constituting a biological tissue and driven by the combined effects of the pressure, the
surface tension occurring at the surface of the tissue, as well as its viscosity. As in
the context of the modelling of diphasic fluid, in System (1.6)—(1.7), n is the order
parameter, i.e. the relative cell density n=n;/(n1+n2). The unknown pu is a quantity
related to the effective pressure and is also used to relax the fourth order Cahn-Hilliard
type equation in a system of two-second order equations. Following the Cahn-Hilliard
terminology or Mechanobiology, we refer to p indistinctly as the chemical potential or
as the effective pressure. The equation for the effective pressure (i.e. Equation (1.7))
contains the effects of both the pressure, through the term (nf 3 u)V with v>1 that
controls the stiffness of the pressure law, and surface tension by —8An, where V/d is
the width of the interface in which partial mixing of the two components n,, ny occurs.
Equation (1.7) also contains a diffusive term —oAp used to relax the Cahn-Hilliard
system (1.6)—(1.7) as in [29]. This relaxation term can also be interpreted as the effect
of viscosity.
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Modelling tissue growth and understanding the dynamics of cells have been the
center of many research pieces in the past decade. Initiated by Greenspan [25], general
mechanical models of tumor growth [10,21,27] have been proposed and used the internal
pressure as the main effect that drives the movement and proliferation of cells. The
prototypical example of a mechanical living tissue model is

0

On=div(nVp)+nG(p), p=Py(n):= po—

nY 1, (1.16)

in which p is the pressure and n the cell density. In this kind of model, Darcy’s law of
movement is used to reflect the porous media formed by the extra-cellular matrix and
the tendency of cells to move away from regions of high compression. The dependency
on the pressure of the growth function has also been used to model the sensitivity of
tissue proliferation to compression. The behavior and stability of monotone traveling
waves has been studied in [16]. Interestingly, Perthame et al. [30] have shown that
in the incompressible limit (i.e. v — o0), solutions of Model (1.16) converge to a limit
(Noo,Poo) solution of a free boundary limit problem of Hele-Shaw type for which the
speed of the free boundary is given by the normal component of po,. In this limit,
the solution of Equation (1.16) organizes into 2 regions: (¢) in which the pressure is
positive (corresponding to the tissue) and outside this zone where p=0. Furthermore,
the free boundary problem is supplemented by a complementary equation that indicates
that the pressure satisfies

—Apoo =G(pss), in Q(t), orsimilarly poo(Apoc+G(Peo))=0 in Q.  (1.17)

However, the crucial role of the cell-cell adhesion at the surface of the tissue is not
retrieved at the limit. Indeed, as pointed by Lowengrub et al. [27], the velocity of the
free surface should depend on its local curvature denoted by k.

Thus, multiple variants of the general model (1.16) have been suggested to consider
other physical effects in mechanical models of tissue growth. The addition of the effect of
viscosity in the model has been made to represent the friction between cells [6,9] through
the use of Stokes’ or Brinkman’s law (see [5] for a rigorous derivation of Brinkman’s law
in inhomogeneous materials). However, as pointed out by Perthame and Vauchelet [31],
Brinkman’s law leads to a simpler version of the model and, therefore, is a preferential
choice for its mathematical analysis. Adding viscosity through the use of Brinkman’s
law leads to the model

{8tn:div(nVu)+nG(p), in (0,+00) x €, (1.18)

—0Ap+p=p, in (0,400) x 9.
The incompressible limit of this system also yields the complementary relation (see [31])

poo(poo_uoo_UG(poo)):O, a.e. in €.

In the incompressible limit, notable changes compared to the system with Darcy’s law
are found. First the previous complementary relation is different compared to Equa-
tion (1.17), and the pressure poo in the limit is discontinuous, i.e. there is a jump of
the pressure located at the surface of Q(t). However, the pressure jump is related to
the potential 4 and not to the local curvature of the free boundary 9€(t). The authors
already indicated that a possible explanation to this is that the previous model does
not include the effect of surface tension. Indeed, classical solutions for the Hele-Shaw
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problem with the addition of the effect of surface tension leads to the free boundary
problem (see e.g. [19])

{_A/J'ZO in Q\aQ(t), (119)

pw=ock on 9(t).

This correct Hele-Shaw limit has been formally obtained as the sharp-interface asymp-
totic model of the Cahn-Hilliard equation [4].

Cahn-Hilliard type models are widely used nowadays to represent living tissues and
in particular tumors [20,32]. Being of fourth-order, the Cahn-Hilliard equation is often
rewritten in a system of two second-order equations, i.e.

on  =div(nVpu),

W ——8Anti(n), (1.20)

On=div(nV (¢'(n) —6An)) — {

where n is the concentration of a phase and p is called the chemical potential in material
sciences but is often used as an effective pressure for living tissues (see [2,11,12,14]).
Also, the interaction potential 1(n) contained in this effective pressure term comprises
the effects of attraction and repulsion between cells. The physically relevant form of this
potential is a double-well logarithmic potential and is often approximated by a smooth
polynomial function. However, recent studies show that for the modelling of living
tissues and for the particular application where only one component of the mixture
experiences attractive and repulsive forces, a single-well logarithmic potential is more
relevant [10]. In our particular application, the potential ¥’(n) is only related to the
modelling of pressure and, therefore, the final model includes only repulsive forces.

We emphasize that multiple variants of the Cahn-Hilliard model have been studied
to represent living tissues and tumors including passive transport by Darcy’s Law [22-24]
and with the effect of viscosity [17,28]. The existence of weak solutions for degenerate
mobility has been first studied by Elliott and Garcke in [18]. The case of a smooth
potential and mobility was treated by Dai and Du in [15]. In the definition of their
weak solutions, the authors did not identify the potential x except in the zone where the
density does not vanish. Indeed this difficulty comes from the energy which provides the
bound |[n'/2V | z2(ap) < C. The term div(nVp) in the weak solutions is then treated
as div(n'/2¢) where ( is an L? vector field that can be identified in the zone n#0. For
our system, we identify the potential ; by considering a weaker type of solution.

Contents of the paper.

We present and analyze the convergence of the nonlinear GKS model to the DCH
model (corresponding to the study of the vanishing viscosity limit, i.e. ¢ —0). We also
study rigorously the incompressible limit, i.e. v — oo for this new living tissue model.

Section 2 contains the proof that the nonlinear GKS system (1.1)—(1.2) converges
to the DCH model (1.3)-(1.4). This analysis is made possible from the fact that the
nonlinear GKS model is equivalent to the RCH model and from the use of standard
compactness properties. To the best of our knowledge, this is the first time that a
Keller-Segel system is interpreted as a Cahn-Hilliard system. The study of the incom-
pressible limit is the purpose of Section 3. Since uniform bounds in 7y are required to
use standard compactness properties and pass to the limit, we provide new estimates
relying on results obtained for the non-linear GKS model. Section 4 contains a proof of
the existence of weak solution for the system (1.1)—(1.2) and can be read first for the
reader’s convenience. The proof follows the lines of the works [18,29]. Indeed, using a
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regularization of the mobility, we apply a Galerkin approximation to show the existence
of weak solutions to the regularized model. The main novelty in the proof of this latter
result is the need of strong convergence for the chemical potential which is required to
pass to the limit for the source term. Then, a priori estimates on the regularized model
give us sufficient control to use standard compactness results and pass to the limit of
the regularization, hence obtaining the existence of weak solutions to the RCH-DKS
model. Uniqueness of the weak solution is also shown in the case where there is no
proliferation term.

Therefore, our analysis relies on a combination of results obtained for the Cahn-
Hilliard model as well as the non-linear GKS limit. The addition of the regularization
term in the Cahn-Hilliard model opens a new angle of attack to solve new problems and
to find the correct Hele-Shaw limit for a simple living tissue model.

2. From the GKS to the DCH system (¢ —0)

We consider weak solutions of System (1.1)-(1.2) as built in Section 4 and prove
that weak solutions of the DCH equation can be obtained as the limit of the GKS
system. In the definition of the weak solutions, there is not enough regularity on u to
treat the term —div(nVu) as [nVuVyx where x is a test function. We need to rely on
another integration by parts based on the definition of u and Equation (2.13).

Weak solutions of the DCH Equation (1.3)—(1.4) satisfy both forms

fOT<X,8tn> :fQT [in’y‘*l—c;nAn—é@ Ax—l—ézg:l OinVn-Vox+nGxyx, (2.1)

y+1
g v
/<X,8t”>=/ mn’*“Ax—éAn(Vwa—!—nAx)+nGocx, (2.2)
0 Qr

for all x € L>(0,7,W?°°(Q)) with Vx-v=0, and

/OT<X,3,5TL>——/QTn@tx—/g)((t—O)nO7 (2.3)

when, additionally, x € C1([0,7] x Q) and x(T") =0. The source term can be identified as
Goo =G (1) in dimension d <4. The weak formulation (2.1) comes from Equation (2.13).
The forms (2.1) and (2.2) are equivalent with the formula

SV(VIP) =div(Vf o V)~ AFVF.

We have the following convergence theorem.

THEOREM 2.1 (Convergence of the GKS system to the DCH eq.).

Assume (1.12)—(1.14). The weak solutions (ny,s) of the RCH-DKS model converge
to (n,u) weak solution of (1.3)—(1.4) in the sense defined by (2.1)—~(2.3). They satisfy
the reqularity estimates n € L>(0,T, H*(Q))NL%*(0,T,H?(2)), dyn € (L*(0,T,W5(Q)))’
where s is defined in Proposition 2.1, ueLQ(O,T,LWTH(Q))HL%(O,T,L%(Q)).

In dimension d <4, p belongs to L*(Q) and for all x € L>(0,T,W?>°(Q)) with V-
v=0, Equation (2.1) can be written as

T
/ (xadhm) = / (T Ty +nAy) +nG (o). (2.4)
0 Qp

with p=n"—35An a.e. in .

The rest of this section is devoted to prove this theorem.
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2.1. A priori estimates. Since the two systems (1.1)—(1.2) and (1.6)—(1.7)
are equivalent, all estimates proved for a system apply to the other. Based on the
construction in Section 4, the energy and entropy structure of the RCH model provide
us with the following bounds. Assuming (1.12)—(1.14), there is a constant C' independent
of v,0, such that, for all T'>0,

T wuese g [mor<c weor) (2.5)
5/9‘V(n(t)—%u(t))’2§a Ve (0,7), (2.6)
6/§2T‘A(n—gu)’2§0, (2.7)
/n\VMQSC, (2.8)

Qr
(5l 5 < 29)
/ ("(t)_va“l(t))w?a Vi e (0,T). (2.10)

Q

Next, we deduce further a priori estimates which are enough to pass to the limit as
o vanishes.
PROPOSITION 2.1 (A priori bounds).  Assuming (1.12)—(1.14), there is a constant
C(T) independent of v and o such that the a priori estimates hold

Il 20,7, 11 () < C, 19enll (L2 0,7,w15 () < Cs
with s=2 ford=1, s>2 for d=2 and s= % otherwise. Furthermore, we have
1, 1, 2
[wllzoe0.7,L+1(0)) <Cs - —lw]]” iy <C —|lpll Y <C,
v Ly+1(0,T,L" 4=2 (Q)) v L™~ (0,T,L(%2))

with ¢=min(2, igfg)ln)/ ).

Proof.  From Inequalities (2.5)—(2.6), we deduce that Vn € L?(0,7,L*(R2)). Thus,
using the Poincaré-Wirtinger inequality, we obtain that n € L(0,T, H(£2)) uniformly
in v,0. Next, we recall that in dimension d, H' < L" where r = dZ_dQ ford>2, 1<r<oo
for d=2, and 1<r<oo for d=1. Thus, n'/2€ L*(0,T,L*>"(Q)). Therefore, for all p€
L40,7,W15(Q)), we can compute

’/am«p‘z(/nl/znmvu-VWr/nG(u)w‘
Q Q Q

<102 vy 02V pl 1200 Vol 2+ +C ]

L"(Q)”@\ Ls/2(Q)>

Zr — A4 .— s for d > 2. For d<2, we can consider any r > 1. Assumption (1.13)

because =5 = q43 "
is used to control the source term in L*°. Integrating in time, using the triangle in-
equality on the integrals, Inequality (2.8) and Holder’s inequality, we obtain the second

estimate,

[ ame| <Cllellusonam -
Qrp
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The first Lebesgue estimate for w is just an application of Inequality (2.10). For
the second Lebesgue estimate for w we write Inequality (2.9) as

4’}/ 1
W/Q vwE<C.
T

With Sobolev’s embedding and the Poincaré-Wirtinger inequality, we obtain

_2d_ <C.
L2(0,T,L -2 (Q))

This yields the second estimate. In addition, this estimate allows us to bound w?”

uniformly in LWTH(O,T,L%(Q)). Finally, we recall the last formula for p in (1.5),
p=w"Y—Aw. Using the previous bound on w? and the bound (2.7), we obtain the
estimate on .

This ends the proof of Proposition 2.1. 0

2.2. Convergence 0 —0. To study the limit 0 — 0, we write the equivalent RCH
and GKS systems as

One —div(ne Vi) =nsG(1y), in  (0,400) xQ,

to =w) —6Aw,, wU:ng—%ug in (0,400) x €.

The main difficulty is the convergence of the term n, Vi, in the first equation. We
know that n, —n strongly in L?(Qr) thanks to the Lions-Aubin lemma and Proposi-
tion 2.1. In fact, the strong convergence is obtained in L<°°(0,T,L?(f2)) (see below).
No useful information can be obtained on Vu, and for this reason, after an integration
by parts, it remains to prove the weak convergence in L>1(0,T,L?(2)) of p,. The es-
timate on p, given in Proposition 2.1 is not enough in high dimension (i.e. d>4) and
we need to consider weak solutions given by (2.1)-(2.2) in the limit. Strong convergence
of us is also needed in order to identify the source term. Finally, with the definition
of we, notice that Inequalities (2.5) show that w, is a compact perturbation of n, (see
Proposition 2.2) which has much higher regularity than n, due to the entropy/energy
structure of our system. Therefore the limit in the terms div(n,Vu,) and n,G(py) is
treated by writing n, =w, + ‘compact perturbation’.

REMARK 2.1. In the following proof and until the end, we consider convolutions
which we integrate on a bounded domain to prove compactness properties. This is just
a formal writing because the functions we consider are only defined on 2. To make
it rigorous, instead of considering a function f we need to consider f( where ( is a
truncature function. Then, the compactness has to be obtained in domains (2. for every
¢ small enough where Q. C Q and every point in ). is at distance ¢ of the boundary of
Q. From now on, we ignore this technical issue in the proof below.

PrOPOSITION 2.2. With the assumptions of Theorem 2.1 we have Vw,,Vns —Vn
strongly in L*(Qr) when o — 0.

Proof. Inequalities (2.5) show that op,, oV, —0 in L%(Q7). In addition,
Proposition 2.1 yields the weak convergence of Vw,,Vn, —Vn. It remains to prove
strong convergence. We rely on arguments similar to those of Appendix A using the
Fréchet-Kolmogorov theorem.
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We know that Vw, is bounded uniformly in L>° (0,7, L?(2)) N L*(0,T, H*(£2)) using
Inequalities (2.6)-(2.7) and elliptic regularity. Then, by interpolation we have an LP ()
bound for some p>2. It remains to prove strong convergence in L'.

We already have compactness in space thanks to the H' bound. With the notations
of Appendix A, it only remains to prove compactness in time, that means

T—h
/ /|ng(t+h,-)*cp€(x)—ng(t,-)*@E(x)\dxdtgﬁ(h), 6(h) — 0 when h—0,
0 Q

(2.11)
uniformly in o.
From (1.5) we can write

T—h
A /Q|vwa(t+h,~)>kg0€(x)—ng(t7.)*<p€($)|dxdt
T—h
S/O /Q|(ng(t+h,-)—ng(t,.))*v%(xﬂdxdt

T—h
t+o / / (Vo (¢4 o) — Vo (t,)) 02 ()| dad.

The term oV, converges strongly to 0 in L?(27). This provides equicontinuity of
the last term. The first term is dealt in the same way as in Appendix A. This yields the
strong convergence of Vw,. Using once again the previous decomposition and ¢V, — 0
show that Vn, converges strongly. ]

Now, we can prove Theorem 2.1.

Proof. (Proof of Theorem 2.1.)
Step 1: Strong compactness for wy,ns,Vw,,Vns. This step is a consequence of
Proposition 2.1 and Proposition 2.2.

Step 2: Convergence of nVu. Now, most of the convergences come from properties
of the weak limit and the bounds provided at the beginning of this section. For the case
of any dimension, we write n,Vy, as

Ng Ve =Wa Vg + %,Ufav,u(r

The last term converges strongly to 0 as 0 — 0. Indeed, from Inequalities (2.5) together
with the Sobolev injection and the Poincaré-Wirtinger inequality, we know that

||0'1/2M0'||LT(QT) S Ca

for some 7 >2 and C independent of 0. Using also that u is bounded in L!'(Qr) and
interpolation we find

r

2r—1) <

||O'1/2H||L2(QT)SCU¥7 0= (212)
With Tnequalities (2.5)-(2.12) we find oo Vite = (0% )(0'/?Vu,) — 0 strongly. We
now treat the first term on the right-hand side. We recall that p, =w) —J0Aw, and
therefore we write w,Vyu, as

|Vwg|?
2

d
=) 010w, Vwy ) |. (2.13)

=1

— Y y+1 _ A
Wo V i —,y_'_leU (5[V(wa wy)+V
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We recall the strong convergence of w, and Vw, in L?(27) to n,Vn and we have the
weak convergence of Aw, to An thanks to Inequality (2.7). Finally we obtain the
convergence in the distributional sense of the bracket in the right-hand side. For the
first term on the right-hand side, we use Proposition 2.1. This provides that w)*!
is bounded uniformly L!(0,7,LP(2))NL>(0,T,L*(Q2)) for some p>1 and therefore by
interpolation in some L?(0,7,L"(Q2)) for some 1<¢<oo and r= m. Using
the strong convergence of w, and the Lebesgue dominated convergence theorem al-
lows us to idenfity w*! in the limit. Using integration by parts we obtain the weak
formulations (2.1)-(2.2).

The regularity of n,Vn,An in the limit comes from the uniform bounds on
Wy, Vg, Aw, and the convergence of o, to 0.

In dimension d <4 we have better regularity for p and we can find another weak
formulation. This is achieved in the following step.

Step 3: The weak formulation (2.4) in dimension d<4. In the case d <4 we have

o <Oa v o hed <C,
iz ”LWTH(O,T,LQ(QT))_ [VwellL (0,T,L2 () =

thanks to Proposition 2.1 and Inequality (2.6). We write
o
ﬂavna = ﬂa’vwa + g,uov:ua~

We know from above that the second term of the right-hand side strongly converges to
0. For the first term of the right-hand side we know that Vw, — Vn strongly in L?(Qr).
With the previous bound on Vw, the convergence actually holds in every L?(0,7T, L%(f))
for p<oo. Using the weak convergence of u, we find the weak convergence of the
product.

The weak convergence of n, s is similar. Therefore, with integration by parts of
the term div(n,V,) against a test function x we find the result.

Step 4: Identification of the source term when d <4. The last difficulty in the proof
is to identify the source term (i.e nG(u)). Indeed, we do not know that y, converges
a.e. (up to a subsequence). However, we know that n, converges a.e to n and G(u,) is
bounded. It remains to prove that u, converges a.e. in the zone {n>0}.

For this reason we search for estimates on n,u, to prove its convergence almost
everywhere. Then, the convergence of n,u, and n, yields the convergence a.e. of p,
in the zone {n>0}. Now, we write 1,y =Wy e + %u?, and compute

3
V(nepie) =nt?nl >V g 4 p1s Vo, + %V(ug).

As previously, the last term is bounded uniformly in L'(Q7) (and even converges to
0). The first term is also bounded in L!(Qr) with Proposition 2.1 and Inequality (2.8).

For the second term we use that i, is bounded uniformly in L (O,T,L%(Q)). In
dimension d <4, Inequality (2.6) provides a bound on the second term. Therefore we
have compactness in space. The proof of the time compactness uses arguments and
lemmas reported in Appendix A. Since V(wp) is bounded, it only remains to show

T—h
/ / 0 (£ T, Yt (£, ) 50 () — o (8, Yoo (8, 02 (@) dardt — 0,
0 Q h—0
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uniformly in o and where the smooth functions ¢, are defined in the Appendix A.
We know using (1.5) that

0
Wo g =w) T = SwyAw, =w) T — 5Aw§+6|ng|2.

Since w, converges strongly in L?(Q7) and is bounded in L°(0,7,L"*1(Q))N
d(v+1)

LY*1((0,T),L™ 4= () thanks to Inequality (2.10) and Proposition 2.1, we conclude
by interpolation the strong convergence of w, in LYT1(Qr). Therefore the first term is
equicontinuous by the converse of the Fréchet-Kolmogorov theorem.

It only remains to estimate

/OT—h/Q|[wg(t+h,-)Awg(t+h7~)—wU(t.)AwU(t’_)]*(pE(x)dxdt
S/OTh/ﬂ‘/nﬂvwo(tay)lQ—|ng(t+h,y)|2)@5($_y)‘dydxdt
T—h
+/0 /Q’/Q(w?f(”h’y)—wﬁ(tvy))A%(x—y)‘dydzdt.

With the strong convergence of Vw, and w2 we find the equicontinuity of the second
and third term in the decomposition. This yields the equicontinuity with respect to time
of wp.

Therefore thanks to the Fréchet-Kolmogorov theorem we have strong convergence
in some LP and the convergence a.e. up to a subsequence of u in the zone n>0. The
Lebesgue dominated convergence theorem then allows us to identify the source term in
the definition of the weak solutions. O

3. Incompressible limit v — +oco

We now fix §,0 >0 and study the incompressible limit v— oo for the RCH-DKS
system. These two constants are the main link between RCH and DKS models. We
recall that in the case § =0, the incompressible limit is given in [31]. In the case o =0,
the regularity provided by the DCH model is not sufficient to pass to the limit. From now
on, we keep 4,0 >0 fixed and we may consider them equal to 1 in some computations.
We summarize the main bounds proved in this section in the following proposition:

PROPOSITION 3.1.  For all T >0, there exists a constant C(T') independent of v such

that the weak solutions built in Section 4 satisfy

lillzz0,1,m0 () <C5 InllL20,1,m1 () <C, (3.1)
||“|\Loo(QT) <C,

lwl| Lo 0,152 £C, W[z <C, VW ||z 0,1,01(02)) < C, (3.3)
|Aw|| po () < C,

0enlL20,m, 1) <Cs 10wl 20,151 () <O, 0l 207,11 (0)) < C, (3.4)
10cw || 20,7, 11 () £ C-
The weak solutions in the case of no source term, i.e G=0, are unique.

3.1. Uniform a priori estimates in Proposition 3.1.

Proof. (Proof of Proposition 3.1.) We start with the first two estimates (3.1)
of Proposition 3.1.
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The first inequality is a consequence of Inequalities (2.5). The second inequality
has been proven in the previous section.

L*> bound for n. We now establish Inequality (3.2) under the assumption (1.12)
on the initial condition. The proof requires a variant of Gagliardo-Nirenberg inequality,
namely there exists C' >0 such that for every 0 <e <1/2 and every v e H (),

C
||UH2L2(Q) SEHVUH%Q(Q)+E(1WHUH%1(Q)' (3.5)

This inequality is an application of the classical Gagliardo-Nirenberg and Young
inequalities. We refer the reader to [13], Equation (9.3.8).

First, to begin the proof, we wish to stress a few comments. The proof of this
proposition relies on the use of the Alikakos iteration method [3]. We prove it for
smooth solutions of the equation but the method can be applied for weak solutions,
since the bounds only depend on the a priori estimates already found.

We start by choosing o =¢§ =1 to simplify the notation. We notice however that the
L bound is not uniform in ¢ and therefore this result does not apply to Subsection 2.2.
In fact, with the same proof, it is possible to show that the L>° bound varies as 1/o.
We multiply Equation (1.1) by n2"~, integrate over the domain, and after integration
by parts that uses the boundary conditions (1.11), we obtain

ii/an—&—(Qk—l)/n2k_1|Vn|2:(2k—1)/V”LQIC_IVw-Vn—i—/anG(,u). (3.6)
2k dt Q Q Q Q

Then, multiplying Equation (1.2) by nzk, integrating over €2, and after integration
by parts, we have from the non-negativity of both n and w (see Proposition 4.2)

1 1
/n2k71Vw-Vn:—/—Awnzkg—/nzkﬂ. (3.7
Q 2k Jq 2k Jo

Therefore, rearranging the second term on the left-hand side of Equation (3.6), passing
it to the right-hand side, using Inequality (3.7), and, finally, using n2" <n2" *1+1 for
the second term of the right-hand side, we obtain
) / n? i
Q

]_ d/ 2k /| 2+1|2
—— | n
2kdt Jo — 2’f+1

This means exactly that for some C' >0,

4(2F —1)2F

FLESY k
|| HL2k(Q —ann 2 ||%2(Q)+C2k“n|2 T4 o2k,

L2k+1

k

Applying Equation (3.5) with v=n" 2“, we obtain for any € >0

k k_1\9k
(02k 427 - )) )H |2 "+1 ¢ 4(2"-1)2

I s gy + C2¢
£(2F+1)2 L2k+1 e(d+2)/2 " (2k 4 1)2 L1(Q) :

a ||nHL2k(Q)

Choosing e = C27F in order to let the first term of the right-hand side to be non-positive,
leads to

IITLH < OAHDIM2 2, @ +C2".

LZ’“(Q
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Moreover, using Riesz-Thorin interpolation theorem, we have

d, o

@H”Hsz(Q) < 02(d+2)k/2Hn”2

k_
L2’“(Q)”nH2 ! +C2k

L2k ()

Denoting my =sup,e o, 1) [|n(t)| 2+ (o) and after integrating in time, we obtain

(d+2Dk ok

) . 1/2F
mkg(CQ T my_ karCQ) .

Following [13] (Lemma 9.3.1, p.213) the sequence my, can be dominated by mj which
satisfies

(di2)k kooj1—1/2F 172kt .
my,=(C2 =z /2 mkq/ mk/ with C large enough and m{ > 1.,
ie,
K
(d+2)k 1 /ﬁ

m;C:(CQ 2 )Qkizmk—l

Letting k£ — oo and by induction we find ||n||Le(,) =Moo <ml, <C. We refer to [13]
for the details. This yields the result. This in turn also provides higher regularity for
w thanks to Equation (1.2) and one can find estimates (3.3).

Proof of (3.3). The first estimate is a consequence of Equation (1.2) together with
elliptic regularity.

For the second estimate we multiply Equation (1.2) by w?("=1. After an integration
by parts and using the nonnegativity of n,w we find for every t,

1 ()N < In(B)w(t) Y|

Lm(Q)-

With Hélder inequality, we obtain

[w?()|lr ) < In()]| Lr)-

Letting r — oo thanks to Inequality (3.2) and taking the supremum in time yields the
result. We refer the reader to Theorem 2.14 in [1] for further details. The third inequality
is just the result of the two previous inequalities as well as Equation (1.2). To get the
fourth inequality we differentiate in space Equation (1.2) and multiply by sgn(d,w?).
Since w is nonnegative, sgn(d,w")=sgn(d,w). Using integration by parts on the first
term yields the result. The computations can be made rigorous with the derivative of
a convex approximation of the absolute value.

REMARK 3.1. With Inequality (3.2) and Equation (1.2) it is possible to find that w e
L2(0,T,H3(Q)) and therefore w” € L2(0,T, H'(2)) thanks to Equation (1.2). However,
the bound is not uniform in 7 and we cannot gain compactness.

REMARK 3.2. When G =0, Inequalities (3.3) provide uniqueness of the weak solutions,
see Appendix B.

Time compactness of n. Compactness in time for n follows using once again the
Lions-Aubin lemma with the (L*(0,7,W*(Q)))" bound on d;n from Proposition 2.1.
One can prove compactness in time for w using the Fréchet-Kolmogorov theorem. How-
ever, with the previous regularity results, we can get the better bounds (3.4) on the
time derivative of n, w, p=w" and pu.
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Proof of (3.4). Since we have found that n € L (1), we have for any test function
¢e L*(0,T;H'(Q)),

[ mal<lnl 2y, [ 107910l <CITOl o0,
Qr Qr

where we have used (3.2) and (2.8). Hence, we have dyn € L%(0,T, H~*(£2)) uniformly.
To find compactness of Oyp it is enough to find compactness for d,w thanks to Equa-
tion (1.5). Computing the time derivative of Equation (1.2), multiplying by a test
function ¢ € L2(0,T; H*()), using the notation 2z =0d,w, and integrating in space and
time, we have

/ oVz- Vot I tapt20= | Ong.
QT 6 QT

Choosing ¢ =z, and from Young’s inequality, we have

1 o _ 1
[ (o3 ) e (G- 52 ) P <2010t -

Therefore, choosing k large enough, we obtain that d,w € L(0,T, H'(Q2)). Using Equa-
tion (1.2) provides the compactness for d;w”. This achieves the proof of (3.4) and
Proposition 3.1. O

Finally, one can show that the regularity of the solutions provides continuity with
respect to time.

PROPOSITION 3.2.  Assume (1.12)—(1.13), the functions n, w and wY belong to
C(0,T,LP(82)) for every 1<p< oc.

3.2. Convergence v — +oo.  With all the ingredients of the previous subsections
we find:

THEOREM 3.1 (Incompressible limit). Assume (1.12)~(1.13) and let (No, o)
be a weak solution to the RDCH model (1.6)—(1.7). Then, when v—o00, after
extraction of subsequences, (Mg, Moy, Woy) = (No,00s oo Wo,00) With the regularity
Ne,oo € L2(0, T, H () NL>®(Qr), Onooo € L*(0,T,H™H(Q)), wso0o€C(0,T,LP(2))N
L®(0,T,W?P(Q)) and jiy00 € C(0,T,LP(Q))NL%0,T,H () for every 1<p<occ.
These functions satisfy in the weak sense

atna,oo - diV(no,oov,U/a,oo) = no’,ooG(,uoo)

and

(o (o
Ho,00 =Po,c0 — 5Awo,ooa _UAwU,OO + <Po,~ +wa,oo =MNo,00y Wo,00 ="No,00 — g,uo,ooa

]
where Dooo 1S the strong LP(Qr)-limit of wY and belongs to L*(0,T,L>®(2))N
C(0,T,L7(Q2)).

Proof.  For the first term on the left-hand side, the weak convergence of 0y
given by (3.4) is enough. For the second term of the left-hand side, we use (3.1)—(3.2)
to prove the weak convergence of ng Vs . Then, to identify its limit, we use the
strong convergence of n, . from (3.1)-(3.4) and the weak convergence of Vi, given
by (3.1). For the term on the right-hand side, we use the strong convergence of n, , and
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Ho~- Finally for the equation on ji,, and w, , weak convergence is enough. To prove
strong convergence of p, ,=w] ., we use the bounds on 9;ps ~,Vps , from (3.3)-(3.4).
An application of the Fréchet-Kolmogorov theorem as in Appendix A yields the strong
convergence. The continuity with respect to time follows from the regularity of the

solutions. O

Moreover, we find two propositions on wy o, the first one provides an L*°-bound on
We,00, and the second one gives some information about the behaviour of the potential
in the zones where wg, o # 1.

PROPOSITION 3.3 (L*°-bound for wy ). For the limit solution wy o defined in
Theorem 3.1, we have, with We y =Ng~y — 5oy,

[We,00ll oo () <1,

Proof. In the case o >0, this estimate is trivial with the L*> bound on w” from
Proposition 3.1. However, we also provide a proof that works in the case o =0, i.e.,
when wg , =mn0,~-

We start by using Inequality (2.10), we have

[Wern (8) | o410 < (C(y+ 1)/ OFD < 0/OHD),

By interpolation, and with 5:94— }Y;Jﬁ where g€ (1,7+1), we have

] -6
[we ()l La@) < 1w (N7 (o) ey (D755

From the Cauchy-Schwarz inequality for the L! norm and from the previous inequality
for the LY*1-norm, we easily find two constants C,C such that

[We (t)|| Ly < COCH=O/(F1),

Since we know that w, — w, and by lower semi-continuity of the norm as well as the
fact that # —1/q when v — 0o, we have

1o o0l L (0,7, Lo () SHminf [y | oo 0,1, o)) < o,
for any g € (1,00). Therefore, letting ¢ — 0o, we obtain

o ooll Low () S Hminf [[wgoc [ o0 0,1, L0y (@) S 1.

a0

Compared to previous results on incompressible limits for living tissue models (see

e.g. [30]), we have a slightly different relation linking the pressure and the density. We
have the following proposition.

PROPOSITION 3.4 (Relation between po, and we,).  The following relation holds for

the limits of po=w7 ., and ws -,

pa,oo(wa,oo_l)zo, a.e. in QT'

Proof.  The inequality po co(We,0o —1) <0 is found in a straightforward manner
using Proposition 3.3, and the fact that ws, , >0 = wy >0 = pgoc>0.
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It remains to show that ps oo (We.0o —1) >0. We borrow the argument of [26]. For
v >0, there exists vy such that for v> o,

y+1 -
Wory ZWony V-

Then, from the convergence of w,, and wy ., we know that w] ,ws, converges to
Do, 0oWs,00- Passing to the limit we get

Po,ccWo,00 Zpa,oo -,
for every v > 0. Letting v — 0 yields the result. ]

REMARK 3.3. From this result we find that in the zone wy, #1, we get poo =0, and
thus oo = —dAws, which can be interpreted as a term representing surface tension.

When the relaxation parameter satisfies 0 =0, we expect to have w =n. Therefore,
in the zone Q4 (¢t) ={z,poo(t,2) >0} we obtain that the density stays constant n., =1.
With Equation (1.6) this means that formally

_AM:G(M) in Q+7
nw=—0An on 0.

4. Existence of weak solutions

The proof of existence of weak solutions for system (1.6)—(1.7) follows the standard
method for the DCH (see e.g. [15,18,29]). We start by regularizing the model: us-
ing a small positive parameter ¢ we define a positive approximation of the degenerate
mobility b(n) :=n. Existence of a solution to the regularized system is found using stan-
dard methods for nonlinear parabolic equations. Then, we derive a priori estimates on
the regularized problem that allow us to pass to the limit ¢ —0 and, hence, show the
existence of weak solution for System (1.6)—(1.7).

4.1. Regularized mobility. = We consider a small parameter 0 <e <1 and define
the regularized mobility

% for nZ%,
B.(n)=1¢ forn<e, (4.1)
n

otherwise.
Thereby, we write the regularized analogue of System (1.6)—(1.7)
One —div(Be(ne)Vie) =neG(ue), in  (0,400) x £, (4.2)
—0 A e+ pre = (n. — %Me)v —6An., in (0,4+00)x, (4.3)

supplemented with the zero-flux boundary conditions

0 0
au;s :nE% =0 on (0,00)x099, (4.4)
where w, is defined by (1.5) and with the initial conditions (1.12).

We have the following existence theorem.

THEOREM 4.1 (Weak solutions for the regularized system). There exists a pair of
functions (ne,pe) such that for all T >0,

ne € L2(0,T,H*(Q)), 0. L*(0,T,H 1 (Q)),
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He € L2(O,T,H1(Q)), Oppuc € LQ(OaTaHil(Q))v
we € L*(0,T,H*(Q))NL>®(0,T,H (), w)€L*(0,T,L*(R)) 0w.<€L*(0,T,H"(Q)).

These functions satisfy the reqularized Cahn-Hilliard model (4.2)—(4.4) in the following
weak sense: for all test functions x € L*(0,T,H'(Q)), it holds

T

/ <Xvatns>:_/ Bs(ns)vﬂsvx+/ neG(pe) X (4.5)

0 Qr Qr

o Y
0/ VuerJr/ usx:5/ VnstJr/ (nsfgus) X (4.6)
Qr Qp Qr Qr

—UAwE—l—%w;’—i—wE:nE a.e., (4.7)
e =w) —6Aw. a.e. (4.8)

Proof.
Step 1. Galerkin approzimation. We consider {¢;}ien. the eigenfunctions of the
Laplace operator with zero Neumann boundary conditions.

which form an orthogonal basis of both H!(2) and L?(£2) and we normalize them such
that (¢s,¢;)12(0) =dij. Furthermore we assume without loss of generality that A; =0.

We consider the following discrete approximation of System (4.2)-(4.3)

N
Zc uN (t,z) :Zdzj-v(t)(m(x), (4.10)
i=1
/&m b= /B ATRAVIEE /nNG(,uN)qu, for j=1,...,N, (4.11)
Q
o v .

/u (15]—6/ )V@ /(nN—g,uN) ¢j, forj=1,..,N, (4.12)
Z (no,9i)L2(2) Pis (4.13)
i=1

where the coefficients c dN for j=1,..,N are determined by
atcfz—/BE(ZC?’@)WNV@JFC;V/G(MN), (4.14)
Q = Q
o 74
d;.V(1+aAj):5Ajc§V+/Q(Z(c;V 2d)6:) 6, (4.15)
i=1
e (0) = (no,¢;) 12(0)- (4.16)

Since the right-hand side of Equation (4.14) depends continuously on the coefficients
cév , standard results on ODE systems give the existence and uniqueness of a local
solution to the initial value problem (4.14)—(4.16).

Step 2. Inequalities and convergences. Multiplying Equation (4.11) by d;(¢) and sum-
ming over j leads to

/8tnNuN:—/Bg(nN)|VuN|2+/nNG(,uN)uN.
Q Q Q
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Rearranging the left-hand side, we obtain

N N _ N_ O N lii/ N2
/Qat” p _/Qgt(” s I tasa

Using in Equation (4.12), ¢; = %(cﬁv - %dj-v)(bj and summing over j , we have

y+1
/8(nN—— uN = 5d/‘ )’2+d/(nN6MN>
Altogether, we obtain the discrete energy dissipation
d
GEO+ [ BV = [ 0G0, (4.17)
Q Q

in which the energy is defined by

N (TN’H_l
) o 2 (n _KM) lo
Sy IO iy Gl 0 R .y P
2/9‘ s )T, yF1 35 ),

Taking j =1 in (4.11) leads to 8, [,n™¥ = [, ¢1 [ n™N G(u™)p1 where ¢1 is constant,
and with the assumptions on G (see (1.13)), together with Gronwall’s inequality we find

‘/QnN‘ <0, (4.18)

where C' is a positive constant independent of N. Using this inequality in (4.17) and
the assumptions on the source term G, we have

GEO+ [ BNV P <. (4.19)

Altogether, we find the following inequalities

g N_ o N
s -2 < .
2/Q‘V(” st )‘ =C (4.20)
g N2
— < 4.21
7 | InP<c, (121)
B.(n™) ViV P <€, (122)
Qr
y+1
/(”N_“;”N)<C (4.23)
Q v+1 - .

Using the definition (4.1) of B.(n) and Inequality (4.22) we find a control on |V |2,
Combined with Inequality (4.20), we have

/|WN\2§C, /\VnN|2§C. (4.24)
QT QT
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Using (4.18), (4.24) and the Poincaré-Wirtinger inequality, we obtain the following
convergence as N — 400

n™N —n.  weakly in L?(0,T, H'(2)). (4.25)

From (4.20)-(4.21), we find that the coefficients ¢}’,d} are bounded and a global solution
to (4.14)—(4.16) exists. Choosing j=1 in (4.12) gives

/QMNZ/QO”LN—%MN)W,

which is bounded thanks to (4.23) and the Hoélder inequality. Therefore, combin-
ing (4.24) and the Poincaré-Wirtinger inequality, we obtain

pN — . weakly in L2(0,T, H'(£2)). (4.26)

Then, denoting by ITy the projection operator from L?(£2) to span{¢i,...¢n }, using
Equation (4.11), we have for every test function ¢ € L2(0,T, H'(2)),

| /Q o™ o|=| /Q oIy

| /Q BNV T+ /

Qr

<o [ mowne) ([ wmwep) o[ imvep)

<ClbllL20,7,m21 ()

G |

where the last inequality is obtained from (4.22). Therefore, from the previous result,
we can extract a subsequence such that

o — 9yn. weakly in L2(0,7,H (). (4.27)

Hence, combining the weak convergences (4.25) and (4.27), and using the Lions-Aubin
lemma we obtain the strong convergence

n™ —n. strongly in L?(0,T, L*()). (4.28)
Step 3. Strong compactness for u”. To identify the limit in the source term, we need
to find strong compactness for the potential u”v. As we have strong compactness for

n™, it is enough to find strong compactness for w™.

Using the notation w” =n® — %4, we change Equation (4.12) in

U/QVwNV%*-%/Q(wN)V% +/QwN¢j:/QnN¢j,

with w (¢, ) :Z;\Ll g (t)¢i(z). The coefficients qJN for j=1,...,N are determined by
the equation

g N !
oy +5 [ (_Zqﬁtm(x)) 6 =cl. (429)
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Thus, denoting z=0,w, and computing the time derivative of the previous equation,
we obtain

¥
d 7V _iN
(U)‘J+1) +5dt/<§ qz ) ¢J_dtcj'

We use the notation d,w”™ = z". Multiplying the previous equation by gf)j(é)th), sum-
ming over the 5 and integrating over the domain lead to

U/|VZN|2+/|ZN|2+E/(wN)7—1|ZN|2:/atnNZN
Q Q o Jo Q

Integrating the previous equation in time, and from the use of Young’s inequality on
the right-hand side, we have

g
[ oIV BN B <0 o1 0y + 5 1 o
T

Then, assuming 1—§ >0, we find ||z\|%2(01T,H1(Q)) <C.

This previous result allows us to pass to the limit in the source term using the
Lions-Aubin lemma. We refer to [29] to pass to the limit in other terms of the equation
and detail the differences.

Lastly, it remains to prove the regularity of w, w”. To do so, we use Equation (4.29)
and successively multiply it by —¢; Aw" | integrate it in space, use integration by parts,
and integrate with respect to time, to arrive to

/ |AwN |2+ /|VwN2—|—57( )7_1\VwN|2:—/ nN Aw?.
QT QT

Since n?V is bounded L2(0,T,H'(Q)), we can use Young’s inequality and elliptic reg-
ularity to find that w™ is bounded in L%(0,7,H?(2)). Inequality (4.20) provides the
L>(0,T,H(22)) bound. Finally the regularity of (w¥)” comes from Equation (1.2).
This concludes the proof.
]

2. A priori estimates. To show the existence of weak solutions of the
non-regularized model (1.6)—(1.7), the idea is to pass to the limit ¢ — 0 in System (4.2)—
(4.3). A priori estimates derived from the regularized model help us to find the required
compacity and pass to the limit in the model. The computations of the a priori estimates
follow closely the paper [29] where the case of a single-well potential was considered.
The addition of the source term G, which is not present in [29], induces the need of
new computations. The second main difference is that we consider a potential term w?
in (1.7) instead of a smooth and bounded potential as it was done before.

We start by defining the entropy of the system

n]= /gzaﬁe(n(x))d% B (5)= =, 6:(0)=6L(0)=0,

and we recall the energy
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In comparison with the previous subsection, when € — 0 we lose the uniform L?(Q7)
bound on Vu which was obtained with the regularized mobility. This bound is actually
recovered with the estimates provided by the entropy that could not be used in the
Galerkin scheme. Also, when € —0, the time derivative of the density lies in a larger
space than L?(0,7,H~1(Q)), which is (L*(0,T,W#(Q)))" where s>2. This prevents
us from using the previous computations and we lose the bound on d;w and ;. To
recover their strong convergence and thus to identify the source term, we need to rely
on the Fréchet-Kolmogorov theorem. This last difficulty is dealt with the following
proposition:

PRrROPOSITION 4.1 (Compactness for w. and p.). The sequences (we)e and (pe)e
converge strongly in L'(Qr).

Proof.  We use the Fréchet-Kolmogorov theorem as in Appendix A. Indeed, we

have the compactness in space for w and Equation (1.2) provides
o

—oAlw(t+h)—w(t)]+ g[uﬂ(t—i-h) —wY ()] +w(t+h) —wt)=n(t+h)—n(t).
Multiplying formally by sgn(w(t+h)—w(t)) (rigorously by ¢'(w(t+h)—w(t)) where
¢ is a convex approximation of the absolute value), integrating in space and using
Appendix A, we obtain the compactness for w. Since p= g(n —w) we have compactness
for p. ]
REMARK 4.1. The strong convergence actually holds in higher Lebesgue spaces
since (wg)e is bounded uniformly in L?(0,7,H?(2))NL>(0,T,L"+1(Q2)) and (ue)e in
L2(0,T,HY(Q)).

4.3. Limit e —0. From the previous estimates on the regularized model, we are

now in position to prove the existence of global weak solutions for System (1.6)—(1.7).

THEOREM 4.2 (Existence of weak solutions). Assume an initial condition satis-

fying (1.12). Then, for o small enough, there exists a global weak solution (n,u) of

Equations (1.6)-(1.7) such that
ne L*(0,T,H (),
pe L?(0,T,H' (),
we L*(0,T,H*(Q))NL>(0,T,H"(R)), w”eL*0,T,L*(Q)),
n>0, w>0, a.e. inQp,

dm e (LY 0,7, W' (Q))),

where s is defined in Proposition 2.1. Moreover, as € — 0, the inequalities provided by
the energy and entropy hold true.

Proof.  The estimates on d;n have been proved in Section 2. The proof of this
theorem is a straightforward adaptation of Theorem 5 in [29] using the computation of
Section 4.2, therefore, we do not repeat the proof arguments here. The nonnegativities
of n and w are a consequence of Proposition 4.2. ]

The regularity of the solutions is higher than it is expected in Theorem 4.2. We
refer to Section 3 for the proof of this result.

PROPOSITION 4.2 (Nonnegativity of n and w).  The solution (n,w) of System (1.1)-
(1.2) defined by Theorem 4.2 is nonnegative, i.e.

n(x,t),w(z,t) >0, a.e. in Q.
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Proof. The proof of the nonnegativity of the density n follows the same argument
as that in [29] which uses the boundedness of the entropy (uniform in €). Hence, we
do not repeat the proof here. Now, we recall that the repulsive potential from (1.2)
is actually defined by assumption in the introduction as w” =max(0,w”). Then, since
n >0, Equation (1.2) implies that for every function 1 >0, we have

Vw-Vn+ maX(O,w'y)n—&—/wr]zO,
Q Q Q

where we supposed 0 =9 =1 for the sake of clarity. Using the previous inequality, and
choosing n=—w_ (where w_ represents the negative part of w), we obtain

/|vw,|2+/w%go.
Q Q

This achieves the proof of the nonnegativity of w. 0

REMARK 4.2. A main difference with [29] is that we can not find an upper bound
using an entropy argument. Indeed, the result in [29] relies on the singularity of the
potential at n=1. Furthermore, Dai and Du [15] notice that with a smooth potential
at n=1, one cannot prevent the solution from exceeding this threshold. This is due to
the Gibbs-Thomson effect, where the mean curvature of the interface plays a role in the
concentration of the phases.

However, from a different argument relying on the Alikakos iteration method [3], see
Inequality (3.2), we are able to show an L>°-bound for System (1.1)—(1.2) and therefore
better regularity for the functions of our system.

Appendix A. Compactness with the Fréchet-Kolmogorov theorem. We
provide another method to prove strong compactness in v for n only using the fact that
nVpu and Vn are integrable. This proposition can be applied to prove compactness in
o and € with the parameters defined respectively in Sections 2 and 4.

PROPOSITION A.1 (Strong compactness for n).  The sequence (ny )~ is compact in
L2(0,T,LP(Q)) for 1<p<2d/(d—2) if d>2 and 1 <p<oc otherwise.

The proof of this proposition uses a sequence (¢5)s>0 € C..(R?) of standard mollifiers
with mass 1 such that

C
V*0s]l 110y < 55

for any function g € LP(9),
g @sllr ) < ll@sllLr @) llgllLe ),
and when g€ W1P(Q) it holds
g5 —gllr <6V gllLr (o)

Proof. Since Vn is bounded in L!(Q7) we only need to prove the time compactness

T—h
lim / [ng(t+h,x) —ng(t,)|dedt =0 uniformly in ~.
Ih|=0J0o Q

Using the mollifiers with § depending on h to be specified later on, we first notice that

T—h T—h
/0 /Q\n(t—i—h,x)—n(t,xﬂdxdtg/o /Q|n(t,33)—n(t,-)*apg(scﬂda?dt
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T—h

+/0 /Q|n(t+h,x)fn(t+h,~)*505(x)|dxdt
T—h

+/0 /Q|n(t+h,')*<p5(x)—n(t,-)*go(;(x)\d:rdt.

For the first and second terms, the computations are the same, hence, we only present
it for the first term. Using the properties of the mollifiers, we have

T—h T
/ / \n(t,x)fn(t,~)*g05(:c)|dfcdt§§/ [Vn(t)| £ (qydt <C6.
0 Q 0

To control [|[Vnl|11(q) we used the Cauchy-Schwarz inequality and Proposition 2.1. The
third term can be written as

T—h
/ [ Inft+h.) s (@)= n(t.) = o) des

T—h
dxdt.

(s,z)*ps(x)ds

And using Equation (1.6) yields

T-h t+h
/ / / 5‘sn(s,~)*cp5(x)ds‘dxdt
0 't

T—h t+h
:/ / / [div(nVu)—f—nG(,u)](s,-)*<p5(x)ds’dxdt
0 QlJt
T—h t+h d
S/ / / Zn@w p(8,+) % 0y, 05 (x ds‘dxdt
t

T—h
/ /‘/ Yk s (x ds‘d:cdt

The first term is bounded by

d

T—h t+h
/ / ‘/ Zn@wiu(s,-)*8$i<p5(m)ds‘dxdt
0 olJe i

T—h t+h
<c / / InV12() 1 V05l s -
t

Writing nVpu=n'/?n'/2V i, using the Cauchy-Schwarz inequality, Inequality (2.8),
the first term is bounded by Ch/J.

The second term is bounded by Ch using assumptions on G. Choosing § =h'/?
gives compactness in L(Q7).

Finally using Proposition 2.1 and interpolation, we get the result. ]

Appendix B. Uniqueness with no source term. We consider Equations (1.1)-
(1.2) with G=0. Therefore we have conservation of the mass. To simplify the notations
we suppose 0 =0 =1. We retain the regularity of the solutions from Section 3. Writing
n=ng—ny and w=wy —w; the difference of two solutions we consider ¢(t) such that

—Ap(t)=n in Q,
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Vp(t)-v=0 on o0.

Multiplying Equation (1.1) by ¢, integrating in space and using integrations by parts
we obtain

1d
5@/|v¢|2_/(”3—n?)Asﬁ—/ang~V¢—/n1vw.v¢:0.

We denote by 1,15, 13 the last three terms. Using the definition of ¢, we have
f=— [ -nt)ap= [0 -n)na =),

which is nonnegative since z+ z? is increasing for £ >0. Now, we treat I,. Using
integration by parts and n=—A¢p one can show that

I2:_Z/ai@aijIUQaj(P_2/81’9083‘71}28”‘%0
i,j 0,J
=Ji1+Jo.

Using integrations by parts on the second term we find

0;0|?
JQZZ/GJ| ;0| ajw2+Z/|8i<p|28jjw2
ij i,

1

We finally obtain
12§C/|D2w2\|w|2.

From Inequality (3.3) together with the Calderén-Zygmund lemma and using Vi € L™
we find

(p—1)
IQSCP(/‘VSDFP/(p*l)) p /p

(r—=1)/p
SCPIIV@HQL/OO(/IWIQ) ,

for every 1<p<oo. For I3 we recall that n; is bounded in L°°. Using the Cauchy-
Schwarz inequality we only need to show that |Vw||p2 <C||V| L.
Equation (1.2) for the difference of the two solutions can be written as

—Aw+w] —w] +w=—A¢p.

Now, we multiply by w, use integration by parts and the fact that z+ 7 is increasing
for x>0 to get

/\Vw\Z—l—wZS/\V(p'VwL
Applying Young’s inequality yields the result. Therefore
I<C|Veli..
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Combining the previous results we obtain

%n(t) < Cpmax(n(t)' =7 n(t)),

for every 1 <p< oo where n(t)=[|Ve(t)|?.

Following [7,8], for ¢t <1/C, the solution is bounded by

n(t) <(Ct)”.

For t <1/(2C) we then find

n(t) <277

1

Letting p— oo we find uniqueness on [0, 55) and this procedure can be iterated on the
whole interval of existence.
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