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GLOBAL SMOOTH SOLUTIONS TO THE 3D NON-RESISTIVE MHD
EQUATIONS WITH LOW REGULARITY AXISYMMETRIC DATA*

XIAOLIAN AI' AND ZHOUYU LI#

Abstract. The purpose of this paper is to study the incompressible non-resistive MHD equations
in R3. We establish the global well-posedness of the system if the initial data is axially symmetric and
the swirl component of the velocity and the magnetic vorticity vanish. In particular, the special axially
symmetric initial data can be arbitrarily large and satisfy low regularity assumptions.
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1. Introduction

The magneto-hydrodynamics (MHD) equations were first introduced by Hannes
Alfvén [3], for which he won the Nobel Prize in Physics in 1970. It is a combination
of Navier-Stokes equations of fluid dynamics and Maxwell’s equations of electromag-
netic field, and describes the time evolution of electrically-conducting fluids. The three
dimensional incompressible MHD equations are described as follows:

ou+u-Vu+VP=vAu+B-VB,
OtB+u-VB=nAB+B-Vu, (1.1)
V-u=V-B=0.

Here = € R? are the spatial coordinates and ¢ >0 is time. u, B and P denote the velocity
of the fluid, the magnetic field and the pressure, respectively. The coefficients v and
1 are nonnegative constants. If ¥ >0 and n=0, we say MHD system is non-resistive.
Without loss of generality, we take v =1 and then the system (1.1) becomes

dutu-Vu+VP=Au+B-VB,
0¢B+u-VB=B-Vu, (1.2)
V-u=V-B=0.

The MHD system is widely used in the study of astrophysics, geophysics and cosmology.
For more physical explanations, see [8,12,17,21].

Before proceeding, we first introduce a vector field f which is axisymmrtric, this
means that it has the form

f(t,x) :f’"(t,r,z)er—i—fg(t,nz)eg—i—fz(t,r,z)ez.

Here (7,0, 2) is the cylindrical coordinate system, that is, for any x = (z1,22,73) €R?,

T2
r=\/x?+413, 6 =arctan —, z=uz3.
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(er,€p,¢) is the cylindrical basis in R?, which is defined by

er=( o ,0), eg=( et ,0), e.=1(0,0,1).
We say f? is the swirl component and f is axisymmetric without swirl if f¢=0.

Note that if B=0, the MHD system reduces to the classical incompressible Navier-
Stokes equations. It is well-known that the global well-posedness of the 3D Navier-Stokes
equations is still unsolved. Thus many works try to study the solutions with some
special structures. For example, assuming that the initial data is axisymmetric without
swirl, Ukhovskii and Yudovich [22] and Ladyzhenskaya [14] independently showed weak
solutions are regular. More precisely, the Navier-Stokes equations have a unique global
solution for ug € H*(R?), s>I. Moreover, Leonardi et al. in [16] weakened the initial
condition to ug€ H?(R3) and Abidi in [1] proved the global well-posedness for ug €
Hz(R3). For the case axisymmetric with non-trivial swirl, the results need to take
some smallness assumptions on initial data. The interested readers may refer to [20,23].

For the MHD system, there are also lots of important results up to date. For the
case of (1.1), Duvaut and Lions [9] proved the local well-posedness in Sobolev space
H?(R™), s>n and Sermange and Temam [19] showed the global well-posedness in the
2D case. For the case of (1.2), Fefferman et al. in [10] established the local existence
and uniqueness of solutions with initial data (ug,Bo)€ H*(R"), s>% (n=2,3). In
[11], the initial data regularity was weakened to (ug,Bo) € H*71T=(R™) x H*(R™), s> 2
(n=2,3) and 0<e<1. For a class of axisymmetric initial data, Lei [15] investigated
the global well-posedness of the system (1.2) with a specific geometrical assumption.
More precisely, under the assumptions that swirl component of velocity and magnetic
vorticity are trivial, he proved that there exists a unique global solution with initial
data

B9

(uo,Bo) € H*(R®), s>2,  and 70 € L>®(R%). (1.3)

Later on, Liu [18] further obtained the global well-posedness of the system (1.1) in the
case where the swirl component of velocity is non-trivial.

Motivated by Lei [15], we are concerned with the global well-posedness of the ax-
isymmetric MHD system (1.2). It should be pointed out that for s>2, By H*(R3)
can not derive BTg € L>(R3) by Sobolev embedding H™(R?) < L>°(R?) (m > 2). Thus,
a natural and interesting problem is whether or not the assumptions (1.3) can be weak-
ened. In the present paper, we give a positive answer. The main result of this work
reads as follows.

THEOREM 1.1.  Suppose that ug and By are both axially symmetric divergence-free vec-
tor fields such that u = By = Bi =0. Let (ug,Bo) € H'(R?) x H*(R?), and £ € L*(R?).
Then there exists a unique global solution (u,B) to the system (1.2) satisfying
we L0, T; HY(R*))NL' (0, T; W (R?)),
BeL*(0,T;HX(RY), = eL(0,T5L%(RY),
T
for any 0<T < .

REMARK 1.1.

(i) Taking advantage of the estimate of u in W°°, which is given by Theorem 1.1,
it is not hard to propagate, by classical arguments, higher order regularity, for example
higher H® Sobolev regularity.
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(ii) Compared to the result in [15], we emphasize two points. The first one is to re-

4
move the condition % € L>°(R3). The other is to weaken the condition up € H%(R3). In
fact, we know that in cylindrical coordinates the vorticity of the swirl-free axisymmetric
velocity is given by
w=Vxu= weee

with w? =d,u" — d,u?, and
W
V2ul~ Ve 4+

(iii) For the fully viscid MHD system (1.1), we can also obtain a similar result as
Theorem 1.1.

The proof of Theorem 1.1 strongly relies on the structure of the MHD equations
in axially symmetric case wherein the swirl component of velocity and magnetic vor-
ticity vanish. In contrast with the proof in [15], due to the absence of the condi-
tions up € H2(R?) and BTg € L>=(R?), we have to estimate more carefully to obtain
uw€ L1([0,T);Lip(R?)). On the other hand, we can not derive the L!([0,T];Lip(R?))
estimate for B, which plays the key role in the proof of [15]. Hence, in order to ob-
tain the H? estimate of B, we show the two estimates HV(BTQ)|\L00([07T];L2(R3)) and
IVl L1 (jo,7); 2 (r3)) With 0<e<1, for more details see Proposition 3.7 and Proposi-
tion 3.8 below.

The paper is organized as follows. In Section 2, we introduce the system (1.2) in
cylindrical coordinates, recall the definition of Besov spaces and gather some elementary
facts. In Section 3, we give some a priori estimates and then prove Theorem 1.1.

Notations: We shall denote [ dr 2 f]R3 -dx and use the letter C' to denote a generic
constant, which may vary from line to line. For a Banach space B, sometimes we use
the notation LYB for L?([0,t];B). We always use X <Y to denote X <CY. Finally,
X ~Y stands for X SY and X 2 Y.

2. Preliminaries
In this section, we will introduce the system (1.2) in cylindrical coordinates, Besov
spaces and some useful inequalities. Considering the system (1.2) in the cylindrical
coordinates, we can write
u(t,z) =u"(t,7,2)e, +u’ (t,7,2)eq +u*(t,7,2)e,
B(t,z)=B"(t,r,2)e, + B%(t,r,2)eg + B*(t,r,2)e.,
P(t,x)=P(t,r,z2).

Then the system (1.2) can be equivalently reformulated as

o +urdu” +urdur — W 1 9. P=(A— L)ur+ B0, B+ B0, BT — &)
Ayuf +u" Opul +urd,ul + %“B =(A-— %z)uo +B79, B+ B#9,BY + %Be,

ou® +u" dpu® +u*du®+ 0, P=Au*+ B"0,.B* 4+ B*0, B*,

0:B"+u"0,B" +u*0,B" = B"0,u” + B*0,u",

0y BY +urd, B +u?0, B + B — Bro,uf + B79,uf + v B,

0;B*+u"0.B* +u*9,B* = B"0,u* + B*0,u?,

O’ +% +0,u* =0, 0,B"+5+0.B*=0,
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where A = 3‘9722 + %% + {%22 is the Laplacian operator.

Taking advantage of the local existence and uniqueness result for the system (1.2)
in R?, we can obtain the following lemma.
LEMMA 2.1 ([11]).  Let (uo,Bo) € H'(R?) x H*(R?), and “2 € L*(R®) be azially sym-
metric divergence-free vector fields. Then there exists T >0 and a unique axially sym-
metric solution (u,B) on [0,T) for the system (2.1) such that

ue L>(0,T; H*(R?)), BeL>(0,T;H*(R?)),
Y e L°(0,T; L2 (R?)).
r
By using the uniqueness of local solutions, it is not difficult to find that if uf=Bj =

Bg =0, then v’ = B" = B* =0 for all later times. In this case, the system (1.2) can be
simplified as

Owu" +u"Opu” +uou" + 0, P = (A - LZ)UT - (B°)* ’
O +u" 9y u® +uf0,u® + 0, P = Au?,

- 2.2
0 BY +ur, B +u*d,Bf = w B 22)
6,ur+%+6zuZ:O.
Let us define
0 6
II:= B—, 0=
r r
The system (2.2) gives
OIl4u-VII=0, (2.3)
O+ u-VQ=(A+20,)0-0.11%, '

where u-Vf=u"0,f+u?*0.f for f=f(t,rz2).

To this end, we give the definition of Besov spaces and some useful inequalities.
Let us first recall the classical dyadic decomposition in R?, see [4]. Let ¢ and x be two
smooth functions supported in the ring C:={{€R3,3 <[£|< 2} and the ball B:={{¢€
R3,|¢| < 3} respectively such that

D p279g)=1 for ££0 and x(&)+) ¢(27%)=1 VEER®.

JEZL q>0

For every u€S'(R?), we set
Yq€Z, Au=¢(279D)u, and S,u= Z Aju.
Jj<q—-1
¢>0, Apu=¢27D)u, A_ju=x(D)u and Syu= Z Agyu.

—1<q¢'<q—-1

Then we get the decomposition

u:ZAqu, YueS' (R?) /PR3 and u:ZAqu, Vue S (R?),

q€Z q>—1
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where P[R3] is the set of polynomials, see [4]. Let us recall the definition of nonhomo-
geneous and homogeneous Besov spaces.

DEFINITION 2.1.  Let (p,7) €[1,+00])%, s€R and ue S'(R?), we set

lull; , = <2qs||Aqu||Lp)W and |ull, = (2q5||AqUHLP>ZT7

with the usual modification if r=oo.
e For seR, we define B;,T(Rg) = {uES’(]R3) | lullss, < 00}
o Fors< 13; (or 5:% if r=1), we define B;7,,(R3) = {UES’(R?’) | ||u||B;,,,, <oo}.

o IfkeN and 2+ k<s<24k+1(ors=2+k+1ifr=1), then By (R®) is de-
fined as the subset of distributions u € S'(R*) such that 9Pu € B;;k (R?) when-
ever |B|=k.

REMARK 2.1. It should be noted that the homogeneous Besov space 3572(R3) (resp.
B3, (R?)) coincides with the homogeneous Sobolev space H*(R?) (resp. H*(R?)).

Next, we recall the Bernstein inequalities.

LEMMA 2.2 ([4]). Let B be a ball and C be a ring of R®. There exists a constant C' such
that for any positive number 0, any non-negative integer k, any smooth homogeneous
function o of degree m, and any couple of real numbers (a,b) with b>a>1, one has

Suppii C6B=> sup [|0%u|| s < CFH16F 3 =8 |u| pe,
|| =k
Supp i C 6C = C 17k 6%||u|| o« < sup ||0%u|Le <CF6F|u)| e,

lel=k

Suppit C6C = [|o(D)ul| 1o < Coppn ™3 =) ||| po.

By using the Bernstein inequalities, we have the following continuous embedding:

s+3(L -1
B? (R3)<_>Bp:r,7“£p2 P1 (RS)

P1,71

with py <ps and 71 <rs.
The so-called tame estimate will be stated as follows.

LEMMA 2.3 ([4]). For any s>0 and 1<p,r <oo, there exists a constant C'>0 such
that

s+1

1 f9

(112 ) lg

By (R?) = By, (R%) T 9l oo (m3) |l f1 B;“T(]RS)> .

We also need the following commutator estimate.

LEMMA 2.4 ([13]).  Suppose that s>0 and 1 <p<oo. Then there exists a constant
C >0 such that

1A*(f9) = FA*gllo(rs) < C (IIV fllLo sy [A T gll Loz ) + [1A° £ oo ) |9 ]| s m9) )
where A®:=(—=A)2 and 1 <py,p3 < oo satisfying
1_1 .1
P P1 P2 P3 pa

1 1 1
+7_
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In order to obtain a better description of the regularizing effect of the transport-
diffusion equation, we will use Chemin-Lerner type spaces from [5, 6].

DEFINITION 2.2.  Let s€R, (r,\,p) €[1, +00]?, T €]0, +-00], and u € S'(R?), we set

lulzy s )= (22180l iy ), and Tz s, = (27180l yen ),
with the usual modification if r = oo.
e For seR, we define Z%(B;’T) ={ueS'(R? | H“H’L'%(Bs ) < oo}

e For SS% (resp. s€R), we define z%(B;T(R?’)) as the completion of
C([O7T]78(R3)) by norm ”.”E%(BS,T)'
In the particular case when p=r =2, we denote Z%(Bgz) (resp. Z%(Bgz)) by L) (H*)
(resp. L) (H?).

REMARK 2.2. It is easy to observe that for any € >0, we have
||UHL1T(HS—€) S ||U||E1T(Hs)-
Moreover, Minkowski’s inequality implies that
lllzy sy ) <lullas, ) i A<r and ullpy g, ) <llulgyg, i r<x
3. Proof of Theorem 1.1

The main goal of this section is to give some a priori estimates and then complete
the proof of Theorem 1.1. Let us first give the basic L? estimate for the system (1.2).

PROPOSITION 3.1.  Let (u,B) be a smooth solution of the system (1.2) with (ug,By) €
L2. Then we have

t
lu(t)ll7=+ 1B +/0 V(7 Iz dr < [luol|72 + | Boll7-

Proof. Multiplying the first and second equations in (1.2) by v and B, respectively,
integrating over R? and adding up, one has

1d
5o lull2a + 1 B]3) + | Vul32 =0,
which implies the desired result by using Gronwall’s inequality. O

The next proposition describes some estimates for II and 2.

PROPOSITION 3.2.  Let (u,B) be a smooth solution of the system (1.2) with 2 e L?
and (ug,Bo) € H x H? satisfying the assumptions in Theorem 1.1. Then there holds

@) 0 <[ Tolls,  ¥2<p<6, (3.1)

and

t
12117 +/0 IVQ(T)I172 dr S 1120|752 + || Boll 2. (3-2)
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Proof.  Since II satisfies the homogeneous transport equation, the first equation

in (2.3), we can show (3.1) by standard process. Taking the L? inner product of the
second equation in (2.3) with 2, we have

1d

2

Using the incompressible condition V-4 =0, we obtain
/Q(U'VQ)dJ?:O
and
/Q(A+ %ar)de: IV 2. 727T/R|Q(t,0,z)|2dz.
Applying integration by parts and Young’s inequality, we get
- [ Q0.1 do= [ 0,018 do < 0.0 2 < I + 5 0.9
Collecting all the above estimates and (3.1), one has
S+ 19U +4r [ 10(40,2)Pd= < M. (33
Note that
IVB|*=|VB’]>+|I1]*.
Therefore, we get
Mollz2 <[|Bollmr, and [[Holzs <[[VBollLs S| Boll a2,

where we have used Sobolev embedding H!(R3) — LP(R3) (2<p<6).
Consequently, integrating (3.3) with respect to time implies

t
IIQ(t)IIQLer/0 IVA(T)I[72 d7 < [[Q0l 72 +[ITol| 7. < 10172 + [ Boll 3=t

This completes the proof of Proposition 3.2. ]
From the Biot-Savart law
1 —x)A\
u(z) = 7/ (y—z) Aw(y) .

i Jes ly—ap
we have the following lemma linking the velocity to the vorticity, which plays an im-
portant role.
LEMMA 3.1 ([2,15]). Let u be a smooth azially symmetric vector field with zero

divergence and w=w’eq be its curl. Then we have

03 0|13
[ullLee SN 1721V lI72,
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and
u” 1 1
PP AT

With Proposition 3.2 and Lemma 3.1 in hand, we immediately obtain the following
corollary.

COROLLARY 3.1. Under the assumptions of Proposition 3.2, we have

t ur 5
/ 1 () dr <22,
0 T

Proof. By using Holder’s inequality and Proposition 3.2, it is easy to obtain that
t t
u 1 1 5
J 1@l dr< sup ok [ 199l
o T 0<7<t 0

To continue, we need the following key proposition.

PROPOSITION 3.3.  Let (u,B) be a smooth solution of the system (1.2) with £ e L?
and (ug, Bo) € H* x H? satisfying the assumptions in Theorem 1.1. Then we have

1B (@)l or SIBYllrexp(CE),  V2<p< oo,

Proof.  For any 2<p < oo, multiplying the third equation in (2.2) by |B|P=2B¢,
integrating by parts and using Holder’s inequality, one has

1d, o 0 U 0 u”
GBI S [1BUP1 o S B
which implies
d 0 u”
— <N1B || ||— || oo -
S8 s SIB e 1

Applying Gronwall’s inequality and using Corollary 3.1, we get

¢ u” 5
1B° @)l <183l rexp (o / ||r<T>||Lood7)5||Bg||mexp<0t4>. (3.4)
0

Let p— oo in (3.4), we complete the proof of the proposition. d
The following proposition describes the estimate of w.

PROPOSITION 3.4.  Let (u,B) be a smooth solution of the system (1.2) with £ e L?
and (ug, Bo) € H* x H? satisfying the assumptions in Theorem 1.1. Then we have

t
lw(®)]Z- +/0 [V (7)|[Z2 dr Sexp(CtH).

Proof. Recall that in cylindrical coordinates the vorticity of the swirl-free axisym-
metric velocity is given by

w:qu:w969
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and satisfies

r 0\2
5‘tw0+UoVw97(Af%)wefu—wezfaz(B ) .
T r r

Taking the L? inner product of w? equation with w? and using the incompressible
condition V-u=0, we get

% T
0 0 w u 9
A e A e A e R e

2111 +12

1d

6\2

r (3.5)

For Iy, one has
/U/T
1] <l el 122
For I, it follows from integration by parts that

0\2
|I2|:’/(B70)82w0da:

Inserting the above estimates into (3.5) and using Proposition 3.3, it infers

B? 1 1
<||B%|| ||7||L2 10.0°)| 2 < 5”39”%00 IITT17 - +§||8zw0”2L?-

d . o2 0112 W’ o < v )12 0112 2
Sl Ize HIVelize +11=llze S = lpee lo”llze + 1B 7 [Tz
u” 5
Sz w172 + 1 By l132 exp(CE),

where we have used the Sobolev embedding H™(R3) < L>°(R3) for m > %
Hence, the Gronwall inequality and Corollary 3.1 ensure that

t t OJ9
O+ [ 19 @bt [ 120 dr

t 5 t ur
S (gl +1880 [ expicrtrarYesp (€ [ 1% (e r)

<(1+1t)exp(Ct1) <exp(Ct).

Noting
0 2 012 w? o
lollize = llw”llz2,  and  [IVwlzs = [V llza + 1=z,
we get
t 5
IIw(t)Hinr/ [Vw(7)|[72 dr Sexp(CtH).
0
This completes the proof of Proposition 3.4. O

Consequently, we have the following corollary.

COROLLARY 3.2. Under the assumptions of Proposition 3.4, we have

t
IVu(t)|22 + / IV%u(r) |22 dr S exp(CtE), (3.6)
0
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and
t 5
/ lu(r) 3 dr Sexp(CtY). (3.7)
0

Proof. By virtue of the vector identity VxV xu=—-Au+VV - u and V-u=0, we
see

Vu=V(-A)"'V xw.
Using the Calderén-Zygmund inequality yields
IVu®)||zr <C(p)llw@)lr,  ¥1<p<oo. (3.8)

In particular, taking p=2 in (3.8) and combining Proposition 3.4 lead to the desired
(3.6). Using Lemma 3.1 and Proposition 3.4, we have

t t
/0 lu(r) 2o dr < / 16 ()| 2|V ()| = i

¢ 3t
< s [0 loe [ 19 laar) ([ 10}

0<7<t 0 0
Sexp(Ctd),

which gives the desired (3.7). This ends the proof of Corollary 3.2. |
Now, let us derive the L*([0,T];Lip(R?)) estimate for w.

PROPOSITION 3.5.  Let (u,B) be a smooth solution of the system (1.2) with “® € L* and
(ug,Bo) € H' x H? satisfying the assumptions in Theorem 1.1. Then for every 3<p<6

[ 10yt [ 19t espicr),
Proof. Rewriting the equation for vorticity w =V x u, one has
Ow—Aw=-V x(u-Vu—B-VB).
Using the vector identity
(Vx f)x f=—5VIfP+ 97,
we obtain
VX (f-V)=Vx({(Vx[f)x[).
A routine computation gives rise to
V x ((V x B) x B)=—0,(I1B%y).
Thus,

Ohw —Aw=—V x (u-Vu)—0,(I1B%,). (3.9)
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Let ¢eN and wq:=Aqw. Then localizing in frequency to the vorticity Equation
(3.9) and applying Duhamel formula, we know

wy = e2w, (0) —/te(t_T)AAq (VX (u-Vu))(r)dr— /te(t_T)AAq (0.(11B%4)) (1) dr.
0 0

Thanks to the estimate, see [4],
2
1! 2 A, fllm < Ce 7 |Ay fllpm, V1<m<oo,

and using Bernstein inequality, we get
< —ct229 2q ! —c(t—7)2%9
lwgllzr Se lwg (0)[[o +27 | e 1A (u@u)()|rdT
0
t
2q
+2q/0 e~ =2 A (IBY)(7)|| 1o d.

Then integrating in time and using convolution inequalities, one has

t t
/0 g (7| o dr < 272 e (O)| o + / 1Ay (u® u)(r)| 1o dr
t
271 [ 8, (0B) (7)1
0

which implies that

t t
/ lw(m)]| 2 dr< / 1A _1w(r) o dr+ wol] s s
0 BY, 0 B?

p,1

+ [ Iwen@i are [1@BYO 5 ar

p,1

We take 3<p<6. For the first term of the r.h.s, we get from Bernstein inequality
and Proposition 3.4 that

t
5
[ 1A st s dr St qoaszn oy Sexp(CH),
0
For the second term of the r.h.s, using Besov embedding implies

lwoll 32 Sl 3 2 Slluoll 3 S Nl

1
2
p,1 p,1 2,

Applying Besov embedding, law products and interpolation inequality, we have

< < Jlul| pos

IIU®UHB§1NIIU®UIIB§ Sl zee flul :

Sllullelluflz +lullpe[[Vull 4
B2,1

1 1
Slull e llull 2 + [l oo | Vel 22 [ V20l 7.2,
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which, together with Corollary 3.2, implies

lu@ul] s
LM (041, (B))

St2 |l 2 g0, o))l oo 10,022
1l g0 oy 1V o020 1V oy
2 [l 2 0,051 roy) [l L= (fo,03522 ()
+t%||UI|L2([0¢]§L°°(R3))||Vu||%°°([0,t];L2(R3))”VQ’U”%?([O,t];LQ(]W))
<exp(CtH).
We use the embedding LP <—>B§ ;1 for p> 3,

BN s SITB e S 1Bl oe T 2o

p,1

which gives for 3<p<6
t t .
[ B @ s drSolen [ 1B ()]l dr S texp(Ct?).
0 o 0
Hence, we have

t
[ 1@y argesicr?)
0 B;l

3

341
And then using the Besov embedding B;’I — W implies

t t t
J19u@ N drs [l sdrs [l arses(ced.
0 0 By 0 By

This concludes the proof. 0
We give the following crucial proposition for VB.
PROPOSITION 3.6.  Let (u,B) be a smooth solution of the system (1.2) with “2 € L?
and (ug,Bo) € H x H? satisfying the assumptions in Theorem 1.1. Then there holds
IVB®)l sexp(Cexp(Ct)),  v2<p<s.

Proof. We first write the second equation in (1.2) as

uT’

OB+u-VB=—B. (3.10)
T
Applying the operator V to (3.10), it infers
u” B 1
VB+Vu-VB+u-VVB— TVB - VUT?GQ - (V;)uTB =0.

A direct computation gives

1 1 B
(V;)uTB = fﬁeruTB = fr—zurer Reg.
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This yields to
u” B u”
VB+Vu-VB4+u-VVB— 7VB— V’U,T?eg + 7H€r®69 =0. (3.11)

For 2<p<6, multiplying the Equation (3.11) by |[VB[P~2V B and integrating by
parts, we deduce

1d u”
~—|VB|F, < oo+ —|lz= | IVB]|%
1B < (196l + 1 o= ) IVBIE,

- u” -
(190 o 4 1 e ) I [ B
Thus,
d u” u”
G108l < (19ulliw + 1 o ) IV B I+ (190l + 1 o ) 110

Applying Gronwall’s inequality implies
t u”
190l = (I Bollo-+ 1Mol | (IFu(r) o= + 1= ()=

t u”
xexp [ (190l +1 (0o ) ar
0
<exp (Cexp(Ct%)) )

where we have used Proposition 3.2, Corollary 3.1, Proposition 3.5 and the Sobolev
embedding H'(R?) < L5(R?). This achieves the proof of Proposition 3.6. 0

Next, performing the prior H? estimate for B, we first show the following two
propositions.

PROPOSITION 3.7.  Let (u,B) be a smooth solution of the system (1.2) with “2 € L?
and (ug,Bo) € H' x H? satisfying the assumptions in Theorem 1.1. Then there holds

[VII(#)]| L2 S exp (C’exp(Ct%)) )
Proof. Applying the operator V to the equation of IT in (2.3), one has
OVII+Vu-VII4+u-VVII=0.

Taking the L? inner product with VII, we obtain from Hélder’s inequality that

1d
5%||VH||12 :—/vu.vn.vndazg V|| oo || VTT|[25.

Thus, using Gronwall’s inequality implies

t
IVIL(E)]| 2 < [[VTTo | 2 exp/ IVu(r) = d7 S |1 Byl 2 exp (Cexp(CtY))
0

and then the proof of Proposition 3.7 is completed. ]
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Before proving the next proposition, we recall the following estimate for the heat
equation

—Af=F, (t Rt xR3
8tf f ) ( ,1’)6 X ) (312)
flt:():fO-
LEMMA 3.2 ([7]). Lett>0, s€R and 1< p,p,r <oo. Assume that fo€ B o and F'e
2 a1 2
L([0,1]; B +”). Then the Equation (3.12) has a unique solution fEL”([O,t];Bp,J;")ﬂ
L>=([0,t]; B; .) and the following estimate holds for all py € [p,+0c],
1 0 oo SC (ol +IFL ey ).
o1 (0.4 By 7Y B (08,7

PROPOSITION 3.8. Let e€(0,1), (u,B) be a smooth solution of the system (1.2) with
=0 € L? and (ug,Bo) € H' x H? satisfying the assumptions in Theorem 1.1. Then one
has

/0’5 IVu(T)| gz dT Sexp (Cexp(Ct%)) .
Proof. Note that the equation of vorticity
Ohw —Aw=—V x (u-Vu)—0,(11B%,),
we obtain from Lemma 3.2 and Remark 2.2 that
1ol 21 go.41. 222 3y S Nlwoll 2 + 1V x (- V) || L1 o 11:2 sy + 182 (LB | 1 10,1; 2 (k9 ) -
Using Lemma 2.3, one has
IV x (u- V)l 2y < llu- Vull g S lull e [[Vull g+ Jull g [ V| 2o

and

0. (ILB?)|| 2Ry < || BY0.11|| p2 rey + [|T10. B || 12 (o)
<[|B? || oo ey VI | L2 qray + ||| Lo qre) [V BY || La ().

Thus, we get

I llZ1 0,07:r2 sy S Nlwoll 2 + Nl L2 po, ;00 o) IVl L2 0,111 ()
] oo 0,015 o) Vel 22 0,015 () + 1 B[] e 0,012 (o) [ VIT Lo (0,012 )
5
+ || ol 2+ VB | oo (jo,11; 24 (r3)) S €xp (OGXP(Ct4 )) :

Thanks to Remark 2.2 and Proposition 3.4, one can see that

HWHLl(Ot] JH2— 6(]R3))N||W||L1 |:H?2 RS))N/ llw(r HLQdT‘F”W”Ll ([0,t]; E12 (R3))

§exp(Ct%) +exp (C’exp(Ctﬂ) <exp (C’exp(C’tZ)) ,
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which gives

t t
/||vu(T)||H2_edT§/ ||w(T)||Hz—edT§eXp(Cexp(cti)).
0 0

This ends the proof of the proposition. ]
To this end, we give the H? estimate of B.

PROPOSITION 3.9.  Let (u,B) be a smooth solution of the system (1.2) with <2 e L?
and (ug,Bo) € H* x H? satisfying the assumptions in Theorem 1.1. Then one has, for
any t>0,

IV2B(®)|132 < eXp{Cexp (Cexp(Ct%)) } :
Proof. Applying the operator V2 to the equation of BY in (2.2) leads to
8V2BY +u 0, V2B +u*9. V2B = (L v2B? +2v L vBY + 11 v2 L)
r T T
—(V2u"9, B +V*u*9, B’ +2Vu"0,V B® +2Vu*d,VBY).

Taking the L? inner product with V2B? we obtain from the incompressible condi-
tion V-u=0 that

Td onoe _ [(W o2pe [p—— 2U” 2o
571V B ||L27/(TVB +2V—VB’ +1rV?—) V2B dx

- / (V2" 9, B® +V?u*0.B% +2Vu"0, VB’ + 2Vu*0.VB?) - V> B’ dx
::J1+J2.

In the following, we estimate J; term by term. For Ji, thanks to Holder’s inequality
and the Sobolev inequality, we get

u” u” u”
IS I e V2 BO e + 1V [ [V Bl 2o [V2 B[z + 1T 2o V2 [ 2]V B 2
SUVullpe + 1Vl ) IV B2 + 1Vl 3 [T
Thanks to Holder’s inequality and the Sobolev inequality || f||zs < ||V f]lL2, we obtain
| 2| SIIV2ull 2 | VB || 6| V2 BY|| 12 + | V]| oo [| V2 B |72
SIVull = +IV2ull , ) V2 B[
Putting together the above estimates, we get

d
S IV B 1L S (IVull o + [ Vull, IV B (72 + 1V ul g [T e,

and combining Proposition 3.5, Proposition 3.8 and Gronwall’s inequality, we deduce
t
192 0l % (IV B3+ Mol | 19(r)] 5 )

<o (€ [ Ut +1Vu(r) )

,Sexp{CeXp (C’exp(Ct%) } )
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This completes the proof of Proposition 3.9. ]

Proof. (Proof of Theorem 1.1.) With the Corollary 3.2, Proposition 3.5, Propo-

sition 3.8 and Proposition 3.9, by taking advantage of the local existence and uniqueness
result, that is, Lemma 2.1, we complete the proof of Theorem 1.1. 0
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