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BLOW-UP TIME OF STRONG SOLUTIONS TO A BIOLOGICAL
NETWORK FORMATION MODEL IN HIGH SPACE DIMENSIONS∗

XIANGSHENG XU†

Abstract. We investigate the possible blow-up of strong solutions to a biological network formation
model originally introduced by [D. Cai and D. Hu, Phys. Rev. Lett., 111:138701, 2013]. The model
is represented by an initial and boundary value problem for an elliptic-parabolic system with cubic
nonlinearity. We obtain an algebraic equation for the possible blow-up time of strong solutions. The
equation yields information on how various given data may contribute to the blow-up of solutions. As
a by-product of our development, we establish a W 1,q estimate for solutions to an elliptic equation
which shows the explicit dependence of the upper bound on the elliptic coefficients.
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1. Introduction
Let Ω be a bounded domain in RN with C1,1 boundary ∂Ω and T a positive number.

Set ΩT =Ω×(0,T ). We study the possible blow-up of strong solutions to the system

−div[(I+m⊗m)∇p]=S(x) in ΩT , (1.1)

∂tm−D2∆m+ |m|2(γ−1)m=E2(m ·∇p)∇p in ΩT , (1.2)

coupled with the initial and boundary conditions

p(x,t)=0, m(x,t)=0, (x,t)∈ΣT ≡∂Ω×(0,T ), (1.3)

m(x,0)=m0(x), x∈Ω (1.4)

for given functions S(x),m0(x) and physical parameters D,E,γ with properties:

(H1) m0(x)∈
(
W 1,∞

0 (Ω)
)N

, N ≥3, S(x)∈L
4qN

N+4q (Ω) for some q>1+ N
2 ; and

(H2) D,E∈ (0,∞),γ∈ ( 12 ,∞).

This system was originally derived in ([13, 14]) as the formal gradient flow of the con-
tinuous version of a cost functional describing formation of biological transportation
networks on discrete graphs. In this context, the scalar function p=p(x,t) is the pres-
sure due to Darcy’s law, while the vector-valued function m=m(x,t) is the conductance
vector. The function S(x) is the time-independent source term. More detailed informa-
tion on the biological relevance of the problem can be found in [1, 2, 9, 11].

We are interested in the mathematical analysis of the problem.
A pair (m,p) is said to be a weak solution to (1.1)-(1.4) if the following conditions

(D1)-(D3) hold.

(D1) We have

m∈L∞
(
0,T ;

(
W 1,2

0 (Ω)∩L2γ(Ω)
)N)

, ∂tm∈
(
L2(ΩT )

)N
,

p∈L∞(0,T ;W 1,2
0 (Ω)), and (m ·∇p)∈L∞(0,T ;L2(Ω));

∗Received: September 27, 2021; Accepted (in revised form): February 12, 2022. Communicated by
Peter Markowich.

†Department of Mathematics and Statistics, Mississippi State University, Mississippi State, MS
39762, USA (xxu@math.msstate.edu).

2029

mailto:xxu@math.msstate.edu


2030 A BIOLOGICAL NETWORK FORMATION MODEL

(D2) m(x,0)=m0 in C
(
[0,T ];

(
L2(Ω)

)N)
;

(D3) Equations (1.1) and (1.2) are satisfied in the sense of distributions.
The existence of a weak solution was first established in [10]. It was based upon the
following a priori estimates

1

2

∫
Ω

|m(x,τ)|2dx+D2

∫
Ωτ

|∇m|2dxdt+E2

∫
Ωτ

(m ·∇p)2dxdt

+

∫
Ωτ

|m|2γdxdt+2E2

∫
Ωτ

|∇p|2dxdτ

=
1

2

∫
Ω

|m0|2dx+2E2

∫
Ωτ

S(x)pdxdt, (1.5)

∫
Ωτ

|∂tm|2dxdt+D2

2

∫
Ω

|∇m(x,τ)|2dx+ E2

2

∫
Ω

(m ·∇p)2dx

+
E2

2

∫
Ω

|∇p|2dx+ 1

2γ

∫
Ω

|m|2γdx

=
D2

2

∫
Ω

|∇m0|2dx+
E2

2

∫
Ω

(m0 ·∇p0)
2dx+

1

2γ

∫
Ω

|m0|2γdx

+
E2

2

∫
Ω

|∇p0|2dx, (1.6)

where τ ∈ (0,T ],Ωτ =Ω×(0,τ), and p0 is the solution of the boundary value problem

−div[(I+m0⊗m0)∇p0]=S(x), in Ω, (1.7)

p0=0 on ∂Ω. (1.8)

The preceding equations are due to the fact that our system can be viewed as a (formal)
L2(Ω) constrained gradient flow and the energy associated with it is nonincreasing
[10,11].

Partial regularity of weak solutions was addressed in [17,21] for N ≤3. If the space
dimension is 2, a classical solution was obtained in [23] for the stationary case and
in [20] for the time-dependent case. Finite time extinction or break-down of solutions
in the spatially one-dimensional setting for certain ranges of the relaxation exponent
γ was carefully studied in [11]. Further modeling analysis and numerical results can
be found in [1, 9]. We also mention that the question of existence in the case where
γ= 1

2 is addressed in [11]. In this case, the term |m|2(γ−1)m is not continuous at
m=0. Nevertheless, the general regularity theory remains fundamentally incomplete.
In particular, it is not known whether or not weak solutions develop singularities in
high space dimensions N ≥3 even though a blow-up criterion was obtained in [16] when
Ω=R3.

A strong solution is a weak solution with the additional property

(D4) m is Hölder continuous in ΩT .
Obviously, Equation (1.1) becomes uniformly elliptic under (D4). More importantly,
under (D4) and the assumption

(H3) ∂Ω is C1,1,

the result in ([19], p.82) becomes applicable. That is, for each s>1 there is a positive
number c determined by N,s,Ω, and the Hölder continuity of m such that

∥∇p∥s,Ω≤ c∥S∥ sN
s+N ,Ω. (1.9)
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This, in turn, will further improve the regularity of (m,p). In fact, one can easily infer
from the results in [4, 15] that the system (1.1)-(1.2) is satisfied a.e on ΩT . See [21] for
details.

Our main result is:

Theorem 1.1. Let (H1)-(H3) be satisfied. Then there is a positive number Tmax such
that problem (1.1)-(1.4) has a strong solution in ΩT for each T <Tmax. The number
Tmax is the unique solution of Equation (4.10) below.

By carefully examining its proof, we can reformulate (4.10) in the form(
7∑

i=1

T ai
max∥S∥

bi
4qN

N+4q ,Ω
∥∇m0∥ci∞,Ω

)s 19∑
i=8

T ai
max∥S∥

bi
4qN

N+4q ,Ω
∥∇m0∥ci∞,Ω=d0, (1.10)

where all the exponents s>0,ai>0,bi≥0,ci≥0, i=1,·· · ,19, are determined by N,q,γ
only, while d0>0 also depends on Ω and the physical parameters D,E in the problem in
addition to N,q,γ. The left-hand side of (1.10) as a function of Tmax strictly increases
from 0 to ∞ as Tmax goes from 0 to ∞. Thus, (1.10) has a unique solution.

The local existence of a strong solution was already obtained in Theorem 1.7 of [21].
The novelty here is the explicit dependence of Tmax on the given data. Obviously, the
smaller ∥S∥ 4qN

N+4q ,Ω
and ∥∇m0∥∞,Ω are, the longer the life span of our strong solution

is. We must point out that the theorem does not say if the blow-up does occur at Tmax.
Thus, Tmax only serves as a lower bound for the blow-up time if it exists.

To describe the mathematical difficulty involved in our problem, first notice the
term (m ·∇p)∇p in (1.2) represents a cubic nonlinearity. This type of nonlinearity is
still not well-studied in the literature. Second, the elliptic coefficients in (1.1) satisfy

|ξ|2≤ (I+m⊗m)ξ ·ξ≤ (1+ |m|2)|ξ|2 for all ξ∈RN . (1.11)

Hence, Equation (1.1) is singular unless m is bounded, which is not known a priori.
However, existing regularity results for degenerate and/or singular elliptic equations
[12] often require that the largest eigenvalue λl and the smallest eigenvalue λs of the
coefficient matrix satisfy

λl≤ cλs and

∫
Br(y)

λsdx

∫
Br(y)

dx
1

λs
dx≤ cr2N for each ball Br(y)⊂Ω.

Here and in what follows the letter c denotes a generic positive number. Thus our
problem does not fit into the classical framework.

To gain some insights into our problem, we take a look at the one-dimensional case

−[
(
1+m2

)
px]x=S(x) in (0,1)×(0,∞), (1.12)

mt−D2mxx+ |m|2(γ−1)m=E2mp2x in (0,1)×(0,∞), (1.13)

p(0,t)=p(1,t)=0 on (0,∞), (1.14)

m(0,t)=m(1,t)=0 on (0,∞), (1.15)

m(x,0)=m0(x) on (0,1). (1.16)

According to Rolle’s theorem, for each t∈ (0,∞) there is an x∗(t)∈ (0,1) such that

px(x
∗(t),t)=0.
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For x∈ (0,1) we integrate (1.12) over (x∗(t),x) to derive

px=− 1

1+m2

∫ x

x∗(t)

S(y)dy. (1.17)

Subsequently,

∥px∥∞≤∥S∥1.

Substitute (1.17) into (1.13) to obtain

mt−D2mxx+ |m|2(γ−1)m=
E2m

(1+m2)2

(∫ x

x∗(t)

S(y)dy

)2

.

We multiply through the above equation by mt and integrate to obtain∫ 1

0

m2
tdx+

D2

2

d

dt

∫ 1

0

m2
xdx+

1

2γ

d

dt

∫ 1

0

m2γdx

=E2

∫ 1

0

mmt

(1+m2)2

(∫ x

x∗(t)

S(y)dy

)2

dx

≤E2∥S∥21
∫ 1

0

m2

(1+m2)2
dx.

This implies that blow-up in m does not occur. The key here is (1.17), which is not
available in high space dimensions. To seek a substitute, we have developed the following
theorem which seems to be of interest in its own right.

Theorem 1.2. Assume that (H3) holds,

w∈
(
W 1,ℓ(Ω)

)N
for some ℓ>N , and S(x)∈L

Nq
N+q (Ω) for some q> N

N−1 . (1.18)

Let p be the solution of the boundary value problem

−div[(I+w(x)⊗w(x))∇p]=S(x) in Ω, (1.19)

p=0 on ∂Ω. (1.20)

Then there is a positive number c=(N,Ω,q,ℓ) such that

∥∇p∥q,Ω≤ c
(
1+∥w∥(W 1,ℓ(Ω))N

)s1 (
∥∇p∥1,Ω+∥S∥ Nq

N+q ,Ω

)
, (1.21)

where s1=
5N(2ℓ−N+Nℓ)(Nq−N)

q(ℓ−N) .

The advantage of this theorem over the classical result (1.9) is that it gives the
explicit dependence of the upper bound on the coefficient matrix. This is very crucial
to our applications.

Condition on q in (1.18) is to ensure that Nq
N+q >1. When N =2, a version of

(1.21) was obtained in [20] by deriving an equation for the term (I+w⊗w)∇p ·∇p.
Unfortunately, this technique only works forN =2. Our approach here is largely inspired
by the papers [3, 4, 6].
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The rest of the paper is organized as follows. A refinement of a classical uniform
bound for solutions to a linear parabolic equation is given in Section 2. The proof of
Theorem 1.2 is presented in Section 3. Our main theorem is established in Section 4.

Finally, we remark that unless stated otherwise, our generic constant c depends
only on N,q,Ω and the three physical parameters D,E,γ in the problem. In particular,
it does not depend on T,m0(x), or S(x). The following two inequalities are frequently
used without acknowledgment:

(a+b)α≤aα+bα for a≥0,b≥0,α∈ (0,1),

(a+b)α≤2α−1 (aα+bα) for a≥0,b≥0,α≥1.

2. Preliminary results
In this section, we collect a few relevant known results. The first lemma contains

some elementary inequalities whose proof can be found in ([18], p. 146-148).

Lemma 2.1. Let x,y be any two vectors in RN . Then:

(i) For γ≥1, ((
|x|2γ−2x−|y|2γ−2y

)
·(x−y)

)
≥ 1

22γ−1
|x−y|2γ ;

(ii) For 1
2 <γ≤1,

(|x|+ |y|)2−2γ ((|x|2γ−2x−|y|2γ−2y
)
·(x−y)

)
≥ (2γ−1)|x−y|2.

The next lemma plays a central role in our main result.

Lemma 2.2. Let h(τ) be a continuous non-negative function defined on [0,T0] for
some T0>0. Suppose that there exist three positive numbers ε,δ,b such that

h(τ)≤εh1+δ(τ)+b for each τ ∈ [0,T0].

Then

h(τ)≤ 1

[ε(1+δ)]
1
δ

≡h0 for each τ ∈ [0,T0]

whenever

ε≤ δδ

(b+δ)δ(1+δ)1+δ
and h(0)≤h0.

We will use the proof of this lemma given in [22].
The following lemma can be found in ([5], p.12).

Lemma 2.3. Let {yn},n=0,1,2,·· ·, be a sequence of positive numbers satisfying the
recursive inequalities

yn+1≤ cbny1+α
n for some b>1,c,α∈ (0,∞).

If

y0≤ c−
1
α b−

1
α2 ,

then limn→∞yn=0.
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Lemma 2.4. Let u0∈L∞(Ω) and g,f, |g|2∈Lq(ΩT ) for some

q>1+
N

2
. (2.1)

Assume that u is a sub-solution of the problem

∂tu−D2∆u=gu+f+divg in ΩT , (2.2)

u=0 on ΣT , (2.3)

u=u0 on Ω. (2.4)

Then there exists a positive number c= c(D,N,Ω,q) such that

sup
ΩT

u≤2sup
Ω

u0+c

(
∥g∥

(q−1)s0
2q

q,ΩT
+1

)
∥u+∥ 2q

q−1 ,ΩT
+∥f∥q,ΩT

T
1

2s0 +∥g∥2q,ΩT
, (2.5)

where

s0=
q(N+2)

2q−N−2
. (2.6)

This lemma is essentially known. The interest here lies in the fact that it gives the
precise dependence of the uniform upper bound on T and the given functions. This is
very important to our late development.

Proof. The proof is based upon the De Giorgi iteration scheme. Let

k≥2sup
Ω

u0 (2.7)

be selected as below. Define

kn=k− k

2n+1
, n=0,1,2,·· · .

Use (u−kn+1)
+ as a test function in (2.2) and use the fact that (u−kn+1)

+|t=0=0 to
get

1

2
sup

0≤t≤T

∫
Ω

[
(u−kn+1)

+
]2
dx+D2

∫
ΩT

∣∣∇(u−kn+1)
+
∣∣2dxdt

≤2

∫
ΩT

gu(u−kn+1)
+dxdt+2

∫
ΩT

f(u−kn+1)
+dxdt−2

∫
ΩT

g ·∇(u−kn+1)
+dxdt.(2.8)

Set

Qn={(x,t)∈ΩT :u(x,t)≥kn}.

Then we easily see from Young’s inequality ([8], p.145) that∣∣∣∣∫
ΩT

g ·∇(u−kn+1)
+dxdt

∣∣∣∣≤ε

∫
ΩT

∣∣∇(u−kn+1)
+
∣∣2dxdt+ c

ε
∥g∥22,Qn+1

, ε>0. (2.9)

By Hölder’s inequality,∣∣∣∣∫
ΩT

f(u−kn+1)
+dxdt

∣∣∣∣≤∥f∥ 2(N+2)
N+4 ,Qn+1

∥(u−kn+1)
+∥ 2(N+2)

N ,ΩT
. (2.10)
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Note that [
(u−kn)

+
]2≥ (u−kn)

+(u−kn+1)
+

≥u

(
1− kn

kn+1

)
(u−kn+1)

+

≥ 1

2n+2
u(u−kn+1)

+.

Consequently, ∣∣∣∣∫
ΩT

gu(u−kn+1)
+dxdt

∣∣∣∣≤2n+2

∫
ΩT

|g|
[
(u−kn)

+
]2
dxdt

≤2n+2∥g∥q,ΩT
y

q−1
q

n , (2.11)

where

yn=

∫
ΩT

[
(u−kn)

+
] 2q

q−1 dxdt.

Substitute (2.9), (2.10), and (2.11) into (2.8) and choose ε suitably small in the resulting
inequality to derive

sup
0≤t≤T

∫
Ω

[
(u−kn+1)

+
]2
dx+

∫
ΩT

∣∣∇(u−kn+1)
+
∣∣2dxdt

≤ c2n∥g∥q,ΩT
y

q−1
q

n +c∥f∥ 2(N+2)
N+4 ,Qn+1

∥(u−kn+1)
+∥ 2(N+2)

N ,ΩT
+c∥g∥22,Qn+1

.

It follows from Poincaré’s inequality that∫
ΩT

[
(u−kn+1)

+
]2+ 4

N dxdt

≤
∫ T

0

(∫
Ω

[
(u−kn+1)

+
]2
dx

) 2
N
(∫

Ω

[
(u−kn+1)

+
] 2N

N−2 dx

)N−2
N

dt

≤ c

(
sup

0≤t≤T

∫
Ω

[
(u−kn+1)

+
]2
dx

) 2
N
∫
ΩT

∣∣∇(u−kn+1)
+
∣∣2dxdt

≤ c

(
2n∥g∥q,ΩT

y
q−1
q

n +∥f∥ 2(N+2)
N+4 ,Qn+1

∥(u−kn+1)
+∥ 2(N+2)

N ,ΩT
+∥g∥22,Qn+1

)N+2
N

≤ c2
n(N+2)

N ∥g∥
N+2
N

q,ΩT
y

(q−1)(N+2)
qN

n +c∥f∥
N+2
N

2(N+2)
N+4 ,Qn+1

∥(u−kn+1)
+∥

N+2
N

2(N+2)
N ,ΩT

+c∥g∥
2(N+2)

N

2,Qn+1

≤ε

∫
ΩT

[
(u−kn+1)

+
]2+ 4

N dxdt+
c

ε
∥f∥

2(N+2)
N

2(N+2)
N+4 ,Qn+1

+c∥g∥
2(N+2)

N

2,Qn+1

+c2
n(N+2)

N ∥g∥
N+2
N

q,ΩT
y

(q−1)(N+2)
qN

n , ε>0.

Consequently,∫
ΩT

[
(u−kn+1)

+
]2+ 4

N dxdt≤ c2
n(N+2)

N ∥g∥
N+2
N

q,ΩT
y

(q−1)(N+2)
qN

n

+c∥f∥
2(N+2)

N
2(N+2)
N+4 ,Qn+1

+c∥g∥
2(N+2)

N

2,Qn+1
. (2.12)



2036 A BIOLOGICAL NETWORK FORMATION MODEL

The last two terms in the above inequality can be estimated as follows:

∥f∥
2(N+2)

N
2(N+2)
N+4 ,Qn+1

=

(∫
Qn+1

|f |
2(N+2)
N+4 dxdt

)N+4
N

≤∥f∥
2(N+2)

N

q,ΩT
|Qn+1|

N+4
N − 2(N+2)

Nq ,

∥g∥
2(N+2)

N

2,Qn+1
≤∥g∥

2(N+2)
N

2q,ΩT
|Qn+1|

N+2
N −N+2

Nq .

Use this in (2.12) to obtain∫
ΩT

[
(u−kn+1)

+
]2+ 4

N dxdt≤ c2
n(N+2)

N ∥g∥
N+2
N

q,ΩT
y

(q−1)(N+2)
qN

n +c∥f∥
2(N+2)

N

q,ΩT
|Qn+1|

N+4
N − 2(N+2)

Nq

+c∥g∥
2(N+2)

N

2q,ΩT
|Qn+1|

N+2
N −N+2

Nq . (2.13)

By (2.1),

q

q−1
<

N+2

N
.

This, together with (2.13), implies

yn+1=

∫
ΩT

[
(u−kn+1)

+
] 2q

q−1 dxdt

≤
(∫

ΩT

[
(u−kn+1)

+
]2+ 4

N dxdt

) qN
(q−1)(N+2)

|Qn+1|1−
qN

(q−1)(N+2)

≤ c2
qn
q−1 ∥g∥

q
q−1

q,ΩT
yn |Qn+1|1−

qN
(q−1)(N+2)

+c∥f∥
2q

q−1

q,ΩT
|Qn+1|

(N+4)q−2(N+2)
(q−1)(N+2)

+1− qN
(q−1)(N+2)

+c∥g∥
2q

q−1

2q,ΩT
|Qn+1|

(N+2)q−N−2
(q−1)(N+2)

+1− qN
(q−1)(N+2)

= c2
qn
q−1 ∥g∥

q
q−1

q,ΩT
yn |Qn+1|α+c∥f∥

2q
q−1

q,ΩT
|Qn+1|1+2α

+c∥g∥
2q

q−1

2q,ΩT
|Qn+1|1+α

, (2.14)

where

α=
2q−N−2

(q−1)(N+2)
=

q

(q−1)s0
>0. (2.15)

We easily see that

yn≥
∫
Qn+1

(kn+1−kn)
2q

q−1 dxdt=
k

2q
q−1

2
2q(n+2)

q−1

|Qn+1| .

Therefore,

|Qn+1|α≤
2

2q(n+2)α
q−1

k
2qα
q−1

yαn ,

|Qn+1|1+α≤ 2
2q(n+2)(1+α)

q−1

k
2q(1+α)

q−1

y1+α
n ,

|Qn+1|1+2α≤|Qn+1|1+α |ΩT |α≤
2

2q(n+2)
q−1 (1+α)

k
2q

q−1 (1+α)
|ΩT |αy1+α

n .
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Collecting the preceding three estimates in (2.14) to get

yn+1≤
c2

(2α+1)qn
q−1 ∥g∥

q
q−1

q,ΩT

k
2qα
q−1

y1+α
n

+

c2
2(α+1)qn

q−1

(
∥f∥

2q
q−1

q,ΩT
Tα+∥g∥

2q
q−1

2q,ΩT

)
k

2q
q−1 (1+α)

y1+α
n . (2.16)

We choose k so large that

∥f∥
2q

q−1

q,ΩT
Tα+∥g∥

2q
q−1

2q,ΩT

k
2q

q−1

≤1. (2.17)

Use this in (2.16) to get

yn+1≤
c2

2(α+1)qn
q−1

(
∥g∥

q
q−1

q,ΩT
+1
)

k
2qα
q−1

y1+α
n .

According to Lemma 2.3, if we further require k to satisfy

y0≤ c

 k
2qα
q−1

c
(
∥g∥

q
q−1

q,ΩT
+1
)


1
α

,

then

sup
ΩT

u≤k. (2.18)

In view of (2.17) and (2.7), it is enough for us to take

k=2sup
Ω

u0+c
(
∥g∥

1
2α

q,ΩT
+1
)
y

q−1
2q

0 +∥f∥q,ΩT
T

1
2s0 +∥g∥2q,ΩT

.

Note that

y
q−1
2q

0 ≤
(∫

ΩT

(
u+
) 2q

q−1

) q−1
2q

=∥u+∥ 2q
q−1 ,ΩT

.

This, combined with (2.18) and (2.15), gives (2.5). The proof is complete.

If

sup
ΩT

u=∥u∥∞,ΩT
,

we can apply the interpolation inequality ([8],p.146) to obtain

∥u+∥ 2q
q−1 ,ΩT

≤∥u∥ 2q
q−1 ,ΩT

≤ε∥u∥∞,ΩT
+

1

ε
q+1
q−1

∥u∥1,ΩT
, ε>0.
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Plug this into (2.5) to get

∥u∥∞,ΩT
≤ c
(
∥g∥

1
2α

q,ΩT
+1
)(

ε∥u∥∞,ΩT
+

1

ε
q+1
q−1

∥u∥1,ΩT

)
+2sup

Ω
u0+∥f∥q,ΩT

T
1

2s0 +∥g∥2q,ΩT
.

Take ε so that the coefficient of the term ∥u∥∞,ΩT
on the right-hand side of the above

inequality

c
(
∥g∥

1
2α

q,ΩT
+1
)
ε=

1

2

to drive

∥u∥∞,ΩT
≤4sup

Ω
u0+c

(
∥g∥s0q,ΩT

+1
)
∥u∥1,ΩT

+2∥f∥q,ΩT
T

1
2s0 +2∥g∥2q,ΩT

. (2.19)

Here we have used (2.15).

Lemma 2.5. Assume that (H3) holds. Let u be the solution of the problem

∂tu−D2∆u=f in ΩT ,

u=0 on ΣT ,

u=u0 on Ω,

where

u0∈W 1,∞
0 (Ω), f ∈L2q(ΩT ) for some q>1+ N

2 .

Then there is a positive number c= c(Ω,N,q) such that

∥∇u∥∞,ΩT
≤ c∥∇u0∥∞,Ω+c∥f∥2q,ΩT

. (2.20)

This lemma is known. In fact, it is not difficult for us to see (2.20). Indeed, uxi

satisfies (2.2) with f being replaced by fxi
and g, g being 0. A full proof can be inferred

from Proposition 2.3 in [22].

3. W 1,q estimates for elliptic equations
Before we prove Theorem 1.2, we recall some results from [3].

Definition 3.1. A function k(x) on RN \{0} is called a Calderón-Zygmund kernel
(in short, C-Z kernel) if:

(i) k∈C∞(RN \{0});
(ii) k(x) is homogeneous of degree −N , i.e., k(tx)= t−Nk(x);

(iii)
∫
∂B1(0)

k(x)dHN−1=0.

The most fundamental result concerning C-Z kernels [3] is the following:

Lemma 3.1. Given a C-Z kernel k(x), we define

Kεf(x)=

∫
RN\Bε(x)

k(x−y)f(y)dy for ε>0 and f ∈Lq(RN ) with q∈ (1,∞).

Then:
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(CZ1) For each f ∈Lq(RN ) there exists a function Kf ∈Lq(RN ) such that

lim
ε→0

∥Kεf−Kf∥q,RN =0.

In this case we use the notation

Kf(x)=P.V.k∗f(x)=P.V.

∫
RN

k(x−y)f(y)dy.

(CZ2) K is a bounded operator on Lq(RN ). More precisely, we have

∥Kf∥q,RN ≤ c

(∫
∂B1(0)

k2(x)dHN−1

) 1
2

∥f∥q,RN ,

where the positive number c depends only on N,q.

We are ready to prove Theorem 1.2.

Proof. (Proof of Theorem 1.2.) As in [3,6], the proof comprises a local interior
estimate and a boundary estimate. To establish the former, we fix x0∈Ω. Let 0<δ<r
with Br(x0)⊂Ω. Pick a smooth cutoff function ξ∈C∞

0 (RN ) such that

ξ=1 on Bδ(x0),

ξ=0 outside Br(x0),

0≤ ξ≤1 on Br(x0),

|∇ξ|≤ c

r−δ
on Br(x0).

Set

u=pξ.

We can easily verify that u satisfies the equation

−div[(I+w(x)⊗w(x))∇u]=−div[p(I+w(x)⊗w(x))∇ξ]+F in RN ,

where

F = ξS(x)−∇ξ(I+w(x)⊗w(x))∇p.

Set

A(x0)= I+
∫
−

Br(x0)
w(x)dx⊗

∫
−

Br(x0)
w(x)dx.

Then we can write the above equation in the form

−div[A(x0)∇u(x)]

=div

[
((w(x)−

∫
−

Br(x0)
w(x)dx) ·∇u(x))w(x)

]
+div

[
(
∫
−

Br(x0)
w(x)dx ·∇u(x))(w(x)−

∫
−

Br(x0)
w(x)dx)

]
−div[p(x)(I+w(x)⊗w(x))∇ξ(x)]+F (x).
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Recall that the fundamental solution of the equation −div[A(x0)∇v(x)]=0 is given by

Γ(x0,x)=
1

(N−2)ωN

√
detA(x0)

 N∑
i,j=1

Aij(x0)xixj


2−N

2

,

where Aij(x0) is the co-factor of the entry that lies in the ith row and the jth column
in the matrix A(x0) and ωN is the surface area of the unit sphere. Then we have the
frequently used representation formula

u(y)=−
∫
Br(x0)

Γ(x0,x−y)div[A(x0)∇u(x)]dx (3.1)

whenever u is compactly supported in Br(x0). We can easily verify that

∂2

∂xi∂xj
Γ(x0,x), i,j=1, ·· · ,N,

are C-Z kernels [3, 6]. Our key observation is the following:

Lemma 3.2. There is a positive number c= c(N) such that

∣∣∣∣∂2Γ(x0,x)

∂xi∂xj

∣∣∣∣≤ c

(
1+

∣∣∣∣ ∫−
Br(x0)

w(x)dx

∣∣∣∣2
) 5N−2

2

≤ c(1+∥w∥∞,Ω)
5N−2 for x∈∂B1(0).

Proof. Obviously,

|y|2≤
(
I+

∫
−

Br(x0)
w(x)dx⊗

∫
−

Br(x0)
w(x)dx

)
y ·y

≤

(
1+

∣∣∣∣ ∫−
Br(x0)

w(x)dx

∣∣∣∣2
)
|y|2 for all y∈RN .

This implies

the largest eigenvalue of A(x0)≤1+

∣∣∣∣ ∫−
Br(x0)

w(x)dx

∣∣∣∣2 , (3.2)

the smallest eigenvalue of A(x0)≥1. (3.3)

Hence,

detA(x0)=the product of the eigenvalues, counted with multiplicity

∈

1,

(
1+

∣∣∣∣ ∫−
Br(x0)

w(x)dx

∣∣∣∣2
)N
 . (3.4)
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We calculate

∂xk
Γ(x0,x)=−

∑N
i=1(Aik(x0)+Aki(x0))xi

2ωN

√
detA(x0)

(∑N
i,j=1Aij(x0)xixj

)N
2

, (3.5)

∂2
xkxℓ

Γ(x0,x)=− Aℓk(x0)+Akℓ(x0)

2ωN

√
detA(x0)

(∑N
i,j=1Aij(x0)xixj

)N
2

+
N
∑N

i=1(Aik(x0)+Aki(x0))xi

∑N
j=1(Ajℓ(x0)+Aℓj(x0))xℓ

4ωN

√
detA(x0)

(∑N
i,j=1Aij(x0)xixj

)N+2
2

.

Note that

A−1(x0)=
1

detA(x0)

 A11 ·· · AN1

...
...

A1N ·· · ANN

 .

It is easy to see that

N∑
i,j=1

Aij(x0)xixj =detA(x0)A
−1(x0)x ·x.

Recall that λ is an eigenvalue of an invertible matrix A if and only 1
λ is an eigenvalue

of A−1. With this in mind, we derive from (3.2), (3.3), and (3.4) that

N∑
i,j=1

Aij(x0)xixj ≤detA(x0)|x|2≤

(
1+

∣∣∣∣ ∫−
Br(x0)

w(x)dx

∣∣∣∣2
)N

|x|2,

N∑
i,j=1

Aij(x0)xixj ≥
detA(x0)

1+
∣∣∫−Br(x0)w(x)dx

∣∣2 |x|2≥ 1

1+
∣∣∫−Br(x0)w(x)dx

∣∣2 |x|2. (3.6)

Remember that the determinant of an n×n matrix A is the signed sum over all possible
products of n entries of A with exactly one entry being selected from each row and from
each column of A. Thus,

|Aij(x0)|≤ (N−1)!

(
1+

∣∣∣∣ ∫−
Br(x0)

w(x)dx

∣∣∣∣2
)N−1

. (3.7)

Here we have used the fact that each entry in A(x0) is bounded by 1+
∣∣∫−Br(x0)w(x)dx

∣∣2.
We are ready to estimate for x∈∂B1(0) that

∣∣∂2
xkxℓ

Γ(x0,x)
∣∣≤ c

(
1+

∣∣∣∣ ∫−
Br(x0)

w(x)dx

∣∣∣∣2
)N−1+N

2

+c

(
1+

∣∣∣∣ ∫−
Br(x0)

w(x)dx

∣∣∣∣2
)2(N−1)+N+2

2

≤ c

(
1+

∣∣∣∣ ∫−
Br(x0)

w(x)dx

∣∣∣∣2
) 5N−2

2

. (3.8)
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The proof is complete.

Return to the proof of Lemma 1.2. Since u is compactly supported in Br(x0), we
have from (3.1) that

u(y)=

∫
Br(x0)

((w(x)−
∫
−

Br(x0)
w(x)dx) ·∇u(x))w(x) ·∇xΓ(x0,y−x)dx

+

∫
Br(x0)

(
∫
−

Br(x0)
w(x)dx ·∇u(x))(w(x)−

∫
−

Br(x0)
w(x)dx) ·∇xΓ(x0,y−x)dx

+

∫
Br(x0)

p(x)(I+w(x)⊗w(x))∇ξ(x) ·∇xΓ(x0,y−x)dx

+

∫
Br(x0)

F (x)Γ(x0,y−x)dx.

Differentiate the above equation with respect to yi to obtain

uyi
(y)=−

∫
Br(x0)

((mh(x)−mh(x0))uxh
(x))mj(x)

∂2

∂xi∂xj
Γ(x0,y−x)dx

−
∫
Br(x0)

(mh(x0)uxh
(x))(mj(x)−mj(x0))

∂2

∂xi∂xj
Γ(x0,y−x)dx

−
∫
Br(x0)

p(x)(I+w(x)⊗w(x))∇ξ(x) ·∇xΓxi
(x0,y−x)dx

−
∫
Br(x0)

F (x)Γxi
(x0,y−x)dx. (3.9)

According to Morrey’s inequality ( [7], p.143), for ℓ>N there is a positive number
c= c(N,ℓ) such that∣∣∣∣w(x)−

∫
−

Br(x0)
w(x)dx

∣∣∣∣≤ cr1−
N
ℓ ∥∇w∥ℓ,Br(x0) on Br(x0).

With this in mind, we apply (CZ2) to (3.9) to deduce

∥∇u∥q,Br(x0)

≤ cr1−
N
ℓ

N∑
i,j=1

∥∥∥∥ ∂2

∂xi∂xj
Γ(x0,x)

∥∥∥∥
2,∂B1(0)

∥w∥∞,Br(x0)∥∇w∥∞,Br(x0)∥∇u∥q,Br(x0)

+
c

r−δ

N∑
i,j=1

∥∥∥∥ ∂2

∂xi∂xj
Γ(x0,x)

∥∥∥∥
2,∂B1(0)

(1+∥w∥2∞,Br(x0)
)∥p∥q,Br(x0)

+c

∥∥∥∥∥
∫
Br(x0)

F (x)Γxi
(y,y−x)dx

∥∥∥∥∥
q,Br(x0)

≤ cr1−
N
ℓ (1+∥w∥∞,Br(x0))

5N−1∥∇w∥∞,Br(x0)∥∇u∥q,Br(x0)

+
c

r−δ
∥p∥q,Br(x0)

(
1+∥w∥∞,Br(x0)

)5N
+

∥∥∥∥∥
∫
Br(x0)

F (x)Γxi
(x0,y−x)dx

∥∥∥∥∥
q,Br(x0)

.

(3.10)
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The last step is due to (3.8). To estimate the last term in the above inequality, we
derive from (3.5), (3.6), and (3.7) that

|Γxi(x0,y−x)|≤
c
(
1+
∣∣∫−Br(x0)w(x)dx

∣∣2) 3N−2
2

|x−y|N−1
.

Consequently,∣∣∣∣∣
∫
Br(x0)

F (x)Γxi(x0,y−x)dx

∣∣∣∣∣
≤ c
(
1+∥w∥∞,Br(x0)

)3N−2
∫
Br(x0)

|ξS(x)|+ |∇ξ|
(
1+∥w∥2∞,Br(x0)

)
|∇p|

|x−y|N−1
dx.

By the remark following Lemma 7.12 in [8], we obtain∥∥∥∥∥
∫
Br(x0)

F (x)Γxi(x0,y−x)dx

∥∥∥∥∥
q,Br(x0)

≤ c
(
1+∥w∥∞,Br(x0)

)3N−2∥S∥ Nq
N+q ,Br(x0)

+
c
(
1+∥w∥∞,Br(x0)

)3N
r−δ

∥∇p∥ Nq
N+q ,Br(x0)

.

Plug this into (3.10) and then use the definition of ξ to obtain

∥∇p∥q,Bδ(x0)≤ cr1−
N
ℓ (1+∥w∥∞,Br(x0))

5N−1∥∇m∥q,Br(x0)∥∇p∥q,Br(x0)

+
cr1−

N
ℓ

r−δ
(1+∥w∥∞,Br(x0))

5N−1∥∇m∥q,Br(x0)∥p∥q,Br(x0)

+
c

r−δ

(
1+∥w∥∞,Br(x0)

)5N ∥p∥q,Br(x0)

+c
(
1+∥w∥∞,Br(x0)

)3N−2∥S∥ Nq
N+q ,Br(x0)

+
c

r−δ

(
1+∥w∥∞,Br(x0)

)3N ∥∇p∥ Nq
N+q ,Br(x0)

. (3.11)

Set

K1= r1−
N
ℓ (1+∥w∥∞,Br(x0))

5N−1∥∇m∥q,Br(x0), (3.12)

K2= r1−
N
ℓ (1+∥w∥∞,Br(x0))

5N−1∥∇m∥q,Br(x0)∥p∥q,Br(x0)

+
(
1+∥w∥∞,Br(x0)

)5N ∥p∥q,Br(x0)+
(
1+∥w∥∞,Br(x0)

)3N ∥∇p∥ Nq
N+q ,Br(x0)

,

K3=
(
1+∥w∥∞,Br(x0)

)3N−2∥S∥ Nq
N+q ,Br(x0)

.

We can write (3.11) as

∥∇p∥q,Bδ(x0)≤ cK1∥∇p∥q,Br(x0)+
c

r−δ
K2+cK3. (3.13)

Define

rn= r− r

2n+1
, n=0,1,2,·· · .
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Take (δ,r)=(rn,rn+1) in (3.13) and keep in mind the fact that K1,K2, and K3 are all
increasing with r to get

∥∇p∥q,Brn (x0)≤ cK1∥∇p∥q,Brn+1
(x0)+

c

rn+1−rn
K2+cK3

≤ cK1∥∇p∥q,Brn+1
(x0)+

c2n+2

r
K2+cK3.

By iteration,

∥∇p∥q,B r
2
(x0)≤ (cK1)

n∥∇p∥q,Brn (x0)+
c

r
K2

n−1∑
i=0

(2cK1)
i+cK3

n−1∑
i=0

(cK1)
i. (3.14)

In view of (3.12), we can take r so that

c2K1≤
1

2
. (3.15)

Then let n→∞ in (3.14) to get

∥∇p∥q,B r
2
(x0)≤

c

r
K2+cK3

= cr−
N
ℓ (1+∥w∥∞,Br(x0))

5N−1∥∇m∥q,Br(x0)∥p∥q,Br(x0)

+
c

r

(
1+∥w∥∞,Br(x0)

)5N ∥p∥q,Br(x0)

+
c

r

(
1+∥w∥∞,Br(x0)

)3N ∥∇p∥ Nq
N+q ,Br(x0)

+c
(
1+∥w∥∞,Br(x0)

)3N−2∥S∥ Nq
N+q ,Br(x0)

. (3.16)

By virtue of (3.12), for (3.15) to hold, it is enough for us to take

cr1−
N
ℓ

(
1+∥w∥W 1,ℓ(Ω)

)5N
=

1

4
. (3.17)

This, combined with (3.16), yields

∥∇p∥q,B r
2
(x0)≤ c

(
1+∥w∥W 1,ℓ(Ω)

) 5N(2ℓ−N)
ℓ−N ∥p∥q,Ω

+c
(
1+∥w∥W 1,ℓ(Ω)

)N(8ℓ−3N)
ℓ−N ∥∇p∥ Nq

N+q ,Ω

+c(1+∥w∥∞,Ω)
3N−2∥S∥ Nq

N+q ,Ω

≤ c
(
1+∥w∥W 1,ℓ(Ω)

) 5N(2ℓ−N)
ℓ−N

(
∥∇p∥ Nq

N+q ,Ω
+∥S∥ Nq

N+q ,Ω

)
.

Here we have applied Poincaré’s inequality to p and the Sobolev embedding theorem to
w.

If x0∈∂Ω, the same estimate still holds with Br(x0) (resp. B r
2
(x0)) being replaced

by Br(x0)∩Ω (resp. B r
2
(x0)∩Ω). This can be achieved by the classical technique of

flattening Br(x0)∩∂Ω and then turning x0 into an interior point ( [8], p.300). Also
see [22] for a rather detailed implementation of the technique. We shall omit it here.

Finally, let r be determined by (3.17). There is an integer j with the property

j−1≤ diam(Ω)

r
≤ j. (3.18)
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We can find at most (2j)N balls {Br(x
(i)
0 )} with

Ω⊂∪(2j)N

i=1 B r
2
(x

(i)
0 ).

Consequently,

∥∇p∥q,Ω≤
(2j)N∑
i=1

∥∇p∥
q,B r

2
(x

(i)
0 )

≤ cjN
(
1+∥w∥W 1,ℓ(Ω)

) 5N(2ℓ−N)
ℓ−N

(
∥∇p∥ Nq

N+q ,Ω
+∥S∥ Nq

N+q ,Ω

)
. (3.19)

Observe from (3.18) and (3.17) that

jN ≤ c

rN
+c

≤ c
(
1+∥∇w∥W 1,ℓ(Ω)

) 5N2ℓ
ℓ−N +c.

Substitute this into (3.19) to obtain

∥∇p∥q,Ω≤ c(1+∥∇w∥W 1,ℓ(Ω))
5N(2ℓ−N+Nℓ)

ℓ−N

(
∥∇p∥ Nq

N+q ,Ω
+∥S∥ Nq

N+q ,Ω

)
. (3.20)

On account of the condition on q in (1.18) and the interpolation inequality ([8], p.146),
we have

∥∇p∥ Nq
N+q ,Ω

≤ε∥∇p∥q,Ω+
1

ε
(N−1)q−N

q

∥∇p∥1,Ω, ε>0.

Plug this into (3.20) and choose ε appropriately in the resulting inequality to get

∥∇p∥q,Ω≤ c
(
1+∥∇w∥W 1,ℓ(Ω)

) 5N(2ℓ−N+Nℓ)(Nq−N)
q(ℓ−N)

(
∥∇p∥1,Ω+∥S∥ Nq

N+q ,Ω

)
.

The proof is complete.

Note that if we wish to further weaken w to a VMO function as in [3,4,6] we will run
into a technical problem, which is that we do not know how the constant c in inequality
(2.3) of [3] depends on ∥k∥2,∂B1(0).

4. Blow-up time
In this section we offer the proof of the main theorem.
Assume that (m,p) is a strong solution to (1.1)-(1.4). The existence of such an

“approximate” solution will be made clear later.
By virtue of the boundary condition (1.3), we have

∥m∥W 1,ℓ(Ω)≤ c∥∇m∥∞,Ω.

Use p as a test function in (1.19) to get∫
Ω

|∇p|2dx≤
∫
Ω

S(x)pdx≤∥S∥2,Ω∥p∥2,Ω≤ c∥S∥2,Ω∥∇p∥2,Ω,

from whence follows

∥∇p∥2,Ω≤ c∥S∥2,Ω.
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Thus we can write (1.21) as

∥∇p∥4q,Ω≤ c(1+∥∇m∥∞,Ω)
s1 ∥S∥ 4Nq

N+4q ,Ω
.

Here we have replaced q by 4q. Take the (4q)-th power, integrate over (0,T ), and then
take the (4q)-th root to derive

∥∇p∥4q,ΩT
≤ cT

1
4q (1+∥∇m∥∞,Ω)

s1 ∥S∥ 4Nq
N+4q ,Ω

. (4.1)

The rest of the proof of Theorem 1.1 is divided into several lemmas.

Lemma 4.1. We have

sup
ΩT

|m|≤ cT
s0
4q

(
T

1
2 ∥m0∥2,Ω+T∥S∥2,Ω

)
∥∇p∥s04q,ΩT

+c
(
∥m0∥∞,Ω+T

1
2 ∥m0∥2,Ω+T∥S∥2,Ω

)
, (4.2)

where s0 is given as (2.6).

Proof. Take the dot product of (1.2) with m to derive

1

2
∂t|m|2−D2

2
∆|m|2+D2|∇m|2+ |m|2γ =E2(m ·∇p)2≤E2|∇p|2|m|2 in ΩT .

Drop the two non-negative terms on the left-hand side and then apply (2.19) to derive

sup
ΩT

|m|2≤ csup
Ω

|m0|2+c
(
∥∇p∥2s02q,ΩT

+1
)
∥m∥22,ΩT

. (4.3)

We can deduce from (1.5) that

sup
0≤t≤T

∫
Ω

|m(x,t)|2dx≤ c

∫
Ω

|m0(x)|2dx+cT∥S(x)∥22,Ω.

Use this in (4.3) to get (4.2).

Lemma 4.2. We have

∥∇m∥∞,ΩT
≤ cG(T )+cF (T )∥∇p∥s44q,ΩT

, (4.4)

where s4 is a positive number determined by N,q,γ,

F (T )=T
s0
4q

(
T

1
2 ∥m0∥2,Ω+T∥S(x)∥2,Ω

)
+
(
∥m0∥∞,Ω+T

1
2 ∥m0∥2,Ω+T∥S(x)∥2,Ω

)
+T

s0(2γ−1)+2
4q

(
T

2γ−1
2 ∥m0∥2γ−1

2,Ω +T 2γ−1∥S(x)∥2γ−1
2,Ω

)
, and

G(T )=∥∇m0∥∞,Ω+F (T )+T
1
2q

(
∥m0∥2γ−1

∞,Ω +T
2γ−1

2 ∥m0∥2γ−1
2,Ω +T 2γ−1∥S(x)∥2γ−1

2,Ω

)
.

Proof. We can write (1.2) in the form

∂tmi−D2∆mi=E2(m ·∇p)pxi
−|m|2(γ−1)mi in ΩT , i=1,. ..,N.
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This puts us in a position to apply Lemma 2.5. Upon doing so, we arrive at

∥∇mi∥∞,ΩT
≤ c∥∇m0∥∞,Ω+c

∥∥∥E2(m ·∇p)pxi −|m|2(γ−1)mi

∥∥∥
2q,ΩT

. (4.5)

We estimate from (4.2) that∥∥∥E2(m ·∇p)pxi
−|m|2(γ−1)mi

∥∥∥
2q,ΩT

≤ c∥m∥∞,ΩT
∥∇p∥24q,ΩT

+cT
1
2q ∥m∥2γ−1

∞,ΩT

≤ cT
s0
4q

(
T

1
2 ∥m0∥2,Ω+T∥S(x)∥2,Ω

)
∥∇p∥s0+2

4q,ΩT

+c
(
∥m0∥∞,Ω+T

1
2 ∥m0∥2,Ω+T∥S(x)∥2,Ω

)
∥∇p∥24q,ΩT

+cT
s0(2γ−1)+2

4q

(
T

2γ−1
2 ∥m0∥2γ−1

2,Ω +T 2γ−1∥S(x)∥2γ−1
2,Ω

)
∥∇p∥s0(2γ−1)

4q,ΩT

+cT
1
2q

(
∥m0∥2γ−1

∞,Ω +T
2γ−1

2 ∥m0∥2γ−1
2,Ω +T 2γ−1∥S(x)∥2γ−1

2,Ω

)
. (4.6)

Set

s4=max{s0+2,s0(2γ−1)}.

Then Young’s inequality asserts

∥∇p∥s0+2
4q,ΩT

≤ c∥∇p∥s44q,ΩT
+c,

∥∇p∥24q,ΩT
≤ c∥∇p∥s44q,ΩT

+c,

∥∇p∥s0(2γ−1)
4q,ΩT

≤ c∥∇p∥s44q,ΩT
+c.

Combining this with (4.6) and (4.5) yields (4.4).

Use (4.4) in (4.1) to obtain

∥∇p∥4q,ΩT
≤ cG1(T )+cF1(T )∥∇p∥s54q,ΩT

, (4.7)

where

G1(T )=T
1
4q (Gs1(T )+1)∥S∥ 4Nq

N+4q ,Ω
, F1(T )=T

1
4q F s1(T )∥S∥ 4Nq

N+4q ,Ω
, s5=s1s4.

Note that we can represent G1(T ) as the sum of 12 terms, each of which is of the form

T a∥S∥b4Nq
N+4q ,Ω

∥∇m0∥c∞,Ω

with a>0,b≥0,c≥0 being determined by N,q,γ only. The same can be done for F1(T )
except that there are only seven terms in F1(T ). It follows from (4.7) that

∥∇p∥4q,Ωτ
≤ cF1(T )∥∇p∥s54q,Ωτ

+cG1(T ) for each τ ∈ [0,T ]. (4.8)

By letting h(τ)=∥∇p∥4q,Ωτ
, we can put ourselves in the situation of Lemma 2.2. As in

the proof of the lemma in [22], we consider the function g(h)= cF1(T )h
s5 −h+cG1(T )

on [0,∞). It follows from (4.8) that

g (h(τ))≥0 for each τ ∈ [0,T ]. (4.9)
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We compute

g′(h)= cs5F1(T )h
s5−1−1.

Thus, g(h) is decreasing on

(
0, 1

(cs5F1(T ))
1

s5−1

)
and increasing on

(
1

(cs5F1(T ))
1

s5−1
,∞
)
.

The minimum value of g is given by

mg ≡g

(
1

(cs5F1(T ))
1

s5−1

)
=− s5−1

s5(cs5F1(T ))
1

s5−1

+cG1(T ).

It is easy to see that there is a unique solution Tmax to the equation

s5−1

s5(cs5F1(Tmax))
1

s5−1 cG1(Tmax)
=1. (4.10)

We have

mg <0 for each T <Tmax.

Fix T <Tmax. Observe that ∥∇p∥4q,Ωτ is a continuous function of τ and

lim
τ→0

∥∇p∥4q,Ωτ =0.

We can infer from (4.9) that

∥∇p∥4q,Ωτ
<

1

(cs5F1(T ))
1

s5−1

for each τ ≤T .

In particular,

∥∇p∥4q,ΩT
<

1

(cs5F1(T ))
1

s5−1

. (4.11)

Then (D4) follows from the classical regularity result for linear parabolic equations in
([15], p.204). We can easily transform (4.10) into (1.10).

The existence of a solution in the preceding calculations can be established via the
Leray-Schauder fixed point theorem ([8], p.280). To this end, let q be given as in (H1)
and set

B=L4q
(
0,T ;W 1,4q

0 (Ω)
)
.

Then define an operator T from B into itself as follows: Let p∈B. We say w=T(p) if
w is the unique solution of the problem

−div((I+n⊗n)∇w)=S(x) in ΩT ,

w=0 on ΣT ,

where n solves the problem

∂tn−D2∆n+ |n|2(γ−1)n=E2(n ·∇p)∇p in ΩT , (4.12)

n=0 on ΣT , (4.13)

n(x,0)=m0(x) on Ω. (4.14)



XIANGSHENG XU 2049

We have:

Lemma 4.3. Let (H1)-(H3) hold. Then there is a unique weak solution n to (4.12)-

(4.14) in the space C
(
[0,T ];

(
L2(Ω)

)N)∩L2

(
(0,T );

(
W 1,2

0 (Ω)
)N)

. Furthermore,

n is Hölder continuous in ΩT with n∈L∞(0,T ;W 1,∞
0 (Ω)). (4.15)

We postpone the proof of this lemma to the end of the section. Equipped with this
lemma, we can claim that T is well-defined. Under (4.15) and (H3), we can appeal to
(1.9), thereby yielding

∥∇w∥4q,Ω≤ c∥S(x)∥ 4Nq
N+4q ,Ω

,

from whence follows

∥∇w∥4q,ΩT
≤ cT

1
4q ∥S(x)∥ 4Nq

N+4q ,Ω
.

According to the Leray-Schauder fixed point theorem, for T to have a fixed point, we
must verify

(C1) T is continuous;

(C2) T maps bounded sets into precompact ones;

(C3) There is a constant c such that

∥p∥B≤ c

for all p∈B and σ∈ [0,1] satisfying

p=σT (p). (4.16)

To see (C2), suppose

pn→p weakly in L4q
(
0,T ;W 1,4q

0 (Ω)
)
.

Denote by nn the solution to (4.12)-(4.14) with p being replaced by pn. In view of
(4.15), we can extract a sub-sequence of {nn}, not relabeled, such that

nn→n uniformly in
(
C(ΩT )

)N
.

Note that we have

−div[(I+nn⊗nn)∇pn]=S(x) in ΩT . (4.17)

Thus, we can pass to the limit in the above equation to get

−div[(I+n⊗n)∇p]=S(x) in ΩT .

Subtract this equation from (4.17) to derive

−div[(I+nn⊗nn)∇(pn−p)]=div[(nn⊗nn−n⊗n)∇p] in ΩT .

Once again, we can use (1.9) to get

∥∇(pn−p)∥4q,ΩT
≤ c∥(nn⊗nn−n⊗n)∇p∥4q,ΩT

≤ c∥nn⊗nn−n⊗n∥∞,ΩT
→0.
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That is, (C2) holds. Each problem in the definition of T has a unique solution. This
together with (C2) implies (C1).

We easily see that (4.16) is equivalent to the problem

−div((I+m⊗m)∇p)=σS(x) in ΩT ,

∂tm−D2∆m+ |m|2(γ−1)m=E2(m ·∇p)∇p in ΩT ,

p=0 on ΣT ,

m=0 on ΣT ,

m(x,0)=m0(x) on Ω.

Invoking the proof of (4.11), we obtain (C3) for each T <Tmax.
We are ready to prove Lemma 4.3.

Proof. (Proof of Lemma 4.3.) We first establish the uniqueness assertion. Sup-
pose that (4.12)-(4.14) has two solutions, say, n1,n2. Then n≡n1−n2 satisfies

∂tn−D2∆n+ |n1|2(γ−1)n1−|n2|2(γ−1)n2=E2(n ·∇p)∇p in ΩT , (4.18)

n=0 on ΣT , (4.19)

n(x,0)=0 on Ω. (4.20)

Recall from Lemma 2.1 that(
|n1|2(γ−1)n1−|n2|2(γ−1)n2

)
·n≥0.

With this in mind, we take the dot product of (4.18) with n to derive

1

2
sup

0≤t≤T

∫
Ω

|n|2dx+D2

∫
ΩT

|∇n|2dxdt≤2E2

∫
ΩT

(n ·∇p)2dxdt.

By Poincaré’s inequality,∫
ΩT

|n|2+ 4
N dxdt≤

∫ T

0

(∫
Ω

|n|
2N

N−2 dx

)N−2
N
(∫

Ω

|n|2dx
) 2

N

dt

≤ c sup
0≤t≤T

(∫
Ω

|n|2dx
) 2

N
∫
ΩT

|∇n|2dxdt

≤ c

(∫
ΩT

(n ·∇p)2dxdt

)N+2
N

≤ c

∫
ΩT

|n|2+ 4
N dxdt

(∫
ΩT

|∇p|N+2dxdt

) 2
N

. (4.21)

Here c depends only on N,D,E. Obviously, we can pick a positive number τ ≤T such
that

c

(∫
Ωτ

|∇p|N+2dxdt

) 2
N

<1.

Then (4.21) implies

n=0 in Ω× [0,τ ].
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If τ <T , then we apply the preceding proof to the problem on Ω×(τ,T ). In a finite
number of steps, we can achieve

n=0 in ΩT .

To obtain (4.15), it is enough for us to show that

n∈ (L∞(ΩT ))
N
. (4.22)

To see this, we write (4.12) as

∂tn−D2∆n=E2(n ·∇p)∇p−|n|2(γ−1)n∈Lq(ΩT ).

Since q>1+ N
2 , we can invoke the classical result in ([15], p.204) and Lemma 2.5 to

conclude (4.15). As for (4.22), we take the dot product of (4.12) with n to deduce

∂t|n|2−D2∆|n|2≤2E2|∇p|2|n|2 in ΩT .

We can infer (4.22) from Lemma 2.4.
The existence of a weak solution to (4.12)-(4.14) can also be established via the

Leray-Schauder fixed point theorem. In this case, we define an operator B from
(L∞(ΩT ))

N
into itself as follows: For each m∈ (L∞(ΩT ))

N
we let w=B(m) be the

unique solution of the problem

∂tw−D2∆w=E2(m ·∇p)∇p−|m|2(γ−1)m in ΩT , (4.23)

w=0 on ΣT ,

w=m0(x) on Ω.

The term on the right-hand side of (4.23) lies in L2q(ΩT ). Thus w is Hölder continuous
on ΩT . With this in mind, we can easily verify that (C1)-(C3) are all satisfied by B.
This completes the proof.

REFERENCES

[1] G. Albi, M. Artina, M. Fornasier, and P. Markowich, Biological transportation networks: Modeling
and simulation, Anal. Appl. (Singap.), 14(1):185–206, 2016. 1, 1

[2] G. Albi, M. Burger, J. Haskovee, P. Markowich, and M. Schlottbom, Continuum modeling of
biological network formation, in N. Bellomo, P. Degond, and E. Tadmor (eds.), Active Particles,
Vol. 1. Modelling and Simulation in Science, Engineering and Technology, Birkhauser-Springer
(Boston), 2017. 1

[3] F. Chiarenza, M. Frasca, and P. Longo, Interior W 2,p estimates for nondivergence elliptic equations
with discontinuous coefficients, Ric. di Mat., XL:149–168, 1991. 1, 3, 3, 3, 3, 3

[4] F. Chiarenza, M. Frasca, and P. Longo, W 2,p-solvability of the Dirichlet problem for nondivergence
elliptic equations with VMO coefficients, Trans. Amer. Math. Soc., 336:841–853, 1993. 1, 1, 3

[5] E. DiBenedetto, Degenerate Parabolic Equations, Springer-Verlag, New York, 1993. 2
[6] G. Di Fazio, Lp Estimates for divergence form elliptic equations with discontinuous coefficients,

Boll. Un. Mat. Ital. A (7), 10:409–420, 1996. 1, 3, 3, 3
[7] L.C. Evans and R.F. Gariepy, Measure Theory and Fine Properties of Functions, CRC Press, Boca

Raton, 1992. 3
[8] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-

Verlag, Berlin, 1983. 2, 2, 3, 3, 3, 4
[9] J. Haskovec, L.M. Kreusser, and P. Markowich, ODE and PDE based modeling of biological trans-

portation networks, Commun. Math. Sci., 17:1235–1256, 2019. 1, 1
[10] J. Haskovec, P. Markowich, and B. Perthame, Mathematical analysis of a PDE system for biolog-

ical network formulation, Commun. Partial Differ. Equ., 40:918–956, 2015. 1, 1

https://doi.org/10.1142/S0219530515400059
https://linkspringer.53yu.com/chapter/10.1007/978-3-319-49996-3_1
https://arpi.unipi.it/handle/11568/17627
https://doi.org/10.1090/S0002-9947-1993-1088476-1
https://linkspringer.53yu.com/book/10.1007/978-1-4612-0895-2
https://www.researchgate.net/publication/239974063_Lp_Estimates_for_Divergence_Form_Elliptic_Equations_with_Discontinuous_Coefficients
https://doi.org/10.1201/9780203747940
https://linkspringer.53yu.com/book/10.1007/978-3-642-61798-0
 https://dx.doi.org/10.4310/CMS.2019.v17.n5.a4
https://doi.org/10.1080/03605302.2014.968792


2052 A BIOLOGICAL NETWORK FORMATION MODEL

[11] J. Haskovec, P. Markowich, B. Perthame, and M. Schlottbom, Notes on a PDE system for bio-
logical network formulation, Nonlinear Anal., 138:127–155, 2016. 1, 1

[12] J. Heinonen, T. Kilpeläinen, and O. Martio, Nonlinear Potential Theory of Degenerate Elliptic
Equations, Oxford Mathematical Monographs, Clarendon Press, Oxford, 1993. 1

[13] D. Hu, Optimization, adaptation, and initialization of biological transport networks, Workshop on
Multi-scale Problems from Physics, Biology, and Material Sciences, May 28-31, 2014, Shanghai.
1

[14] D. Hu and D. Cai, Adaptation and optimization of biological transport networks, Phys. Rev. Lett.,
111:138701, 2013. 1

[15] Q.A. Ladyzenskaja, V.A. Solonnikov, and N.N. Ural’ceva, Linear and Quasi-linear Equations of
Parabolic Type, Tran. Math. Monographs, AMS, Providence, RI, 23, 1968. 1, 4, 4

[16] B. Li, On the blow-up criterion and global existence of a nonlinear PDE system in biological
transportation networks, Kinet. Relat. Models, 12:1131–1162, 2019. 1

[17] J.G. Liu and X. Xu, Partial regularity of weak solutions to a PDE system with cubic nonlinearity,
J. Differ. Equ., 264:5489–5526, 2018. 1

[18] J.T. Oden, Qualitative Methods in Nonlinear Mechanics, Prentice-Hall, Inc, New Jersey, 1986. 2
[19] J.R. Rodrigues, Obstacle Problems in Mathematical Physics, North-Holland Math. Studies, North-

Holland, Amsterdam, 134, 1987. 1
[20] X. Xu, Global existence of strong solutions to a biological network formulation model in 2+1

dimensions, Discrete Contin. Dyn. Syst. Ser. A, 40:6289–6307, 2020. 1, 1
[21] X. Xu, Partial regularity of weak solutions and life-span of smooth solutions to a biological network

formulation model, SN Partial Differ. Equ. Appl., 1:18, 2020. 1, 1, 1
[22] X. Xu, Nonlinear diffusion in the Keller-Segel model of parabolic-parabolic type, J. Differ. Equ.,

276:264–286, 2021. 2, 2, 3, 4
[23] X. Xu, Regularity theorems for a biological network formulation model in two space dimensions,

Kinet. Relat. Models, 11:397–408, 2018. 1

https://doi.org/10.1016/j.na.2015.12.018
https://www.researchgate.net/publication/246967887_Nonliear_Potential_Theory_of_Degenerate_Elliptic_Equations
https://doi.org/10.1103/PhysRevLett.111.138701
https://doi.org/10.1090/mmono/023
http://dx.doi.org/10.3934/krm.2019043
https://doi.org/10.1016/j.jde.2018.01.001
https://www.researchgate.net/publication/240201050_Qualitative_Methods_in_Nonlinear_Mechanics
https://www.researchgate.net/publication/243766447_Obstacle_Problems_in_Mathematical_Physics
https://www.aimsciences.org/article/doi/10.3934/dcds.2020280
https://link.springer.com/article/10.1007/s42985-020-00021-3
https://doi.org/10.1016/j.jde.2020.12.018
http://dx.doi.org/10.3934/krm.2018018

