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RAREFIED GAS DYNAMICS WITH EXTERNAL FIELDS UNDER
SPECULAR REFLECTION BOUNDARY CONDITION*

YUNBAI CAOf

Abstract. We consider the Boltzmann equation with external fields in strictly convex domains
with the specular reflection boundary condition. We construct classical C1 solutions away from the
grazing set under the assumption that the external field is C? and the normal derivative of the field is
positive and bounded away from zero.
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1. Introduction

Kinetic theory studys the time evolution of a large number of particles modeled by
a distribution function in the phase space: F(t,x,v) for (t,x,v) €[0,00) x Q x R?, where
Q) is an open bounded subset of R?. Dynamics and collision processes of dilute charged
particles with a field E can be modeled by the Vlasov-Boltzmann equation

WF+v-VoF+E-V,F=Q(FF). (1.1)

The collision operator measures “the change rate” in binary collisions and takes the
form of

Q(F1,F2)(v) := Qgain (F1,F2) — Quoss (F1, F2)
/Rg /S (v =) w)[FL(u) F(v) = F1 (u) Fp(v)dwdu,  (1.2)

where v/ =u—[(u—v) -wjw and v =v+[(u—v) w]w.
Here, B(U—u w)= |v—u|”q0( U=t w), 0< k<1 (hard potential), and quo(ﬁ-

—u
[o—u]
w) <C|2= =] -w| (angular cutoff).

The collision operator enjoys collision invariance: for any measurable function G,

/RB [1 v HT—B} Q(G,G)dv=[000]. (1.3)

It is well-known that a global Maxwellian p satisfies Q(u, ) =0 where

|2
w(v) = (2#1)3/2 exp(—2|>. (1.4)

Throughout this paper we assume that € is a bounded open subset of R3 and
there exists a C? function ¢:R3— R such that Q={z€R?:{(x) <0}, and Q= {z €
R3:£(2) =0}. Moreover we assume the domain is strictly convez:

D 0556(x)Gi¢; = Ce[¢]? for all ¢€R® and for all z € Q=QUOQ. (1.5)
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2134 GAS DYNAMICS WITH FIELD UNDER SPECULAR REFLECTION

We assume that

Vé(z) #0 when |¢(x)| < 1, (1.6)

and we define the outward normal as n(z)= ‘g%gigl at the boundary. The boundary of

the phase space v :={(x,v) € 9Q x R3} can be decomposed as

- ={(z,v) €92 xR*:n(z)-v<0}, (the incoming set),
vy ={(z,0) €2 xR?:n(z)-v>0}, (the outcoming set), (1.7)
70 ={(2,0) €OV xR3:n(x)-v=0}, (the grazing set).

In general the boundary condition is imposed only for the incoming set y_ for gen-
eral kinetic PDEs. In this paper we consider a so-called specular reflection boundary
condition

F(t,x,v)=F(t,z,Rv) on (z,v) €v_, where R v:=v—2n(x)(n(z) v). (1.8)

Physically this represents when a gas particle hits the boundary, it bounces back with
the opposite normal velocity and the same tangential velocity, just like a billiard ball.
Previous studies on the Boltzmann equation with specular reflection boundary condi-
tions can be found in [8,10,15-17]. For other important physical boundary conditions,
such as the diffuse boundary condition, we refer to [1-4,8,10] and the references therein.

Due to the importance of the Boltzmann equation in the mathematical theory
and application, there have been explosive research activities in analytic study of the
equation. Notably the nonlinear energy method has led to solutions of many open
problems including global strong solution of Boltzmann equation coupled with either
the Poisson equation or the Maxwell system for electromagnetism when the initial data
are close to the Maxwellian p in periodic box (no boundary). See [7] and the references
therein. In many important physical applications, e.g. semiconductor and tokamak, the
charged dilute gas is confined within a container, and its interaction with the boundary
plays a crucial role both in physics and mathematics.

However, in general, higher regularity may not be expected for solutions of the
Boltzmann equation in physical bounded domains. Such a drastic difference of so-
lutions with boundaries had been demonstrated as the formation and propagation of
discontinuity in non-convex domains [5, 18], and the non-existence of some second or-
der derivatives at the boundary in convex domains [8]. Evidently the nonlinear energy
method is not generally available to the boundary problems. In order to overcome such
critical difficulty, Guo developed a L?-L> framework in [10] to study global solutions of
the Boltzmann equation with various boundary conditions. The core of the method lies
in a direct approach (without taking derivatives) to achieve a pointwise bound using
trajectory of the transport operator, which leads to substantial development in various
directions including [5,6,8,9,14]. In [8], with the aid of some distance function towards
the grazing set, the weighted classical C! solutions of Boltzmann equation (E=0 in
(1.1)) were constructed under various boundary conditions.

In this paper, we extend a result of [8] to the Boltzmann Equation (1.1) with a
given external field (E #0) satisfying a crucial sign condition on the boundary:

E(t,z)-n(x)>Cg>0 for all t and all z € 99. (1.9)

One of the major difficulties when dealing with a field F#0 is that trajectories are
curved and behave in a very complicated way when they hit the boundary.
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Let’s clarify some notations. For any function z(x,v):Q x R* - R, denote

[zllo =" sup [z(z,v)].
(z,0)eQxR3

And for any function g(t,z):[0,7] x Q — R, denote

lgllzz, = sup  Jg(t,2)], and flgllep, = > sup |07 07g(t,x)].

(t,2)€[0,T]x 2 0<atB<n (B2)ED,TIXE

Our main result is a weighted C! estimate for the solution of (1.1) with specular
boundary condition (1.8) in a short time. To state the main result, we introduce a
distance function «a(t,x,v) towards the grazing set ~o:

1/2
alt,z,v)~ |Jo-VE() [P +€(2)? —2(v- V() -0)é(2) —2(B(t,7) - VE@)E(x) | (1.10)

for x € close to boundary, where T:={Z € 9Q:d(x,Z) =d(x,00)} is uniquely defined.
The precise definition of a can be found in (3.3). Note that a|, ~|n(z)-v|. Similar
distance functions towards o were used in [8,11,13]. With the weight «, we establish
the main theorem:

THEOREM 1.1 (Weighted C* Estimate). Suppose E satisfies the sign condition (1.9),
and

IE]c2 <oo. (1.11)

Assume Fy=./11fo >0, for 2< <3, 0<9<%, and b>1,

af—1 af—2 2
o [ e <oo Lo
o+ ]+l <o )
and the compatibility condition
fo(z,v)= fo(x,Ryv) on (z,v)€vy_. (1.13)

Then there exists a unique solution F(t)=/pf(t) for 0<t <T with T <1 to the system
(1.1), (1.8) that satisfies, for some w >0 big enough, and for all 0 <t<T,

aP
(v)bFT

B—1
@
—0
<’U>b .’EfO
for some polynomial P. Furthermore, if fo € C*, then f€C' away from the grazing set
Yo-

The proof of Theorem 1.1 devotes a nontrivial extension of the result in [8]. The

idea is to use Duhamel’s formula to expand f along the characteristics to the initial data

and then take derivatives. To do this, we need to define the generalized characteristics
as follows:
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DEFINITION 1.1.  For any (t,z,v) € [0,T] x Q@ x R3, let (X (s;t,x,v),V (s;t,z,v)) denote
the characteristics

d [ X(s;t,z,v)
ds |V(s;it,z,v)

_ V(s;t,x,v)

a [E(S,X(s;t,x,v))] for0<st<T, (1.15)

with (X (t;t,2,v),V(t;t,z,0)) = (x,v).
We define the backward exit time ty(t,z,v) as

to(t,z,v) :==sup{s>0: X (7;t,z,v) €Q for all T€(t—s,t)}. (1.16)

Furthermore, we define xp(t,z,v):=X(t—tp(t,z,0);t,2,0), and vp(t,z,0):=V(t—
tb(tazvv);taxav)'
Now let (t°,2°,0°) = (t,2,v). We define the specular cycles, for £>0,

(t€+1 ,IZ+1,UZ+1)

(1 (1,00, (1,2, 0), v (¢ ) — 20 (o (1,2, 0) (1)),
And we define the generalized characteristics as

Xa(s;t,z,v)

Z1[t2+1,tl)(S)X(S;t€7xévvé)7 VCI(S;ta$7U)
£

= Zl[tz+17tq(s)V(s;tf,xé,vé). (1.17)
¢

The key component of the proof is to estimate the derivatives of the backward
trajectory

0(Xa(s;t,x,v),Val(s;t,xz,v))
d(x,v) '

This is done through the matrix method where we estimate the multiplication of
£*(s;t,x,v) many Jacobian matrices
£ (s5t,z,0) Al + 1 ylH)

a(tt, zt vt)

(1.18)
=0

Here ¢*(s;t,2z,v) is the number of bounces it takes for the backward trajectory to reach

time s from time ¢, which can be shown to have order £*(s;t,x,v)~ lt=sllvl - And for

a(t,x,v) "’
: : B(t“'1 zftt v“’l) ..
each bounce, we can calculate the Jacobian matrix —————— explicitly.
3 o(tt,xt wt)

One major difficulty here, comparing to the Boltzmann equation (E=0 in (1.1)), is
the field E is time dependent, thus the characteristics ODE (1.15) is not autonomous.

241 241
This results in the fact that the % derivatives in the first column of the matrix
6(té+1 ,(L‘Z+1 7v2+1

W are not trivially equal to 0, and need careful analysis.

We estimate (1.18) by diagonalizing each matrix and multiplying them together.
Here we point out the importance of the external field E satisfying the regularity as-
sumption

|E(t,) oz, <oo. (1.19)
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Without such C? regularity of E, it seems that from our analysis the derivatives
241 2+1 2+1 £+1
% can only be bounded as |Mg(t57%)|§|te—té+l|. And this bound

will cause the multiplication of the £* many eigenvalues of the matrices to behave as

£ (sit,x,v) 041 041, 041
.o T ot . 1
| I eig ‘ B2t ~(14+va)" ~(14+a)s = oo,

£=0

as a«— 0, where a=«(t,z,v) in (1.10). This blow up will result in the bound on (1.18)

becoming too singular and makes it impossible for us to close the estimate. In order to

avoid such blow up, we utilize a crucial cancellation property (5.60), and find that as

long as the external field E satisfies the regularity assumption (1.19), we can improve
: : d(n(z"*1)v1) 0 40+1)2 ~

the estimate and achieve the bound IW' S|t =12, This extra smallness

turns out to be just enough to control the accumulation in the many multiplications of
eigenvalues:

0% (s5t,z,v) 8(t2+1 [L‘Z+1 Ue+1)
b Y

eig ‘ B2t ~(1+a)~ <C. (1.20)

£=0

With this bound and additional cancellations between two adjacent matrices (5.78),
we carefully analyze the multiplications of the matrices and eventually achieve the key
estimate in Theorem 5.1.

Let’s also address some other important differences when comparing the equation
(1.1) with the Boltzmann equation (E'=0). Because of the presence of the field E and
its sign condition (1.9), we can achieve a better bound on the time gap

=t S () o

when v is small (5.2). This is because when the velocity is small, the field would always
“push” the trajectory back to the boundary in a short time. This fact would eventually
allow us to get the bound

1
8 X, 7ta ) S~
0. Xa(sit. )| S s
in Theorem 5.1, which does not blow up when |v| — 0, and this turns out to be necessary
for us to close the estimate.

When taking derivatives to the Duhamel’s formula of f(t,z,v) in (6.3), if E#0,
an extra term would come up as (6.4). In order to bound this term we have to addi-
tionally estimate the derivatives 0,t* and 0,t¢, for any 1 </</¢*. Those estimates are
consequences of the matrix method and are obtained in (5.97) and (5.98):

1
‘6wtz|572a |8vte‘§7'
e’ a
It’s also important to note that in (6.4), we have |R v’ —v|=2|(n(z*) -v*)|~a. Thus
the extra regularity we get by multiplying o to d,f and o®~! to 9, f will bound the
term as

1 1 1
Z (o |0t |+ 0”719, t"|) max | R ev —vf| < = <0/32+0/3_1) ala’?<C,
1<e<e+ ‘ @ @ @

as long as 8> 2.
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2. Local existence and in-flow problems with external fields

In this section we state some standard results which we will need to prove Theorem
1.1. Let F(t,z,v)=/if(t,z,v). Then the corresponding problem to (1.1), (1.8) becomes

Of +0-Vof + B-Vof =5 Ef =Tgun (f, )= V(i) F. (2.1)

Here (cf. [12])

1
V(\//jf)(v) —m@loas(\/ﬁfv\/ﬁf)(v) (22)

:/Ra 2 ‘U_quo(ﬁ:u‘ w) \/mf(u)dwdu,

and the gain term of the nonlinear Boltzmann operator is given by

Fgain(flvf2)(v) = \}ﬁanin(\/ﬁfla\/ﬁfQ)(v)
:/]RS /52 |v—u|“q0(| ‘w) v/ p(u) fi(u "dwdu. (2.3)

And the specular reflection boundary condition in terms of f is

f(t,xv)=f(t,z,Ryv), on (x,v)Evy_. (2.4)

We first state a local existence result which is standard:
LeMMA 2.1 (Local Existence).  Suppose ||E|| e <oo, and €910 fo oo <00, 0<O<

i. And fo satisfies the compatibility condition (1.13). Then there exists 0<T <1

small enough such that f € L>([0,T) x Q x R3) solves the Equation (2.1) with specular
boundary condition (2.4).

Proof. Let f0= /. We start with the sequence for m >0
(Or+v-Vot+ E-Vy— o E+V(ffm))fm“—Fgam(f ™), (2.5)

with the initial data f™(0,z,v) = fo(z,v), and boundary condition for all (z,v) €~_ be

fl(t,I,U):fo(I,RI’U),

2.6
frr(tx,v) = 7 (tx, Rpv), m > 1. (2.6)
Then (see Lemma 7 in [8], for example)
9 ‘ | m < Q‘UIZ 2 7
sup sup_ [|e” 7 ()lloo ST folloo <00, (2.7)

m 0<t<
where #/ =0 —T. From (2.7) we have, up to a subsequence, the weak-x convergence:
69/‘”|2fm(t,m,v) i\eel‘vlzf(t,ac,v) (2.8)

in L>=°([0,T) x @ x R3)NL>([0,T) x ) for some f. And it’s easy to show f is the solution
of (2.1) with specular boundary condition (2.4). O
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‘We need some bound on the derivatives of the nonlocal term:

LEMMA 2.2. Let [Y,W]=[Y (z,v),W(z,0)]€QxR3.  For 0<f<% and de€
{8t7vmvvv}7

|angain(gag) (}/’ W)‘

<102y |12 / eee T
/\J| e |||€ g||00 RS |U_I/I/v|2_,l§

—Colu—W|?

7CQ‘U7W‘2
Vag(Y,u)ldu

PR P oo/ e
+ | e |||€ g|| RS |U*W‘27'{

Proof. See [8]. 0

Vg (You)|du+ (v)e =01 |9 |[[e?1°F g 2.

We need a result for the corresponding inflow problem to (2.1). Consider
Ouf+v-Vof+E-V,f+vf=H, (2.9)

where H = H (t,z,v) and v =v(t,x,v) are given. Let 7 (z) and m2(z) be the unit tangen-
tial vectors to 0f) satisfying

T1(x) -n(x) =0=m(x) -n(x) and 71(x) x 72(x) =n(z). (2.10)
And let J;,g be the tangential derivative at direction 7; for g defined on 9. Define

2 2
n
Vaeg= E Tl-(r“)ﬂg—m{atg—i— E (Ub~Ti)8ng+l/g—H—|—E-va}. (2.11)
i=1 i=1

PROPOSITION 2.1. Assume the compatibility condition

fo(z,0)=g(0,z,v) for (x,v)€~_.

Let pe[l,00) and 0<0<1/4. |v(t,z,v)| < (v). HE||L;>Y<>m+||VxEHL§?m<OO'
Assume '

me(),Vufo,eLp(Q XR3)7
V9,0-,9€ LP([0,T] x~-),

2
e —_ . p
n(x).v{athr;(v )0 g+vg—H+FE va}eL ([0,T] x v-),

() JJ 0B
n(x)-v

Vo H,V, H € LP([0,T] x 2 x R?),

e, e~ e LP([0,T] x O x R?),

1 fo e L (< R?), e g € L%([0,T] x ),

P H € L°([0,T] x Q x R3).

2
{atg—l—Z(v-Ti)@ng—ug—i—H} e LP([0,T] x v-),
i=1

Then for any T >0, there exists a unique solution f to (2.9), such that f,0¢,V.f,V,f €
CO([0,T); LP (2 x R?)) and their traces satisfy

vv.ﬂ'yf :vv97vxf|77 =Vgag, on 7,
Vof(0,2,0) =V fo,Vof(0,2,0) =V, fo, in QxR3, (2.12)
0:f(0,2,0)=0;fo, in QxR3
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where Vg is given by (2.11).
Proof.  See [5]. 0

3. Velocity lemma and the nonlocal to local estimate

Recall the definition of specular trajectories in (1.17). In this section we prove some
properties of the specular trajectories which are crucial in order to establish the main
result.

Let’s give the precise definition for the weight function a. We first need a cutoff
function: for any € >0, let x.:[0,00) = [0,00) be a smooth function satisfying:

Xe(z)=afor0<z< i,
€
Xe(z)=C. fora:>§7 3.1)
Xe(z) is increasing for — <z < %,
Xe(z) <1.
Let d(z,09) :=infycoqn ||z —y||. And for any § >0, let
Q0 :={zecQ:d(z,00) <5}
Since 9Q is C2, we claim that if § <1 is small enough we have:
for anyz € Q° there exists a uniqueZ € 9 such thatd(z,z) = d(x,08),
moreover sup |V Z| < oo. (3:2)

e’

To prove the claim, we have by (1.6) WLOG locally, we can assume 7 takes the form
n(@)) = (@)1,2),2,7(2),1,7)2), and Z=n(Z)=(Z)1,7),2,7(Z|,1,7)2)). Denote ;=
81(‘9||,i17('r”717x”72)7 and ai,jﬁ: 336“,(?8;8“,]- 77}(CCH71,$H72). Now since ‘ﬁ(i’“) —x‘Q :infyeaﬂ |y_
z|?, | satisfies

(@)1 —20) + (7T 1,7 2) —23)17(Z) 1,7, 2)] 0.

w(r1,T2,23,T| 1,T =|(,_" _ _
(=1,22,22,3),1,.2) [(93|,2I2)+(’7(~’C|,17~T|,2)x3)3277(17|1’x|2

Since

560) dt[1+(3177) +(n—x3)0117 52773177+(T7 133)31,277]
Dz ONdaf+ (] —x3)01 20 14 (027])? + (7 —x3) 01 27]
=(1+(017)) (14 (927)*) — (817021)* + O (|7 — w3|)

O(

=14 (17)* +(8217)* + O(|1— z3]) >0,

det(

if [7(z)) — 23| is small enough. By the implicit function theorem (Z 1,7 2) are functions
of x1,x9,23 if z is close enough to 99Q.
Moreover,

01y __(Ow 1 0w
&nj N afH ij
1 1+(020)? + (1 —23) 01,21 —02101 1) — (] — 23)01,21] | Ow

det(22) | —01n0201— (0= x3)d1.07 1+(0in)* + (=)0 O
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is bounded as ﬁ is bounded and det(ag) is bounded from below if z is close enough

to the boundary. Therefore |V,Z| is bounded. This proves (3.2).
Now define

1/2

B(t,z,v)= |lv-VE(2)[* +&(2)* —2(v- VE(2) -0)€(2) — 2(E(t,T) - VE@))E(2) |,

for all (z,v) € Q% xR3. Let 6" :=min{|¢(z)|: x € Q,d(z,00) =§}, and let x5 be a smooth
cutoff function satisfying (3.1), then define

(3.3)

a(t,z,v) = (xs (B(t,z,0))) €0,
)= e\,

The following lemmas about « are important for our estimate:

LEMMA 3.1 (Velocity lemma near boundary).  Suppose E(t,x) satisfies || E|cr < oo
and the sign condition (1.9). Then « is continuous, and for 6 <1 small enough, we
have for any (t,z,v) €[0,T] x A xR3, and 0< s<t, o satisfies

e_CI:(‘VCI(T,)H_DdT,Oé(S,XCI(S),VCI(S)> <alt,zv) < eCf.f(\Vcl(T’)IH)dT’a(&Xcl(s)’%1(8)>7

(3.4)
Ce(lEllLge, +IVE| Lge, +110: EllLge +1) . )
forany C > : = o Cn , where C¢ >0 is a large constant depending

only on &. Here ( cl(l,zs (s;t,x 1}) Vai(s;t,x,v)) as defined in (1.17).

Similar estimates have been used in [11] and then in [8,13].
Proof.  See [3]. d

LEMMA 3.2.  Suppose E satisfies (1.9), then for any y €Q, 1<<3, 0<x<1, and
0 >0 we have

670\1) ul? 1
R? |“—“\2‘”[a(8»y,u)]5dugc ((Ivlzﬁ(y)ﬂ(y))ﬂ?l +1> ’ (35
where c(y) =&(y)* — Cpé(y)-
Proof.  See [3]. 0

LEMMA 3.3.
(1) Let (t,x,v)€[0,T]xQxR3, 1<B<3, 0<r<1. Suppose E satisfies (1.9) and
(1.11), then for w>>1 large enough, we have for any 0 <d <1,

t — 201V (s)—u|?
/ / [ WV rtawar € 7 ()2_l . ~duds
max{0,t—ty} /R [V(s) —ul*>=" (a(s,X(s),u))
HVEuooJrnEui?+HEHL$OI 3-8
§6205 it : _ 0 2 _
(0 (Ce+1)7= (a(t,z,v)) 2(|B7x +1)72
(B3 +1)P71 o
CB 16— Ya(t,z,v))P- 1o’

where (X (s),V(s))=(X(s;t,z,v),V(s;t,x,v)) as in (1.15).
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(2) Let [Xa(s;t,x,v),Val(s;t,z,v)] be the specular backward trajectory as in (1.17).
Let Z(s,z,v) >0 be any bounded non-negative function in the phase space.
For any € >0, there exists [>>1 such that for any r >0,

_ . _ 2
/t/ el (t=s) _© OVarlsstae)ul (u)" Z(s,,v) duds
. _ 2—K T B
0 JRr3 [Var(sst,z,v) —ul (v) [a(s,Xcl(s;t,x,v),u)]

e [a(tOiE)v)}B_l o {e73005(s,3,0). (3.7)

Proof. (Proof of (1) Lemma 3.3.) The proof is similar to the proof of Lemma
11 in [3], but with some modifications made in order to achieve (3.7) later. We separate
the proof into several cases.

In Step 1, Step 2, Step 3 we prove (3.6) for the case when x € 9 and ¢t <tp.
In Step 4 we prove (3.6) for the case when x € 9Q and ¢ > ty,.

In Step 5 we prove (3.6) for the case when x €Q and t <t,.

In Step 6 we prove (3.6) for the case when € and t > tp.

Step 1. Let’s first start with the case ¢ >, and prove (3.6), Let’s shift the time
variable: s—t—1tp+s, and let X (s)=X(t—tp+s), V(s)=V(t—tpr+s). Then s€[0,tp]
and from (3.5) we only need to bound the integral

/ " oy BV s ! ds. (3.8)
’ |V (5)[26(X (5)) +€2(X(5)) —CEﬁ(X'(S))}

Let’s assume x €9 and v-VE(z)>0. Then by the velocity lemma (Lemma 3.1)
we have vy, - VE&(xp,) <0.

Claim: for any 0<d < 1 small enough, if we let

_ vp - VE(zp)
[0+ | Ellf e, + 1Bl +1

5 v-Veé(z)
P+ B +ElLe, +1

ta

(3.9)

01 s and 09 =

then [£(X(s)| is monotonically increasing on [0,01], and monotonically decreasing on
[t — 02,tb]. Moreover, we have the following bounds:

S(vp - VE(2p))?
(WP +IEl e, +11EllLee, +1)°
d(v-VE(z))®
(WP +IIENZ e +IIEl g, +1)°

EENES
(3.10)

E(X (@) > 5

36(vp - VE(xp))?
(0P +IEl e, +11EllLee, +1)°
35(v-VE(x))?
(WP +1IENZ g +11ElLge, +1)°

s€0,01],

E(X () <5
(3.11)

E(X(s)]< 5 s€lty— .ty

and
7()-vex )= o0

(3.12)
[v- V()|
T2 %€

V() VE(X ()] = [tp — 02, tp)].
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To prove the claim we first note that - =6(X X (5))]s=0 =vp - VE(zp) <0, and

2o d v %

=V (s)- V(X (s))-V(s) +E(s,X(s)) - VE(X (5))
C(V(s)P+ 1B, )
<Cl*+2(tul| Bl g, ) + 1B e, )
<Ci(P* + 1Bl L, + 1B, +1), (3.13)
for some C;>0. Thus if § small enough, we have %f()z(s))<0 for all se

[0,6‘vlg_i_”gﬂ‘%zgfn‘gl‘hm —7]- Therefore £(X(s)) is decreasing on [0,07].

Similarly %E(X(S))|s:tb =v-V&(z) >0, and since \%5()2(3))” < (]2 + ||EH%?CT +

d e % v-VE ()] .
| Ellgs, +1) we have that 7-£(X(s)) >0 for all s€ [tb_6|v|2+|\E|\2L?gT+I\EI\L§?m+1’tb] if &

small enough. Therefore £(X (s)) is increasing on [ty, — o2, tp)].

Next we establish the bounds (3.10), (3.11), and (3.12). By (3.13), we have

\5<X<al>>|f/m¥< )- V(X (s))ds

( 7)-VE(X ()))dT—vb-Vf(scb)>ds
/ (|vb Vé (@) = CrlloP+ | B}, + 1| Ell s, +1)s) ds
=Ul\®b'V§(be)\—3101(|U|2+||E||%g§1+||E\|ijr+1)

—o1 (Ion- Te(aw)] - 25 - T aw)]

o 5(vp - VE(2p))>
>—|vp - - ‘
25 |vb - VE(zp)] 2(0P+11BNZ s, + 1 Ell gz, +1)

And by the same argument we have |¢(X (02))| > 5 o Oy VE(x)” for § < 1.

(WP +IENE g o TIElLg, +1)
This proves (3.10).
To prove (3.11), we have from (3.13), for s€[0,01],

CE()] <5 Ion- TeCan) -+ 5 on V(o)

3s 36(vp - VE(z1))?
<—lvp-VE&(xp)| <
oo Ve S SR B + 1Bl +1)

v xr 2 .
and |£(X (s)| < < \2+\|?Ejﬁ :i(u)}%“mo =y for s € [ty — 02,tp]. This proves (3.11).
Finally for (3.12), again from (3 13),

V() VE(X ()| 2[vb - VE(ap)] —/O Cr(|of? + | BllLge, + 1 EllLse, +1)ds

o VE(an)| — Cudlun Ve(ay)| 2 2 o0
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And similarly [V (s)-VE(X (s))] > M for s € [ty, — d2,tp]. This proves the claim.

Step 2. Recall the definition of 01,05 in (3.9), and Cg in (1.9). In this step we
establish the lower bound:

|§(X(s))|>%(02)2,for all s€[o1,tp —02). (3.14)

Suppose towards contradiction that I:={s € [o1,tp —02]:|£(X(s))| < €L (59)%} #£0.
Then from (3.4) and (3.10) we have

C C -V 2
7E(02)2 §52l 5 (112 &(x))
10 10 (v +[[El 2o, + 1Bl Lg=, +1
IVEI oo +IEI%00 +IEI 00
<52@ecf VEILge, + ECELt,z+ Floge, (vp - VE(21,))?
= 10 WP +1El e + 1Bl Lz, +1
C HVEI\LfoI+IIEH2Ltoow+HEHL<t>cI ~
gzél—gecf %5 (X (01))]
<[¢(X (01))];

if 60 1. So o1 ¢ 1. Let s* :=min{s€ I} be the minimum of such s. Then clearly
d v (7 (o V(o
758X (5))ls=s =V (s7) - VE(X(s7)) 2. 0.

Now expanding around X (s), we have

E(s,X(s))- VE(X(5)) = B(s, X () VE(X(5)) +c(X () - £(X(5)), (3.15)

Ce(lEllpge +IVEl L))
yor . Thus

with |e(X (s))] <

LV (s) V(X (5))

=V (s)-V2E(X(5))- V(s) + E(5,X(5))- VE(X (5))

=V(s)- V(X (s))-V(s)+E(s,X(s))- V&(
Ce(|E| L, + IVE| L, )

S
Ja
Vo)
o
SN~—
+
2
S
Ja
Vo)
N~—
N—
I
~m
>
—
V2]
O
=

>Cr - (X (), (3.16)
E
SO
d ~ ~
—C _6205(|\E||m+||VEHLg5;)@ (v-VE(x))? Cr
=B Cr 10 [P+ El e +1EllLe, +17 27

for § < 1 small enough. Then we have %(V(S)~V€(X(S))) is increasing on the interval
[s*,tp] as |£(X (s))| is decreasing. So

Cg

L) VER )2 E, sels ]
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And therefore

¢(s"))| = / "V (s)- VE(X (5))ds

tb ~
[ ([ 70 v 76 Ve ) ) s
C C C
> [" 65 Pas f(tb— P2,
which is a contradiction. Therefore we conclude (3.14).
Step 3. Let’s split the time integration (3.8) as
tb ot - .
/ eijtfthrs SV (T;t,z,v))dr 1 — ds
’ [IV()PE(X (5)) +€2(X(s) ~ Cre(X(s))|
o1 tp—02 tb
=/ —I—/ +/ = (I)+ (II) + (III). (3.17)
0 o1 tb—02

Let’s first estimate (I), (IIT):
From Step 2 we have that |£(X (s)| is monotonically increasing on [0,01] and [ty —
02,tp), so we have the change of variables:

_ o dg
[V (s)-VE(X(s))]

Using this change of variable and the bounds (3.11), (3.12), and |V (s)|?+1>|v[?+1,
(I) is bounded by

ms</[" 1 o ds
V) PR () + (R () - Cre(X (5))]

36 (v VE(21))2

/2<\ \2+||EH20?’+HEHL3¢/+1) 1 dié]
o IV (s)- VEX () (Ca+|V(s))E)) T

38 (v - Vé(zp)?

2(Jv12+ 1 Ell2 oo +IEllgoo +1) 2
5/ ’ ’ 5 [—} 1 d|§|
0 [vb - VE(2b)|((Cr +[v]?)[¢])

38 (v VE(wp))?
} 2(Jv I2+HEH2<>O > HIElLgo +1)

2
Job- V@) |(Cr + [v]2) =

- [le*

/31 3-8

7 ) 2
(CE+\U|2) = [vp- Vf($b)|’@ 2P +IEN e, + 1B e, +1)%

IVE HIEI2 00 +IE
2, e, H1E1 00 lzge, i
e Cp J =2

<
(Co+ o) T (alt.a,0) 2o+ | ElF o + | Bl g, + 1)

IVEl oo +IEI2 o0 +IEl 00
20 t,x t,x t,x
<& Cg
~

5T
(©)2(Cp+1)"F (a(t,2,0)) (| B} +1)*F"
(3.18)
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And by the same computation we get

IVElLeo +IEI7 00 +IEl 00 3-8
1 -
~Y 57
(0)(Ce+1)7= (a(t,z,v))2(| BT, +1) 7

/—\
v

Finally for (IT), using the lower bound for |£(X (s))| in (3.14), we have

(II):/Uz ft rpte F Z{(V(r;t,z,w))dT 1 i
" [1V(5) 2€(X () +€2(X (5) - Cpt(X (5))]

i + 1
- =Z(V(r; d
S/ e ft,—f/b+s > (V(7;t,z,v))dr _— ds
0

[([V(s)2+Cr)é(X ()=

ft—t,b+s %deS

1 b
S/H—/ €
Oy ((v)o2)8-1 Jo
(ol Bllaz, + 11BN, +1)7! / )% g
N — e S
Oy 0)B=165=1 (a(t,z,v))P 1
I+ B o, + B, +1D" o
~ Oy )18 (a(t,x,v))A-t @

(3.20)

This proves (3.6) for the case x €9 and ¢t <{p.
Step 4. Now suppose x € 02 and ty, >t. It suffices to bound the integral:

/e Ji g Virtae)d ! rds. (3.21)
0 [V (s)]26(X () +E2(X (s) = Cp&(X(s))] 2
Denote
X (0st,2,0) =0,V (0it,2,0) = vy
Let

v-VE(x)

09 =
F TPl B 1

as defined in (3.9). If
(o)) Z ta

then from Step 2 |£(X(s))| is decreasing on [0,¢], and by (3.11), (3.12), and the bound
for (III) (3.19), we get the desired estimate. Now we assume

o9 <t.

So from (3.10) we have

d(v-VE(2))?
(X (02))[ 2 2P+ Bls, + 1B +1)°

(3.22)
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. o2 (t,z,v)
Now if [{(zg)| <6 0P HENLge, HIETE e +1)

2
IVEl oo +I1E13 00 +IEllco
A L L

o (t,x,v) <e% %E o?(0,x9,v0)
IVEILeo +IEIF o +IB] o0
C t,x t,x t,x
Se B ((V€(x0) - v0)* + (lvol* + [€(z0) [+ | El L=, )€ (o))
HVEHLto?IJrHEIIi?%+\\E\\Lto?z
<et o (VE(z0) - v0)% + 80> (t,z,v). (3.23)
So

2
VE| oo +IE] +IEl 00
! LLI Lto,ow ! Lie

s Ve (xo) - vol, (3.24)

1
ia(t,xm) <e“s

if 6 <1 is small enough.

Claim:
Vé(xo)-v9<0.

Since otherwise by (3.16) we have

d
TIEX ()] <0,

for all s€[0,t], so |£(X (s))] is always decreasing, which contradicts (3.22).

Therefore VE(zp)-vp <0, and we can run the same argument from Step 1, Step 2,
Step 3 with V&(zp) - vp replaced by VE(xq) - vg, and by (3.24) we get the same estimate.

a2(t,:r,'u)
If |£(-TO)| > 510(‘U|2+”E”i?f’z+”E”L§’?I+1)7 then we have

Cros _ 2Cr (v-VE(x))?
10 10 [0]2+[|E][F +[EllLge, +1

<Cpdl&(wo)| <[(2o)l; (3.25)

for § <1 small enough. Therefore by (3.22) and the same argument in Step 3 we get
the same lower bound

|€(s)] > %(02)2,for all s€[0,t—o3]. (3.26)

And therefore we get the desired estimate.

Step 5. We now consider the case when x€) and t>t,. We need to bound
the integral (3.8). Let

_ ’Ub-V(LL'b)
0P+ Ell e, +I1E]| 52, +17

,x

01

as defined in (3.10). If
o1 2 ta

then from Step 2 |€(X(s))| is increasing on [0,tp], and by (3.11), (3.12), and the bound
for (I) in (3.18), we get the desired estimate.
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Now we assume
o1 <t.
So from (3.10) we have
d(vp - VE(ap))?

§(X(01))|> . 3.27
XD S0 m TN BIE + BT + 1 (327
Now if
a?(t,z,v)
£(z)| <6 L : 3.28
NSO P BT . + BT D (329
we have
a?(t,a,0) <(VE(x)-0)* + O (|v]* +[| B|| 5=, +1)[¢ ()]

3.29
S(Vf(x)~v)2—|—5oz2(t,x,v)g(Vﬁ(m)-v)2+T1()a2(t,x,v), (3.29)

if § <1 is small enough. So
%a(t,x,v)§|V£(x)-v\. (3.30)

Claim:
Vé(x)-v>0.
Since otherwise by (3.16) we have
d -
SeE )]0,

for all s€[0,t], so |£(X(s))] is always increasing, thus

) a?(t,x,v)
X(s <(S — ’
XD =P B + BT, + D

for all s€[0,tp], which contradicts (3.27).

Therefore VE(z)-v>0, and we can run the same argument from Step 2, Step 3,
Step 4, and by (3.30) we get the same estimate.

If
o?(t,x,v)
E(z)| >0 = : 3.31
N> P BT . + BT D) o
we claim:
- o? t,x,v
6 ()] 2 62 S o

T P HIEI E, + B g, 41

t,x
for all s € [o1,tp]. Since otherwise let

a?(t,x,v)
WP+ B~ + Bl +1

, T

s*:=min{s € [o1,t]: |£(X (s))| < 62

1.
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From (3.27) we have s*> o1, and
d (o *
el <o.
And from (3.16) we have
d? 5
pm(X(S))\ <0,

for all s € [s*,t]. So |€(X(s))] is always decreasing on [s*,t]. Therefore

a?(t,z,v)
[0 + 1Bl 2, + 1Bl g, +17

€ ()| = |€(X (tp))] < [€(X (s7))| < 6

which contradicts (3.31). Therefore the lower bound (3.32) and the estimates (3.20),
(3.18) give the desired bound.

Step 6. Finally we consider the case x € ) and t <ty. First suppose

a?(t,x,v)
)| <8 — '
NSO P BT + BT D)

From (3.30) we have

a(t,z,v)

<lv-VE(x)].

If v-VE&(x) >0, then by (3.16) we have (X (t+¢')) =0 for some t' < CSS—% < 1. There-
fore we can extend the trajectory until it hits the boundary and conclude the desired
bound from Step 3.

If v-VE&(z) <0, again by (3.16) we have |£(X(s))| is increasing on [0,¢] and |V (s)-
V&(X (s))| is decreasing on [0,t]. Therefore using the change of variable s+ |¢]:

t
/effj%a/(r;t,x,v»dr 1 s
0 [IV($)[2€(X () +6*(X (s) = Cré(X(s))] 7
s a?(t,z,v)
10([02+[El12 oo +IIEl o0 +1) 1
s/ S dle
0 [V (s)-VE(X(s)|(Crl¢]) =
5 az(t,z,v)
10([02+[Bl1Z oo +IEl oo +1) 1
</ =l
0 lv-VE()|(CElE]) =
610<\v\2+||EcﬁzL(;sz)EuLoo +0 1
s/ wrdi
0 la(t,z,v)(Crl¢]) =
P
S—= : (3.33)

3-8
2

3
Cg® (at,z,0) 2 ([P + || Bl e, + 1 Ellzg, +1)
which is the desired estimate.

Now suppose

a?(t,x,v)
0P+ Bl e, +11EllLee, +1)°

1€(2)] >510( (3.34)
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and

a?(t,z,v)
10(Jo] +[1E)I7 e, + 1] Lge, +1)°

,T

|€(z0)| <6

Then by (3.24) we have

2
VE +IE +IE
I HL?,OZ I HL?,Cx 1Bl oo

b 20) o oz = Ve (o) ol (3.35)

Now if vg-VE&(xg) >0, then from (3.16) we have |£(X (s))| is decreasing for all s € [0,¢].
And this contradicts with (3.34). So we must have

vo - VE(x0) <O0.

— |vo-VE&(zo)] :
Then we can define o1 =4 ‘Uler”E”%%Jr””E”L%H as before. Now if o1 >t then |£(X (s))]

is increasing on [0,¢], using the change of variable z— |¢| and the estimate (3.18) and
(3.35) we get the desired bound.
If o1 <t, then from (3.10) we have

(vo - VE(0))?
2P+ 1Bl + 1 ElLg +1)

1§(X(a1))| =6

And then from the argument for (3.32) we get

2(t,x,v)
X(s))]>62 o’(t,, ,
X2 B 1B +1

for all s € [oy,t]. This lower bound combined with the estimate (3.20), (3.18) gives the
desired bound.
Finally we are left with the case
a?(t,z,v)
WP+ B0, + [ Ellzge, +1)°

>4
Then again, from the argument for (3.32) we get

a?(t,x,v)
X S >52 — ’
£(X ()| > [P +TES x + 1Bz, +1

for all s€][0,t]. This lower bound combined with the estimate (3.20) gives the desired
bound. O

Proof. (Proof of (2) Lemma 3.3.) Since %S%g{lJr\Vcl(s)qu}%

and (Vey(s) —u)re=0Va(®)—ul® < o=Cor[Va(s)=ul* it suffices to consider the case r=0. It
is important to control the number of bounces,

lu(s)=L.(s;t,2,0) EN such that 51 <s<tfs.
An important consequence of Velocity lemma is that for the specular cycles

a(s, Xa(s;t,x,v), Va(s;t,z,v)) 2 e_(:('“)”t_sloz(t,:lc,v)7
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and therefore for the specular cycles

it . t=s

1 Y. a(tt,xt vt)
¢ ‘ mMiNp<r<e, (s;t,z,v) [v7]2

lLi(s;t,x,v) < —
«(8t,2,0) MiNg< o<, (sit,0,0) |t

< |t7$|(‘v|2+1)ec<v>(t75)'

S oo (3.36)

For fixed (t,z,v) we use the following notation «af(s):=a(s;t,z,v):=
a(Xeal(s;t,x,v), Val(s;t,x,v)).
Now we consider the estimate (3.7). From (3.18), (3.19), and (3.20) we have

N\ 2
// (=g €V 2(s,,v) duds
o Ve(s) =uPP~ Ta(s, Xaa(s:t,2,0),u)]

—0|v’ —u|?
/ / Loy (t—sy €1 Z(s,2,v) duds
te+1 JR3 _u|2_'&C [Oé(S,Xcl(&tamvv))u)]ﬁ

£, (0;t,z,v) 5352
v) (t—s) — L)y (t—t*)

su e~ ( Z(s,x,v) X e 2

N0<sgt{ (s,2,0)} ; ( 2

£ (Ot'l"ll)

1 o
() (E=s) g
+55—1(a(t€’x571ﬂ))5—1 /te+1e i S)

£.(05t,z,v) 63;
< sup {ez(t=9)y $,,0) b X e~ 1t :
<2 SERHADY W att, 2,0
oC (v [t—t| )
REARAY FY 3.37
P (a0 T /tme i ° (3:37)
Clearly
£, (0s5t,z,v) Clodt—tt £
Z eCIt=t] / e 50 -9) g
—~ 0B (a(t,z,v))P1 Jieh
< 1 /t L) t-s)g
~o8-1(a(t,z,v))B1 J, c §
1
< . 3.38
~w)oP L (a(t,xz,v))P1 (3.38)
3-8 ~ -
And for 324 (O’t’r’v)e*ﬂ“)(t*#)W, we let £ be the bounce that t*>¢— ﬁ
and tFH1 < — (T and decompose 3 4 0%®) 25:0+Z§*:(§jf’v). Then from (3.36)

éi o) << — W0 ol

at,z,v)/|v]2 "~ a(t,z,v)
For Kzg—i—l, we have

1
[t =t < |t —tf| 4 |tf =t §|t—t€|+CUS|t—t€|+C|t—té|:(1+C)|t—té|.
v
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Thus
£ (05t,z,v) £, (05t,z,v)
e EW=) < 3 oo F 0t ey ()t
0=0+1 =041
t—t) ) L
SmaX{ elﬂg - >t(e+1|) }thﬂt”llesuicﬂ”““”l)
£=0
2 ,— L) (t—t*) ,C(v)(t—t*) rt
< (v)% £ (u)(t—t") oCv)( )/ o~ s () (t=9) g
~ a(t,z,v) 0
e
~ la(t,z,v)
Therefore
£ (05t,z,v) 3-8 3-8
e~ H =t 0= < 0 . (3.39)
— ()2 (alt,2,0))=2 ™ (v)(alt,z,v))P 1
Combining (3.37), (3.38) and (3.39) we prove (3.7). d

4. Moving frame for specular cycles
We use the moving frame for the specular cycles introduced in [8]. We denote the
standard spherical coordinate x| =x (w) = (x 1, 2) for weS?

w= (cosx|,1 (w)sinx 2 (w),sinx 1 (w)sinx 2 (w),cosx) 2(w)),

where x| 1 (w) €[0,27) is the azimuth and x| »(w) € [0,7) is the inclination.
We define an orthonormal basis of R3, {#(w),d(w),0(w)}, with #(w):=w and

=

(w) = (cosx| 1 (w)cosx) z(w),sinx 1 (w)cosx o(w), —sinx 2(w)),

D>

(w) = (—sinx| 1 (w),co8x) 1(w),0).
Moreovenf‘xqg ) (;AS O="r, 6 x QAS, and
8x“,1f:sinx”,2 9, x” T gf), (41)

where Oy, |7 does not vanish (non-degenerate) away from x) » =0 or 7.
Without loss of generality we assume 0=(0,0,0) € 2. For

p=(z,w) €N xS? with n(z)-w=0,
we define the north pole N, € 92 and the south pole S, € 9 as
Np = INp|(n(z) xw) €99,  Sp:=—|Spl(n(z) x w) € 09,
where Oy 7 is degenerate. We define the straight-line £, passing both poles
Lo ={tNp+(1-7)Sp:TER}.

LEMMA 4.1.  Assume § is convex (1.5). Fiz p=(z,w) € 9Q x S? with n(z)-w=0.
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(i) There exists a smooth map (spherical-type coordinate)

[0,27) x (0,m) = OQ\{Np,Sp}, (4.2)

p -
X = (Xlp, 15X p,2) 2 (X)),
which is one-to-one and onto. Here on [0,27) % (0,7) we have 0;np := 827“7" -#0 and
p,l
Iy Inp
0. 4.3
T 10 ey, 5 ) )

We define
np, :=nonp:[0,27) x (0,7) —S*.

(ii) We define the p—spherical coordinate in the tubular neighborhood of the bound-

ary:
For 6 >0, 61 >0, C>0, we have a smooth one-to-one and onto map

®,:[0,C6) x [0,27) x (61,7 — 1) x RxR? — {x€Q:|¢(x)| <5\ Bes, (Lp) X R?,

(XL X[, 15X [,25 Vs Vi 15 V]ip,2) — Pp(X Lo Xy 15X 2, Vg VG, 1, V] p,2)s

where Bes, (Lp):={x €R3: v —y| <& for some ye€ Lp}.
Eaxplicitly,
X1 [0p (x),)] + 70 (x),)
P - P P P
p(XJ_anHpaVJ_p7V”p) le [7np(x‘|p)} +va VnP(XHp) +XLPV”P V[fnp(xllp)]

P a 8 )
where Vnp = (017p,02np) = (axﬁ1 , 8x;7:2 ) and Vnp, = (01np,09np) = (ﬁ7 8XT:2 ).

The Jacobian matrix is

8‘1)(XL,XH,VL,VH)
O(x1,x|,vL,v|)

an an
n 8xHY1 8<I>1(xJ_,xH) Ox”72 03 3
) )
+x 0"\?1 3(XL,XH) +x 0x|7|12 s
y on on
= -V —v
= L ox) e LI -
877 877 8x“ 1 1 XJ_,XH axH 2
—v| - Vg, AR ET e R ETE e () | AT~ ’
,1 9% ,2 an an
I I I I +x e O(x1, X)) +x, e

—xlv“-va afﬁ —XLV”-VXHB;?ﬁ
(4.5)

We fix an inverse map

&1 {z €0 [€(x)] <SP\ Bog (Lp) x R — [0,06) x [0,27) x (81,7 — 61) x R x R2.

In general this choice is not unique but once we fix the range as above then an inverse

map is uniquely determined. -
We denote, for (z,v) €{x€Q:[&(x)| <SP\ Bes (Lp) xR3

(le’XHpal’XHpQ’vlp’VHpvl’Vsz):(I)];l(x’v)'
(iii) Let q=(y,u) € 92 x S? with n(y)-u=0 and |p—q| <1 and

Pp (XL X VL V) = (2,0) = P (X1 X)) VLG Vg)-
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Then

00 0
01 1| 033
a(XLp?X”p7VJ~p’VHp) 011

=V&,'Vd,=Idss+O0¢(|p—ql) (4.6)

O(X1q1 X ViLgr Vg 8|O‘ ‘Olg (1) (1)
v| v
Olv| [v]j0 1 1
Proof. See [8]. 0

LEMMA 4.2.
(i) For |¢(Xa(s;t,z,v))| <6 and | Xa(s;t,x,v)—Lp|>C we define

(Xp(s;t,x,0),Vp(s;t,z v)) =0, (Xai(s;t,x,0), Var(s;t,x,v))
= (x1

(S;taxav)7x||p(S;taxav%vlp (S;t,fl?,’l)),VHp(S;t,x,v)).

Then |v|~|Vp| and

x| . _ v .
e P w
Vi Fj,(xp,Vp)
Here
By =F1 (x1,.X),.V|,)
2
= Z ViipkVip.i 050kmp (X)) - mp(x),) —x1 ZVnp k(Vil, - V)Oknp (x),) - np (x,)
7,k=1
(s,—x1n(x))+n(x))) n(x)), (4.8)
where
2
> Vik Vi 90p (X)) np(x),) Se — vy I,
j k=1
and
B, =F, (XL,:X),, VL, V),)
(—1)°
= G J"(leax )
;2 o e 0 (), ) - (Orrp (), ) % Do (%)

<A2V LV, Vap (X)) = Vil VR (X)) Vi X0,V VoRp (X)) v,
—E(s,—x1n(x)) +n(x))) } - {np(x),) x Dir1np(xy,) } (4.9)

where a smooth bounded function Gy i;(x1,,%|,) is specified in (4.106).
(ii) For T (t*t1,t%), if the p’—spherical coordinate is well-defined in [7,t") then

(X (7s5t,2,0), Vo(T3t,2,0)] = [Xo (73850 Xl\wvﬂ_wv\l ), V(34,0 x” 7Vﬂ_wVH[)]
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and, for O e =0y ,0y¢ |,
‘ 1y

Ile

[0, Xe(T)[ 10w Xe(T)[ ] _
[0t V()] 0y Ve(T)] |~

! i (4.10)
O |vp) e, D+ [T =2 1| '

For t'tl < 7 < s<tt then

[Xe(T3t,2,0), Vo(T;t,2,0)]
= [Xo(7;8,Xe(s3t,2,0), Vi(s;t,2,0)), Ve(T;8,Xe(83t,2,0), Vi(s;t,z,0))],

and

1 |7 — s

Ox, ()Xo (T L) X (T
[l i X Oegwg, B)+ellr—sl 1]. (111)

10%,(s) Ve (T)] |Ov,(s) Ve(T)] | ~

Moreover, for either [0x,0v]=[0xt 0y 0yt ] or [0x,0v]=[0%,(s):Ov,(s)]
ey '
O, Bllaze, (1) +10I° Og v b5, (1) + 0]

{ Ox F(T)|  [OvF(T)] }<
~ | Ocliveize, (D) + 01 O vp), . (1) + o

0K (7)) |20V F(7)] - 412)

Proof.  From ©=0 and the second equation of (4.4) we get

E(s,—xin(x)) +n(x))) =vL(s)[-n(x)(s))] =2vL(s)v) - Vn(x)(s)) + ¥ (s)  Vn(x)(s))
+VH . VQU(XH) V” _XL‘.’H VH(XH) _XLVH . VQII(XH ) VH

(4.13)
We take the inner product with n(x(s)) to the above equation to have
V1(s)=—E(s,—xun(x))+n(x)) -nlxy) + [v)- Vn(x))-vy] -n(x))
=x1[v)- Vn(x))-v)]-n(x))
::FL(VL,VH,X”), (414)

where we have used the fact Vn L n and VL n.
Since 0=¢(n(x))) we take x| ; and x| ; derivatives to have

0=0x,, [Z@kﬁax“ 1] = Za’“amfaxu,j MmO M + Za’ﬁgaxn,iaxu,j Mk s
%

k,m k
and from the convexity (1.5) and n=V¢/|V{¢],

Vi OkE0: 05k v 5 {V11,:0iMm } Ok Om&{0nm V) 5 }
vi-V2n-vi] -n= Il J J_ , J »J
[ I n II} Z Vel Z Vel

.9,k i,3,k,m

Se— vyl
Define a;;(x)) via

[(111 a12] _ {3111'5111 61n-82n} [3177'5177 517]'6277} -

asi aze | | Oom-01n Oon-0om | | Oon-01m Oam- Oon
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where det(9;n-9;m) =[01n x 9an|* #0 due to (4.3). Then Vn is generated by Vn :

—&»n(xu) :Zaik(xu)akn(xu).
k
We take the inner product (4.13) with (—=1)"*(n(x)) x din(x))) to have

> (OritxLar)V
K

- (=)
——n(x))- (Oin(x)) x Ban(x)))

X { —QVJ_VH VH(XH) +VH ‘VQU(X”) ~VH _XJ_VH ~V2n(X”)~VH

— B(s,—x.n(x))+(x)) } - (-n(x)) x san(x)),

where we used the notational convention for 9,117, the index i+1 mod 2 . For [¢(z)| <
1(and therefore |x, | < 1) the matrix dg; +x, ax; is invertible: there exists the inverse
matrix Gy; such that ) (0x; +X 1 ari(x)))Gij(x1,%|) = k. Therefore we have

o e (71)1’«%1
[ ;Gw( L ”)—n(xu)-(aﬂ](x\l)X8277(XH>)

8 { =2v.1v) - Vnx)) 4 v - VIn(x)) v = x vy Vin(x)) vy

— B(s,—x1m(x) +n(x)) - (—n(x) x D 1m(x))

::ﬂ|,j(xlax|\7VL7V||)~ (415)

Here

G11 Gr2

Ga1 Gao
_ 1 1+Xla22 —X 1012

1+x (a1 +ag)+(x1)%(arna2 —aigas) | —X1a21 1+xian |’

ai ai2 (4.16)

a21 A2

1
 |01n[2]02n|? — (81 D2m)?
o [101m2[92n]* = (91m- 9,m) (01m- Dam) —[01m|* (01 - Oam) + (O1m- Opm) 01|
(91m-92m)|Dan|? — |20 (011 Do) —(D1n-Dom)(O1n- Do) +[am|?|01n |

To complete the proof of (4.7), from £ =v and v=FE, we have
v=—vin+v|-Vn+xi[-Vn(x))¥)
:XJ_(_H(XH)) -I-XJ_[—VII(XH)]XH +V7}XH
E(S,*XLH(XH) +77(XH)) :VL(fn(XH)) —v1Vnx| +VHV77+VHV277X||
+XLV|| [—VH(X”)] +XLVH [—VD(XH)] —|—XLV|| [—VQTL}XH

We therefore conclude that x; =v, and X|| =V from <I>;1. We then solve v, and v
to obtain (4.7).
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Now we prove (4.10) and (4.11). From (4.8) and (4.9), x,=v|,, X1,=v1, and
vi,=Fi, and v, =F),. Denote 0= [a ,Z ,8‘?2 T g ]. From (4.8) and (4.9),
[|6FL}< (O |92, (D) + V(D)0 L[ +10%) [} + [V()[|0v|

|OF| (Oe vl (1) +V(DID{10x 1|+ [0%) [} + V(P |0V L] +[0vy [}
(4.17)

Now we use a single (rough) bound of
OF L[+ 10F)| S (O |9 5|, (1) + V()10 L[ +10%) [} + [V(T){|0v | +|0v [}

to have

v, ()] + 1w, (7))
< [0F L, (r)|+10F, (r >|
< Ocomtym, (O + VP {1051, (7) | +10%1, (1)} + V(0w (0] + 10wy, ()]}

Combining with & [x,(7),x|,(7)] =[vL,(7),v,(1)] vields

i [ |8XLe (T)‘ + IaXHz (T)l :|
0V, (T)[+]0v), (7)]
0 1

6 (O v, D+ V)P) V(7))

0%, (7)) +|0x, ()]
[|am () + |av|m>|] : (4.18)

Now for M >>1, let’s first prove (4.10) for |v| <M. From (4.18) we have

10X (T)[+ [0V e(7)]

t@
St [ (140 wmp, (0 + V)] V) E) XA + Vel

tﬁ
§1+/ (1+O§’HVE”L;>OT (1)+M2) ‘aX[(T/N +|8V€(T/)|d7‘/

From Gronwall’s inequality we have

0Xe(T)[+10Ve(T) Se v Bl e, 1 L (4.19)
For 0, = [a R 1/ ], from (4.19) we have
y
0K [0V Se e, eI (4:20)
And for Ox = 57 4 , from (4.18), (4.19) we have

BV [ (Ociwmtsz, (U +V)E) Xl + V() 0V () dr

tl
S (Ocomis, W+ o) [r= 1+ [ 0Vl ar
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From Gronwall’s inequality we have
|05 Vo (T)] Sf)HVE”L??T M (OS,HVEHL;’fT (H)+ |’U|2) |7'—t5|_ (4.21)

Combining (4.19), (4.20), and (4.21) we prove (4.10) for |v| < M.
For the case |v|> M > 1, we have |V (7)| <2|v]|, so

0 1 1 [ax“<r>|+|8xuz<r>

A 0%, (T)]+[0%),(T)]
(O 1wl e, M)+ [0P) ol | [[ove, (r)]+0vy, (7)

<
dr I5VL4(T)|+|3V|K(T)|} ¢

By Lemma 5.2 we prove our claim (4.10) for the case |v| > M. The proof of (4.11) is
exactly same but we use 9= [0x,(s),0v,(s)] to conclude the proof.

We prove the first row of (4.12) by (4.17). By taking the time derivative to (4.8),
(4.9) and applying (4.7) we prove the second row of (4.12). 0

5. Derivative estimate for the generalized characteristics
The main goal of this section is to prove the following key estimate for the derivatives
of the generalized characteristics (Xeai(s;t,2,v),Va(s;t,2,v)) defined in (1.17).

THEOREM 5.1.  There ezists C=C(, E) >0 such that for all (t,z,v) €[0,T] x 2 x R3,
0<s<t, with s#t’ for (=1,2,--- ¢,

10, Xe1(s3t,2,0)| < eclv\(t—s)|1}|7+1)
~ a(t,z,v)

O Xei(s — 1
| v cl( ;t,x,v)| 5 eC|U\(t 8)77
- ‘U| (5 1)
7] [jJr .
) Clv‘(t 5)|/U|71
| :chl(S,t,:E,U” S e ( 75(;,/0)’

9, Vaa(sst,v)] < Ol LUEL
~ a(t,z,v)

In order to achieve this, we need a crucial bound on the backward exit time:

LEMMA 5.1.  Suppose E(t,x)-n(z)>cg for all x € 0Q, then there exists C=C(Q,E)>
1 and 0<T <1 such that for any (t,z,v) € [0,T] x Ax R, t1(t,z,v) >0,

N e O O [ O

<C. (5.2)
Vi V1| Vi
And for (t,z,v) €[0,T] x v+ xR3, t1(t,z,v) <0,
t t t||v]?
0 bl bl _, -

Vil vl fval
Proof.  Let N >10(||E|[zs +1) be fixed. Let’s first consider the case (t,z,v)€
[0, 7] x @ xR3, t1(t,x,v) >0, and prove

t—t|

— S 1 for all [u| <N. (5.4)
[vil

From (4.8) we have

Fi(s) <—celv? —cp+Cex vy |
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By choosing T'< 4NC , we have x| <2NT < 5%, thus

3%t
c
Fy(s) <—CE—C§|VH‘2+5§|VH|2 <—cp, forall t' <s<t. (5.5)

Therefore

O<XL(t)=/tVL(S)dS

1

:/tt< Vit FL( )dT)ds
(- /t /ﬂFl )drds. (5.6)

So from (5.5) and (5.6),

t gt
C—E(t—t1)2<—/ Fo(7)drds < [t— Y] [vL]. (5.7)
2 t1 J¢l
Therefore <£(t—t') <|v! |, and this proves (5.4).
Next, for [v]|> N, let d=max, ,g|z —y[, then {(X(t+1'))=0 for some t' < 2 by
extending the field as E(s,z)=E(T,z) for s>T if necessary. So we can, without loss
of generality, assume x € 0£2. We claim

t_tl 2
=t lol® <1 for all [v| > N. (5.8)

Vil
Since (x,v) € v+ we have

0=¢£(")
={(x)— | VE(X(s))-V(s)ds

t1

—(t—t Y- VE(x / / (X(7))-V(r)+E(r,X(1))-V&(X (7)) drds.
(5.9)
Note that for T'< W’ \12)| <|V(7)|<2|v] for all 7€ [t!,t]. Thus from (5.9)
|t t'|(v- VE(2)

|t H12[o]2 + //ETX V(X (r))drds

-t
+ o E(ta)-VE(@)

—/tl/S /T %(E(TI,X(’T/))‘vg(X(T/)))dT/deS

C
> St =t PJof ~ =P Cpe(1+[v])

If t 2ol +

C
2= (GloP ~ e~ 2Cae(1+ o) ). (5.10)
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Since |v| > N, we have $|v[?—[t—t!|Cp¢(1+|v]) > &|v|?. Therefore (5.10) gives
lv-VE(z)| > O\t—t1||v|2. (5.11)
Then using the velocity lemma we have |t —t!||v|? <|v-VE(z)| < |v] |, and we conclude

(5.8).
Now combining (5.4) and (5.8) we actually have for all (z,v) €4,

[ttt [E—t]of

T T <I.
Vi Vi
Therefore
41 1 11,2
(T P [ Uy
|V¢| | J_| v J_|

and we conclude (5.2).
The proof of (5.3) is similar. If |v| < N, we have

O<XJ_(0):—/0th_(s)ds:—/0t (VL—/:FL(T)dT) ds:-tvﬁ/ot/:n(ﬂdrds,

(5.12)
So same as (5.7) we have
t gt
—/ / FL(T)deS<t|VL|.
0 Js
Therefore £t <|v,|. And if [v| >N, similarly we get
0>£(X(0))
(@)~ [ Vex ) visas
=—|t|(v-VE(z / / (X(1)-V(1)+E(r,X(7)) - V&(X(7)))drds.  (5.13)

Then by the same argument as lines between (5.9) and (5.11) we get |[v-VE(z)| > 5 t\v\Z
and this proves (5.3). |

We need a version of Gronwall’s inequality for matrices:

LEMMA 5.2. Letm>0, a(7),b(7), f(7),9(7) >0 for all 0 <7 <t, and satisfy |v| > M >
1, and

{a(r)} <{ 0 1] f:a(T/>dT/

b(r) | = [m+1of? ol | | o)

it Bt P | T4
[ e T3 e 6

then
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Proof. First we consider A%, B¢ solving, for £ >0,

[é‘iiiﬂ = {mfw |«11|]

We claim that

F Bl [l | e

Jr/tTGC(TT’) { 1 |T—7/} [LCJ/(t—T/)H ar (5.16)

Pl =7 1

f: As(7)dr’
f: Be(r")dr’

+{g(t_7)]+H. (5.15)

We consider the matrix {1 O} [ 0 1 } = [ 0 1 ] Denote

01]|m+|v|? |v| m+|v]? |v]
L4+ /5+ 1 1=\ /541 1
mMmi—————_—,T2:= , I'gi= .
2 2 4m

Then we diagonalize this matrix as

0 1] [ 1 1 1[rmw 0 ]|-rers rapy
m+v|? | ri|v| r2|v] 0 rolu|| | mrs —rgﬁ '

L —TaT3 Tgﬁ

T r1ir3 —r3i

[v]

el B (A e B et ]

[v]

Denote [“;; ((3

[AE(T)

B ( )] and rewrite the equations as

2

Directly we compute

)= [m)

7 [eCralltr=r") 0 —Tar3 TBﬁ gt—1")
/ dr’.
L bl [ 2 )
Then

As(r)| | 1 1 A= (T)
Be(r) ] [rilvl rafvl | | BE(7)

_ 1 1 eCrilvl(r=1t) 0 —1rars T3\Tl|

L] r2lv 0 eCralvl(r—t) TIT3 —T3ﬁ

T 1 1 eC77“1|v|(7'—7") 0
+/ Cralol(r—7")
. L] refv| 0 eCr2lvl(r—r

_ 1 I ot
x[ r2T3 7“3|v‘1 1 [g(t 7'):|d7_,.

r17rs3 —T3m
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Directly, the RHS equals

s (TlGCr2|'u|(‘r7t) 7r260r1|v\(77t)) I’%,l (eCr1|v\(Tft) _ eCTQI’Ul(Tft)) A€ (t)
—7”17"2’/"3|’U| (ecrl\u|(-r—t) _ eCrg\v|(T—t)) Cra|v|( Cr1|v\(7—t)) Be (t)

T3 (’1“16
T 73(601”1|v\(77‘r') _eC'r2|v\(‘rfT'))
“f
t

r3(rie CTl\UI(T*T')) 2
I
X [g (b= )] dr'.

Tt —rpe

Cralv|(t—1") _ roe

—7"17"27‘3|’U| (60T1 |v|(T—7") _ eCT'Ql’U‘(T—T/)) s (TleCTgl’U‘(T—T/) _ 7“2607-1 \v|(7’—7"))
W(t—1)

Since |v|>M, we have |r;—ry|<1, so by expansion we have [eCTHvI(T=t)
eCr2llT=t| < e ||| —t[eCes V7=t Therefore we conclude (5.16).
Now we claim

a(T)<A(T), b(r)<B(1), forall 7<t. (5.17)

First we claim that a(7) < A°(7) and b(7) < B¢(7) for all 7. Otherwise, we should have
at least for some time 7y such that a(7) < A®(7) and b(7) < B¢(7) for 79 <7<t but
either a(7) > A®(7) or b(7) > B*(7) for a small neighborhood of 7> 7y. Especially either
a(19) = A%(1p) or b(19) = B*(7p). But this is impossible. Since

[Asmam] 20[ 0 1 }

JL(42 ()~ a())dr
Bo(r)=b(r) | = [m+ fof? o

JHBE () = b)) dr’

A —am] el g A
we have |:BE(T) —b(r) > o> 0 as 7— 7, . Then we prove the inequalities (5.17) by
letting € — 0. Finally we prove the claim (5.14) from (5.16) and (5.17) and letting € — 0.
O

Proof. (Proof of Theorem 5.1.)  First we consider the case of ¢ <ty(t,z,v).
Directly

’a(Xcl(s;t,x,v),Vcl(s,t,x,v))’<[ [v| 4 (t—s) 1 (t—s)
o(t,x,v) ~IElLg, +(E—3) [v]+(t—s) 1

The computation will be the same as that we will get for (5.30).
Now we consider the case of ¢ >ty (t,2,v). We split our proof into 10 steps.

Step 1. Moving frames and grouping with respect to the scaling tlv|=L¢, with fized
0<Lex1.

Fix (t,2,v) €[0,00) x @ x R3. Also we fix a small constant § such that § < Bl Lse, -
We define, at the boundary,

0. |Vﬂ|

ro= .
v

(5.18)

Bounces ¢ (and (t*,2°,v%)) are categorized as Type I, Type II, or Type III:

all the bounces ¢ are Type I if and only if |v| <4,
a bounce ¢ is Type II if and only if |v| > d,r* <V, (5.19)
a bounce £ is Type III if and only if |v| > 8,rf > /6.
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Now we choose T' < Then if |v| < 4§, we have

L
HEH2

max |§(Xc1(s;te,a:£,v£))| <|v|T+ ||E||L§§1£T2 < 24.

1< s <t

And if [v] > 6,1’ <V/6, we have from (5.2)

1< g<te

¢ 2
A%
x| [6(Xa(sit o DI SR (1B + 0725 (D) o

Therefore if a bounce ¢ is Type I or Type II then maxe+1<, <y |{(Xea(73t,2,0))| < C9.

Now we assign a coordinate chart for each bounce ¢ (moving frames). For Type
I bounces ¢ in (5.19) we let p‘=(z/,w’) with z/=2¢ and w’=7(2*). We choose
p’—spherical coordinate in Lemma 4.1 and (4.4) with this p’

For Type II bounce ¢, we choose p*:= (z¢,w") on 9Q x S? with n(z)-w’=0

, w'= () (5.20)

Note that, by the definition of Type I bounce, |v— (v’ -n(z%)n(z%))]2=v|> - |v{|* 2
|v]2(1—6) 26 |v|? and hence w* is well-defined.
Moreover for Type I and Type II bounces

| Xe1(s;t,2,v) = Lye| 2 C5 >0, (5.21)

for |v|[t* —s| < 155 mingeoq [#|. This is due to the fact that the projection of Vei(s) on
the plane passing z¢ and perpendicular to n(z*) x w’ is at most |v| magnitude but the
distance from z¢ to the origin(the projection of poles sz and Spe) has lower bound
%Ominxeaﬂ |1‘|, |S—t£‘ < 1.

For Type III bounce £(t' 2z v'), we choose p’=(z{,w’) with |2‘—2!| <4 and
we choose arbitrary w’€S? satisfying n(zf)-w’=0. Note that unlike Type I, this
p’—spherical coordinate might not be defined for s [t**1,#/] but only defined near
the boundary.

Whenever the moving frame is defined (for all 7€ (¢*+1,¢] when £ is Type I or Type
II, and |7 —t*| <1 when ¢ is Type III) we denote, by (4.4),

(Xe(7), V(7)) = (31, (1), %), (1), 1, (7). v, (7)) := @ (Xt (7), Ve (7))
Especially at the boundary we denote

(Xﬁ-z’xﬁz’vﬁ-e’vﬂ ): —ll%g(Xg( 7),Ve(7)), with xﬂ_e:O7 VLZO.

Then we define

'z 0 @
(xj_tlvxujl H+1) T‘lthrg}rl(XLz (T)aX\IZ(T)aVHz(T))a

and

1i+1.77 lim v, (7). (5.22)

T+l
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Now we regroup the indices of the specular cycles, without order changing, as

{0,1,2,-+ £, = 1,6} ={0}UG1 UGa U+ - UG 1i=sitv) UG te=slioi 4
Le Le

where [a] €N is the greatest integer less than or equal to a. Each group is

gl :{]—7 agl _]-a‘gl}a
g2:{£1a€1+17“' 76271762}7

: (5.23)
Q[u—LsEHvl]={f[\thsEHv\]_17€[u—;§uv|]_1+1,"'7€[|t—;§uu\]—Lflwtlsguw]},
Gttty = Hppamier), bumsion + 1,0, 6y
where £ =inf{¢€N:|v| x [t® —t1| > L¢} and inductively
Ci=inf{l e N:|v| x |t5 —tb+1| > Le}, (5.24)

and we have denoted /£, :é[u_;!w]ﬂ.

Our analysis is carried out in each group G;. We note that within each G, [t% —
thi+||v] < L¢ by our design, so from the velocity lemma, ry, is comparable to each other,

so is |v?|. By the chain rule, with the assigned p—spherical coordinate (moving frame),
we have for fixed 0<s<t¢ and s€ (té*“,té*)

a(X,g(S;t,iE,'U),‘/c](s;t,x,v))
a(t,x,v)
(X (s),Va(s))
. L L
8(755* e Ve Ve, )

from the last bounce to the s—plane

JEEIT) o 0 0 A _ _ _
[ a(t&ﬂ’x +1 7V¢+1 Vi 8(1&4“ litl i+l e,+1)
lle; 41 tip1” Mgy Ml T Lo+ Ve
« + + e X i i
. ‘ei+171 Zi+1—1 f7‘,+1—1 Z;,+1—1 a tlt Xﬁ, VZ,; V/7
im0ttt v ) (5%, VL v, )
i—th intermediate group
whole intermediate groups
1 1 1 1
y o(t ’X\Il’VLl’V\Il)

o(t,x,v)

from the t—plane to the first bounce

(5.25)

Before we start to calculate the matrix for any bounces, we first prove a claim that

will be used later: there exists a constant C'=C(€) such that for any bounce ¢ and any
t1 < s <t we have

aFJ_(S) aFJ_(S)
or ott

A+ i [ < OB o, (5.26)




YUNBAI CAO 2165

By direct computation we have

tt o tt
axatg ——v.(s)+ / (0 FL (') +0p FL(7'))dr'dr,
0
g‘tf =—vV| +/ / (9 FH —|—ateF||( ))dT’dT,
. (5.27)
a t
QLE =—Fj(s / (0-F)|(T) + 0 Fy (7)) d,
0
‘g‘tg =—F, (s / (0:F (1) +0pe Fy(1))dr,
and
OF.(s) L OF.(s) aFu(s)JraFH(S)
or ott or ott
%1 (s ox (s
:‘VxLFi.<VL(S)+8at§ ))+VXHFL.(VH(5)+ 8';5 ))
ovy (s
+ Vv Fo (FH (5)+%) 785E~n(x||)‘
% (s ox (s
|7 (vi0+ 2 ) vy (v + P )
v (s ovy (s
49 (e + 22 ) oy e (R + )
B o G BB(s, —xam(x) +0(x))) - {p(x),) X Disrp(xy,) }
2_ Grag(ip i) np (X)) - (O171p (X)), ) X D21p (%)) - (5:28)

1=1,2
Then from (5.27), (5.28), and using the fact that ||V x, Fijllcc + |V x, Filleo S
|’U‘2+17 ”vVH FL”OO“‘ HVVJ_7VH FH”OO §|U‘+17 we have

OFL(S)JF@FL(S) n OF(s) 3Fn( s)
or ott or ott

tt ntt
§(|U|2—|—1)/ / (‘87/FJ_(TI)+8tzFJ_(T/)|+|87./F||(T/)+atzF”(T/)|)dTldT

+(|U|+1)/ (10, Fu (') 4 8y Fou ()| 4 |00 Fy (') 4 Bye Fy (7)) dr” + 105 Bl oo
S0 [ =0) (00 L) 400 ()| + 00 Fy () + 0y ()

¥4

t
+(|U|+1)/ (‘8T/FL )+8tzFL |+|(97./F|| )+atzF”(T/)})dTl+||asE||oo
£
§(|v|+1)/ (|8T/FJ_(T/)+8,5£FJ_(T/)}+|8.,—/F‘H(T/)+8téF‘H(T/)|)dT/+HasEHoo, (5.29)

2
Where for the second inequality we switch the order of integration f ‘ f " 1dr'dr =

f N "tdrdr’ —f (7' —s)dr’, and for the third inequality we use |v|(t! —s) <1.
Therefore from (5.28) and Gronwall’s inequality we get

’am(suam(s) +‘f)ﬂ() OF)(s)

ol -
or ot or ott gnasEHL;xm@fS (Jol+1)d S”asE”thIa
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and this proves (5.26).
Step 2. From the last bounce {, to the s—plane

We choose s E (t = te ) C (s,t%) such that |v|[t* —s*| < 1 and the £, —spherical
coordinate (Xg, (s%), Vg (s)) is well-defined regardless of types of ¢, in (5.19). Notice
that s’ is independent of t* and s so that gj[* =0= ag%.

We first follow the flow in (x,v) co-ordinate to near the boundary at ¢ = s’ change
to the chart to (X, V), then follow the flow in (X,V). Regarding s’ as a free variable,
by the chain rule,

A(Xa(s),Var(s))

T
6(t£*7x” VT,V )

d(Xa(s)Vals)  9s™xu,, (s%).x),, (s)vi,, (s) vy, ()

~9(sh Xy, (57), Ve (57)) atl xfr v, i)
_ 0 Xa(s),Vals) (", Xa(s™), Va(s™))
O(s'+, Xar(s), Var(s™)) (s, Xy, (%), Ve, (s))
A(s",x1,, (5), Xn[*( s), Vu*( s), v (s* )

Oy £,
ott xy: v, vy )

Firstly, we claim

d(Xa(s),Var(s))
O(s%, Xy, (%), Ve, (s%))
[l O Ol e O 530)
o O(1)(s* —=s)|v]  Oc(1)(Jv]+]s" —s|) Oc(1)(14|s" —s]) | '
Since
Xet(s) =Xa(s%) - / © Va(r)dr=Xa(s™) — (s —5)Vaa(s*)
/ / E(r, Xa(r"))dr'dr,
Ver(s) =Var(s%) — / B, Xa(r))dr, (5.31)
we have
(9Xc1(8)
asf*
=-— cl(S[*)—f—/ss* E(Se*,Xcl(Se*))—f—/s*VzE(T/7Xcl(T/))a)g(;£(*T/) dr'| dr

5% T’ /
=—Va(s™)+ (s —s)B(s"™, Xar(s™)) + / / VmE(T/aXcl(T/))L);cSIE(*T)deT/

£x

== Va(s™) +(s" —s)E(s@*,Xd(s‘*)H/s (T’—s)sz(T’,Xd(T’))M

95t dr'.
S *

(5.32)
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By Gronwall’s inequality we have

8Xc1 S st 9 —8)| Ve T’
OS] < (Ver(s)] (st — s) Bl —DIBI < Y58 ] ], (5.38)

Plug (5.33) into (5.32) to get

0Xea(s
73825 \ a(s") +Og, vy, (D™ =], (5.34)
Similarly we have
Va(s) 0, 0, o 0Xa(7)
po =B Xa(s )= [ VeB( Xalr) S dr
=—B(s" Xa(s")) = Og v b, |(D)(5" —5)lv]. (5.35)

Also, using the fact that for 9= [%,%], |0Xe1(s)]+|0Var(s)| <1, we can
combine (5.31), (5.33) and (5.35) to get
(Se ,Xcl( ) cl(SZ )
Var(s) +0(1)|s% — 5| Id3 3+ O(1)|s% — 5| —(s% —s)Id3 3+ O(1)]s* — 5]
E O(1)(s* —s)[v|  033+0(1)]s" — s Id; 3+ 0O(1)|s" — s

Furthermore due to Lemma 4.1, we conclude

(5%, Xa1(s), Va(s*))
A(s, Xy, (8%),Vy, (s%))

1 013 01,3
o T1ne, 210, o
3,1 —n _ — 3,3
. £y XLZ* 81n£* XLZ* ang* s
= Vg, V1 Vg, V021 )
—v|, on v, &yne O1me.. O27e,
03’1 —v”[* -VXHZ ng, LZ* 100, L[* 2NEx —ng, 7XL@ (’91ne* —xLe dgn
* 7xlg* vH[*~V61n£* 7xJ‘1’.* V”[*'VOZY‘E* * * £x

where all entries are evaluated at (X, (s**), V. (s**)). The multiplication of above two

matrices gives (5.30).
Secondly, we claim that whenever p‘—spherical coordinate is defined for all 7€

[s%,t%], we have following 7 x 6 matrix

0 0 0 ¢ 0
a(s 7XJ—£(S )7XH((S )7VJ-e(s )7VH1(S ))
0l 0
ot ,XHZ,VLwV”E)
0 01 2 0 01 o
—v i H+romET—sT2] og (vl \t‘f—s 12 O (M[tf =57 O (1)|v][tF = 7|2
=| —vpH+omith -2 [1dy 2+o£<1)\v| 218 —s812| Og()|wlltf — 542 O ()|tf — sf|(Tdg o + |vl|tE — b))

oW (vl +1) O+l =t {140 () vl1tf —sF og<1)|vuf‘~’—¥|
om(v2+1) (O +v?)|tt - €| Og(M)v]|tf — 4| Idg o+ Og(D)]v]|tf — 5%

(5.36)

In this step we just need (5.36) for £=/, but we need (5.36) for general £ in Step 8.
Clearly the first row is identically zero since s’ is chosen to be independent of

. . .. t
(tf,x ”Z,vﬁ[, ﬁ ). By directly taking a%f derivative to VJ_7H(8£):Vf_’” — [ Foy(r)dr

4
and x| ||(s* )ZXJ_7” —f:z v j|(T)dT we have

BVJ-,H(S) ¢ tt ¢
T:_FJ—’”“ )_/e athJ_"l(T)dT:_FJ”'l(S)_/2 (atlFJ_7||<T)+aTFJ_7”(T))d'r,
’ ’ (5.37)
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and

ox (Se) !

t* t¢
:—VJ_’”(SZ)—/Z FL,II(S)dS—/Z Ope v (7)

th ot
:—VLH(SZ)—i—/e / (Ope Fo(T")+0-F 1 (') dr'dr. (5.38)

Then from (5.26) we get the desired estimate for the first column of (5.36).
Now we turn to other entries in (5.36). From the characteristics ODE, (4.7) in the
p’—spherical coordinate, (4.10), (4.11), and (4.12), we deduce (5.36) for |v||s* —¢¢| <1.

Step 8. From t—plane to the first bounce.

We choose s' € (t1, tlT'H) C (t*,t) such that |v|[t! —s!|< 1 and the polar coordinate
(X1(s1),Vi(sh)) is well-defined. More precisely we choose 0 <A such that |v|[t—A—
t!| <1 and define

shi=t—A. (5.39)

We first follow the flow in the cartesian coordinate to near the boundary at s!, change
to the chart to pf—spherical coordinate, then follow the flow in that coordinate.
Then, by the chain rule,

1 1 1 1
8(t 7XH1aVJ_17VH1)

o(t,x,v)
O, VE ) 9G! Xa(sh), Va(s))
8(51aXcl(51),Vc1(51)) a(t,I,U)
_ ot xj,, vl v, O(s" X (s1), Vi(s) 95" Xaa(s"), Va(s)
A(s%,x 1, (1),x), (1), 1, (s1), vy, (51) O(sT, Xar(s1), Var(s1)  O(t,,0)

We fix p!—spherical coordinate and drop the index of the chart.
Firstly, we claim

1,1 ,1 1
a(t! x.vl v

<
(T (1) (1) v (1w (51 ¢

2

lv]
1) 1 (vI2+0(1)) st 412 s —t1] (vl +0(1) (st — ¢l |2
LoMst -t Vi vl VI vl
vl
I3 i O] (5.40)
llEto@) Vil Idg o+ (lv| +0) st -t vl [t —th
lvg | +(v[2+o )]st —t1|2 st —tl|2)0]
[v|Z+0(1) [v|Z+0o(1)
LleBro) vl (lvl2+o@)st =1 |1+julst —¢t]  (wl+0@)|st — 1]
] +(01240(1)) st =1
Jv|2+0(1) [v|2+0(1)
LBroq VI (lvl2+o@)|st —t1] |1+ ]vllst —t1] 1dy + (Jol +0O(1))|st — 1]
ol +(v12401)) st — 1|

The t! is determined via x (t!)=0, i.e.

Ole(gl)_vj_(gl)(sl_tl)—s-/tls /s F(X(7),Val(r))drds, (5.41)
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where

X(r)=X(r;s! X(shst,2,0), V(s'it,2,0)), V(1) = V(38" X(s't,2,0), V(shit,2,0)).

) 3

For 0 € {8&(81),6,(”(sl),é)vi(sl), vi (31)},

1

v (sh)or! —[“)tl/( FL(X(7),V(7)dr + 0%, (s1) — v 1 (s1) (s — 1)
¢ (5.42)

+/1s / {0X(7)-VxFL+0V(r)-VyFL Y X(7),V(7))drds=0.

But v =—lim, nvi(s)=—vi(s —|—ft1 F (X(7),V(7))dr, we apply Lemma 4.2 and
|51 — | Semin{ Yol £} and (5.2),

ke ﬁ{lﬂll J? et FL(X(7), V(7)) drds} R

Ene) _ ol lslaxms) (X (7),V(7))drds <. (e +O|(1v11)ﬁ|| —
mim || & {4 L e LX), V)drds} | T |
% vll tsllfsldvu(s]) F(X(7),V(r))drds W

Taking (x(s!),v(s')) derivatives of the characteristic equations

1

vi=—limv,(s) =—VL(81)+/: FL(Xa(r),Va(r))dr,

stt 1
1

xj = (s >—/1 vi(s)ds,

vi=vi(s / FyXa(7), Va(r))dr.

and using the above estimates and (5.42) and Lemma 4.2 yields

Foxd ]
e R+ (POl '
I
ax(s1) | < Id2,12+1(|v|+0(1>)|51*t1|
x| ~Et s —t [lv] + st —#1]2]v] ’
v (sT) Vil L
_oxj L |st—!
L &v(sT)
Bvi _
Pl PO 4 (o2 4-0(1))]s" — 1]
L
9% (s7) e (Jv]2+0(1))|st =t
Svaf(jél) o 1+ |v][s! —¢]
v} (vl +0())ls' —t'|
v (st) -
and
Bvﬁ
Tl | [ R (P o))t~
G | <, (Jo]2+0(1))|st =t
A 1+ [v]|st — ¢
ovi Idy 5+ (Jo] +O(1))]s! — !
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Secondly, we claim

O(X1(sh), Vi(sh)) _ 0(Xa(sh), Vi(sh)) O(Xa(sh), Var(s"))

A(t,x,v) CO(Xa(s),Va(sh)) o(t,z,v)

O)+O¢([lltt =s' )| Oc(lt—s])
[t=s'2|O(1) +Oc(follt: —s'2)|  Oc([t—s])
O) +Oc(ollt! —s'?)|  Oc(lt—s])

- O§(|U|) OM)+0¢([ollt=s]) | 7
[t—s'| Oc(|vl) O(1)+Og([v|[t = s'])
0£(Iv| O)+O¢(lollt=s']) | 4,

(5.43)

where the entries are evaluated at (Xi(s'),Vi(s')). Note that |v|[t! —s'| Z¢ 1.

From (4.5)

O(Xa(s'),Va(s')) 0®(X(s'),V(s)) Al033 < 033|033
IX(sh),V(sh)) — a(X(s!),V(s)) {B A }Jr L{ D 03,3]'

From direct computation and (4.3),

fin(x ) fin(x )
det(A):det{_n(X”) ol o) 5 Xl :|

+x[— 3361,1 (=] +XL[*afﬁ(xH)]

=-n(x))- (3271 (x)) % 8272 (X|)) +O0¢(JxL]) #0,

1

A = Tl (G %Oy o) O]

X [(1 _XL)Q(aXH,ln X axu,zn)Tv(l_xl)(axu,zn X [_n])Ta(l _XL)([_H} X axu,177)T

From basic linear algebra

6(Xc1(51),vc1(81)) A 033 B ,
det<a(xd(sl),vd(31))> det{BJr Dl A }_{det(A)}

={[~n]- (&1 x Bam) +O(1)|x 1|},

and (%) is invertible. By the basic linear algebra

O(Xear(s!), Val(s)) [8(Xcl(sl),Vcl(sl))]_l [ A 033} -t
(Xa(s!),Val(s))

| 0(Xa(sh), Va(sh) B+x,D| A

_ AL 0 Ail(x ) 03,
B {—A‘I(BJFXLD 1A3ﬂ {|v+o§(>|<l) Alg(i”)]’ (5.44)
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and we obtain

[ (1=x1)*(1mxDem)” )
[—n]- (01 %x92m)+0O( )lfxﬂ
(1—x4)(92nx[—n]) 0.
- ‘;11<81W)X(?2n>]+g< ;gxq 3,3
X nl|x
a(Xcl(Sl)vvcl(Sl)) _ = (Bléxazn)_t,_ol(n)lx |
x F) p)
I Xal(s),Va(sh)) O¢(1)(Jv]) [_ﬁ]l (al;)xéz;,,:g%x”
O¢(1)(|v]) (1—x.1)(92nx[=n])
‘ = ’(‘] (aln;(?2n)]+g(1gjrml
1—x,)([—n]x
O¢(1)(Jvl) o) (Cnixom |

From X (si;t,x,v)=2— (tfsl)UJrfStl fStE(T)deS:"E*A><’U+ftt7Af:E(T)d7'dS,
and Vei(st;t,z,0) :v—ft_A (s)ds, we have

Xcg:l)__/t ()ds—i—/ttA ds+/ /af r)drds
//< (7) a§)>d7d5

f/ /(3TE+VE~VmX)des:O(l)hffsl|2,

Va(s') b OE(s)
5 _fE(t)JrE(th)f/tiA 2

[ ()

t
:—/ (0sE+VE-V,X)ds=0(1)|t—s'].
t—A

ds

And using |V o Xe1(s')|+ Ve Va(sh)| <1,

O(Xe(s1),Va(s1))  [OQ)|t—s'? Id33+O(1)[t—s' > —(t—s')Id3 3 +O(1)[t —s'|?
A(t,z,v) Tl o)[t—st O(1)[t—s'| Idss+O(1)[t—s'|

Finally we multiply above two matrices and use |x (s1)| < |v|[t! —s!| to conclude
the second claim (5.43).

Step 4. Estimate of O(t“+ x[™ Vi vy /gt X! x|, VJ_Z,VHZ)

KllerrVLesrViier
Recall r! from (5.18). We show that for 0 <7 <1 small enough, there exists 0 <
01 <1, M =M¢,;>1, such that for all /€N and 0 <t <tt <t if £ is Type II or Type
111,

Z+1 é—i—l +1 +1
O™ x T v VL)

J€+1._

= Y

ot x|, v, vi,)
(1 M|l — ¢+ Myttt M 641 M M 641 M1 T
T 0T lol” 7T ol T Ny 8

M|t" =t | 1+ Mr Mr E R ot
M|t -+ Myttt 1+ Mrttt AL M 41 My L41

< o] m |

|v
M‘tefté+1‘2‘v| M‘v|(r12+1)2 M|U|(ré+1)2 1+MI‘Z+1 M(rZJrl)Q M(rl+1)2
M|t =+ | Mort*t M|v|rttt M
M|t —tFY | Myrt*t M|v|rttt M




2172 GAS DYNAMICS WITH FIELD UNDER SPECULAR REFLECTION

/41 M _0+1 M 041 M 041 M 41 7]
L+ 5Mr ol ” i e | nErtt g
SMr o[ | 1+Mrct MrfH? ol et et
v v
SMr“ ol | Mrftt 14 Mt i N) rft! 8 e

IN

|v]
5M(ré+1>2|v|2 M|U‘(I’€+1)2 M|,U|<r€+1)2 1+Mrl+1 M( é+1) M(r€+1)2
S5Mritijv2 | Mv[rtt Mv|rf*! M 1+ Mr*t Mrtt!

| SMrto2 | Mulettt M|v|rtt? M Mrttt 14 Myttt
= J(xtth) : (5.45)
~——

Definition of J(r¢+1)

And if £ is Type I, then

041 OF1 1 0+
8(t K VJ-2+1’VI\2+1)

Jyth= T ol
ot xi, v, vj,)
(1M -] vt vt M Myt v
MtE =t i+ My v M My v
oM ] ] MY 1Mt M Myt v
- M‘tf_té—&-l‘Q M( él+1) M(Vﬁ+1) 1+MVZ+1 M(VZLLI)Z M(ijrl)Q
MItE =1 | MV v Mo |1+ MvT MV
M=t | MV v M Myt 14 MV
[1sMv Myt v M Myt My
5va+1 L+ My v M MvTTE MV
- 5Mv‘j1 vajl 1+ My M Myt My
— | M M2 M(v fjl) L+ MV M2 M(vTT)?
5Mv‘v’+1 Myt vt M [1+MvTE v
5Mv£f1 Myt vt M My 1+ MV

- J(ng_l) ) (5.46)
——
Definition of J(viF?)

We also denote the Jacobian matrix within a single p‘— spherical coordinate:

(41 1 O+1 e
O™ %7V, vyT)

Cxl vl Y
o(t X, VL,V ”2)

Te+1 .
Jil=

We split the proof for each Type:

Proof of (5.46) (Type I), and (5.45) when £ is Type II: Note that p’—spherical coordi-
nate is well-defined of all 7€ [t/*1,#¢] for those cases. Due to the chart changing

z+1 €+1 {41 {41 1 ()15 /41 +1  4+1 e+1
ot s Vi—ul’vl\ul) _ ‘ (<t ST ST ) ot ’O’XHﬂ AMYEMP )
7 1 - let1’ iz+1’ et l Y] L
ot ,XHZ,VLZ,V”[) 05,1 OOl VT, ) ot 0, %, v,V Hz)
=Jitt

XL SO L
I|tz+1’ J—z+1 Hz+1

£
a(x\le ’Vii ’vHe)

where is the 5 x 5 right lower submatrix of (4.6).
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Note that |p’ — p‘*!| <¢ v/6 from (5.20). In order to show (5.45) and (5.46) it suffices
to show that Jf“ is bounded:

Jott < g, if £ is Type IT or Type III,

5.47
JZJrl < J(v H1), if £is Type I (5.47)

This is due to the following matrix multiplication

1 015 .
051 a(xﬁjﬁl-l Vﬁll’vﬁil) Jl{+1
L a(xHe vle vﬁz)
[ 1 012 013
0271 1_|_CI.Z+1 CI.Z+1 0373
41 {41
< Cro H?)r I 0 0 T <gCrth), if o] >4,
0371 CI‘Z+1‘U| CI‘Z+1‘U| 0 1+CI‘Z+1 CrZJrl
[ el oo oxt ag ot
[ 1 015 |
7041
051 blx ﬂ:j—l TLL’V@L) JZ+
s 8(ng vﬂe VHZ
M1 012 013
02,11+ CrFT Ol 03,3
041 £+1
S R R e e e e ECASER G U Y
0371 Cré+1‘v| CI‘Z+1‘U| 0 1+CI‘Z+1 Crttt
I Critlo| Cru||0 Crttt 14 Crtt

where we used (4.6) with an adjusted constant C' > 0.

Now we prove the claim (5.47). We fix the p‘—spherical coordinate and drop the
index ¢ for the chart.

If v{ =0 then t**1 =¢’. Otherwise if v #0 then t**! is determined through

OZVﬁ_(t£+1—t£) /

t€+1

/ Fo(X(;th 2% 0", Vo (r;th, 2 vf))drds. (5.48)

We first consider the % derivatives.
Using the trajectory in the standard coordinates we have

Ozé(a’;e"!‘l):g( — (=t +/z+1 E(r,X(r ))deS). (5.49)

Taking the derivative we get

8tf

ottt o+t [t t
0=V | —(1- i / E(1,X(1))dT+ E(t%,z%ds
te+1

6t[ 8t€ t(+ 1

tt t
OE(1,X (7))
+/t2+1 /g o drds



2174 GAS DYNAMICS WITH FIELD UNDER SPECULAR REFLECTION

or+1 i i
—vf ———f 4 E(s,X(s))ds+/ (E(tz,xe)—E(s,X(s)))ds
8t€ t[.+1 t[+1

t t*
OE(r,X (1))
+ /t“l /9 Qo drds

ot © " (9B, X (1) | OE(r,X(7))
_ A O A A A S | ) )
=V&(z) [ v pral +/tf+1/s ( pe + 910 )des .
(5.50)

:Vé-(l,f-l-l) .

Thus
041 i)
ot 1 / / <8E T, X(7 ) aE(T’X(T)))des. (5.51)
tttl Js

ot V§ xi—i—l UZ-H Ottt

By (5.34) we have

OE(1,X (1)) n OE(1,X(T1))
or ott

' =[0sE(T,X(7))oo + Vo E- (V(r) =V (7) + O(1)[t" =t F1]) |
=0sE(T,X (1)) oo +O(V) VL E(1, X (1)) (" —tT1)|

SN BllLge, +IIVaEllzge, [¢° — 1. (5.52)
Thus from (5.51), (5.52), and (5.2) we have

ottt tF— )2 04041
Wzl—Og,E(l)Wzl—O&E(l)ﬁ — 7 (5.53)

241
Now by directly computing % we would have

ovitt —Fy tfﬂ / / aFL aFL(T) s
ott et S ot

+/;1(”’5;‘”+82t£“>d& 628

Recall

FJ_ :FJ_(XJ_7X”7VH)

=D vV 950km(x)) nixy) —=x1 Y v k(v - V)dkn(x)) -n(x))

Jk=1 k=1
7E(S,*XLD(XH)+77(XH))'Il(XH). (555)

So by direct computation
OF | (1)
or

S0 ||VXLFJ-||OO+||VX||FJ-HOO§‘U|3+17 and ”VVLFJ-HOO""”VVHFJ-HOO§‘v|2+1- Thus
together with (5.27) we have

Ci(aFgT(Tua%gT))‘

Fy(r):= =V Vx, FIL +Vv|Vx FL + FVy FiL - 0:E-n(x)), (5.56)
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|0FL(r) [ 9FL(7)
| o ott

‘ %1 (s . ox (s
=’VXLFL <vl(s)+35t§ )>+Vx”FL~(V||(8)+ 6!&2 )>

. ov (s . v (s
JFVVFL'<F|(8)Jr 8';2 )>+VvLFL(FL(S)+a(;§ ))afE'n(Xl)

£ gl
§(|’U|3+1)/ / (‘&-/FL(T/)—&—atzFL(T/)H—|87-/F||(T/)—Fatz{F”(T/)DdT/dT

té
+<Ivl2+1)/ (107 FL(T") +0p Fo(T')| 4 |07 Fy (7) + 0y Fyy (77)]) d7’ + 1107 B 3=,

§||3§EHL;>°I +(|U|3+1)(t5_t€+1)2+ (‘U|2+1)(té _té+1)
<N Bl + o] +1. -

Combining (5.26), (5.54), (5.57), and expanding aFL(T) + 8FL(T) at t* we get

vt _(9FL(t) N OF (1) [ FL(h) [t =12 WY
ot or ot Vit 2

+0) 5 gz (D[ =t (o] +1).

(5.58)

Now since we have

tl

Ozxﬂ_:xffl—l—/ v (s)ds
$e+1

tt s
=/ ( vit! +/ FJ_(T)dT) ds
t2+1 tl+1

=(t =" (v / / F\(7)drds
t2+1 t2+1

£ 041 1y, [t 41 3V _ 04+1)3
=) (v ) A FL () F O (10 Bl e, + [0 )£ =7,
(5.59)
we get the following important cancellation identity:
FJ_(te+1) ‘tf_tf+1‘2 |t€_tf+l|3
pm 5 [ =t =010 B 1z, + 10— (5.60)
Vi Vi
By (5.58) and (5.60) we get
ov Hl 2 2 0 0412 10 0412
|| S (I e, + 102 Bl s, +1) (Jol =t 2+ —#112). (5.61)

£
Next, taking 22> derivative to vﬁ‘” :vﬁ —fttHl F(s)ds, and xﬁ"‘l :xﬁ —(t* ft”l)vﬁ +
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£ 4
ftiﬂfst F|(r)drds we get

av”l t¢
ate ——FH(te)-‘r ol (tz)— " 8tzF”(S)dS

= F t€+1 _F t( 9] |t€ t£+1|2 8 F
=F () - F(t")+0(Q1) T e Fj (s

e+

|th— ¢+ ' <4l 4eH1
:O(I)MT— (aSFH(S)ﬁ-ateF”(S))dSN‘t —t,

t2+1

ox+! i1 3 oot
——=—vi+ 5 vﬁ“-ﬁ-/t Fn(te)der/tHl O Fj (T)drds

2+1 S
|t£_tz+1|2 tf
=i VO v T [ F()ds+ / / O F (r)drds
|VL ‘ 1 $e+1

t t t |t£ _ |2
:/ (Fu(te)*F”(S))dSﬁ»/ ateﬂ|(7')d7'd870(1)7vz+l
t

241 t+1 Jg | g+1| ”
té
/ (0sF) (7)) + 0, Fy (1)) drds+O(1) [t —t" T S [¢F =)
t2+1 s

Where we’ve used (5.26) and (5.53). This proves the first column of (5.45) and (5.46).

Taking derivatives of (5.48) as before and using [t/ —¢/T!| “mm{‘ e ,1} and
Lemma 4.2,
PYS! 1 t“’ 0 F (X drd
o7 e Juar o 1L (X (7), Ve(r))drds
241
2| = | {tfﬂ )+ j’ i 52 FUXe(r), Ve(r))drds |
i v -
ov{ Wﬁul fs WﬁFJ_(XZ(T)avé(T))deS
L
040412
(P +0(1)
VAR L0412
Ser | e+ - (R +OW) | (5.62)
th—¢ !
%(M—i—O( )
Thus from (5.2) we have
ottt et1 ottt
oxt ile ! ox?t £+1
el ol ol el Vi
| < DIE , for |v] > 4. L~ 1< o) |, for [v| <. (5.63)
ottt v ot |v2f1|
v ol ol a7

Taking (x(*),v (")) derivatives of the characteristic equations

t@
KA il VAV
X" =x —/ v (st v")ds,

tl+1
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by Lemma 4.2 and (5.62), we estimate directly

oxitt ¢ 0+12(. 13 0 L0412
Il t"—t t"—t
| [Maat - O
£+1 L4041
2 | Se O()IEtrllvl gt — g1
8‘2i1 ’ £ ,0+1)2 le‘ l
ox) ot L (w2 4+ 0(1) o)) + [ — 441
avﬁ ‘VL ‘
Thus from (5.2) we have
ot ot
oxt |Vli| oxt
i | [zl
| Sex Tol , for |v| > 4. | Sev 0O(1) , for v] <.
ov ’ bt ov ’ Y,
oxtTt 1 |vi | oxtT?! |VL|
L [o] ol -
8v” 8v”
Also,
ovitt 0 L0412
Il tt—t
o] e (0P + O] + [t =+ |(Jo +0(1))
6 441 tz_tl+1 té_t£+1 271, 2+O 1
M [ See | (0P +0() (Mt + LGOI ) gt —gt41 o)
8V€ 1

(Jo[+OD) + [t =t |(Jv] +O(1))

gt
\

H Lo 2+ (ol +O() o) ot

('9vﬁ+1 vt 8vﬁ+1
o] v o] 041
241 £+1 1 ‘VJ_ |
A P 14 v A P 041
i | Set 7] , for |v| > 0. L | See | 1AV |, for [v| <é.
1 041
avﬁil Tdy + |“';[‘ | avﬁil Idoo+ (v |
avﬁ ove

Now we move to Dvﬁ_Jrl estimates.

Taking derivatives in (5.77), from the extra cancellation in terms of order of t* — ¢/+1
in (5.60), by (5.62), and plugging the expansion

%FL(Xg(T),Vg(T)) = a;;FJ_(XE,VZ)—/ d <8FJ_(X[(T/),V[(T/))> dT/

I I dr' \ ox]
into
avﬂ+1 —F (x' v ot g
8Xﬁ vf_'“ /tf~’+1/s 3xﬁ 'L (X (7),Vy(7))drds
ti

0
o @FL(XZ(T)aVK(T))dTv
O

and using the cancellation (5.60) we obtain

ovitt { (t' =t Py (x"1 v

0
1 (tl 7t€+1)
l {41
8XH + }

— F xg,vé
—2v 5‘xﬁ u( )
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x! 1 vl tt
-l- €+1 /tprl/s / dr' (axl L (Xe('), V(T ))) dr'drds
+// ar <@xleFL<Xe<r’>,w<T’>>) dr'dr

L2 (103 1
{_1+O ( )| e |z+(|1 | )+1}|t£ tH (0P 4 1)
s e+1 tf /
Z+1 /tul/s / dr' X‘ F (Xo(7"), V(7)) | dr'drds
t[
/ / ( Fu(Xe(r )w(T’))> dr'dr. (5.64)
te+1 J dT X'
Now since

d 0
T (aXfFL(Xe,VeO

<P+ |di (B X0 00|

9 g
' oxf
X X
<Jof|? +|— ) Vo E(r,X,)- 5 Z+E(T’,X¢).vgﬂn(x6).ﬁ |
X| X

d X d X
n(X,) V. E(r', X,)- <€> + (d,n(xg)> VL E(r', X)) St
T 8x”

< |¢|3
S+ dr' ox

X . . oXJ
+n(X) VL E(T X)) ——r+ > nl(xg)amjaxkEl(T’,x,)a ——LVE(r)

A
Ix X| 1<4,5,k<3 X
/ ’ ’ 8X€
+ (O B(7, X)) + VL E(7',Xy) - V(T )>'v”n(xé)'87
I
d 0X d 90X
+E(,X)- (d /an(Xg)> a—f+E(T’,Xg)~Vxn(Xe)' (dﬂ@;&z)‘
oV ) ).
<P+ n(xg).sz(T’,ngaTjﬂvzn(Xg).VE(T )V E(r,X,)- axf
; 0X;
+n(Xy)- 0,V E(T,Xy)- + > 0 (X)), 0n, B (7, Xe)asz( ')
1<4,5,k<3
/ / ’ 0X,
+ (O E(T",X¢)+ Vo E(T 7Xe)'Ve(T))'an(Xe)'87
I
0X, oV,

+E(7",Xy) - (V2n(Xe) - V(7)) - W—FE(T’,Xz)'vxn(Xg)-W
[

S P+ VEE L, +10:VLEl Lz, (5.65)
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where we use the bounds from (4.10). We have

l+1
ov
8xﬁ
[t =t P DN (e e ¢ 03
5( O )(It R D)+ P+ o |||V§:EHL;>3+||3thE||L;§z)
1

Vi P
Se.emin{ o

vitF (5.66)

as long as |[V3E| Lz +0:ViE||Lge, <oo. Similarly,

¢

ovit ot 5
=—1- F +1 041 9 nix v .
ovt vt L (xTT VT 4 o T L (Xo(7), Ve(r))dr
PV
=—14+ s} (t ¢ +1)
v
1
F(x e+ Z+1/ P
VT X (), Ve(r))drd
ﬁ_ﬂ ¢ s (’9Vl Fi(Xe(7),Ve(r))drds
tt 9
+ 2 FL(Xe(7), Ve(7))dr
t+1 aVJ_
|t47t@+1|2(|1)£|3+1)
——1+240,)
Vi
FJ_(XZ VZ) (té_tZJrl) o é Z
_ ) 1 F (Xy(1),V O (DI — 1 (10812 -1
5 { I ger P (Kelr). Vi) + ()l =11+ 1}
0
+(t£_tz+1){h'g137FL(Xé( T), Vf(T))+O§(1)|tl—t£+1|(|ve‘2+1)}
[t —t (P 1)
:1+O§(1)
{ |Vz¢+1
|t* t€+1|3(|v€| +1)|lim —- 9 Fi (Xo(7), V(7)) +|t£—t£+1|2(|uf|2+1)}
‘ e+1| st t(a E £ 9 ¢
1
§1+‘t€_tl+l‘2(|vé|2+1) 1_|_|’U n
U T
| l+1| .
Ser 1+ min{ |l| IVET)
8Vﬁ_+1 —F) (xt ot
ovj “1 /tm . Fy (Xo(7), Ve(r))drds
t” 9
- F (Xe(1), Ve(r))dr
te+1 3v”
NG — O F) (x v o »
_{ —2vﬁJrl +1}(t —t )avﬁ F(x5,v")

IFJ_(XZ+17VZ+1)||tZ _t€+1|
o B
1
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| £+1|2
<

Nf,tmin{ ‘IIJ)_@‘Q 7| €+1|2}'

|t£—t”1|(|ve|2+1)
Selt P {1 i

L
(5.67)

These estimates complete the proof of the claims (5.46), and of (5.45) when ¢ is Type
II.

Proof of (5.45) when £ is Type III: Recall that we chose a p’—spherical coordinate as
p’ = (2%, w’) with |2¢ —2¢| <V/§ and any w’ €S? with n(z¢)-w’=0.

Fix ¢. Let us choose fixed numbers Aj,Ay >0 such that |v|A; <1 and |v|[tF! —
(t* — A1 — Ay)| <1 so that

—Al, $Z+1ES£—A2:#—A1—A2,

satisfying |v||t/T! — Tt = u|[t*! — (t* — A1 — As)| <1 and |v||t’ —s°|=|v||A1| <1 so
that the spherical coordinates are well-defined for s € [t+1 sT1] and s € [s%,t¢].
Notice that

8S€+1 8(SZ—A1) ase o 8(t€—A1)

= = ]_ —_— =
Toott ott

Ost 0st =1

We first follow the flow in p’—spherical coordinate, then change to the Euclidian
coordinate to near the boundary at s, follow the flow until s‘*!, and then change to
the chart to p“*t!—spherical coordinate. By the chain rule,

41l L 4
6(t H/z+1’VJ-tz+1’ H/z+1)

¥/ E
ot x{,vi,.vj,)

CF1 g OH UL e
_ o(t Xllog1Vlesr Hz+1)

B a(s@rl yX Lot (S€+1)7X\|e+1 (Sz+ )7VJ-£+1 (SLH)’VHZJA (SLH))

8(3“‘1,sz+1 (s£+1)7sz+1 (s'1)) O(s1, X (s11), Var (s11))

I(s", Xea(s41), Var (s*11)) A(st, Xar(s), Var(s))
X A(s*, Xa1(5"), Var(s*)) 9(s",x1,(s°),x), (s5), v, (s5), vy, (s))
D55, X e (s7), Ve (s5)) a(té,xﬁz,vﬁz,vﬁg) .

We can express that t+1 =t —tp, (2f,0%) =TT+ Ay + Ay —ty,(2°,0%). Let us regard
t+1 as t! and st as s! and A;+ Ay as A in (5.39). Then we use (5.40) and (5.2) to
have

8(t5+1 £+1 4+1 ZJrl)

VT,
8(8Z+17XJ_(8£+1>7XH28£+1>7Vl(«!€+1)7VH(8£+1))
1O Y| Ose(Dd [Ose(l) ks
< | Tomr =] Osc())  [OscDp
O = [Ose ol + )| Ose(l)
1Ol — 4| O5e(1) i [Ose(1) e
< | O =TT | Ose) [O5eD |
O =] [O5ar e (Dol Ose(1)
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where we have used from (5.44)
(51 X e (8°71), Ve (s741)) L] O3 | Ois
1 1 1 Se | 03,1] O¢(1) | O35 |,
O Xl Va0 ™ [, o (11el[0e (1)

and from s/ =5 — Ay, Xo1(s'T1) = X1 (s) — (s =)V (sY), Va(s) =Va(sh),

A5, Xa (1), Vi (s7+1)) 01 1(311,3 01,3Id
A(s%, Xea1(s%), Var(s?)) Se | 03,1 Ids 3 |s1—s2flds s |,
y<xel y Vel 03,1 033 Ids 3

and from (4.5)

1 0 0
0" Xa (). Var(3) < 1o (1) 0y
O(s", Xpe(s°), Vpe(s)) ™ 0371 |v] Ofil)

Recalling (5.36), we have
[ 1 01,2 01,3

a(séva-e(SZ)7XHZ(Sz)ﬂvle(se)VV“e(Se))5 Og(l)|'U| 05(1) 05(1)|te—81|
Ot xj, Vi, v],) O[O (Wo]| Ol

By direct matrix multiplication

-~

¥l

1 |L

l

<

|~

(41 1 Ol 041
ot ’Xl\z+1’vlé+1’v|\e+1) < 2
te | 02,1] 1

ott,xt v4 vt ~
(%], v, Vi) 05

=[]

vl

Note that for Type III we have r*! >+/5 so that from (5.45)

1 % 1) #mln{l,\/g} 8(25“‘1 X€+1 Vﬁj—l V€+1)

J(EN 2024 MV§ Pmin{1,V0} | Zsre a(teHT Zz+1e)\|tz+1
JXhovhi v
03,1 |M|v|min{3,v/d}| M min{s,v/} lle> ™ Le? e

This proves our claim (5.45) for Type III.
Step 5. Eigenvalues and diagonalization of (5.45).

We consider the case when ¢ is Type II or Type III. By a basic linear algebra (row
and column operations), the characteristic polynomial of (5.45) equals, with r=r‘*!,

[14+5Mr—\ %r ‘J\f—lr ‘% %r %r

S5Mrlv] 1+Mr—A Mr ﬁ ﬁr ﬁr

det 5Mr|v| Mr  1+Mr—2X ol Tk Tk

5Mr2lv|>  Mlvlr?  Mpr> 14+Mr—X  Mr? Mr?

5Mr|v|? Mlvlr Mlv|r M 1+Mr—\ Mr
5Mr|v|? M|v|r Mv|r M Mr  14+Mr—\|

— (A= 1)*(\— (10Mr+1)).

Therefore eigenvalues are

)\1:)\2:)\3:)\4:)\5:17)\6:1+10MI‘. (568)
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Corresponding eigenvectors are

‘ [l
-
-
-
-

GAS DYNAMICS WITH FIELD UNDER SPECULAR REFLECTION

‘ [l

5[0] Blo] 5[v°r 5u]? 5u[? |v1\2
1 0 0 0 0 Tol
0 1 0 0 0 ol
0 ’ 0 ’ 1 ’ 0 ’ 0 | or
0 0 0 1 0 1
0 0 0 0 1 1
Write P= P(r’) as a block matrix of above column eigenvectors. Then
r_t+ 1 1 1 __1 1
5]v| 5/v| 5lv[?2r  5|v]? 5[v|2 [v|?
1 0 0 0 0
1
P 0 1 0 0 0 ol
0 0 1 0 0 r
0 0 0 1 0 1
L O 0 0 0 1 1
[kl 9 1 1 1 1] (5.69)
2 10 10 10|v|r 10]v]| 10]|v]
109 1 1 1
2 10 10 10[ofr ~ 10[v] ~ 10[0]
R R A S
L O R A B S
2 10 10 10r 10 10
_kE el el 1 1 9
2 10 10 1or 10 10
]S 0] R (1) 1 1 1
L 2 10 10 10r 10 0
Therefore
J(r)=P(r)A(r)P~(r),
and
A(r):=diag|1,1,1,1,1,1+10Mr/|,
where the notation diaglay,---,am,] is a m x m—matrix with a; =a; and a;; =0 for all
1% .
Similarly for the case when ¢ is Type I, the eigenvalues of the matrix (5.46) are
(with v =v{™)
AM=X=A3=A\=A5=1,=14+10Mv. (570)

Corresponding eigenvectors are

_1 _1 __1 _1 _1
5 5 5v. 5 5
1 0 0 0 0
0 1 0 0 0
0O 1’ o [ 1 o (7] 0 |’
0 0 0 1 0
0 0 0 0 1

— =

Vi

—_
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Write P=P(v{) as a block matrix of above column eigenvectors. Then
11 _ 1 _1_1 -1 9 _1 1 1 _ 1
—5 75 "5, 5 5 1 2 10 TJ0 T Tyr T10 T 10
10 0 0 01 T2 10 19 TTvi T10 10
v v v v v
p— 0 1 0 0 0 1 ,P’I, —?—?6- @ 1—01 —9176—?6
0 0 1 0 0 V] _? —? _? _1OVL Tol _9170
0 0 0 1 01 BCER I Ut i U
0 0 0 0 11 2 0 10 10ovy, 10 10
(5.71)
Therefore
J(vi)=PVAVLP (vL),
and
A(v.):=diag 1,171,1,1,1+10MVL},
Step 6. The i—th intermediate group.
If ¢ is Type II or Type III, we claim that, for i:1,2,---,[%],
R
¢ Lita Lit1 Lit1 Li+1 i+l Li+1 £i+1
8(t +17XHZH1’VJ_Q+17V‘|Zi+1 3(75 ’X|\£i+1’vlfi+17 Hei+1)
:315&4171 livi—1 _lig1—1 _Lig1—1 Ko x o(th o véi)
( vxnzm_l7‘14”1717"”@1.“_1) e, VLe, Ve,
Ce
< P(ri)(A(r) = P (ry). (5.72)

By the definition of the group, L¢ < |v|[th —t%+1| <Oy < +oo for all i. By the Ve-
locity lemma (Lemma 3.1),

Zi Z,, —1
ie—gclrei <plitt = Vi Lip1—1_ v
1 S T N P
v VO, VY e,
= = SO
and define
rizclegclrei.
Then we have
L e j ;
C )26 r; <rv/ <vr; forall £ <j<{,. (5.73)
1

From (5.45), we have a uniform bound for all ¢;,1 <j <¢;
i+1 _ —1
JIT ST () =Pri) A(r) P~ (rq).
Therefore

Tyt T <P () [A ()] P (1),
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Now we have only left to prove |[{;1+1—4;] <q r% For any ¢;11 <j</{;, we have
E(a))=0=¢&(ad T =¢(27 — (7 — 9T )w?). We expand &(a? — (#7 —t7T1)7) in time to
have

i+l d

) =€)+ [ eXals)ds

i+l

=&(@)+ (- VE@D)) (! - / / %&(Xcl(ﬂ)drds,

and

0=(v7 - V&)t _tj)"‘w

+E(r, Xa(r)) - VE(Xa(T))),

(VCI(T*) . V2£(Xcl(7_*)) : VCI(T*)

for some 7, € [t/T1,#7]. Therefore

v VE@) i gy Vel - VA (Xa (7)) - Ve (i) + E(7, Xa (7)) - VE(Xea (7))
=t — ') |v| 5 .
] 2[v|
Thus there exists Co(d,&,FE)>1
W<Cgtj—tj+l|v|. (5.74)

Therefore we have a lower bound of |v|[t/ —t/TL|: |v||t? — 1T > 2 |r3| > )20 e CCir,,
where we have used (5.73). Finally, using the definition of one group(l < |U\ |thi —thi+r| <
(), we have the following upper bound of the number of bounces in this one group(i—th
intermediate group)

|v|[th — thie1 | 4 1

<, =
- - - < — £
ming, <j<e,,, [VI[F7 =t T orrmme € Ty

|6 —Liy1] <

and this completes our claim (5.72).

Let’s consider the whole intermediate groups
Ty e X TP T e x JE ST (@) ke x T ) x T (ef) x - T (e%). (5.75)
We have from (5.69) that
T % T =PEAE TP T PEOAG) P (1),

and by direct computation

_ vl 9 1 __ 111

2 10 10 10[v[rFT ~ 10[v] ~ 10]v]

_ ol _1 9 __ 1 _ 1 __1

2 10 10 10[v[r?T ~ 10[v] ~ 10[v]

R I < 1 1 < M T g e
P (r P(r)= 2 10 10 10 10 10
)P T A U S R R
22 10 10 10r¢+1 0 10
Nl _ v el 1 1 9
10 10 10r¢+1 10 10
|v] Jicl] o] 1 1 1

L 2 10 10 10r¢+1 0 10
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r_.1 1 1 1 __1_ 17
Sl 5ol B[vPrf  5[w[? - 5[v? [uf?
1 0 0 0 0 5
1
« 0 1 0 0 0 g
0 0 1 0 0 r
0 0 0 1 0 1
| 0 0 0 0 1 1]
V4 -
10 101|v\(r%_ reil) 00 101\v|(1_ r‘grl)
£
01 101|1J\(r%_ reil) 00 101\v|(1_ r;;rl)
241
_ 0014+ 55— -1 00 FHf-rt) | (5.76)
11 1 1 r'
00 10(r/~’_r4+1) 10 10(1 rftl)
00 f5(r—ser) 01 15(1— )
L00 —35(5r = 7#1) 00 14 35 (Fr — 1)
Since from the definition of v4, and (5.60) we have
t[
vitl=— lim VL(S)z—vﬁ—F/ F\ (X(7;t,z,v),V(7;t,z,0))dT
stétt pe+1
= v+t —t"THFL)+O@) [t =t (o] +1)
—vi v o)t — P (juP+1). (5.77)
This implies v{ —v{™ =0(1)[t! —t*+1[>(Jv|> +1). Similarly by plugging in
=t FL(t) =2v] +O) [t =t (v +1),
(5.77) becomes
ViR = V() FL ) O (o +1)
=vi Ot =t (v +1).
Thus v —v§ =0(1)[t! —t*+12(Jv> +1), therefore
Vi vl [=0@) [t =t P (o] +1). (5.78)
From (5.78) we have
R SV 1 P e e VP (5.79)
et ol T ERVE T
and
|17 rf |7 ‘ij_l_vﬁ_‘ < |t€_t€+1|2(|v|2+1) < ot (5 80)
N e |
Thus
M M .l
10 ] 00 |]\U)r
01 Tol 00 mre
¢ )2
P=1(ptH Py < | 00 T+Mr" 00 M(r)* | ._ 54y,
PP < |00 1 M0 0 MU gt
00 M 01 Mr*
00 M 001+Mr’
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Now we have
JE%) <o x J(eh) x J(rf) x - I (r?)
<P(r)AE™) Q' THAE ) QAW - Q) A ()P (x2)

£
H1+10MrJ VPt Q1) Q(r2)P—1(r2)

<CC (=)ol P () Q(rl 1) .- Q(r2)P—1(r2), (5.81)
where we have used A(r?) <(1+410Mr7)Idg 6, and

o+
*

|v]

<

[ |

8

1, (32

K . c
H (1+10Mr7) S J[ (14 10Mr) = SCOEI,
—0 .

1=

Ly
[J+10Mmr7) <
j=2

1 ::],nh

=

Next we estimate Q(rf~1)---Q(r?). First, by diagonalization we have
Q(r) =R(r)B(r)R™!(r)

10000 ;710000 0 10 —gp 00 —577
01000 =[f0o1000 O 01 -5~ 00—55
o] 2Molr 20|
_10010-rr 00100 O 00 —& _% (5.82)
00010 1|[00010 0 00 —X 10 -1
00000 1]|00001 0 00 —12—1: 01 3
0000 1 1 000001+2Mr 00 > 00 3
Thus
. o, (4] (4]
[[ex)< o) <[] ()] < [ Re)BE) R (xy),
j=2 i=1 j=0;_1 i=1 i=1
note that for some C'>1
B(r))" " S B(e)] = Sding[1,1,1,1,1.€]. (5.83)
SCe
1 r; E
1\(r+1—1> ~a (e Y
0100 11‘(]P+1—1)—@(ﬁ—1)
0010 L(:2-—1) —L(r—1)
R (rip)R(r;) = 7 T T
( +1) ( ) 0001 %( e ) _%(rill 1)
0000 (s mot1) —%(;L—n
0000—7(— 1) %(r:ilJrl)
1000%%'
0100 % cﬁl
<[0010Ce Ce | .—s. (5.84)
0001 Ce Ce
0000 Ce Ce
10000 Cg C |
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Again we diagonalize S as
S=FAF!

i L — (0000  —3 T
01000‘“%% 0| f00000 07| 0, & 2
00100 gree=n |(QC§ 01000 O T RIECT) T IRCe-T)

3 3
00010 gty | (00100 0 0100 =5rc—y ~Frce
_ I3 _ 3 ’
00001 22@—51 8883? 8 0010 ~motn  ~ogD
_ _ 3
—10000 1 000002¢, | 200} TEeem TEeem
| 1 0000 1 | 10000 3 5
(5.85)
and directly
|
S _ g A 21
ol
— Fdiag 0,1,1,1,1,(209“ NF-
1000 ((2C ) T 1) L _Ce (90 E 1y ]
\u| 205 1 [v] 2C¢—1 7
I c [t\v\]
0100 &5((2C ) —1) prag (20 *< = 1)
c [ ‘] c (7]
0010 2C; 1((205) “ *1) 205_1((205) 3 *1)
= C tlv] c [M]
0001 5Z((200) % 1) (20 -1
(el (4l
(20¢) ¢ (20¢) ¢
0000 éz-u 62_”
[ il
20,) e (2C¢) e
10000 (2G) ¢ (2G) ¢ ]
100 0, C[w] . C[w
0100, C[ ‘U] . C[w]
V‘"'] ()
<|0010 C[ﬁ] C’[::] _D, (5.86)
0001 C'te’ C'F
Eo| \
0000 cll L%
t|v| t\ |
0000 ¢zl olEdd |
Therefore from (5.83) and (5.86) we have for some C; > 1,
L [\7] e~ —
H o(r’) <c R(x 10 Tz ])]-'A T ER I(r)<C, ¢ C R )DR7(r1). (5.87)
— 3 3

Finally using ry ~r?~r!,

from (5.81), for Co>>1,

and r* ~r ;. ,. Putting everything together we have

[z

-

T ) x-ox JY < J(ef) x - J(r?)
—~ Lx
gCC(t_s)“"P(re*)HQ(rj)P—l(r2)

Jj=2
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g 0202 (t—S)‘U|rP(r£* )R@])DR%)P?{;Q)
Le

SCFTIMP (Rl )R (xf- ) DR (x!)P 1 (x?)
_ a9kl
r i\u\ flulq]
1000 Lotre! Lot
11 1 1 6 2 "[ﬂ o
5[v] 5lv] 5lv[? 5[v[? 5|v\2 [v]? 1 T 1
2 0100 —C C
1 0 0 0 ? o Pl e "
% 0 1 0 0 Tl Tol 0010 C’ C Le
2 2 M Elw|
000 0w & | looo1 CL ot
0 O 1 0 1 2 vl (el
L0 0 0 1 1 2 OOOOCLE C *e
(el il
0000 ¢zl olEed |
r 1 3 1 1 7
R Gl
|U|z o \1| e et
v v
fhpBE 5 )l
v v
o> 5 5 mr o5 L
[v Jo| |»] 1 1 1
22 10 10 2rl 10 10
[v] Jo| |[»] 1 1 1
L 1 10 2rl 10 10 |
_ Cat=]
[ e (e (gt oy 7 1
40 Te 44 20C i +8 20C i +8 4(2oCrl 2+3) 4(5C 2+2) 4(5C 2+2)
(ol | [@‘]‘ [i‘i"]‘ 20[1““"] 2[%] 2[%]
|’U|(4C Le +1) 4Cc "€ +1 4Cc "€ +l QOCrlfv +3 4C i+1 4C i+1
(Hlely [%] [E%L'—“‘] ’ StL‘l“ %] %
4C 1 4C 20C "¢ 43 4C 7€ 41 4C 7€ 41
« | I(aC e+ 1) 53 51 r1]0] 5To] 5To]
[M] t \ [ \U\] [tlllv\] [ﬂ“\] [ﬂ“\]
4C" Te b |u)? 40 LE r£*|v| 40 Te pb o] :1 %C Lepls 40 T pbs
(ol ol vl (g (Hul (Ful
P(ac e 4 1) actte 11y lelaot el p) o e us ac Te 4 ac le 4y
(ol (ol (ol (g (del) (4l
Loactme 1y lac e 41y ot Telpqy 200 ¢ s ac fe 1 oac fe 4y
1 1 1
O | 1 |wivii| wF
v 01| 2= 1
< OClt=sllol 9] mr | o (5.88)
~ v ll| Vi joe)] Bt | '
1 1 3 [v]
2 [v]
v ) — 10¢(1
o | ol | & [osD]

where we have used (5.74) and the Velocity lemma (Lemma 3.1) and (5.2) and

lt=sllv] [
ijtsiiv] =) ‘v ¢ ‘
v [ syl B 1 Clolli—
eSOy et VAl g T m T T L e,
Cl ry r vil
The case where £ is Type I is easier, we first claim
VR £ £ 2 2 2 2
O(t™, X, vy, v ) O(t*, x|, v1,:v],)

Y 2
Jr XX JPE=
£,—1 1 o1 b1 l—1 -1

o(t* X VT, 17V”[ _1)

X
T ol ol ol
ot ’th’vl-l’vlh)
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Ce
< P(vD)AVL)) " PTHVL). (5.89)
From the same arguments between (5.72) and (5.73), we have

1
(€1)?

efcclvll < VjL < vlL for all 1<j<¥,. (5.90)

Therefore
Tpr g% x JE <PV (AVD) P (V).

Now we have only left to prove |(,| Sq J-: For any 1<j</,, we have {(27)=0=
. . . . . L . . . .
(T =¢(a?d — (¥ —t7TH)o7). We expand &(x? — (7 —t7T1)o7) in time to have

it
=)+ | %axc](s))ds
tJ+1

2
=)+ VN -+ [ [ e atrdras
tJ tJ

and

0=(v7 - Ve(a?)) (9! 7tj)+w

+ E(1, Xa(7:)) - VE(Xai(74))),

(Vcl('r*) . Vzg(Xcl(T*)) : Vcl(T*)

for some 7, € [t7+1,#7]. Therefore there exists C2(8,£,E)>>1 such that

o 207 - VE(27) 1
t— It = > vl >vl.
‘ I Vcl(T*)'Vzg(Xcl(T*))'VCI(T*)+E(T;XCI(T*))'Vg(Xcl(T*))_02 LAt
Thus
T T
el < T S YT
min; [tJ — I+ 1

and this completes our claim (5.89).
Then directly from (5.89) we have for some C' > 1,

S
Jpyx x P <PV (A(VL) VL Pi(v))

—— Ce —
<PV ((1+Mv}) "L Tdg )P (v])
<C7’( DPHvY)
1 ]2 2 9 9 9
25 25 [25lvi]| 25 25
1 1 I 1 I I
5 |5vi[| 5 5
1 1 1 1 1 1
<C 5 SVilL 5 5 (5.91)
- |v1\ VT v 1 Vil Ivi] ’
L
Lis s syl 5
1 1 1 1 1 1
i 5 5 |5vi]| 5 ]
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Step 8. Intermediate summary for the matriz method and the final estimate for Type
II1.

Recall from (5.25) and (5.36), (5.88), (5.40),

(5™, Xy, (5), Vi (5)) _ 0™ x1,, (s%),xy,, (5%), vy, (),v),, (s7))
O(s", Xy (s1), Va(sh)) (st xu,(sh),x), (1), v, (1), v, (s))
a(SZ* y XL, (SZ,K )’xl\z* (Sz*)’vlz* (Se*)vv\le* (SZ*))

0 b L
O(th.xy, vy, vy )

[7“75””‘] a(tl“rl it L+1 ZL+1

Li4+1 i+l 4i+1 £;+1
KepsVLerrn Viles 1 O T, x )

Le
P41 L1 e 41
X H X
Oiv1—1 SJliv1i— 1 Liv1—1 liv1—1 ¢ Ei 4; 45
im1 Ot v v ) O(t%,x, VL, ViR,
Tl o1 o1
y O xj, v1, i)
A(styxu, (s1),x), (s1), v, (s1), vy, (1)
< (5.36) x (5.88) x (5.40).
Then directly since |v| > d, we bound it by
< (5.36) x CClt=sllvl
o] 1 1 1z 1y |si—t']
ME | BT |+\v Pt sl § |mpetls =t e+
[v[® Wl | Jof® _ 4l 1 _ 1
« [P R T 1\2+|H I 50 s o N B
v
\:’}U . +| | |VL| 05(1) |1j
) .
“l,vi‘|2 |“,£‘2 + |Vi| +|’U‘ |517t1| ‘U‘ \\I/Ui‘\ +|U|‘51*t1| 05(1)
(5.92)
where we have used the Velocity lemma (Lemma 3.1) and (5.74), (5.2), and
1.1 : |Vi| Clt—sl|v]| |V1ﬂ
ol[t” —s |S59mln{ﬁ’(t—8)|v|}590 mln{ﬁyl}
v v
Again we use the Velocity lemma (Lemma 3.1), (5.2), and
‘ ¢ 0,41 \Ve
o [t™ —s™ =t Jt = s]fv]} Somin{ ol [t —=s[[ol}
< CC|t s||v] n{l | 1}7
and |v (s)| S CCPIE=9)|v1 | to have, from (5.92)
r o 0 01,2 0 01,2 ]
PP T 1ol IVII] 1 1
||VT| \Vl‘l ol | ol ol
. . O v |v 1 1
s X (5) Ve (s 2) < poresivl | MAE|ME 1 IR Bl (5.93)
8(51aX1(51)5V1(81)) ~
[vo]* | Jo® [v]
piE e 1| Oc)

= TXT
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We consider the following case:
There exists £ € [(,(s;t,2,v),0] such that r>V/3. (5.94)

Therefore ¢ is Type IIT in (5.19). Equivalently 7€ [t/T! ¢/] for some £, </<0 and
|€(Xea1(T;5t,2,v))| > C6. By the Velocity lemma (Lemma 3.1), for all 1 <4</, (s;t,z,v),

‘I‘i‘ —_ ﬂ Z& e—C§|thi_t@||r£| Z{ €_C§‘U|(t_s)\/(§,

Especially, for all 1<i</,(s;t,z,v),

Celv|(t—s)
11| 2 e~ Cellt=9) /5, i: |1{| 556 e o] (t—s
i) v | Vo

Note that £,(s;t,z,v) < max; w <5 CClt=s],
Therefore in the case of (5.94), from (5.93),

0] o0 012/ 0 Opp2 i
eI,
V5 Va| Tl T
a(sz*axf*(sz*)7vf*(se*))<CC(tfs)|v\ |U| % % ﬁ% ﬁ
I(s', Xy (s),Va(sh) ~
o |lold [ol}] & 1
0 1013013
<s0Ce=s) | o[ T [ 1
[ o] | 1
From (5.30) and (5.43) we conclude
8(Xc](8;t7.’15,’()),%[(S;t,l‘,’l}))
a(t,x,v)
0 |01.3]0
Clolit—s) ___ O(Xal(s),Va(s)) 2T
See C 7 ¢ 7 Pl 1)
6(8*7X&(8*)>V5*(S *)) |’U|2 |’U| 1
% 8(517Xl1(51)7X||1(81)7VL1 (Sl)av\ll(sl))
o(t,x,v)
0 013013 1 1013| 013
Oe ’ ’ s s
gggccws)[l?'l"s ) s} ol 1 o | [ lE=s'P 1 |je—st
’ v v
o o] 1 t=s'||]vl| 1
+1 1 &
<, C0|v<ts>[|“| |v} (5.95)
4 [v]24+1 |u| 1 67

Now for |v|<d, we have
(s, Xy, (5), Ve, (s))
A(sh, Xy (s1), Va(s'))
< (5.36) x (5.91) x (5.40)
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-

0| O3 0 (U 11| 1
VI[PV \Vi1|2|v||‘;i|2 T 1 L1
S| oLl 1 fwliviP] Vi AT T T
1 ‘Vf_| 11 [o|[v]] 1l f‘ T 1l
1 Vil | |v]vi] 1 756 Vil 6x6
|v] 1 1 1
“'U |V1¢|| |VJ_ 1 |VJ_
1 v 1
| Ee o
SHGTE Rt
VITIVL] vilj1 1 6x7
[ 0| 013 0 0. olate 1| 1
T T T T2 v PV vl
v lloFhvall Ival el Gid G i
N L plvil®] vl X"t 1t VT f|vl‘
T 1 M| T VL 1
1 ‘VlL 11 v[lvi] T T T
L1 v v ]l 7x6 L IVIPIIVLP? Vil 6x7
0 | 0 [012] 0 |02
T T
o7 | i Vil 1 jvi
|v 1 1
< “'lf‘z IV}\Q 1 \Vllﬂ 1 ) (5.96)
mE|vE| LRl L
T T 1 1
LIVIZ]IVI Vil <7

Now let’s address the derivatives 9,t!, and 0,t¢ for any 1</¢</(*, as we

will need them later. For |v|>d, we compute [the first row of (5.88) x (5.40)]-

1 1 1 1 1
s x1(s )’Xg((tsz);:;“s W) and use (5.2) to get

(o] <

And  similarly, for |v|<d, we compute [the first row of (5.91) x (5.40)]-

B(SI,XL (sl),xH (sl),vL (sl),vH (51))

CRTIRITTR E Rehes, o

v v 1 v

S wte ] | Ls S| M. (5.97)
ol 1 oIV

and use (5.2) to get

o(t,z,v)
013 013 1
Dy t’ 111 : ’ i
[ate}ﬁ{m Vi \vu] Uop=s | S| M (5.98)
’ [ 1 VI

We remark 9x,, and dv,, have desired bounds but dx), and dv|, still have
undesired bounds in (5.93), (5.96).

We only need to consider the remaining cases, i.e. £is Type I or Type II. Note that
in either case the moving frame (p‘—spherical coordinate) is well-defined for all T € [s,¢].
In next two steps we use the ODE method to refine the submatrix of (5.93) and (5.96):

aXH . (Sz*) BxH » (SZ*) BX” . (52*) aXH . (SZ*)
a(x),. (5“). v, (%)) | Y e VG avy D)
£

A(x, (s1),x),(s1), v, (s1),vy, (s1)) avy,, (%) vy, (s*) vy, (s™) dvy,, (s™)
! Il ! I Ox1,(st) Bxul(sl) v, (st) 8v”1(sl)

4x6

Step 9. ODE method within the time scale |t — s||v|~ Lg.
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Recall the end points (time) of intermediate groups from (5.23):

o, flempliely ¥ Blemeltoly flemeltoly F1 Gl 141 o1
s<tr<t  Fe <t te <t Fe < eI < T < <
—— N——

[t—s||v] [t—s||v] i 1
=siivigg g t=slivi
[ L5 ] [ Lg ]

where the underbraced numbering indicates the index of the intermediate group. We

further choose points independently on (¢,z,v) for all i=1,2,---, [%] :

thtl < g2 <t
tetl « g3 < 2,

t€i+1<si+1<tli< ...... <t€i71+1<si<t€i,17

i—intermediate group

Ce=siolyH L pe—sio FL 0 £ =il
¢t Te <s e <t L

We claim the following estimate at s'*! via s*. Within the i—th intermediate
group, we fix p’ —spherical coordinate in Step 9. The goal is to estimate derivatives
with respect to initial (x1,v1) at s'T! in terms of s’

. This is different from previous
steps.

axuz (S’H—l axuz (Si+1)
| 8xL 1) || aXH (S) |

aVHZ (S i+l asz (Sl+l)
| axL 1) || ale(él) |

aXHZ (8

X, )
< 1 Tol ‘6XL1(5 | | ox|, (s ) ‘
6,8 ‘vl 8"\\@ s) 6VHZ (s")

‘de (51)| |8xH (s1) ‘

L (Clolli=s] [hl)' v |] [vI(H “> \v|(1+ o] )] (5.99)

axw (Si+l axué (Si+1)

| 8VJ_ 1) | | ale(Gl) |
v, [ v, (87
| BVLI 1) | | aVH (S ) |

x|, (s7) 0%y, (57)

1o ‘a sl | a1 00
< [v] v, (st ovy, ) Clv||t—st] |v‘
0k [|v| 1 } 3"\\/ (s) Vi, (59 te w1 ][11]
wvo !

For the sake of simplicity we drop the index /;.
Denote, from (4.9),

Fy(xL,x),vy,vy):=D(x1,x),v))+H(xL,X),v|)VL, (5.100)
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where D is a r3-vector-valued function and H is a 3 x 3 matrix-valued function:

D(XL;XH7VH)
= i (X1,%x (=™ —n(x i X
7ZG”( L H)—I’I(X”)'(aln(xﬂ) ><327](X|\))( Ge) > Gen(x)))

i

{1 V2n() v = xv) - V() vy = Els,—xun(x)) +nx))) }.
and
H(XL,XH ’VH)

_1)i+1
B ;GM Gesx) —n(x))- (8(1772q) x Oan(x))) 2V Vo) (FnGa)x i)

Note that H is linear in v|. Here Gy;(-,-) is a smooth bounded function defined in (4.16)
and we used the notational convention =17 mod 2.

From Lemma 4.1 we take the time integration of (4.7) along the characteristics to
have

Si

x”(s”l):xu(si)—/ v (r)dr,

v (st =v(s / {HGL(r),x) (1), v (1) vL(r) + D(xL(r), %) (7),v (7))} dr.

Note that v (7) is not continuous with respect to the time 7. Using (4.7) we rewrite
this time integration as

st £i—1+1

Silmxmxmvm v (r)dr = / Lt 2 / /

then we use v, (7) =% (7) and the integration by parts to have

s' i1+l e
ARG RC R NG Sl R CHC RO
tri—1 =01 te+1
+ +1 H(x 1 (7),x)(7),v(7))xL(T)dr

i

:H(si)xL(si) —H(tﬁi*ﬂrl)xl(t&*ﬁrl) /tf:_ﬁl [VL(T),VH(T),F'H(T)} -VH(7)x, (7)dr

Li_1+1
+ 3 {H (t)x (t ) CH(#H ) x (1Y)

t=t;—1 — T

- /t [vo(7),v(r), Fy(7)] -VH(T)XL(T)dT}

+H(tei)xL (téi) —H (s )x (s — /+1 [VL (1), vy (1), F) (7')] -VH(1)xy (r)dr
=0
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:H(Xl,)§|| ,VH)(Si)XL(Si) —H(SiJrl)XL(SHJ)

_/ [V ()vy (7). By (1)] - VH()x 1 (r)dT,

where we have used the fact X¢(t¢) € 9Q(therefore x| (/) =0) and
the notation H(7)=H(xy(7),x)(7),v) (7)), D(r)=D(xL(7),x)(7),v (7)), F(1)=
Fj(x1(7),%)(7),v 1 (7), v (7))

Overall we have

i

x”(siﬂ):x”(si)—/s v (7)dT,

V| (1) =V (59— H(s))xy (s")+ H(s"™)x (s7T1) (5.101)

i i

+/j+1 [VL(T)’VH(T)’FH(T)} 'VH(T)XL(T)dT_ ;1 D(T)dT.

Denote

i ° - =
SPOVIET G (1) ox (s1) Ov o (1) dvy (1)

0= [axi(sl)aax”(slﬁavL(

We claim that, in a sense of distribution on (s,x (s),x)(s'),vL(s'),v(s')) €[0,00) x
(0,C¢) x (0,27] x (6,7 — &) x R x R?,
[0x1 (758t x(s1),v(s1)),0%) (s7 1381 x(s), v (sh)), Ovy(s™sst x(sh),v(sh))]
_Zl 1o+ tZ) sttt [aXJ_,3XH 8VH]

8[V¢( st x(sh), V(Sl))XL(s”l;sl,x(sl),v(sl))] (5.102)

:Zl[tZJrl,tE) s +1 {8leL JrVLaXL},
4

i.e. the distributional derivatives of [x J_7X||,V”] and v, x, equal the piecewise deriva-
tives.

Proof. (Proof of (5.102).) Let ¢(7/,x1,x,v1,v))€C([0,00) % (0,C¢) x $? x
R xR?). Therefore =0 when x, <6, [v| > . For x| >§ we use the proof of Lemma
4.1: For z=n(x)) +x,[-n(x))],

Ixi| Se §(x)=EM(x)) +x1[-n(x))]) Je¢ [xLl,

and therefore £(z) 2¢d and a(t,z,v) 2¢ 2 \/[€(2)] 26,2 V3. By the Velocity lemma, for
(z,v) € supp(¢)

a(zt o) > e_c(|”|+1)|t1_tz‘a(t,ac,v) e 6_%(t_s)\/SZ§,E,|tfs|,5,¢ 1>0,
where we used the fact that ¢ vanishes away from a compact subset supp(¢). Therefore

tt(t,z,v) :te(t,XJ_,XH V1, V) s C" with respect to X1,X||,v1,V| locally on supp(¢) and
therefore M = {(7/,x,v) €supp(¢): 7’ =t*(t,x,v)} is a C! manifold.
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It suffices to consider the case |7/ —t!(t,z,v)| < 1. Denote 0e €
{0x, 0% 1,0x 2:0v 0y ,,0v, , } and npag=e1 to have

/ [Oex L (T':8,%,V), 0% (T'5t,%,V),0ev| (T';,%, V)| (7', x, v)dxdvdr’
{(#".x,v)€esupp(#)}

/<t@ /’>t@

= / (i e (7)) (7)), v ()] = Bim e (7). 5 (7),v) (7)]) 6 (7 x,v) - mas e
M

T'Tt[ T’J,tz

—/ [XJ_(T/)7X|| (T/)7V|| (1]0ed (7', x,v)dr'dvdx

(rr 1 (Exv)}

__ / b (7). (), v (7)) Be (7', v)dr' dvdx,
(r 1 (L)}

where we used the continuity of [x (7/;t,x,v),x)(7';t,x,v),v|(7;t,x,V)] in terms of 7’
near t‘(t,x,v).

Note that v, (7/;t,x,v) is discontinuous around |7’ —t‘|<1(lim,. v (7')=
—lim,14e v (7). However with crucial x (') —multiplication we have x| (t*)v (‘) =
0 and therefore

/ Oolx 1 (T/5t,%,v)v ) (7/5t,%,V)]p(7/,x,v)dxdvdr’
{(7’,x,v)€supp(9)}

/<t@ //>t¢

:/ ( lim [x (7")vy (7")] — lim [xJ_(T’)vL(T’)})¢(T',X,v){e~nM}dxdv
M

T’th T’¢t2

f/ [x 1 (T)vL(T)]0etp(7',x,v)dT' dvdx

{rr 4 (tx,v))

= —/ [x1 (7:t,x,v)v) (7, %, V)]0 (7, x,v)d 7' dvdx.
{2 (tx,v))

This completes the proof of (5.102). |
Since v always is multiplied with x| in (5.101), we may apply (5.102) and take

derivative inside each f:z+1 of (5.101), separating the main terms with deX|| and Jevy|,
and treating the rest (underbraced terms) as forcing terms to be obtained, for 0. €

{aXL 7axu,1 7axu,278VL 78V\|,1 ’8V||,2}7

Dex)(s") = ox (s / Oev (7

V(s =0 H (s )xL (s + H(s"T) dex 1 (s"1) +ev) (s") — Do [H (x L, %), vi)xL](s)
—_———

st

+ O0cV 1 (T)0x, H(T)x 1 (T)+ 0oV (T)- Vx, H(7)x, (7)dr
———

* /:+1 { [wa"i H(7) +8ex)(7) - Vo H(T) +0ev)|(7) - Vv, H(T)} vi(r)

+H(T)0ev 1 (T)+0ex1 () 0x, D(T) +0eX|| () Vx; D(T) +0ev (T) Vv, D(T)} Vv, H(r)x(r)dr
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+ [ {VL (T)[0exL(7),0ex)(7), 0 v (T)] - VO, H(T) + V| (7) - [0exL(T),0ex (7),0ev) (T)]- VVx H(7)

+ F (1) [0ex1(7),0ex| (T),0ev) (T)]- VVy H(T)}XL (r)dr

st

+ 1{VL(T)aMH(T)+v”(T).vaH(T)JrFH( )V, H(T 7)} Oex i (T

—/ [0ex 1. (7),0ex (7),0ev (7)] - VD(r)dr. (5.103)
STHL N — s

Now we use (5.93) to control the underbraced term of (5.103). Notice that we cannot

directly use (5.93) since now we fix the chart for whole i—th intermediate group but
the estimate (5.93) is for the moving frame (for clarity, we write the index for the
chart for this part). Note the times of bounces within the i—th intermediate group
(Jthi-1 —t4||v| ~ L¢) are

tl +1<Sz+1<t€ t@ 71< ...... <t€i71+2<t€i71+1<si<t€i71'

Now we apply (4.6) and (5.93) to bound, for 7 € (s**1,s%) and £ € {£;,0; —1,--+ ,£;_1 +
2,0i1+1,4; 1}

8(XJ-2 (T>7X|\e (T>7VJ-2 (T)’V\le (T))
A(x1,(s1),x), (81), v, (s),v, (s1))

a(xlz (T)’XH/Z (T)’Vlz (T)vvl\z (T)) 6(XLQ (T)’XHQ (T)’VLlr (T)’VHQ (T))

i

O(xL,, (7)., (7), v, (7), v, (7)) O(x1, (1), %, (1), v, ('), v, (s1))
00 0
01 1| 035
<o Clt—sllvl ) 14 _apn |01 1
~¢ 6.6+ Ol )90 0000
0fv][v]j0 1 1
0fv]v]]0 1 1
[ lv[+1 +1 +1 -
w R R mm{\ o1} min{py, 1} min{ gy, 1}
\v|2l+1 \v|2l+1 \v|2l+1
P R ip iy min{gp 1) min{gn1)
%+1 ‘U|%+1 \U|% 1L
y ‘ﬁ;\z o e nrp min{ap ) minggp 1)
SRS L G
‘U|§-+1 ‘U|§-+1 \U|§-+1 [v]+1
|v1 ‘2 |v1 ‘2 |v1 ‘2 ‘vi ]' ]‘
\v|3L+1 \v|3L+1 \'u|3L+1 |[v]+1 1 1
Vil VL2 VL Ivi N
o+l Jul+1 ||+l . 7
llv‘flil llv‘flil llvv‘ll mm{l ‘,1} mln{lu‘ 1} mln{ﬁ,l}
2
|vv\1+21 |vv\1+21 |vv\1+21 vll mln{771} min{%,l}
I‘\%l I‘\%l I‘\%l [vil [v] [v]
v|°+1 |v["+1 |v|"+1 1 . 1 . 1
— min{ 7,1} min{;-,1}
< Clt—s|lo| | VL2 VI[P v [vil [v]? [v]?
€ I‘v\szl l\v‘ﬁ; l\v‘ﬁ; ||v|1i1 1 1 ) (5.104)
v v v v
1 P el ) .
L e e e
v v v v
Vil2 Ivil2 viI? Ivi 1 1 A
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We plug in (5.103) with (5.104) respectively with

v +1 [vl®+1
|8XL1XJ-(T>|S ’|6X41VJ-(T)‘§ 12 °
Vil Vil

L1
|0y, x 1 ()] Smin{ —

‘UI 71}? |8VL1VJ-(T)|§L

and
Vo, H(T)| S1, [V, e, H(T)| S |0 +1,[Vy, D7) S 0|+ 1, [V, x, D7) S |0]* 41,

by the way we define s*. Collecting terms with

and use the fact that |s? — st < |v\+1
tedious but straightforward bounds, we summarize the results as: for s € [s'T! s7]

8x“ s)| fSi | BVH |
Tox. ox
llav'“ 1 : : |]
ox

+
ov ox X o
| aﬂu |+ [l a'lu |1 [f ([0l + 1) gk |+ (Jo] +1)| ok

0
T 1 (Clollt—s| [v/+1
Vil (5.105)
ox (s ax (s* st v
| P W PRI
|| | =+ ol )é'l,i | J2 P+ 0505+ (ol + D572
n 0
eC|th—s\ .
From (5.105) we have
6x‘|(s) 6VH(S) GVH(SZ) aXH(SZ) c _ |U|2+1
< [offt—s| 121 T =
(0} 2+ 1 8) S+ () e o
s' 8X|| 8v”
1
[ o (gL, (5,106

from the Gronwall inequality we get

1 1+ e < el T(agx(fi)'“ s )'“C'”'”vﬁﬂl)
<C(8) (Ia:;!fji)lJr(v}Ia);}'c(fi)+ec”'tS"”ﬁ;ﬁ) . (5.107)

Tterating (5.107) we get

6VH(S)
8XJ_

L) 41 2 )

ov(st=1) ox(st=1) [v]2+1
<(C? Il I 2 Clo||t—s]
<c? (122 ) P ) e opecriia L
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|t su 1/, 0v ”(51 8XH(31) [Lt=sllvly |U|2+1
AT L oyeCtelies [P
(1F0 o (o B € e pecri-a b
|r 2y ‘8 H(sl >|8x“(51)| —s—Cz[“ sl JClollt—s| [v]2+1
0x 0x Vil
) 1 2
<cot-siol (201D 4 OX1(8) el 1
0% 0%, v!|
<Cclt= slol $0)° (5.108)
vil
And by the same argument as (5.106) - (5.108), we get from (5.105) that
ox(s),  9vy(s) Ot
< Clt=sliv] 1
L2+ G2 ) < (5.109)
Therefore, from (5.108) and (5.109) we get
Oy (e) ()
X C|t—s||v v
‘ax,ﬁ(é | <ol fI]. (5.110)
BVL <’U

With the estimate (5.110), we refine (5.93) and (5.96) to give a final estimate for
the case that some ¢ is Type I or Type II :
A(s',x 1 (s"),x)(s"),vi(s™), v (s))
O(st,x 1 (s1),x(s1),vL(s?),v)(sh))

r o0 0 01,2 0 012 1
[P +1 | o]+1 V] 1 1
L min{[ViL 55wy (5.111)
Clol(t—s) | +]vl| [o]+1 11
<C [v|(t—s) “’}lz I"sﬂ 1 w0 ) ,
e (e el | 0e)
R 1
ol 41 oLt lv[+1 O¢(1) O¢(1)
o ‘le |VL : =
and from (5.30) and (5.43)
a(XCI(S;ta$7U)7VC1<5;t7xav))
a(t,z,v)
0 013 013
ol(t—s A Xe(s),Vals [P +]o] [ [o[+1 [ 1
< COlIt—s) g( 1(2 1( ))e I
A(s", Xa(s"), Va(s™)) 1 [[oP+1 [ o]+l
Vi12 [ IvLI? | IvL]
y A(s',x 1 (1), x)(s"),vi(s"),v(s"))
A(t,x,v)
0 013 [013
_ J J 1 0 0
e ‘. e 1,3 013
< cClvl(t—s) [v|+[s™ —s| 1 [s™ —s] % ‘|v|1+1 ﬁ t—s!2 1 [t—s!]
~ L L
] 1 ol 1 WPHT [P+ [+ | | [t—st| |o] 1
Vi12 [ IvLI? | Ivi]
< CCllt=9) (5.112)
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Finally from (5.95) and (5.112) we conclude, for all 7 € [s,]

[w2+lv|| |v] 1
a(XCl(S;t,fE,’U),Vcl(S;t,l’,U)) <C«6C|v\(t75) Vil2 [ Ivil] (W)
a(t,x,v) - [wl*+1 | o [ Tol

NI | VLT | LT

From the Velocity lemma (Lemma 3.1),

|Vi| = |’U1 . [_n(xl H = |Vc1(t1;t,$,’l)) 'n(XCI(t1§t’x7U))|
= /a(Xa(t),Va(th) > 1 a(t,a,0) 2 alt,2,v),

and this completes the proof. 0

6. Weighted C'! estimate
In this section, we put together all the results we got in previous sections and prove
our main theorem.

Proof. (Proof of Theorem 1.1.) We use the approximation sequence (2.5) with
(2.6). Due to (2.7) we have

’ 2
Sup sup €7 £ @)loo Ser Pl ™ folloo)-

m 0<t<

Now we claim that the distributional derivatives coincide with the piecewise deriva-
tives. This is due to Proposition 2.1 with an invariant property of I'(f, f) =Lgain (f, f) —
v(yRf)f: Assume f™(v)=fm"1(Ov) holds for some orthonormal matriz. Then

L™, f™) () =T(f" 1, ™) (Ov). (6.1)
Denote

v (s) =1 (s, X e (5), Ver (5))

_ Va(s (6.2)
= UV (5, Xaa(s), Vea(s) — 2D (s, Xea(s), Vea(9)).
Using (6.1), we apply Proposition 2.1 to have
F7(t,2,0)
Z ( m—
_e_fo D Lot ooy (s)v z(S)G‘Sfo(XCI(O)7VCI(O))

t£-(0) t —~Ex (s) m—j

—|—/ Z 1[t2+1’t5)(3)67'[‘5 2iZ0 Lpa+i,e? dTFgain(fT’L_é7fm_e)(s,Xcl(s),Vcl(s))ds.
0 ¢=0

Now we consider the spatial and velocity derivatives. In the sense of distributions,
we have for 9, € {V,,V,}

Oe f™ (t,2,v) =T¢ + 1o +111,. (6.3)
Here

Lo = e Jo it T oy (TS g 1w (0), Via (0)] - Visso fo (Xer(0), Ve (0)),
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and

£+ (0)

L ( m—j
He / E Lo+ ) f 23550 Lppg1,ey (v (7)dr
0 t ,t

X ae[ gain(fm evfm_e)(stcl(s)yVcl(s))] ds
£,(0)

‘/ S Lern gy () ot on @ ar
0

£=0

<[5 Ui ) (2l (7, Xen(7) Varl )
s =0

£y (0) 1 ,1/+11t£)(8)llm_e(s)ds

X Fgain(fmizafmiz)(saXcl(sxvcl(s))dS —€ fo Z
1 ¢ (0)

oKX 0)Vea0) |3 By (5)00 [ (5. Xer(5). Ve (5] .
=0

and

= 3 (=0t limy™(s) + et Tim 17 (5)] x e S0 T B ()

sTt[' site+1
+Z |:£1T126 f E 1 [td+1 ”)(T)y J(-r)d‘r gam(fm 0 fm f)(s Xcl( ) Vcl(s))
£=0

— lim e Bt VI L emet gmety (5 X (s), Ver(s))

6,Ltz+1
+fo Z[ G tf)( )Z [ limy 4 ™™ }(T Xe(7), Vcl(T))+limT¢w+1 I/"rj(‘f,Xcl(T)yvcl(T))}

Ly (s) ) ]
X 67‘]5 27:0 1[“+1*“>(7—)D (T)dTFgain(fmieafmie)(s,Xcl(s)vVCI(S)).

For ITI, we rearrange the summation and use (5.22), (6.2) and apply (6.1) to get

111,
iy .(0) ¢
_ Z [—I/m_z(té,xeme)+um_é+1(tf,xe,sze)}8etee_f<; 20 Lo 4oy ()™ (s)
=0
£.(0) ,
+ Z e Ll 5 i1 oy (DV(VES™ ) (7)dT
£=0

X {Fgain(fm_z fm_z)(tz Z‘Zy’U[) aln(fm 1 fm £+1)( JT RQJZ’U ):|
+ngel[t’f+1,t‘3)( )" N E] 5 L1y (T)V™ J(T)dTP am(fm 0 fme Z)(S Xai(s), Var(s))
% Z [_mez(tevme,ve)+mee+1(te,xe’R$wz)]
£.(0)

¥4
= 3 [F )] BB 0
b
£=0
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K*( ) I 3 T)aT m— m—
g s gey(8) T Z Ha s (WA (et et (5 Xy (s), Ve (s))
£.(s)

xw —’U
x Z [ (t‘,xf)] (6.4)
Proof. (Proof of (6.1).) The proof is due to the change of variables
t=0u, w=0w, dau=du, do=dw.
Note

L, ™) (w)

:AS/S2|U_uwﬁqo<|ZjZ|-w> ju(u)

x {7 (= [(w=v) o) S (0 + [(u=v) o) = 7 () " (v) pawod

., Ov—0u
—/R3 S2|(/)’U—(9U| QO(mOQ}) M(Ou)

% {71 (Ou~[(Ou—00)- O] Ow) ™1 (Ov +[(Ou—Ov) - Ow]Ow)

— M HOu) fmH(Ow) }dwdu

Ov—u
= Ov—1|"qo (=7 @)V (@
L, [ o0l angi—s )it
x{ @[ - 0v)-3)2) /1 O+ [(i - Ov)] @)
_fm—l(ﬂ)fm—l(ov)}da)dﬂ
L=t ) (Ov).
This proves (6.1). Especially we can apply (6.1) for the specular reflection BC (2.4)
with Ov=R,v. O
Using Lemma 2.2 and (2.7), we obtain for 9s € {V,,V,}
1 £.(0)
1L Pl fll) | D (60X )
0
e—cgml(s)—uﬁ
X 2—K
re [Ver(s )—U|

(0)
P(lIe follc / Zl[tmm )16 Ver(5)

efcg|Vc1(s)7u|

X [V, " (s, Xa(s),u)|duds
[ e Ve s Xa(s) )

2 2
FP(IF folloo) (o) e~ (1B e, + Vo Bll1zs,

|mem_z(s,XC1(s),u)|duds

X ( sup |06V (s;t,x,v)|+ sup 8eX(s;t,x,v)|).

0<s<t 0<s<t
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We shall estimate the following:

alt.z.v)18 z,v
0L o pery), o 2B o ),

From (5.1), the Velocity lemma (Lemma 3.1), Lemma 2.1, and F™ >0 for all m,
with w>1

— (v 1
e~ >tW[a(t,x,v)}5 L

1
Sepe =W [@(Xa(0), Var (0))] Pl

(v)®

a2 (t,x,v)

{0 (X (0) Vaa(0)

e 0, 1o (Xaa(0).Var(0))}
)
Ol

3
NEtH a”710, fo ||OO+H (v) o720, fo HOO

>
+1 (V)b +1

Seall Ty Fou || +l 7 H@foHoo’

and
1

W

—w(v)t
Ser € 7N (v)p—1

—w(v)t

e [a(t,z,0)]P71 I,

[a(Xe1(0), Ver (0))]P~ €0l

1 (v)
X {W|awa(Xcl(0)7V01(0))| + altov)

Se H 8fo|| ] e 0o [l

194 fo(Xaa (0), Ver (0))] }

where we have used a(t,x,v) <¢|v|? and the choice of w>> 1.
From Lemma 2.1 and Lemma 2.2,

o—Colu—Vei(s)[2

¢ £.(0)
Mo 0PI ollc) [ S 1y (o) [ aufs S
oS P folle) [ ds D Lernan(o) [ dupe

{106 Xer ()19 (5, Xea(),0) 19 Ver(5) (1410 (5. Xea () w)]) .

Now we use (5.1) to have

—w (v [a(tvxvv)]ﬁ v|?
e = >tw IIx§t,£P(||€9| | Jollc)

_Cel‘/d( )~ U|2 —w(v)t e® u)s vl|[t—s |'U|[ (t X ’U)}B_% <U

wa (0)t g (w)s ,Clol[t—s]

a d{/ ps [u— V()P =€ (s, Xea (), w)]? (01
—w( u)s[ (S7X01( )7u)]’8

<oup sup [l R o X))

2
/ 709“/‘:1 s)—ul 7w<v>t6w<u>s Clol|t—s| \*/ <u>b |v|2[a(t,x,v)]'871
) Jull(s, Xai(s),u))?~%

wo [u—Var(s)]2 % (v
3vfmj(s,XC1(s),u)Hoo}.

>b+1

duds

—w(u)s

Xe -1
X sup sup He |ul[a(s, 1(5),u)] 3
m 0<s<t (u)
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We first claim that

e—w(v)tew(u)seCW\(t—s)e—C’|v—u|2 <e— w<2'"> (t—s)eC”(s-l—sz)e—C”\v—u\z. (65)

Using (u) <14 |u| <1+|v|+|u—v| <14 (v)+|v—u|, we bound the first three exponents
as

—(w=C)w)(t—s5)—w((v) — (u))s < —(w—C){v)(t—8)+w|v—u|s+ws.

Then we use a complete square trick, for 0 <o < 1

2 2 2

9 S 1 2 _ow 9 8
[v—u] —I—%—%[s—awhj—uﬂ §T|v—u| +%,

| | ow?
wlv—uls=

2
to bound the whole exponents of (6.5) by

—(w—C)(w)(t—s8)+w|v—u|s —C'|v—u|* +ws
2 2
o=+ o

@O )t -5~ (0~ T -
<—(w—C)Yv)(t—s)—Cymlv— u\2+0(’,w{52+5}.

IA

+ws

Hence we prove the claim (6.5) for w > 1.
Now we use (6.5) to bound

et o) [au(t,z,v)]P 11,

<e.e P folloo)
t o —C4|Var(s)—ul? b+1 B—1
y { / /6_#@_& 0 @ Wt
0 JR3

[Var(s) —ul=" ()" [a(s, Xa(s),u)]’?

(A)

aﬁ 8 TIL(
X Synpogggt\!e oy Ot )|

. / / = SO ) a7
e Va(s)—uP ()7 [a(5, Xa () u)P !

w(v)s

(B)
)s o’ 9
xsup sup |le" @@ — 9, f™(s . 6.6
o sup =0 om0} 6)
For (A) we use (3.7) with Z = (v) [a(t,z,v) ]B " and I=% and r=b+1. For (B) we use
B—2

(3.7) with BB —1 and Z = (v) [a(t,z,v)] and [=% and r=b—1. Then

(A), (B) < 1.

Similarly, but with a different weight e‘w<“>t<v>1b,1 [a(t,z,v)]P~L, we use (5.1) to
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have

—w (v 1 -
e =t ﬁm[a(tv%vﬂﬁ ML,

2
See P ol
— S u2 B
{/ Wl ot gwtups Clolli—s 020 ()t

————V5 €
R3 |U Vei(s)|>=* [a(s, Xei(s),u)]? (v)®
B
ctpp oG Xa@ W)
Nl T e A )l
/ e~ ClVarls)ul T T mwtw (s Clollt—s| ()" (v)[a(t,z,v)]"?
R3 |’LL Vcl )‘2 r <U>b ! [04(57XC1(5),U)]ﬁ71

X p-1
X SUp Sup He w(uys ¥ [ (3’ Cl(;)vlu)]
m 0<s<t (w)’~

8Ufm(57Xc1(s)’u)Hoo}'

Again we use (6.5) and (3.7) exactly as (6.6). Therefore for 0<§=08(||e?""I" fo|o) < 1

B 1 _ ] _
w(v)t B w(v)t B—1
e Ty [a(t,z,v)] Tk +e () W[a(taxvv)] I,
of of-1
< 5 w 6 m +S S w ’U S by m
{sup sup [|e™" g 0 S ()] g 50 sup [[e7 007 (5) | -
4 4
Finally using Rxw% =v4 , the bound on 9et* in (5.97) and (5.98), from (5.1), the
Velocity lemma (Lemma 3.1)
1 1
e~ =t oy [ou(t,2,v)]” TII, S67w<v>tW[a(t,x,v)]ﬁ||EHLf$ec<“>ta(t,ax,v)€*(0)
x sup (Ot P (e folloo) |1 s,
0<e<4,(0)

_ 2
SIEllzg, alt,e.0)® 2 +tP([e follso) | Bl Lz,

for w>1. And similarly

T [a(t,x,v)}ﬁfl I, Se=fort L [a(t,x,v)]ﬂ_l||E\|LtofareC<”)ta(t,x,v)€*(0)

(v)?

2
x sup  [0ut’[+P(||e”" folloo) | Bl L,
0<0<2,(0)

— U2
SIEll Lz, alt,z.0)? 2 +tP(1" folloo) I Bl 2z,

Collecting all the terms, for 2< <3 and b>1 with w>1 and 0<J <K 1, we get

B-1
w(v)s m w(v)s o m
Siposgigtl\e < >b+18 o f" (s )Iloo+sup sup. He <U>b716vf (8)lloo
abf~ abf— olo|?

We remark that this sequence f™ is Cauchy in L°°([0,T] x Q@ x R?) for 0<T < 1.
Therefore the limit function f is a solution of the Boltzmann equation satisfying the
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specular reflection BC. On the other hand, due to the weak lower semi-continuity of L7,
p>1, we pass a limit 9f™ — 0f weakly in the weighted L°°—norm.

Now we consider the continuity of e~ (Wt (1) =0=1089, f and e~ =(V)t(p)~b+1aB—19, f.
Remark that e~ (" \anglev) "~1ald, f™ and e~ 7V () ~b+1aB =19, f™ satisty all the
conditions of Proposition 2.1. Therefore we conclude

e 0) " af O, fm € CO((0,T] x A< R?),
e~ () b1 819, #m e 00([0,T] x QU x R3).

Now we follow W' estimate proof for e @ (p)=0=1al[0, -9, f™]
and e~ @) LGS, fmTL—9f™] to show that e T (p)~Plala, fm
and e FWt(y)~tHlaB=19 f™ are Cauchy in L. Then we pass a limit
67w<u>t<v>fb71a,88zfm — efw(v)t<v>fb71aﬁamf and 67w<v)t<v>7b+1aﬁflavfm N
e~ =Wt () ~bH1aB=19, f strongly in L™ so that e~ (v)~0"1af9, f € CO([0,T%] x Q x
R3) and e~ Z () (p)~0H1aP =19, f € CO([0,T*] x Q x R?). 0
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