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CONTINUUM LIMITS FOR ADAPTIVE NETWORK DYNAMICS*

MARIOS A. GKOGKAST, CHRISTIAN KUEHN# AND CHUANG XUS$

Abstract. Adaptive (or co-evolutionary) network dynamics, i.e., when changes of the net-
work/graph topology are coupled with changes in the node/vertex dynamics, can give rise to rich
and complex dynamical behavior. Even though adaptivity can improve the modelling of collective
phenomena, it often complicates the analysis of the corresponding mathematical models significantly.
For non-adaptive systems, a possible way to tackle this problem is by passing to so-called continuum
or mean-field limits, which describe the system in the limit of infinitely many nodes. Although fully
adaptive network dynamic models have been used a lot in recent years in applications, we are still
lacking a detailed mathematical theory for large-scale adaptive network limits. For example, contin-
uum limits for static or temporal networks are already established in the literature for certain models,
yet the continuum limit of fully adaptive networks has been open so far. In this paper we introduce
and rigorously justify continuum limits for sequences of adaptive Kuramoto-type network models. The
resulting integro-differential equations allow us to incorporate a large class of co-evolving graphs with
high density. Furthermore, we use a very general measure-theoretical framework in our proof for repre-
senting the (infinite) graph limits, thereby also providing a structural basis to tackle even larger classes
of graph limits. As an application of our theory, we consider the continuum limit of an adaptive Ku-
ramoto model directly motivated from neuroscience and studied by Berner et al. in recent years using
numerical techniques and formal stability analysis.

Keywords. Adaptive networks; co-evolutionary networks; continuum limit; graph limits;
Kuramoto-type models.
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1. Introduction

Adaptive (or co-evolutionary) networks are models of diverse phenomena, ranging
from neuroscience, epidemiology, ecology to game theory, just to name a few [13,15].
The main feature of adaptive networks is the coupling of dynamics of and on the net-
work. From the perspective of recent applications [5,6,16,18,19], it is understood that
the feedback mechanism between the network topology and the node dynamics can lead
to a wide variety of interesting effects. For example, bifurcation-induced transitions may
change their direction from super-critical (soft) transitions to sub-critical (hard) tran-
sitions [14,26], which are referred to as tipping points or critical transitions. Also, new
dynamical states such as multi-clusters can be induced by taking into account adaptiv-
ity [5]. Although a number of formal asymptotic methods or moment-closure schemes
exist to study adaptive networks mathematically [9, 23, 24], a rigorous mathematical
development of the field has just been started. One natural way to study networks
rigorously is to exploit the large-scale limit of an infinite number of nodes/vertices to
derive continuum or mean-field differential equations. This approach is not yet available
for adaptive networks. In this paper, we derive continuum limit differential equations
for adaptive/co-evolutionary dynamics given by Kuramoto-type models. The original
Kuramoto model was posed on a static graph and for all-to-all coupling originally by
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Kuramoto [29,30], who first used it to model synchronization of systems of coupled os-
cillators. We refer to [40] for a concise introduction to the original Kuramoto model and
to [1,2,39] for a more detailed view on the paradigmatic status of Kuramoto models as
well as for further references. A quite general class of adaptive Kuramoto-type models
on N oscillators/nodes can be written in the following form

d¢7{v_ N _ , N/ N 1 Y N D N N

D =¢; = w; (¢; ’t)_’_N;Wij (t)D(#;", 95" ), t>to, (1.1a)
awy .
g = Wi = e (W +H (@ ,67)), t>to, (1.1b)

o (to)= ¢, Wi (to) =W}

; iy bJe{l,...,N}=:[N], (1.1c)
where t € [to,to+T]=: Ty, 1 is the time interval with 0< T, ¢ =¢N (t)e T=R/(277Z)
represents the phase of the i-th oscillator with initial phase (bl{v,o €T for i€ [N], w}:
T xR —R is the vector field describing the intrinsic frequency, D:T? —R is a coupling
function, W (t)= (W} (t))i j=1,.x €RV*N is the time-evolving adjacency matrix of
the network of oscillators with the initial adjacency matrix WZ]]V €R, which takes into
account the local information of two interacting oscillators via the function H:T? =R,
and £ > 0 is a parameter; the structure of the model (1.1) is directly motivated by recent
applications [5,6]. The parameter € controls the time scale between the dynamics on the
network of the phases and the dynamics of the network weights. In applications, one
frequently takes € >0 small so that the network topology evolves slowly in comparison
to the node dynamics; we do not require this time scale separation for our results
but we believe it to be insightful to track ¢ throughout the calculations. Let us note
that the weights Wi]]\.] (t) are not assumed to be symmetric, i.e., we do not assume that
Wi (t)=W][(t) for all i,j€[N], nor do we assume positivity of the weights. This
entails that our graphs can be directed, weighted, and signed. In order to investigate
the continuum limit of (1.1), we only need the convergence of the sequence of initial
conditions ¢™® and W¥ (). One may reasonably expect that without such convergence
but with certain tightness, the model (1.1) may converge to a family of sublimits.

We want to investigate the limit of (1.1) as the number of oscillators tends to
infinity (IV —o00). If a suitable limiting differential equation exists, it is often analyt-
ically and/or numerically easier to handle than systems with finitely large N. This
approach can make it feasible to analytically understand phase transitions and syn-
chronization [34,38], chimera and clustered states [31], or multistability [41]. There are
different approaches to obtain a limiting equation. If the oscillator phases can be ar-
ranged on a limiting space and the pointwise limit exists as N — 0o, then this is usually
referred to as the continuum limit. The other common approach is to aim for a mean-
field limit, which characterizes the weak limit of empirical distributions of the phases
of oscillators. For the classical all-to-all coupling topology, many results on limiting
equations exist, particularly for the mean-field limit [32,37]. Thanks to new techniques
for graph limits [4,33], there have been several works on mean-field or continuum limits
also for systems without all-to-all coupling [11,25,27,28,34-36]. In this work, we are
interested in continuum limits for adaptive Kuramoto-type models. For the static net-
work case, results with random weights were developed in [35], while the analysis of the
steady states on small-world graphs was carried out via continuum limits in [36]. In ad-
dition to the static restriction, another relevant assumption in [35,36] was the existence
of a limiting graphon, which places a density requirement on the coupling structure.
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Furthermore, if there is no feedback between network topology and node dynamics but
just a given time-dependent family of networks, continuum limits were considered in [3].
A view via moment hierarchies and formal moment closure can be found in [9]. In sum-
mary, the myriad application results for finite IV for adaptive Kuramoto-type models
and the existing results for static/temporal network continuum limits for dense graphs,
naturally pose the question, whether one can derive continuum limits for fully adaptive
Kuramoto-type models on various classes of graph limits? In this paper, we answer this
question positively and establish rigorous results leading to a continuum limit non-local
integro-differential equation. We prove the well-posedness of the limiting equation and
pointwise approximation by solutions via a sequence of finite N models of the form (1.1).

It is worth mentioning that for some adaptive networks, the underlying graphs
may become sparser and lose connectivity as time evolves, c.f. [21, Section 2.1], where
well-posedness of the PDE for continuum limit of biological transportation networks is
derived; a method for rigorous transition to this continuum limit developed for the case
of regular geometry is [22]. Similarly, such phenomenon can also happen in our setting,
particularly when the response function H is not non-positive; indeed, the underlying
graph may not only become sparse and lose connectivity, but also have negative weights
too, when the time is large enough. To avoid this scenario from happening, we just
start with graphs dense enough so that they will not lose positivity in the time interval
of interest (see Assumption (A5) in Section 1.2 below).

1.1. The continuum limit. To start, we need a limiting structure for the
graph and fix (X,8(X),ux) as a Borel probability space. Here X can be regarded as
the vertex space of the graph limit with time-dependent edge weights. When one first
tries to introduce a continuum limit for (1.1), one realizes that it is unclear how to even
translate the evolution for the weights (1.1b) into the language of graph limits. Ideally,
we would like to be able to model a broad class of limiting graph topologies. One possible
way is to use the mathematical space of graphops, which is a very elegant and recent
mathematical framework for representing finite or infinite undirected graphs of arbitrary
density and their graph limits [4]. Recall from [4] that an undirected graph with positive
weights can be represented by a bounded, self-adjoint and positivity-preserving operator
A:L®(X;ux)— LY (X;px ), where A is called a graphop. A graphop can be viewed as a
generalized concept for the adjacency matrix as for finite-dimensional graphs it coincides
with the adjacency matrix. Graphops are in direct correspondence to a family of finite
measures (n%).cx, called fiber measures, via the Riesz representation theorem

(Af)(x)= /X fy) dp(y)  px-ae. z€X, for fEL®(Xsux).

Intuitively, for a node z € X, the fiber measure 1n* defines the neighbors of z. For
instance, let X =[0,1]. If n* is the uniform measure over [z,1] for x€ X, then the
node z is connected all the remaining nodes on its right. Now, having in mind this
representation of graphs via operators and corresponding fiber measures, we go a step
further and view a general weighted graph on X just as a family of finite measures
(n®)zex. Then we embed the evolution for the weights (1.1b) in an evolution equation
for time-dependent measures (1¥),cx; note that in the literature on graph limits, one
would use a sub-index = to denote fiber measures of graphops but it seems more natural
for our context to use a super-index for x to have the sub-index more directly available
for the time dependence.

Having motivated the measure-theoretical framework for representing graphs, we
can now introduce the continuum limit of the adaptive Kuramoto-type model (1.1).
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Consider the initial value problem (IVP) of following family of integro-differential equa-
tions

6¢((9tt,x) = w(@,¢(t,7) / D(¢(t,x),0(t,y)) dnf (y), t>to, (1.2a)
877(,;5;/) = —enf(y) —eH(¢(t,2),6(t.y)nx (y), t>to, (1.2b)
¢(to,x)= do(x), 115, =np, (1.2¢)

where w: X xTxR—R is the frequency function and we consider initial conditions
(¢0,m0) €C(X,T x M(X)) with M(X) denoting the space of finite signed Borel mea-
sures. Here, (1.2) is to be interpreted in the integral form:

o(t,x) = ¢o($)+/ {w(JW(Tx /D ¢(1,2),0(y)) diz(y)| dr, ¢ >to,

’ (1.3a)
T () = 1 —e / 7 (y) dr—e / H($(r2).0(ry) ux(y) dr, t>t0,  (L3b)
P(to,x)= ¢o(x), M =15 - (1.3¢)

Moreover, note that (1.2b) ((1.3b), respectively) is an evolution equation for the time-
evolving family of measures (7¥).ex, which should be understood in the weak sense,
meaning that for any bounded continuous test-function f & Cp(X) we have

/Xf(y)dm /f i (y /(/f e (y >d7
—e / ([ s o) duxt) ar. )

DEFINITION 1.1 (Solution for the IVP of the continuum limit). A pair (¢,n) €
C(Teyr x X, Tx M(X)) is called a solution to the IVP (1.2) if it satisfies (1.3) for all
ze€X and t €Ty, 1, i-e., for some T >0. In particular, (¢,n) is called a global solution
to the IVP (1.2) if it exists for t € [tg,00).

1.2. Main results. In the following, let X be a compact subset of finite-
dimensional Euclidean space equipped with the metric dx(z,y). We use dyx(@,¢)
to denote the geodesic distance between ¢,¢ on the unit circle/torus T*:=RF/Z*
for k=1,2. We use |-| to denote the usual Euclidean 2-norm. Hence, we trivially
have dpr(¢,0) <|p—¢|. Let M (X) be the space of finite positive measures and
Mps(X) be the space of finite measures continuous with respect to the reference mea-
sure py. Furthermore, let My aps(X) = Maps(X)N M4 (X). For any a€R and T >0,
let 7o, 7 =[a,a+T]. The first main theorem in this paper shows that the IVP for the
continuum limit (1.2) under the assumptions below is well-posed and yields graphs with
positive edge-weights (cf. Section 2). Let Maps(X) be the set of all positive measures
absolutely continuous with respect to px. Assume

(A1) D: T? =R is Lipschitz continuous': For ¢, € T?,
|D(¢) — D(p)| < Lip(D)dr=(,¢),
where Lip(D) is the Lipschitz constant of function D.

I1Equivalently, D can be extended to be a period-1 (coordinate-wise) Lipschitz continuous function
on R2.
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(A2) H:T?—R is Lipschitz continuous: For ¢, € T?,

|H(¢)— H ()| <Lip(H)dr2(,¢).

(A3) w: X xTxR—R is continuous in ¢ and Lipschitz continuous in ¢ and x: For
all 2,2’ € X, t€R, and ¢,p €T,

w(,6,1) —w(a'p.8)| < Lip(w) (dx (2.2) + dra (6.0) ).

(Ad) (¢o,m0) € C(X, T x M(X)).

(A5) 1m0 € C(X, My aps(X)) and W (z,y) := 37 (y) satisfies
inf > || H||oo(e57 —1 1.
W (,9) 2 [H oo (T = 1), (1.5)

where || H [|co =sup (4 oye12 [H(¢,¢)| is the supremum norm of the continuous
function H.

We make a few remarks about the above assumptions. (A1)-(A3) are the regularity
conditions of the model. The continuity of w in x in (A3) is not necessary for the
wellposedness of the model (1.3), but for the approximation result. In applications,
when the natural frequency is independent of the labels of the oscillators, such continuity
trivially holds. Conversely, in case the continuity collapses, then one may not expect
the model to be approximated by a sequence of discrete models and thus the model
(1.3) may naturally be of little interest for the approximation purpose. The continuity
in the initial condition (A4) is crucial in establishing not only the well-posedness but
also the approximation result (see Theorem 1.1 and Theorem 1.2 below). (A5) is a
technical condition for the positivity of the limit graph 7 for t€7;, r. Nevertheless,
such a condition can be further relaxed to

no € B (X, M (X)) provided |71 >0,

where

d x,a
B+(X,M+(X))={563(X7M+(X)): ggiessmfyexw>o}

7% (y)
dux (y)
measure px; c.f. our companion work [12] for the mean field limit of model (1.1), where

it is pointed out that, for example, in case where H is non-positive, (A5) is removable
and we do allow the initial graph to be sparse (e.g., a ring network where each node is
connected to its 1-nearest neighbours, or a tree network), c.f., [12, Section 6].

We are now ready to state our first main result.

and

is the density of the absolutely continuous part €% of £ w.r.t. the reference

THEOREM 1.1 (Existence and uniqueness of solutions). Assume (A1)-(A4), then
there exists a unique global solution (¢,n) € C([to,+00) x X, T x M(X)) of the continuum
limiting Equation (1.2). Furthermore, if (A5) holds, then we have (¢(t),n:) € C(X,T X
My (X)) for all te Ty, r.

The proof of this result is given in Section 3. Our second main result justifies (1.2)
as the continuum limit of (1.1), more precisely, (1.2) can be approximated by a sequence
of discrete models in the form of (1.2) as N — oo. To state this result, additional to the
assumptions (Al)- (A4), we need to impose additional regularity conditions:

(A6) W (x,y) defined in (A5) is continuous in both z and y.
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(A7) For every N €N, there exists a uniform partition (X}V);e(ny of X with respect
to px such that

1

N . _ N
px (XY= o i€[N], X_| lX»
and

lim sup diam(X}¥)=0.
N*)OOZE[N]

To state the discrete approximation result, it is helpful to introduce suitable dis-

cretized functions as well as matrices. Let (X;¥);cn) be a partition satisfying (A7), for

N eN. For every N €N, i€ [N], let the frequencies w)¥ be given by

Wi (p,t) ::N/XNw(y,%t) dux(y), »€T, teR. (1.6)
Let the (initial) weights be given by the formula

Wi [ W) (@) dux(w). g€ V) (1.7)

or via the formula
Wij,\; = W(l’o,yo), Za.] S [N]v (18)

for any (z0,y0) € X}V x X]N. The initial conditions ¢™¥'° € TV are given by
¢ =N [ doly) dy. (1.9)
xN

Let {¢ (t)}1<j<n be the solution to (1.1) with (1.6), (1.7) and (1.9).

Finally, we use some appropriate metric d7, . . (see Equation (2.3) in Section 2
for a precise definition) to compare solutions of (1.2) with those of (1.1). To compare
with the solution to (1.2), we define the “lifted” tuple (¢~ ,n™) e C(Ts, 1,B(X,T)) x
C(Tio. 7, B(X,M(X)))? from the solution of the discretized model (1.2) as follows:

N

O (1) =3 0N (D (a), (1.10)

j=1

where £p is the indicator function of a set B and n™ € C(T;, r,B(X, M(X))) is defined
by the step function W& : Ty, 7 x X2 =R via

N(tz,y): Z (Oxxwxy (@y), (2,y) €X% dn™)i (y) =W (Lz,y)dpx (y).
Ve (1.11)

2Here B(X,M(X)) is the space of bounded measurable functions from X to M(X).
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THEOREM 1.2 (Discrete approximation).  Assume (A1)-(A2), and (A4)-(A7). Let
@(t,x) be the solution to the IVP (1.2). Let

J

(N30 (WYY, ) €C (T, TN xRN

be the solution to (1.1) with (1 6), (1.7) or (1.8), and (1.9). Let (¢N,nN)e
C(Tiy.1, L (X,T)) x C(Tiy, 1, B(X,M(X))) be defined in (1.10) and (1.11). Then

th tho T,00 ((¢777) ( N N)>_O’ (1'12)

where dr; 1,00 18 defined in (2.3).

1.3. Outline of the paper. In Section 2 we will introduce notation and provide
some background material from measure theory. After that, Section 3 is devoted to the
proof of Theorem 1.1. In Section 4 we prove continuous dependence, and hence well-
posedness of the limiting integro-differential equation. In Section 5 we develop the proof
of Theorem 1.2. To do this, we need to show that the co-evolutionary Kuramoto-type
models of the form (1.1) can be viewed as a special continuum limit (1.2) (Proposition
5.1). In Section 6, we apply our main results to a special Kuramoto model studied in [5].
We conclude with a brief discussion of our results and an outlook in Section 7.

2. Preliminaries

As we have described in the introduction (cf. Section 1.1), we regard a weighted,
time-evolving graph on the compact vertex set X as a family of time-dependent measures
(nF)zex, which can be viewed as the disintegration of a family of measures 7; on the
edge set X x X. For a very detailed explanation and justification of why we can interpret
these measures as generalized graphs, we refer the reader to [4,28].

For a set AC X, let diamA be the diameter of A. Here, M(X) denotes the space
of all finite signed measures on X and M (X) the space of all finite positive mea-
sures. Let B1(X) be the space of measurable bounded functions f:X —R such that
sup,ex | f(x)| <1 and let BL;(X) be the space of bounded Lipschitz continuous func-
tions f: X — R with |f] <1 and Lipschitz constant Lip(f)<1. Recall that [8, Chapter
8]

e the space M(X) equipped with the total variation norm

Iuliv: = s / 7 du

is a Banach space.

e the space M, (X) equipped with the bounded Lipschitz norm

lulls: = sup /fdu

feBLi(X)J/ X

is a Banach space.
Next, we provide basic definitions and properties for spaces of measure-valued functions
from [28].

DEFINITION 2.1.  Let (n:)ter CM(X). If

lim 72 1 ¢ Aq(X)

e—0 3
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exists, then

d77t —lim Nt+e — Mt
dt e—0 £

is called the derivative of 1, at t.
EXAMPLE 2.1. Let Fe€C*(X) and p€ M(X). Define
m=F{t)ue M(X), forall teR.

Then we claim that d"‘ =F'(t)u. Indeed, for any f € Cp(X), we have f € L*(X;u) since
X is compact, whzch zmplz'es by Dominated Convergence Theorem that

E_>0/fd (t+e)— E_m/f (t+e)— ()du
=/Xf;z%“+idu [imsero s

.e., we find g d"t =F'(t)p.
Not all families of parameterized measures are differentiable.

EXAMPLE 2.2. Let n;=26;. Then for all f € C,,(R) we get
lim/f d6t+6€_5t — lim f(t+e) _f(t),

e—=0 Jr e—0 I3

which may not exist, e.g., consider the function f(x)=(1++/x)" /2.

PROPOSITION 2.1.  Let N be a compact interval of R. Assume n€ C(N,M(X)). Let
to€EN. Then &= ft Ny dr € M(X) understood in the weak sense

/Xf dftzft:(/xf dm) dr, VfeCy(X),

is differentiable at t for all t e N, where the derivative is understood as one-sided for
the two endpoints of N.

Proof.  Since ne C(N,M(X)), we have ||n;||5, < oo for all t € N'. Hence, & € M(X)
for all t € V. Moreover, for min A <t <maxN, let 0 <e <maxN —t, so that we obtain

1 1 t+e
S ratueco=2 [ ([ s an)an vrean)

which implies that
t+e
SANTREL

’i/xf d(§t+5—§t)—/ dme| <

maxy f—miny f\ 1 ['T° maxy f—miny f
< ( 2 > 7/ 7 = el 7y dr < max 7 =y
e /s 2 TE(t, t+e]

Analogously, we get

‘i/xf d(gt_e—&)—/xf dny| <

maxy f—miny f
2 TE[t—e

max IIUT el Ty
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Since n € C(N, M(X)) is uniformly continuous in ¢ € N and % < 00, we have

1
lim —
e—=0¢

[ £ [ 1 an. vrecu),
b'e X
i.e., this just means

g'(t)=m. (2.1)

Similarly, (2.1) holds for ¢=minA and ¢{=maxN upon computing with suitable one-
sided limits. 1]

Recall that B(X, M(X)) denotes the space of bounded measurable functions from
X to M(X). For any ne B(X,M(X)), let

7l := sup [[n*[I7v-
reX

Let ne€ C(Tiy,1,B(X,M(X))), then with a slight abuse of notation, which will be clear
from the context, we set

[n[l*:= sup sup 0|7y = sup sup [ny[(X).
€Ty, T w€X t€Ty, T x€EX

In particular, the upper-star notation will always denote the supremum norm over all
free variables. Note that if the cardinality of X is infinite, then the topology induced by
the bounded Lipschitz norm is strictly weaker than that induced by the total variation
norm, and hence by Banach’s Theorem the space M equipped with the bounded Lips-
chitz norm is not complete since the two norms are not equivalent [8]. For instance, let
X =[0,1]. Then {1/n},, CX a sequence converging to 0. Then the sequence of Dirac
measures {dy/,} converges weakly (in bounded Lipschitz norm) to do since

101/n —dollBL=sup / fd(d1/n—00) <[1/n—0]=0, as n—oo.
feBLL(X)Jx
In contrast,
[61/n —dollTv=2,
which implies that {d;/,,} does not converge to dg in total variation norm. Furthermore,

for any (¢,n),(p,&) € L>®(X,T) x B(X,M(X)) we define the metric

where dr oo (¢, ) :=esssup, ¢ ydr(é(z),p(x)). Finally, for any compact interval N'CR,
define a uniform metric on C(N,L>(X,T)) x C(N,B(X,M(X))) by

An 0o ((051), (0,€)) = fél/l\@[doo(w(t),nt)a (0 (t);&1))- (2.3)

PROPOSITION 2.2. Let N CR be a compact interval. Then
o O(X,TxM(X)) endowed with the metric do defined in (2.2) is a complete
metric space.

o C(NxX,TxM(X)) endowed with the metric dxr oo defined in (2.3) is a com-
plete metric space.

Proof. Recall that (T,dr) is a complete metric space and (M(X), |- ||tv) is a Banach
space [8]. Since the space of continuous functions from one complete metric space to
another complete metric space is also complete, the conclusions follow. ]
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3. Existence and uniqueness of solutions

Proof. (Proof of Theorem 1.1.) For a small 0<t, (to be specified later) we set
T =Tiy 1. = [to,to+1t«]. In the following, we prove the conclusions in several steps. We
first show the solution exists locally in a subset of C(7 x X,T x M(X)), and then we
show the uniqueness of solutions in C(7 x X,T x M(X)) using Gronwall’s inequality.
Next, we extend the solution to an open maximal existence interval, and using an a-
priori estimate we can show the global existence. Finally we prove the positivity of the
second component of the solution.

To show the local existence of solutions, we will construct a subspace Q of C(T x
X, Tx M(X)) and apply the Banach fixed-point theorem to the space Q of solutions.
Note that, due to the compactness of T? and the continuity of H,D, we have that the
functions H,D are uniformly bounded. In the following we assume 0<t, <ec~!. Let
o> W7 where we recall ||no||* =sup,cx |75 |3y, and the convention

ln—&I" =supsup |[nf —&F llrv, 7,6 € C(T x X, M(X)).
teTzeX
We are ready to define the space
Q={(¢.n) e C(T x X, Tx M(X)): d(to,x) =po(x), nj, =n5, Ve X, [[n—mollry <o},

where ||n—mnol|y =sup,crsup,ex |nF —n§ll5y- Henceforth, we also use 7€ C(T x
X,M(X)) for the constant function (n9)f=n% for t€T and z€X. Note that ,
equipped with the metric d defined in (2.3), is complete since it is a closed subset
of the complete metric space C(7 x X,T x M(X)), cf. Proposition 2.2. Next, we de-
fine the operator A= (A", A?)={A"},ex ={(A"",A%")},cx from Q to Q: For every
xe X, and (¢,n) €Q,

A (@n)0) = dufe) + [ [w(x,fb(xﬁ)ﬁH /. D(qs(T,x),qs(T,y))dnf(y)} dr (3.1)

A 6.0 (0)) = 5 )= | nf(y)dT—E( t H(¢>(T7$),¢(T,y))d7) ux(y), yeX.
(3.2)

Here we note that the definition of the operator A*® is to be understood as in (1.4),
i.e., in the weak sense. In Steps 1. and 2. below, we show that the n-th iteration A™
for some n €N is a contraction mapping from 2 to €.

Step 1. A is a mapping from 2 to €2, this means we need to show: For (¢,n) €, we
also have A(¢,n) € Q.

Step 1.1. It is obvious that A“(¢,n)(t) €T. That A>*(¢,n)(t) e M(X) for teT
follows from

sup sup |H (¢(7,2),0(7,y))| < | H |
TETyeX

as well as

sup 07 |(X) < |[nol|* + o < 0.
teT

Furthermore, it is trivial to check that A(¢,1n)Y*(to)=¢o(z) and
A(p,m)* (to) = -
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Step 1.2. We want to show that ¢+— A%(¢,n)(t) is continuous. Let ¢, t' €T with
t<t'.

|‘A1’x(¢?77) (t) - “’417x<¢7n (t/)|

)
/ttl [ (z,9(z,7) / D(¢(7,x),0(,y))dn (y )] dr

t’
</

< (|w||oo+||D|oosup|nf|<X>) ¢
teN

<(lwlloe + 1Dlloc (In0ll* +0)) [t =t'| =0, as [t=t'| 0.

dr

w(z,d(z, 7). / D($(r,z),6(r.4))dn (v)

Next, we verify the continuity of ¢+ .A4%%(¢,n)(t). By the definition of
total variation norm, for ¢t <t', and the definition of A%%(¢,n)(t) in (3.2)
(which, once again we recall, is to be understood, as (1.4), in the weak
sense)

A2 (6,m) () — A2 (1) (1) [
— sup / £ A (A2 (6.m) () — A2 (6, m) (1))

fGBl(X

/t sup / Iy H((r,2),6(79)) dpux () dr

fEBI(X)
< el — (supllné"—ni?vﬂup ||n3<->—H(as(r,x),qa(T,->>ux<->||-*rv)
T€T T€T
< elt —t)(o+2lmoll* + | Hllow) 0, s [t—¢] 0.
Here in the last inequality we used that

fggllnﬁ(') — H(o(7,2),¢(7,))px ()l rv

<|Imoll* +sup sup /f z),0(1,y)) dux(y)

TET feB1(X

<IHs
<llnoll” + [ H]oo-

Step 1.3. We show z+— A%(¢,n)(t) is continuous provided z+—n¥ is continuous.
First, we verify the continuity of A“%(¢,n)(¢) in z. For z,2’ € X,teT
we have

|A1’x(¢, () — A (¢,0)(t))|
<|gpo(x) — po(z")]

/ (wia!,éla,7),7) —w(a,dla'7),7)] dr
] [ ptotrarotrama(ue - )

&(7,2),(7,y)) — D(d(1,2'),6(7,y)) dnZ (y)
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<|po(x) — ¢o(z")]

t
+(t—to)Lip(w)dx (2,2') + Lip(w) | |6(,7) — p(a’,7)| dr
t
t , ’
1D e / 2 = |5y dr
0

t
+Lip(D) / 3(a,7) — b, 7] 17 |5y dr
to N——
<||no|l*+o

—0, as dx(z,2')—0,

due to the Dominated Convergence Theorem, since ¢ € C(X,T), as well as
7% =02 |5y, =0, |¢(r,2) — ¢(7,2")| = 0, as dx (z,z") =0 for every T€T.
Next, we verify the continuity of x+s.4%%(¢,n)(t). By the definition of
total variation norm, for x,2’ € X,t€ T, and the definition of A%%(¢,n)(t)
in (3.2) we have

42 (6,m)(8) — A2 (6.0) 0l
= s [ a (@02 .0)0)

feBi(X)

t
< el —nE ey +e / I |y dr
to
t
e / / H((r.2),6(7.y)) — H(d(r.2"), $(r.9))]| dpix () dr
t X
i ! t 1
< el = s+ [ o= dr
to
t
+eLip(H) / 6(r,2) — d(r,2)| dr 0, as dx(z,2') =0,
to

due to the Dominated Convergence Theorem, since 19 € C(X, M(X)), as
well as [|[n% —n2 |4y, — 0, |p(,2) — p(7,2")| =0, as dx (x,z') — 0 for every
TeT.

Step 1.4. In the last part of the first step, we also have to show that

142 (¢,m) —no|l* =sup sup [ A>* (¢,1)(t) =5 |7v <o
teT zeX

Indeed, since A*®(¢,n)(0) =ng, by Step 1.2.,
1A% (6,m) (8) =5 17w

< elt—tol(a+Inoll” + [ Hllo)
< etu(o+[noll” + [ Hlloo) <o

Step 2. Next, we want to show that the n-th iteration A" of the operator A is a con-
traction mapping for some n € N. So we consider (¢,7), (¢,7) € Q2. We estimate
the first component of the operator applied to the difference as follows

AL (6,m) (8) — AV (,7) ()
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< /t w(x,d(r,2),7) —w(x,d(r,2),7) dT
T / / (r.4)) — D(@(r.2),8(r.9))) dnE(y) dr
+ / / o(r) — D(@(r,2), 3(r.))) A (0) — 1 () dr
+ / / D(@(r.2)3(ry)) A (y) — 7 (v)) dr

<Lip(w) ||¢< )= &7, Yoo dr
T oLip(D)ng] (X / 16(r,) = 37, Yoo dr
L 2Lip(D) sup [I7E — gl / 16(r.) = &(r, Yoo dr
TeEN to

t
/ drv(nf, i) dr

to

+[Dlloo

Moreover, we have

42 (6,1)(8) = A2 (G W) v
= swp [ Fa(A @m0 -G )

feBi(X)J/ X

t
<<(| [ -l or
to
t ~ ~

[ [ 1H6).60) - H @), )] dr dux(y)D
to J X

Combining the two previous estimates and using the triangle inequality we
finally get (recall the definition of the metric d in (2.2))

+

75)|loo dr

t
< (| f oz -t ar| e
to

/ Ao ((6(7),112), (3(7), 7)) dr

to

)

oo (A(60) (D). A D)(B)) < My

with the constant Ms ::4<Lip(w)—|—Lip(D)—|— ||D||Oo+5(1+Lip(H)))(\|770\|* +o).
Taking the supremum over ¢ €7 in both sides of last inequality we obtain

A7 o (A1), A(3.77)) < Mstudr oo (6,7),(6,7))- (3.3)

Hence for small enough ¢, (such that Mst.<1) we have that A is a contrac-
tion. By the Banach contraction mapping principle, which is applicable due
to Proposition 2.2 and (3.3), there exists a unique fixed point P of A. Hence,
there exists a unique solution (¢,n) for t€7 in QC C(T x X, T x M(X)) to the
continuum limiting Equation (1.2).
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Step 3.

Step 4.

Step 5.
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By the previous steps we have established a unique solution in [tg,to+t.]. We
now want to show that a global solution exists on [tp,+00). By Zorn’s lemma
(transfinite induction), one can always extend the solution by repeating Steps 1-
2 indefinitely up to a maximal existence time T}, with the dichotomy:

(i) Ty, |¢(0)]+ [[n]]" =003
(i) Tnax = -+00.
Note that |¢(¢)| <1 since ¢(t) € T. Moreover, by (1.2b),

t
||77||*S||770||*+||H||oo€/ eI AT < Jlno[|* + [ H [l ooy > to,
to

which implies case (i) will never occur. Hence Tpax = +00.

By Steps 1-3, there exists a global solution (¢(t),n:) € C([tg,+00) x X, T x
M(X)) of the continuum limiting Equation (1.2). Next, we show that the
solution is unique in C(Tzy 7 X X, T x M(X)), for any 7> 0. Let (¢,n), ($,ﬁ) €
C(Tiy. 0 x X, Tx M(X)) be two solutions to the IVP of (1.2). Similarly to (3.3),
one can show: For t €Ty, r,

dw((gb(t)vnt)v(a(t)aﬁt))SMS/ oo ((9(7),717), (¢(7),717)) d7

to

which implies by the Gronwall inequality that

This shows that the solution to the IVP of (1.2) is unique and in C(Ty, r X
X, Tx M(X)).

By Steps 1-4, there exists a unique global solution (¢(t),n:) € C([tg,+00) x
X, Tx M(X)) of the continuum limiting Equation (1.2). It only remains to
prove the last statement about the positivity of n;. Since 1 solves (1.2b), for
every x € X, we calculate that

i (y)= e =tnt(y) —e / e () (H(¢(1,2),¢(,y))) px (y) dr,

to

where last equality is to be understood in the weak sense, cf. (1.4). For any
BeB(X)?, let xp denote the characteristic function on the set B. For any
r€X and t€T;, v we have *

nE(B) = /X x5 (W)diE (y)

= ettty (B) —c / em(t=) / (H(9(r,2),6(r.9))) dpix (y)dr

to B

t
> e—a(t—tg)ng:(B)_E/ e—a(t—T)HHHOO/ dpe (y)dr
to B

3Here B(X) is the set of Borel subsets of X.
4Note that by a standard approximation argument we can replace the test function f by xp in

(1.4).
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t
> =00 (B) — ¢ H||opix (B) / <=7 dr

to

= e g (B) — || Hl|oopx (B) (L —e = =")) >0,

provided

d xT
W) S o (e 1) = [l (e — 1),
veX dux (y) tETey, T

forall ze X.

4. Continuous dependence

Having established existence and uniqueness of solutions of the integro-differential
Equations (1.2), we next want to prove that such equations behave regularly in the
sense that they depend continuously on the initial data and on the function w. Recall
(cf. Equation (2.2)) that for any (¢,n),(p,§) € C(X,Tx M(X)),

oo ((9:1): (9,€)) = [l = plloc + [In—CII"-

PROPOSITION 4.1. _
(i) (Continuous dependence on the initial conditions.)  Let (¢o,m0),(¢0,70) €
C(X, Tx M(X)). Let (¢,n), (¢,1) € C(Tzyr x X, Tx M(X)) be solutions to (1.2a) and

(1.2b) subject to the initial conditions (¢g,n0), (¢0,770) respectively. Then there exists a
constant Cy depending on w, D, H, € such that

dw((¢(t)’n(t))7 (d)(t)vﬁ(t))) < doo((¢07770)’ (507?70))6C1ta te 720,T

(ii) (Continuous dependence on w.)  Let (¢o,m) € C(X,Tx M(X)) and w,w €

C(X). Let (¢,n), (¢,7) €C(Tiyr X X, Tx M(X)) be solutions to (1.2) and (1.2) with
w replaced by w, respectively. Then we obtain

Ao ((B(8),10), (8(0),71)) < (Tllw = Slloc )", tE Ty

Proof.
(i) We calculate for any t €Ty, r and z € X that

t

O(t,2) = 3(t:2) | < 90— dolloo + | | wlw,é(r.2).7) —w(a.d(r,2),7) dr

/t / o(r,y)) — D(@(r.2),3(ry))) di(y) dr
+ / /X D@(r2),3(r.)) A0 (y) — T (w)) dr
<0 — dolloo
tLip(w /H¢ 7Yoo dr

. t
+2Lip(D) t H(b(ﬂ-)—¢(T,~)||oo||777||* dT+||D||oo/t 07 =07 |7y dr.
0 0
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Moreover, by (1.4) we have
I~y = sup /fd(nf*ﬁt)
feEBI(X)/ X
t
/ I — 7 14y dr
to

[ [ 16,6700 - 8@ )] ar dux<y>]

t

< |[mo —mnol|7v+€

+e

< ool +¢ / 2 77y dr+ 2eLip(H / 16(r,) — 37, oo dr-

Hence, combining the last two inequalities, we may conclude that

Ao (($(1),110), ($(0).771)) Sdoo((¢o,ﬂo),(5o,ﬁo))+01/t doo ((6(7),17), (¢(7), 117 )d,

where C} := (Lip(w)+2Lip(D)||17||* +2eLip(H)+e+ ||D||oo) Finally, by Gronwall’s in-
equality it follows that

doo((d)(t)vnt)a (a(t)aﬁt)) < doo((d)Oa’r]O)a (50750))601t'
(ii) We have that

o) =3(t.0)| < [ wlw.(r).7) =33 m)dr

+ / / (D($(r,2),6(r.9)) — D@(r2).3(r,)) dn(y) dr

+/to/D 7,2),0(7,y)) d(n% (y) =77 (y)) dr

<

/t w(z,d(r,2),7) —w(z, gb(T x),7) dr

+ /t w(z,d(T,3),7) — &z, ¢(r,2),7) dr

+ / / (D(B(r,2),6(7.4)) — D@(r,2),3(r.)) dn(y) dr

+/t0/D 7,2),6(ry)) d(E (y) =7 (y)) dr

<Lip(w) t ||¢(T,')—¢(T,°)||oo dr

+T||w_@||oc

+|[ [ 021 0tm0) - DGt 04 ani ) ar

T / [ D)3 Al )~ ) .
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Similarly, one can obtain estimates for |n7 —77||%, as in (i). Moreover, we obtain the
following inequality:

dm((¢(t)7nt)7($(t)aﬁt))STHw—@Hoo+01/ oo ((¢(7),717), (6(7),717)) d7

to

and hence it again follows from Gronwall’s inequality that

oo ((6(0):10), (3(0), 7)) < (T lw =l ) 7.

This concludes the proof. 0

From results established in Sections 3 and 4, the integro-differential Equation (1.2)
is well-posed. Note carefully, that the well-posedness does only require the conditions
(A1)-(A4), and not the absolute continuity condition (A5). In particular, one only
requires the continuity of the measure-valued function x> n§. This is indeed strictly
weaker than absolute continuity with respect to pux as demonstrated in the example
below.

EXAMPLE 4.1 (Weighted graphs on the Cantor set). Let X =[0,1] and €= ﬂneNO
be the middle-third Cantor set, where Fy:=1{=[0,1] and forn>1, F, U?;llf CF,_
consisting of 2" disjoint closed intervals with

{r7:j=1, {lzak:’, k ZakS k437" ¢ are{0,2}, k=1,...,n}

and I} on the left of I} for i<j. Recall that for every n€N, ;LX(I"OQ) zn for any
j=1,...,2™. Hence for every n€N, every x € €\ {1}, there exists 1§] =J. <2" such
that x € Ij”. Let px be the uniform measure over € and F), . be its distribution function.
Note that x+— F,, (z) is continuous on X. Let n® € M (X) be such that its generalized
distribution function is

:/ dn® =max{0,F),, (2) — F..(2)}, z€Z.
0

Since ux 1is continuous in distribution but not absolutely continuous, so is n* for all
x <1. Moreover, we have

dn®(z)=dux(z), forz>uw.

Next, we show x—n" is continuous in the strong topology induced by total variation
distance as well. Let X > xp —x as k— 0o. Hence for every n €N, there exists K €N
such that v,z €I for some 1<j=j, <n. Let A€B(X). Note that

d(n®(z) —n"*(2))=0, for z€ X\ [min{z,zy}, max{x,zy}].

Hence for all k> K,

|mmrmmmw{ﬁaw—mw=

d(n® —n"*)

/Aﬂ[min{m,xk},max{m,a:k H

dux

dnmin T,z :/
o) AN[min{z,zy },max{z,zy }]

/Aﬁ[min{a:,xk }omax{z,xx}]
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<

[min{z,zy } ,max{z,zy }]

which implies drv(n®, 0" ) <pux (I]”) <27 and verifies that img_, o drv(n®,n"*) =0.

In particular, the last example already shows very clearly the advantages of working
with (limiting) graphs as measures without requiring a density. Our next goal is to show
that the solutions to (1.2) can be approximated by those of the discretized models of
the form (1.1) under additional assumptions as stated in Theorem 1.2.

5. Discrete approximation

In order to be able to compare solutions of the ODE models (1.1) with that of the
continuum counterpart (1.2), we first show that (1.1) can be rewritten in the form of
(1.2).

PRrOPOSITION 5.1.

(1) Let (((ééy);y:l,(WZ]\;)l i 1) € C(Tiy 1, TN x RNXNY) be the solution to (1.1) with (1.6),

(1.7) or (1.8), and (1.9). Then (¢™,n™) € C(Toy.r,L>°(X,T)) x C(Tiy 1, B(X,M(X)))
defined in (1.10) and (1.11), solves the integro-differential Equation (1.2) with

N
) :Z¢§V’()XX_§V($), wh ZW XXN (5.1)

j=1

(ii) Let
¢N_ 7;0,11 XX*)R,
()= DL 8N (B)xx (),
N Tior x X? =R,
(tamay)HZz]'tlj':l Wf,?(t)Xx;v x XN (z,9)-

Let

Ty x X = M(X)
(t,z)—=d(n™)E(y): =WV (tz,y) dux(y), yeX.

Assume that (¢, n™N) € O(Tyy .7, L°(X,T)) x C(Tiy 1, B(X,M(X))) solves the integro-
differential Equation (1.2) with initial conditions (5.1). Then ((QS )] 1,(WN) ij= 1) €
C(Too.1, TN x RNXN) s the solution to the IVP (1.1).

Proof.  We only prove (i), as (ii) can be shown analogously. It is not difficult
to see that ¢V € C(Tiy, 1, L= (X,T)). Next, we deal with n™: Since for any teTe, T We
have

sup || (7Y )E |5y = sup  sup / F@)WN (te,y) dux ()< sup WD),
reX zeX feBi (X 4,j€[N]

we have that 1, € B(X, M(X)). Similarly, for ¢, € T;, 7 with ¢t —¢ we have that

sup [|(n™)f — (0" )#||5y=sup sup /f(y)<WN(t;x,y)—WN(f;x,y)> dux ()

zeX zeX feB1(X)J X
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< sup ‘Wi{vj(t)_Wz‘J,\;(E”_)Ov
i,j€[N]

which implies that n™ € C(Ty, r,B(X,M(X))). Now let k€[N] and z€ X}. Since
px (X)) =%, we have

N (t,x)

ot =¢;cv( t)= Wk ¢k ZD ¢k ))Wk]( )

=V (1) )+ /X (8 (1.2).6™ (1)) W (t:2.5) dpix (9)
—la™ (@) + [ D (). 0% () A ).
Further, similar to Example 2.1 we calculate that

N N
Ot )i y) _ ZW,Z(IS)XXJN (y)kx(y)

N
===~ (Wi (roes Wx () + HY (1,07 (0)xxr Wnx (v)

Jj=1

=<7 )+ H(Y (t.2). 6" () ux ().

Thus, the tuple (¢~ ,n™) € C(Tiy. 7, L= (X,T)) x C(Ty.7,B(X,M(X))) solves the IVP
(1.2). 0

To prove Theorem 1.2, we need two more lemmata:

LEMMA 5.1.  Under the notation and assumptions of Theorem 1.2 we have:
(i)
lim [|[W™ (to;) =W ||ee =0
N—o0
(ii)
: N *
ngnoo ||77t0 =10l Tv=0.

Proof.
(i) Let >0 be arbitrary. By (A6), since X? is compact, we have W is uniformly
continuous. Hence there exists a o1 >0 such that

W (z,y)—W(z,9)| <o, whenever |(z,y)—(%,9)|<o01.
Due to (A7) we can find an Ny €N, Ng= Ny(0), such that

sup sup diam(X}N)<o;.
N>Noi€[N]

By the definition of W,

W (to;) =Wl < 0.
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Since o was arbitrary, the conclusion follows.

(ii) It follows immediately from the definition of | -||%, and (i), since for N — oo we
have

Iny —noll5v=sup sup /f N(to;z,y) — W(w,y)) dpx(y)
z€X feB;(X)

< SugHWN(to;ww) =W (2, )|z i) S NWH (to3) = Wlloo = 0,
e

which finishes the proof. 0

LEMMA 5.2.  Under the notation and assumptions of Theorem 1.2 we have:
iz, (65N, 1™)) < (1160 = 85 llo + llm0 = 1 Iy + Tllew =V o )€,

with the constant Cy:= (Lip(w) +2Lip(D)|n|I* +2eLip(H) +<+ ||D||OO>

Proof. By Proposition 5.1 we know that both (¢~ ,7™V) and (¢,7) solve the integro-
differential Equation (1.2). Thus, the desired estimate is obtained with exact the same
calculations as in Proposition 4.1 and the triangle inequality. |

Proof. (Proof of Theorem 1.2.) From Lemma 5.2 we know

@70 2,00 (056N 1)) < (1160 = 88 lloo + o =1 Iy + Tllw =Vl )T (5.2)

By (A4), since X is compact, we have ¢o(z) is uniformly continuous in x. Similar to
the proof of Lemma 5.1 (i), we can show that

li — N |lo =0.
Ngnooll% oo |l

Moreover, due to the Lipschitz continuity assumption of w and the definition of w? it
is easy to check that
li —w¥ | =0.
Ngnoo [ —w™ [loo

Combining these equations together with Lemma 5.1, we obtain from (5.2) the desired
limit (1.12). O

6. An adaptive Kuramoto model
Let X =[0,1] be equipped with the standard Borel o-algebra, the Lebesgue mea-
sure px and the partition X:=[*-1 L) ic[n],neN. Consider the co-evolutionary

Kuramoto-type models on TV x RV*N from [6],

N_w+ NZ )sin(¢) — oY +a), ¢V (0)=¢™eTV, (6.1a)

Wi]f=—€(Wi]}[+Sln(¢ﬁv—¢§-v+b)) i,j€[N], WY(0)=WNeRYN,  (6.1b)

where a,b,w € R are real numbers, € >0 is a small parameter and the initial conditions
will be specified later (cf. (H2)). Note that this model is a special case of the system
(1.1), for the choice D,H :T? =R, D(u,v):=sin(u—v+a), H(u,v):=sin(u—v+b) and
intrinsic frequency w which is a constant function.
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System (6.1) is motivated from neuroscience to model synaptic connections be-
tween periodically spiking neurons. Here ¢; models the phase of the i-th neuron and
the weights W;; model the synaptic connections within the network of oscillators, which
adapt according to the phase change as time evolves. The adaptation rule (6.1b) for
the weights allows us to model many different synaptic plasticity scenarios. For in-
stance, b=0 yields a Hebbian learning/plasticity rule meaning that synapses between
neurons, which spike in sync, get strengthened. For b=—7 we have so-called spike-
timing-dependent plasticity (STDP) meaning the synapses between i-th and j-th neu-
ron gets strengthened, provided that the j-th neuron spikes before the i-th neuron
(see [5] and references therein). The continuum counterpart of (6.1) is the following
integro-differential equation:

aqsg{x) —wt /O sin(@(t,z) — ot y) +a)dt (y), (6.2)
angiy) =—en(y) —esin(o(t,z) = d(t,y) +b)ux (), (6.2b)
$(to,7) =¢o(w), 15, =15, (6.2¢)

with the initial conditions (¢g,7n0) € C(X,T x M(X)). We assume:
(H1) The initial measure 1y € Maps(X) with

dng (y)
dpx(y)’

W(z,y)= reX,

is continuous in x and y satisfying

inf Wi(x,y):=cw >0.
,inf (v,y):=cw

The initial phases and the discrete/finite-dimensional edge weights are then given by

¢ =N / ? $o(y) dy, (6.3)
W ::N2/; /; W(z,y) dpx(z) dpx(y), 4,5 €[N]. (6.4)

THEOREM 6.1 (Assume (H1)). Let 0<T<2ln(l+4cw). Then there exists a unique
solution (¢(t),n) € C(Tey.r X X, T X M (X)) (in the sense of Definition 1.1) of the con-
tinuum limiting Equation (6.2). Moreover, let N0 and W be defined in (6.3) and
(6.4), respectively; let ¢~ and nN be defined in (1.10) and (1.11), respectively. Then

]\}Enmdﬁo,T7N ((d)an)?(d)an )) :0

Proof. 1t is obvious that (A1)-(A3) and (A7) are fulfilled. Moreover, (A4) and (A6)
both follow from (H1). (A5) follows from 0<7T < 1In(1+cy ). Hence the conclusions
follow immediately from Theorem 1.1 and Theorem 1.2. 0

7. Discussion and outlook

In this paper we use measure-valued (continuous) functions, so-called digraph mea-
sures introduced to network dynamics on graphs, first in [28], to represent the under-
lying graph with vertices in the compact space X. We have studied continuum limits
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for fully adaptive networks, which have recently gained a lot of interest in the natural
sciences. We have established a result on well-posedness of a limiting integro-differential
equation under very weak conditions and established a discrete-to-continuum approx-
imation under additional hypotheses. The assumptions (A1)-(A4), which we used for
well-posedness place very few restrictions on the underlying graph structures. Yet,
assumption (A5) required here for the continuum limit approximation properties is
stronger. Indeed, (A5) implies the underlying graph measure is absolutely continu-
ous with a density W. Such W is precisely a graphon [33], a limit of a sequence of
dense graphs. Moreover, convergence of absolutely continuous measures in total vari-
ation distance is equivalent to that of their densities in the Li-norm induced metric.
Hence (A5)-(A6) just means we can consider graphons with a uniform lower bound
(for positivity) and such graphons are continuous. Indeed, except the technical pos-
itivity condition (1.5) in (A5), graphons satisfying (A5)-(A6) form a dense set of all
graphons on X2, since the set of continuous functions are dense in L'(X?;ux ®ux).
This observation also means it is likely that one can further generalize our results to the
entire space of positive L!-graphons (satisfying the positivity condition), using addi-
tional approximation arguments. We do not believe this extension to require additional
significant creativity, just the notation will become extremely involved and may obscure
the main ideas, which we have laid out in this paper, to derive continuum limits for
adaptive network dynamics. A similar remark also applies to typical slight modifications
and extensions, which are possible with our methods. These extensions include (E1)
closely related models on time-and state-dependent networks, e.g., the Cucker-Smale
model with adaptive couplings or state-dependent sensing [7,10,17,20], (E2) existence
in backward time of the continuum limit, (E3) lowering Lipschitz regularity to prove
Peano-type existence theorems, and (E4) extending results to locally Lipschitz weight
dynamics. One can choose the vertex space to be the finite-dimensional space (Euclidean
space or Riemannian manifolds) of physical locations of the particles, e.g., the Cucker-
Smale model. The formulation proposed may still work, c.f. also [28], provided one
can prescribe a compact positively invariant subset for the model of collective motions.
From a viewpoint of most applications, which motivated the study of adaptive network
dynamics in the first place, these extensions to our results are somewhat of secondary
importance, e.g., second-order ODEs can be re-written as first-order systems, existence
in backward time will follow upon reversing suitable integrals, Peano-type theorems
follow from adaptations of classical ODE methods, and local Lipschitz conditions can
be implemented using cut-offs.

Yet, there is a key open problem, which is highly challenging mathematically and of
major importance from an applied perspective: How far can we push discrete approxi-
mation results of the continuum limit to different lower-density graph limit objects, i.e.,
to intermediate density or sparse graphs? Well-posedness works already, and we have
set up our framework via measure-theoretic arguments to allow for generalizations. For
example, in this paper we used the total variation, which induces a strong topology in
the space of finite signed measures. Next, it seems natural to ask if analogous or even
better conclusions also hold in the weak topology in the space of finite positive mea-
sures induced by the bounded Lipschitz metric. Yet, the immense analytical difficulty
level of trying to find a sharp boundary in the space of graph limits is apparent. For
example, sparse graphs (such as the circular graphings discussed in [11, Example 5.5];
see also examples in [28]) or graphs of intermediate density (e.g., the spherical graphop
discussed in [11, Example 5.4]; see also examples in [28]), though continuous in z in
bounded Lipschitz metric, may not be continuous in the total variation norm. Hence,
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it is likely that an extremely delicate choice of metric(s) is required to tackle various
classes of sparse graphs. We are currently pursuing this crucial question regarding the
interaction of density scales of graph limits with continuum, as well as mean-field, limits.
However, we anticipate that this problem will require a very long-term effort including
partial steps lowering density requirements gradually.
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