COMMUN. MATH. SCI. @ 2023 International Press
Vol. 21, No. 1, pp. 219-237

LOCAL SOLVABILITY FOR A QUASILINEAR WAVE EQUATION
WITH THE FAR FIELD DEGENERACY: 1D CASE*

YUUSUKE SUGIYAMAT

Abstract. We study the Cauchy problem for the quasilinear wave equation utr = (u2*9pu)z +
F(u)uz with a>0 and show a result for the local-in-time existence under new conditions. In the
previous results, it is assumed that «(0,z) > co >0 for some constant cg to prove the existence and the
uniqueness. This assumption ensures that the equation does not degenerate. In this paper, we allow
the equation to degenerate at spatial infinity. Namely we consider the local well-posedness under the
assumption that u(0,z) >0 and u(0,z) =0 as |z| — co. Furthermore, to prove the local well-posedness,
we find that the so-called Levi condition appears. Our proof is based on the method of characteristics
and the contraction mapping principle via weighted L>° estimates.
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1. Introduction
In this paper, we consider the following Cauchy problem of the model quasilinear
wave equation in R:

Uty = (uzaux)x +F(u)ug, (t,x)€(0,T]xR,
u(0,z) =up(z), z€R, (1.1)
Ou(0,2) =uq(z), z€R,

where F' is a given function and a >0 . The purpose of this paper is to show the local
existence and the uniqueness under new conditions. The existence of solutions to the
more general quasi-linear wave equations has been widely known since the 1970s. Kato
[12] and Hughes, Kato and Marsden [9] have shown an abstract theorem about the well-
posedness of the system of general quasi-linear wave equations in L? Sobolev space. In
one-dimensional case, the well-posedness in C; class for first-order hyperbolic equations
has been studied by Douglis [5] and Hartman and Winter [7] (see also Majda [14] and
Courant and Lax [3]), where C} is a set of continuous and bounded functions whose
derivatives are also bounded. In order to apply these results to the existence problem
of (1.1), the following assumption is required:

up(z)>co>0 (1.2)

for a constant cg. This condition ensures that the equation in (1.1) is the strictly hyper-
bolic type near t =0. This paper relaxes this condition. We show the local existence and
the uniqueness of solutions of (1.1) under the assumption that the equation degenerates
at spatial infinity. Namely we weaken (1.2) by u(0,2) >0 and allow that «(0,z) can
decay to 0 as |z| — oo (more precise assumptions are given later). To the best of my
knowledge, the well-posedness has never been studied under these types of assumptions.

1.1. Known results. Let us review some results on the solvability for degen-
erate wave equations (weakly hyperbolic equations). The existence, nonexistence and
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220 LOCAL SOLVABILITY FOR A QUASILINEAR WAVE EQUATION

regularity of solutions to the following type of linear weakly hyperbolic equations have
been studied by many authors (e.g. Oleinik [18], Colombini and Spagnolo [2], Ivrii and
Petkov [11] and Taniguchi and Tozaki [22]),

0?u— Z a; () U, o; +ij (t,x)ug; =0, (1.3)
j=1

ij=1

where a; ; and b; are smooth functions and »77._ a;;(t,2)§€; >0 is assumed for

(é1,...,&,) €R™. We note that szzl a; ;(t,x)§& =0 corresponds to the degeneracy.
In Oleinik [18], (1.3) have been solved under the so-called Levi condition:

2

O D bi& | <Co| D ais&gi+0ai 8¢ |- (1.4)
j=1

i,j=1

Even if the Levi condition is assumed, we can only obtain the following energy estimate
with the regularity loss for weakly hyperbolic equations:

lullzrs +llutll - <CUluoll ot +[lwallge—rsra), (1.5)

where s is an arbitrary real number and r; and ro are non-negative numbers. It is
known that this estimate is optimal in the sense of the regularity by observing some
explicit solution to some special linear weakly hyperbolic equations. Ivrii and Petkov
in [11] have treated the following model of the 1D weakly hyperbolic equation:

Uty — tmumc —l—tkum =0.

They have shown that the Levi condition (k >1—1) is necessary for the Cauchy problem
of this equation to be C'* well-posed. Colombini and Spagnolo in [2] have given an
example of a C'*° function a(t) >0 such that

Ugt — a(t) gy =0

is not well-posed in C*°. Roughly speaking, highly oscillatory behaviors of a(t) near
the point where a(t) =0 causes the ill-posedness. In [10], Han has derived an energy
inequality with a regularity loss for the linear weakly hyperbolic equation:

gt — a(t,T) Uy =0,

where a(t,z) =t™+ay ()t +az(2)t™ 2+t a1 ()t +am(T).
Manfrin in [17] has established the local existence and the uniqueness for following
1D degenerate quasilinear wave equations with ug,u; € C§°(R"):

uye = a(u)Au,

where a(u) is an analytic function satisfying a(0) =0. This result can be extended to
more general degenerate wave equations (see also Manfrin [15, 16]). In Dreher’s paper
[6], he also has shown the local solvability for 0?u= 9, (|0,u|P~20,u) with p>5 and
under the initial condition that ug,u; € C§(R™) for a large natural number k. Since
their proof is based on the Nash-Moser implicit function theorem and the argument in
Oleinik’s paper [18], the compactness of the support of initial data is essentially used.
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Hence it does not seem difficult to extend Manfrin’s method to the case that initial data
are not compactly supported.

In [8], Hu and Wang have shown the local existence and uniqueness of solutions to
the following variational wave equation:

g = c(u, ) (c(u, x)ug)x (1.6)
with initial data and the function ¢(u,z) satisfying

c(u(O,x),x) =0,
ut(0,$) Z co > Oa
(u

cy(u,x)>e1>0

for some constants ¢y and c¢;. The choice of initial data implies that the equation
degenerates at t =0 and that c(u,x) becomes positive uniformly and immediately after
t=0. The method in [8] is inspired by Zhang and Zheng’s paper [24] which studies the
existence of solutions to Euler type equation in gas dynamics. In [24] and [8], they use

method of characteristics for a new dependent variable and the fixed-point theorem in
a special metric space.

1.2. Assumptions and main theorem. Before stating the main theorem
of this paper, we introduce assumptions on initial data and the function F. We set
v=2(a,a) as below:

_]0, a>1,
7= (1—a)a, otherwise.

For initial data up € C*(R) and u; € C}(R), we assume that

e (z)”" <up(x) <eg, (1.7)
[ () g ()] < es ) ™7 (18)
@) <erla) (19)

with conditions on «,3,a>0 that

ala+1) <28, (1.11)

where u)y=dug/dx and (z) is defined by (z)=(1+22)"/? and c;,ca,c3,¢4 are positive
constants. The Assumption (1.7) indicates that the equation in (1.1) can degenerate at
spatial infinity. For the function F'€ C(]0,00))NC*((0,00)), we assume that

|F(0)] < Ck0*, (1.12)
|F'(0)] <Cgo*! (1.13)

for € (0,K] and Ck is a positive constant. Typical example of F is F(0)=6" with
b>a. This condition, appearing in the study of weakly hyperbolic equations, is called
a sufficient Levi condition (e.g. Manfrin’s paper [17]). The main theorem of this paper
is as follows.
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THEOREM 1.1.  Let ug € C*(R) and uy € C}(R). Suppose that the conditions (1.7)-
(1.13) hold. Then there exists a number T >0 depending on the constants in (1.7)-
(1.13) such that the Cauchy problem (1.1) has a unique local solution u€ C?([0,T] x R)
satisfying that for all (t,x) €[0,T] xR

C1(z) “ <u(t,z) <Co, (1.14)
|(ur £ uug) (t,2)] < Cs ()7, (1.15)
[ (e g ) (t,2) [+ (ue £ uug) o (t2)| < Cafz) ™7, (1.16)

where C1,Cy,C3,Cy are positive constants.

Theorem 1.1 asserts the local existence and uniqueness of solutions of (1.1) under
the Levi type condition without the regularity loss. In our problem, the equation in
(1.1) is strictly hyperbolic locally for space. Thus, for arbitrarily fixed « € R, by applying
previous results, we can solve the problem (1.1) in a triangle region with (7T',z) as the
vertex, if T is small. However, the smallness of 7' depends on = from the loss of strict
hyperbolicity at spatial infinity. To show the existence of solution of (1.1) in R, we
need to show some nonlocal estimates for space. Our proof is based on the method of
characteristics and the contraction mapping principle via weighted L* estimates. In
contrast to previous results on the existence for strictly hyperbolic equations, 1/u and
ug are not bounded (see (2.2) and the definitions of Ny and N5). To avoid this crux,
we use the spatial decay of u; +u®u,. In particular, this property helps to show the
boundedness of the derivative of characteristic curves x4 (¢) with initial position (see
Lemma 2.2). We also remark that our approach is applicable to various types of 1D
quasilinear wave equations (e.g. the equation like (1.6) under suitable condition on
c(u,x)).

REMARK 1.1. Suppose that initial data is (ug(z),u1(z))=((z)” ", {(z)”**) with
aq,02>0. If o <ag and o (a+1) <2ay are satisfied, then all assumptions (1.7)-(1.11)
on initial data are satisfied. We also remark that the condition (1.11) is not necessary in
the case that a <1, since (1.10) implies (1.11). While if a>1, (1.10) is not necessary.

1.3. Notation and plan of the paper. For a domain  CR", we define C}*(£2)
with meN as follows

Cr @) ={feCc™@Q) | Y sup|dsf(z)|<oc}.

lal<m ™€
We write C,(92) = CP(£2) and denote the Lebesgue space for 1 <p<oo on R" by LP with
the norm ||-||z». For a Banach space X, 1<p<oco and T >0, we denote the set of
all X-valued L? functions with t€[0,7] by LP([0,7];X). For convenience, we denote
LP([0,T];X) by L X. The norm of L7.X is denoted by || f||.» x. Various constants are

simply denoted by C or C; for j € N. We denote that (z)=(1+22)'/2.

The remainder of the present paper is organized as follows. In Section 2, we review
several formulas for the unknown variable R=u; +u%u, and S=wu; —u%u,, which are
called Riemann invariants in the study of the 1D hyperbolic conservation law, and give
some estimates for characteristic curves. In Section 3, we show Theorem 1.1 by using
the method of characteristics, weighted L°° estimates and the contraction mapping
principle. Concluding remarks are given in Section 4.
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2. Preliminaries

2.1. Basic formulation for unknown variables R and S. We set R(t,x)
and S(t,x) as follows

R=u;+uuy,
S=u; —uug.

(2.1)

By (1.1), R and S are solutions to the system of the following first-order equations:

Rt —UQRI :Nl(u7R,S)+L(u,R,S),
L (p-s), (2.2)

- 2u®

St +u*S, =Na(u,R,S)+ L(u,R,S5),

Ug

where we set

Lo k)= FOR=5)
Ni(u,R,S)= %(32 —RS)

and
No(u,R,S) = %(S2 —RS).

Let 24 (t) be characteristic curves on the first and third equations of (2.2) respectively.
That is, z (t) and z_(¢) are solutions to the following differential equations respectively:

%zi(t) —tu®(t (1)), (2.3)

When we emphasize the characteristic curves go through (s,y), we denote x4 (t) by
x4 (t;s,y). That is, x4 (t;s,y) satisfies that

t
va(tisg) =yt [ u(ros(risg)dr (24)
S
On the characteristic curves, R and S satisfy that

iR(t,a:_ (t))=N1(u,R,S)(t,x_(t))+ L(u,R,S)(t,z_(t)),

cﬁlt (2.5)
&S(t,:u(t)):Ng(u,R7S)(t,:v+(t))+L(u,R,S)(t,x+(t)).
2.2. Some estimates of characteristic curves. = We prepare some estimates

for characteristic curves for ue C*([0,7] x R) satisfying for a>0
Ap (z)” " <u(t,r) < Ay, (2.6)
where Ag and A, are positive constants. In addition, we assume that

0 <uug(t,z)| < Az (z) ™ (2.7)
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for a constant Ay. The boundedness of v and (2.4) implies the following estimate with
s,t€[0,T]:

x—A|t—s|<zy(s;t,x) <ax+A|t—s|. (2.8)

Next we show a lemma ensures uniform Lipschitz continuity of x4 (¢;s,y). This lemma
helps to show that a sequence of characteristic curves satisfies an assumption of the
Arzeld-Ascoli theorem.

LEMMA 2.1.  Let ue CY([0,T] xR). Suppose that (2.6) and (2.7) hold. Then the
characteristic curves fulfill that for x1,x9 ER and t1,ta,t3,t4 €[0,T]

|2+ (t33t1,21) — 24 (tasta, 22)| <3(L+ AY) (|21 — 22|+ [t —t2| +|t3 —ta]),  (2.9)

if T >0 is sufficiently small.

Proof.  First we show the case that t3=t,=t€[0,T] and t >t1,t2. From (2.4), we
can easily compute that

|4 (tit1,21) — 24 (t5t2,22)|

t t
<for—aal +| [ w(ras(ritio))dn - [ wt(ras(ritaaz))ar
t1 12
ty
g\xl—xgH—/ u(1, 24 (T;ta,22))dT
t
. 2
—I—/ |u®(Tyxy (T5t1,21)) —u® (1,24 (T5t2,22)) | dT. (2.10)
0

From (2.6) and (2.7), we have that u®~!u, is bounded. Thus we have for the third term
of the right-hand side in (2.10) that

4 (T5t1,21)
|u(ryx s (T3t1,21)) —u (1,24 (T5t2,22))| < / ua_luw(T,y)dy
xT

+(T5t2,22)

<Clas(r5t1,31) — 21 (T3t2,22)] -
Hence we have
|zs (tst1,21) — 24 (tt2,22)]

t
§|x1—x2|+A§"|t1—t2|+C/ |xs(T3t1,21) — 21 (T3t2,22)|dT.
0
t
s<1+A%><|x1—xz|+|t1—t2|>+0/ (s (3t0,21) — 2 (st 2a)  dr.
0

Thus we have from the Gronwall inequality
|2 (tit1,21) — 2 (i, 0)| < (14 AS) (|1 — 22| + [t —ta])e".
Hence if T is small, then we have that with t; >,

|.T:t(t;t17l‘1) —l‘i(t;tg,l‘zﬂ < 2(1+A(11)(|.T1 —:L‘2| + |t1 —t2|). (211)
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In the same way as above, we can show (2.11) with the case that t <t; or t <ty. We
omit the proof of this case. Next we show (2.9). The left-hand side of (2.9) is written
by

|z+ (ts;t1,21) —x+ (taste, z2)| S|z (t3;t1,21) — x4 (tast2,22) |+ |2+ (E3;t2,22) — x4 (ta;t2,x2)|

From (2.11), the first term of the right-hand side is estimated by 2(1+ A¢)(|z1 — 22|+
[t1 —t2|). From (2.4) and (2.6), the second term is estimated by A{|t3—t4]. Therefore,
we have the desired inequality. 0

Following lemma is used to show the boundedness of the derivatives of R and S.

LEMMA 2.2.  Let ueCH([0,T]xR). Suppose that (2.6) and (2.7) hold. Then the
characteristic curves x4 (t;s,x) are differentiable with x and 0,4 (t;8,2) satisfies that
with (t,z) €[0,T] xR and s€[0,T] for small T >0

d
d—(‘?mxi (53t,2) = Fau tu, (t, x4 (s;t,2))0pz 4 (558, 2),
s
Opxy(t;t,x)=1

(2.12)

and
|0,z (s5t,2)] <eCltsl, (2.13)

where the positive constant C' depends on Ay, A1 and As.

Proof. The differentiability of x4 (s;t,z) and (2.12) are well-known as a basic fact
(e.g., see textbook of Sideris [19]). We estimate 0,4 (s;t,2). We only show (2.13) with
the case that ¢t >s. From (2.6) and the boundedness of (z)® u®u,, we obtain that

t
|6Ixi(s;t,:c)|§1+a/ \u“ilumﬂamxi(T;t,x)\dT
° t
Sl—l—C/ |0z x4 (T3¢, 2)|dT.
S

Hence, from the Gronwall inequality, we obtain (2.13) for small T |

3. Proof of the main theorem
As in the Introduction, we set

_J0, a>1,
7= (1—a)a, otherwise.

We treat functions satisfying the following conditions for «, >0 with o< such that

Ag{x) ™" < f(t,x) < Ay (3.1)

and
Fo )] fo(t,m)| < Ag (2) 77, (3.2)
|fe(t,2)| < Az (a) ™7 (3.3)

()] < As ()7, (3.4)
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and
|fo(t, )| < Ag(2) 77, (3.5)
|fe(t,2)| < As(z) 77, (3.6)
where A; are positive constants with j=1,---,5. We define sets of C! functions X,,

Y31, Yp,2 as follows:
X,={feC} | f(0,2) =up(x) and (3.1), (3.2) and (3.3) hold.},
Ys1={f€C} | f(0,7)=Ro(x) and (3.4), (3.5) and (3.6) hold.},
Yso={f€C} | f(0,2)=Sp(z) and (3.4), (3.5) and (3.6) hold.},

where given functions (ug, Ro,So) belong to Cf x Cf x C}. For given functions (v, R,S) €
Xa X Ypg1XxYga, we consider the first-order linear hyperbolic equation:

Rt—U“RI:Nl(U,R,S)—FL(U,R,S), (3 7)
S; +v%8, = No(v,R,S)+ L(v, R, S) -
with initial condition (R(0,z),S5(0,2))=(Ro,So) € C} x C}. We set
t
u:uo(z)Jr/ #(s,x)ds. (3.8)
0

We find that (3.7) with C?! initial data has unique and time-global solutions such that
R,Se€C1([0,T] x R) with arbitrary fixed 7'> 0 from the method of characteristics. From
(3.8), it holds that u € C'. Namely we can define the map

P:XoxYg1xY50—CxCHxC?

such that ®(v,R,S) = (u,R,S). We take four positive numbers Ag, A1, A3, A4 satisfying
that

Ay

240 (x) " <wp(z) < 5 (3.9)
1(2)” Rol L + I (2)” Sol| L= S%, (3.10)
@) Roll+ 1 o Spll < 2 (3.11)
The constants As and As in (3.6) will be taken later. Moreover, we assume that
()" ugupl| L~ < By (3.12)

for a positive constant B;. In the following, we show that (u,R,S)€ X, xYg1XxYp2
and @ is a contraction mapping in the topology of L for sufficiently small T'. X, and
Y5 ; with j=1,2 are not a closed set of L° space. Nevertheless it is possible to show
that the fixed point belongs to X, xYp 1 X Y. Furthermore we will show that the
regularity is improved as u € C2. First we show the following proposition.

PROPOSITION 3.1.  Let (ug,Ro,S0) € C'x C' x C' satisfying (3.9)-(3.11) and (3.12).

Suppose that v,R,S € Xo xYs1%Yg2. Then ®(v,R,S)=(u,R,S)€ XoxY31%xYs2 for
sufficiently small T > 0.
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Proof. From the method of characteristics, we can see that the solution of (3.7)
can be written by

{R(m):R(o,x_(o)Hfo Ni(v,R,S)(s,2(s)) + L(v,R,S)(s,x_(s))ds, (3.13)

S(t,x)=5(0,24(0))+ f5 No(v, R, 8) (5,24 (5)) + L(v, R, S) (5,24 (s))ds,
where the characteristic curves for the linear equation (3.7) are defined as follows:

%xi (t) =+0(t, x4 (t))

with initial data x4 (t) =z. From this expression, we have that (u,R,S) € C! x Ct x C1.
Now we estimate || <$>ﬁR||L%CLoc. From (2.8), if T is small, we have

@< (z_(s;t,2))° <2(z)” (3.14)
9 = —\2 " — : ’

From (3.13), (3.14) and (3.1), we have that if T" is small

¢ r_(S A — — V) = —
o RO <20 RO o=+ [ = R RS o (6) £ 5l

/U(l
A K o - -
§73+/ Clz_(s))*"P|R2 = RS|+C(x_(s))’|R— 5|ds.
0
Noting that (z_(s))* < <as_(s)>’8 from a <, by using (3.4) and (1.12), we have that

/ot /OtC (2 (5)" "7 |R? — RS|+C (x(s))" |R— S|ds

<CT (11(@)° Rllf e e + 142" Rl e 1 (@) S(5)ll 1 1)

+CT(|(x)” Rll e oo + | ()7 Sll g 1<)
<CT,

where C' is a positive constant depending on Ay, A;,As. Hence we obtain that for
sufficiently small T

()" Rl| Lo L < As. (3.15)
Similarly for S, we have that
[{x)? S| Lsp Loe < As. (3.16)

Next we estimate [|(z)" Ry||zecr~ and |[(z)” S, ||pser~. Differentiating both sides of
equations (3.7) with x, we can obtain integral equations for R, and S, as follows:

V(t,x)=Vo(z—_(0;t,z)) 0z (0;t,2)

t
+/ Dpx_(s;t,2) (N1yvg + N1gV + N1gW) (t,z_(s;t,2))ds
0

t
+/ Op—(8;t,2) (Luvy + LRV + LsW) (t,2_(s;t,2))ds (3.17)
0
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and
W (t,) =Wo (w4 (03t,2)) 0y 4 (0:1,)

t
+/ Dp4(83t,2) (Nawvg + NagW + NagV) (t, 24 (st,2))ds
0
t
—I—/ Ovx 4 (s;t,0) (Lyvg + LRV +LsW) (t, 24 (s;t,x))ds, (3.18)
0

where we denote V=R, and W =25, and (Vo,Wo)=(R)(-),S4(-)) and Nj,,N;s,N,r
(=1,2) are partial derivatives of N; =N;(u,R,S) with u,S,R respectively (the same
manners are also used for L). From Lemma 2.2, we obtain that |0, (0;¢,2)| is bounded
by 2, if T is small (note that smallness of T' depends on Ay, A; and As). Hence we have
that

144(1’)7’y t — —
<—5 — +2/ |N1uvx+NlRV+N15W| (t,z_(s;t,x))ds
0

t
+2 / Lova+ LV + LW |(t2_(s:t,2))ds. (3.19)
0
From (3.1)-(3.6), (1.10) and (1.11), [N gV| and |N1sW| are trivially estimated as

_ _ C - _ _
INiRV[+[NisW[ <~ ([R[+[S])(V]+[W])
Sc<z>0‘—ﬁ_’)’
<C(x) 7.

Noting that (2+a)a—38=(1+a)a—28+a—F<—y from (1.10) and (1.11), we also
have that for | Ny, v,

Cv|v,| 512,132
[Niuval S <o (B2 +IS)
c  _ _
< (RP+I51)
<C{(z) 7.

From (1.12) and (1.13), we estimate L, v, as

[E@]_ [F'OY (1545
zuosl <0 (0 O 14 310
2 2
_CURP+ISP)
UaJrl
<C <x>a(a+1)—2,8
<C(z) 7.

Similarly we have that

\LRV|+|LsW|<C(z)77.
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Applying these estimates to (3.19), we obtain that with small T
(@) Vg < As. (3.20)
Similarly
([ ()" W[Lgepoe < Ag. (3.21)
Estimates of R; and S; are obtained from (3.7). In fact, we have that
|R (t,2)|+]S¢ (t,2)| <|v* Ry |+ [v*Sy| + | N1 (v, R, S)| + | Na(v, R, S)| + 2| L(v, R, S)|
<C(z) " +C{z)”"
<Ca{x) 7, (3.22)

where Cy is a positive constant depending on A;, A3 and A4 (independent of As). Here
we choose A5 as A; =C}y. From the above estimates, we have that (R,S)€Y31 X Y30.
Next we show that u € X,. From (3.8), (3.15) and (3.16), it follows for sufficiently small
T that

() u(t) > {(x)* uo(x) —/0 w&q

@) (IRI+1S])

>24
; 5 ds
>240—TA;
>Ap. (3.23)

Similarly we can easily check that [ul[zeer < Ay, if T is small. Next we show that
@) u g || L Loe < Aa. (3.24)

(3.8) directly implies that

t a t a
Uy = <uo +/ R+Sd8> ug + (uo +/ Mds) / Rot 5% ds. (3.25)

From (3.9) and the boundedness of (z)”u@|uj|, the first term of (3.25) is estimated as

tR+S \“ .
(wﬁ-/ 7—; ds) lug| <2 (ud +CT (x) 5)\%\
0
<C(1+T*)Yul|ug|
<Cpalz)™?,

where we note that the positive constant C, 4 does not depend on Ay. Deducing R, + .5,
via (3.7), we also obtain

t a ot
(UO+/ R+Sds> / Rﬁ&dsl
0 2 0 2
t ap ety
(UO+/ R+Sd$> / 7(Rt*St+N2*N1)dS
o 2 0 2v%
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t
e 1
<2%(ul +T° (z) ") /0 5oz (R =S+ N — Ny)ds

Since the spatial decay of R; and S; is not enough to show (3.24), we need to change
this term. From the integration by parts and the property of X, that vy =wug, we obtain
that

ds. (3.26)

/t Ri—8, _R-S Ro—S /t a(R—S)vy
e 2ud 0o 2vett

While, from (3.3), we have that
ug— AsT (z) ™7 <v<ug+ AsT (z)".

Hence, with the help of (3.1), it holds that

— A AT < L <14 AgAT<2 (3.27)
Up

N

for small T. The third term of the right-hand side in (3.26) is estimated as

/a|R il . <C/ )17~ Slid,

UaJrl

<C{x)~ /0 v~ %ds. (3.28)

Applying (3.27) and (3.28) to (3.26), we have

t
—a 1 _
29(ug + 17 (z) =) / (Ry— Sy)ds| < Co a(z)™?
0

209

and similarly

i

| o —(Ny—Ny)ds| <Cs.a(x) ",

2 (ug + T (2)~"")

where positive constants Cy 4 and C3 4 are independent of As. Thus we have

| <$>Buaux||L;°L°° <C1,4a+C24+C3 4.

Taking Ao =C1,4+C2 4+ C35 4, we obtain (3.24). (3.8) and (3.4) directly yield that

()" (R+5)

||<$>ﬁUtHL;°Loc < 5

Lo Lo

<As.
Therefore we have that (u,R,S)€ X, xY31xY32. In the end of the proof, we addi-
tionally show that (u,R,S) is (locally) Lipschitz continuous. From (3.20), (3.21) and

(3.22), we can obviously check that R and S satisfies the following uniform Lipschitz
estimate:

[R(t,) — R(s,y)| +|S(t,2) — S(s,9)| < 2(As+ As) (1t — 5| +|z — y]). (3.29)
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Next we check that u is locally Lipschitz continuous. From the boundedness of uduy,
and (3.1), we estimate |ug(z) —uo(y)| with z,y € [- K, K] as

/ lug(t,2)|dz
y

/ ()" u®|ug|(t,2)dz
Y
<C(K)"" |z —yl.

[uo(x) —uo(y)| <

<C

Since R and S are uniformly Lipschitz continuous, we have from (3.8) that u is locally
Lipschitz continuous such that for any t1,t2 €[0,7], 21,22 € [-K, K] with K >1

|u(t1,:v1) —u(t2,$2)| SC(‘tl —t2| + <K>aa |£U1 —.%'2|), (330)

where C is a positive constant depending on Ay, A3, A4 and As. These additional prop-
erties are used to show that the fixed point of ® satisfies integral equations. |

PROPOSITION 3.2.  Under the same assumptions on (3.1), ® is a contraction mapping
in the topology of L°°-norm with small T >0. Namely, if T >0 is small, then there
exists a constant c€ (0,1) such that ® satisfies that

lur —uz||Lse Lo + || Ry — RallLge oo +[|S1— SallLge e

<c(|lvr —vellLse Lo + |1 Ry — Rallpge pos 4 151 — Sall e poe)
where (u;,R;j,S;)=®(v;,R;,5;) with j=1,2.
Proof. Put i=uy —us, R=Ri —R», S=5; —S,. From (3.7), we have

Rt_vtlle =N (v1,R1,51) — Ni(v2, R2,S5)
+L(v1,Ry,S1) — L(v2,R2,52)
+ (v§ —vg)Ray.

From the method of characteristics, we have that
R(t,a:):/ot(Nl(vl,Rl,Sl)—Nl(vg,Rg,Sg))ds
+/t(L(v1,R1751) — L(va, R2,85))ds
Ot
+/O (v] —v§)Rapds. (3.31)
The second term of the right-hand side in (3.31) can be written as
/Ot(L(vl,Rl,Sl) —L(UQ,RQ,SQ))dSZ/Ot(G(U1) — G(v2))(Ry — 51)ds
+/0tG(v2)(R1 — 81— Ro+ S5)ds, (3.32)
where we set G(0) = F(0)/20*. Using (1.12), (1.13), we obtain that

|v1 — va.

G(v1) - G( )|</1|G’(0 +(1—0)vs)|d0]v; — |</1Cd9
o = 0 vt 2 V1l 0 9'1114‘(1*9)1}2
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Applying (3.1) to the last term, we estimate that

/1 cdd _U</1/2 cds_, —ul Od9|v L
o Bui+(1—0)wy Sy A=6)u t? o Ouy 2

<C{(x)" o1 —val,

which implies that the first term of the right-hand side in (3.32) is estimated as
/ ‘G ’Ul ’UQ)HRl—Sl‘d8<CTA3||'U1—U2”LocLoo
From (1.12), the second term is estimated by

t
/ |G(U2)HR1 — St 7R2+52‘d5 SCT(HRl 7R2||L,1°§L00 + HS1 752||L’10§L00).
0

Setting Ny (v,R,S)=£Q(R,S) and Q(R,S)=(R*—RS), we change the first term of
the right-hand side in (3.32) to

t
/ (Nl(’l)l,Rl,Sl) 7N1('02,R2,SQ))CZ$
0

:/Ota (U2—U1> Q(Rl,Sl)ds—&—/t 2?)2 (Q(R1,51) — Q(R3,52)) ds. (3.33)

2’[)1’1}2

The first term of the right-hand side in (3.33) is estimated as

t V2 — U1
/O CL( 2’[]1'1}2 )Q(Rl,Sl)d

t
|v1 — vy 201 B G
< [ o (@) QR 51)lds

)% [v1ve |

t 2y —w _
< [ Qe 1) s
0 0
SCT”’Ul—’UQHL%oLoo.

The second term can be estimated as

/Ot (a) (Q(R1,51) — Q(R»,55)) ds

21)2

t
S/ S (@) | Q1. 81) = Q(Ry. )| ds
0 0
t
g/ Ai<x>ﬁ!Q(RuSl)*Q(sz@)\dS
0 0
<CT (||R1— Rollpgsp~ + |1 S1— Sa |l ge L) -

Next we estimate the third term of the right-hand side in (3.31). When @ >1, from the
mean-value theorem for [v{ —v§| and the boundedness of R,, we obtain that

(v} —v5) Raa| < Cllvr —valLgepoe-
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While, a < 1, by using the boundedness of (z)” R,, we have that

1
|(vf—v§)R2$|§a/ (001 + (1— 0)62)™ |01 — 03] | Raw |
0

<C(x)" v —va| Ray|

<Cllvy —v2||Lge Loe-
Therefore, we obtain that for sufficiently small T
. 1 L o
[ Rl Lo o < 6 (llos —v2llLge Lo + || Ry — Rall oo oo + 151 — Sall oo 1) -
In the same way as in the estimate of R, we have that
N 1 L o
[S]|Lge o < 6 ([lor —vallLes oo + [ R1 — Rall Lo oo + |51 — Sa | Los 1) -
From (3.8), the above two estimates on R and S imply that for sufficiently small T
- T (5 =
lall g <5 (HRHL;OLoo + HSHL;’:’Lm)
1 _ _ _ _
< (llor —v2llLge Lo + || Ry — Rall oo oo + 151 — Sal oo 1) -

Therefore, we find that ® is a contraction mapping for sufficiently small 7" > 0. O

Next we construct a unique solution (u,R,S) of the nonlinear problem and the
characteristic curves x4 (-;t,z).

PRrOPOSITION 3.3.  Under the same assumptions as in Proposition 3.2, if T is small,
then there uniquely exist (u,R,S)€ X, xY31xYs2 and zi(s)=xz1(s;t,x) satisfying
that

{ R(t,z)=R(0,2_(0))+ [y Ni(u,R,S)(s,x—(5)) + L(u, R, S)(s,2_(s))ds, 530
S(t,x) = S(0,2:(0))+ [} Na(v, R, S) (5,24 (5)) + L(u, R, S)(5,24(s))ds
and
u(t,r) =ug(x)+ RT—’_Sds (3.35)
0
and
xi(s;t,x):a::I:/su“(T,xi(T;t,x))dT. (3.36)

Proof.  We fix K >1 arbitrarily. From Proposition 3.1, we can define a sequence
{tn,Rpn,Sn}nen in X4 x Y31 x Y39 such that

(Un+1,Rn+1,Sn+1) = (I)(uranaSn)

with initial term (ug,So,Ro). By Proposition 3.2, (u,,R,,S,) converges to the fixed
point (u,R,S) in the topology of L>°. While we can define a sequence of the charac-
teristic curves {z4 ,(-;t,2)}nen, we note that the characteristic curves can be defined
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uniquely on [0,7] with arbitrarily fixed (¢,2) by the local Lipschitz continuity and the
boundedness of u%. For arbitrarily fixed K >1, we see that {x1 ,(-;t,2)}nen is uni-
form equicontinuous and uniform bounded on [0,7] % [0,7] x [- K, K] from Lemma 2.1
and (2.8). Thus the Arzeld-Ascoli theorem implies that there exists a subsequence of
{z1n(;t,2) }nen (we use the same suffix as in the original sequence) such that z4 ,(-)
converges x4 () uniformly on [0,7] x [0,7] x [-K, K] as n—oo. Note that this choice
of the subsequence depends on K. However, from Cantor’s diagonal argument, we
can reselect a subsequence independently of K such that the convergence holds on
[0,T)x[0,T) x [-K',K'] with any K’ >1. From (3.29) and (3.30), we see that as n — oo

(un(t7xi,n(t))7Rn(t7mi,n(t))JSﬂ(txﬂ:’n(t))) — (u(taxﬂ: (t))7R<t=x:t (t))7s(t>x:|: (t)))

Hence (3.34) and (3.36) are satisfied. Now we check that (u,R,S)€ X, xY31xYs0.
It is obvious that the properties (3.1) and (3.4) are satisfied. From the local Lipschitz
continuity, u, R,S are differentiable almost everywhere. In the same way as in the proof
of Proposition 3.1, we can obtain the boundedness of (z)”uu, and (z)” us, since the
constant A, is taken independently of A4 and As. Thus we have u€ X,. To show
the boundedness of (z)” R, and (z)”S,, differentiating both sides of (3.34) with z, we
obtain that

V(t,x)= _(0;t,2))0px—(0;t,x)

/8 x_(8;t,x) (N1yug + N1gV + N1sW) (t,z_(s;t,x))ds

+ / 0 (8;t,2) (Lyug + LRV + LsW) (t,2_(s;t,2))ds (3.37)
0

and
W (t,x) =Wy (x4 (0;t,2))0px4 (0;¢,x)

¢
+/ 0224 (831, 2) (N2uty + NapW + Nag V) (t, 24 (sit,x) )ds
0
¢
—|—/ 024 (83t,2) (Lyug + LV + LsW) (t, x4 (s3t,x))ds. (3.38)
0

In the same way as in the proof of (3.20) and (3.21), we achieve the boundedness of
(x)"W and (z)” V. The estimates of (z)” R; and (z)” S; can be shown similarly as those
n (3.22). Thus we have (R,S) €Y1 x Yz 2. The uniqueness can be shown in the same
way as in the proof of Proposition 3.2. 0

In the discussions so far, we do not assume any relations between ug and Ry, Sp.
To show w in (3.35) is a solution of (1.1), we assume that

ul Ro So

07 2§ (3.39)
Ro+S ’

Uy = 0; 0.

Moreover, we improve the regularity of the solution if (ug,u;) € C% x C*. The following
proposition completes the proof of Theorem 1.1.

ProOPOSITION 3.4.  In addition to the assumption of Proposition 3.3, we assume for
(ug,u1) €C%x C} that (3.39) is satisfied. Then the function u defined in (3.35) is C*
on [0,T] xR and is the classical solution of (1.1).



YUUSUKE SUGIYAMA 235

Proof. From the Lipschitz continuity of R,S, these are differentiable almost every-
where and satisfy that
R;—u*R,=Ni(u,R,S)+ L(u,R,S),
' (3.40)
Sy +u®Sy =No(u,R,S)+ L(u, R, S).
Since u is also differentiable almost everywhere, differentiating (3.35), we have that

t
umzug(x)—i—/ RJE—;SIdS. (3.41)
0

From the first and second equations of (3.40), we have that

t t
1
/Rx+Smds:/ E(Nz(u,R,S)le(u,R,S)JrRtht)ds
0 0

_ e C (S2—R%)+R,—S,)ds. (3.42)
I )

u® \2u

From the integration by parts, u; = # and (3.39), it follows that

t _ t
/i(Rt—st)ds=—2ug,(x)+R S+/ Wi (p_ S)ds

0 ue ue 0 uaJrl
R-S oa 9 o2
=—2ug(z) + o +/0 Syat (R*—5?)ds. (3.43)
From (3.41), (3.42) and (3.43), we have that
R-S
= . 44
Y 2u® (3.44)

Combining (3.40), (3.35) and (3.44), we have that the function u satisfies (1.1). Lastly,
applying Theorem 4 in Douglis [5], we obtain the continuity of the W =R, and V =25,.
From the equations of R,S, we see that R; and S; are also continuous. Hence we have
the continuity of Uz, uss,uss. Therefore we have that ue C?([0,7] x R). 1]

4. Concluding remarks

4.1. Physical background. We set a function G as a primitive function of F
such that G(0)=0. Integrating with = over [—oo,z|, we formally obtain that

x uaJrl
/;muttdI: (a—i—l)w_'—G(u)'

Setting v= [*__w;dz and o(u) =u"!/a+1, we have the following first-order hyperbolic
equation:

U — v, =0,

{vta(u)mG(u). (4.1)
These equations govern the motion for one-dimensional elastic waves with the case
that the density of material is equal to 1. Unknown functions u and v describe the
differentiations of the displacement X with z and ¢ respectively. Namely u= X, (¢,z)
and v=X;(t,z). The first equation means the relation u; = X,; = X;, =v,. The second
equation is Newton’s second law since vy is the acceleration. From the definition of u, u
is the strain (more precisely, (1,1) component of the stain matrix) and o(u) is so-called
stress-strain relation. G is a external force term depending only on the strain. The
detailed derivation with G=0 is given in Cristescu’s book [4].
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4.2. On the generalization of the main theorem. Our existence theorem is
also applicable to usy = (c(u)?uy), + F(u)u, under the following assumptions on ¢(-) €

C([0,00))NC2((0,00)) and F € C([0,00))NC*((0,00))

C1x0°<c(0)<Cax, (4.2)
1(0)] < Cs 10, (4.3)
¢ (0)] < Ca 072, (4.4)
and
|F(6)| < Cs.10°, (4.5)
F/(0)] < Co 10", (4.6)

where a>0, 6€[0,K] for K>0 and Cj x are positive constants depending on K for
j=1,...,6. For this equation, the unknown valuable R and S are defined by

R=u¢+c(u)uy,
S=up—c(u)uy
and R and S satisfy that

2c

Si+uS, = & (RS — R?)+ F(u) &5,

2c

Ry —uR,=£ (RS —8%)+F(u) 5
{ ¢ 5 )+ F(u) @7

Since we have that Iccl((%))l <C{(x)" from the assumption on ¢ and initial data, we can

obtain weighted L estimates for R and S. The Assumption (4.4) is used in the proof
of the construction of the contraction mapping.

4.3. Finite time blow-up or degeneracy. We define T* as the maximal
existence time of the solution constructed by Theorem 1.1. When 7™ < oo, we have the
following criterion of the break-down:

limsup|| <./,C>ButHLoo +]] (m)ﬂquLx =00 (4.8)
t—T*
or
lngriflﬁf ()" u(t,x)=0. (4.9)

We call (4.8) and (4.9) the blow-up and the degeneracy respectively. In the case that
F =0, we can obtain that the non-trivial solutions blow up in finite time, if R(0,z) and
S(0,z) are non-negative. In fact, we can show that the non-negativity of R(0,x) and
S(0,x) preserves as time goes by, from which we have u(¢t,z) >0. Thus we find that
(4.9) does not occur in finite time. Therefore, using the method of Lax [13] or [23] (see
also Chen [1]), we have the conclusion. While, in the case that F'=0, we can apply
main theorems to the equation in (1.1) and find that (4.9) can occur in finite time for
non-trivial solutions, if R(0,x) and S(0,z) are non-positive. Sufficient conditions for the
occurrence of (4.9) have been studied in the author’s papers [20, 21].
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4.4. Multi-dimensional case. = The multi-dimensional version of the equation
in (1.1) is

u=u**Au+F(u)-Vu=0.

The method of characteristics (and Riemann invariants) does not work, even with radial
initial data. In the forthcoming paper, we deal this problem via a local-energy argument.

Acknowledgements. The author would like to express gratitude to the referees
for their careful reading of the manuscript. The research is supported by Grant-in-Aid
for Young Scientists Research (B), No. 19K14573.

REFERENCES

[1] G. Chen, Formation of singularity and smooth wave propagation for the non-isentropic compressible
Euler equations, J. Hyperbolic Differ. Equ., 8(4):671-690, 2011. 4.3

[2] F. Colombini and S. Spagnolo, An example of a weakly hyperbolic Cauchy problem not well posed
in C°°, Acta Math., 148(1):243-253, 1982. 1.1, 1.1

[3] R. Courant and P.D. Lax, On nonlinear partial differential equations with two independent vari-
ables, Commun. Pure Appl. Math., 2(2-3):255-273, 1949. 1

[4] N. Cristescu, Dynamic Plasticity, Appl. Math. Mech., North-Holland, 1967. 4.1

[5] A. Douglis, Some existence theorems for hyperbolic systems of partial differential equations in two
independent variables, Commun. Pure Appl. Math., 5(2):119-154, 1952. 1, 3

[6] M. Dreher, The wave equation for the p-Laplacian, Hokkaido Math. J., 36(1):21-52, 2007. 1.1

[7] P. Hartman and A. Winter, On the hyperbolic partial differential equations, Amer. J. Math., 74:834—
864, 1952. 1

[8] Y. Hu and G. Wang, On the Cauchy problem for a mnonlinear variational wave equation with
degenerate initial data, Nonlinear Anal., 176:192-208, 2018. 1.1, 1.1

[9] T.J.R.Hughes, T. Kato, and J.E. Marsden, Well-posed quasi-linear second-order hyperbolic systems
with applications to nonlinear elastodynamics and general relativity, Arch. Ration. Mech. Anal.,
63(3):273-294, 1977. 1

[10] Q. Han, Energy estimates for a class of degenerate hyperbolic equations, Math. Ann., 347(2):339—
364, 2010. 1.1

[11] V. Ivrii and V. Petkov, Necessary conditions for the Cauchy problem for mon-strictly hyperbolic
equations to be well posed, Russ. Math. Surv., 29(5):1-70, 1974. 1.1, 1.1

[12] T. Kato, The Cauchy problem for quasi-linear symmetric hyperbolic systems, Arch. Ration. Mech.
Anal., 58(3):181-205, 1975. 1

[13] P.D. Lax, Development of singularities of solutions of nonlinear hyperbolic partial differential
equations, J. Math. Phys., 5(5):611-613, 1964. 4.3

[14] A.Majda, Compressible Fluid Flow and Systems of Conservation Laws in Several Space Variables,
Springer, 1984. 1

[15] R. Manfrin, A solvability result for a nonlinear weakly hyperbolic equation of second order, Non-
linear Differ. Equ. Appl., 2(2):245-264, 1995. 1.1

[16] R. Manfrin, Local solvability in C*° for quasi-linear weakly hyperbolic equations of second order,
Commun. Partial Differ. Equ., 21(9-10):1487-1519, 1996. 1.1

[17] R. Manfrin, Well posedness in the C*° class for ui =a(u)Au, Nonlinear Anal., 36(2):177-212,
1999. 1.1, 1.2

[18] O. Oleinik, On the Cauchy problem for weakly hyperbolic equations, Commun. Pure. Appl. Math.,
23(4):569-586, 1970. 1.1, 1.1, 1.1

[19] T. Sideris, Ordinary Differential Equations and Dynamical Systems, Springer, 2013. 2.2

[20] Y. Sugiyama, Degeneracy in finite time of 1D quasilinear wave equations, SIAM J. Math. Anal.,
48(2):847-860, 2016. 4.3

[21] Y. Sugiyama, Degeneracy in finite time of 1D quasilinear wave equations II, Evol. Equ. Control
Theory, 6(4):615-628, 2017. 4.3

[22] K. Taniguchi and Y. Tozaki, A hyperbolic equation with double characteristics which has a solution
with branching singularities, Math. Jpn., 25(3):279-300, 1980. 1.1

[23] N.J. Zabusky, Ezact solution for the vibrations of a nonlinear continuous model string, J. Math.
Phys., 3(5):1028-1039, 1962. 4.3

[24] T. Zhang and Y. Zheng, The structure of solutions near a sonic line in gas dynamics via the
pressure gradient equation, J. Math. Anal. Appl., 443(1):39-56, 2016. 1.1


https://doi.org/10.1142/S0219891611002536
http://dx.doi.org/10.1007/bf02392730
http://dx.doi.org/10.1002/cpa.3160020206
https://doi.org/10.1142/6083
https://doi.org/10.1002/cpa.3160050202
https://doi.org/10.14492/hokmj/1285766660
https://doi.org/10.2307/2372229
https://doi.org/10.2307/2372229
https://doi.org/10.1016/j.na.2018.06.013
https://link.springer.com/article/10.1007/BF00251584
https://link.springer.com/article/10.1007/s00208-009-0437-2
https://link.springer.com/article/10.1007/s00208-009-0437-2
https://iopscience.iop.org/article/10.1070/RM1974v029n05ABEH001295/meta
https://link.springer.com/article/10.1007/BF00280740
https://doi.org/10.1063/1.1704154
https://ui.adsabs.harvard.edu/abs/1984cffs.book.....M/abstract
https://link.springer.com/article/10.1007/BF01295313
https://doi.org/10.1080/03605309608821236
https://mathscinet.ams.org/mathscinet-getitem?mr=1668860
https://mathscinet.ams.org/mathscinet-getitem?mr=1668860
https://doi.org/10.1002/cpa.3160230403
https://link.springer.com/content/pdf/10.2991/978-94-6239-021-8.pdf
https://doi.org/10.1137/15M1016369
http://dx.doi.org/10.3934/eect.2017031
https://pascal-francis.inist.fr/vibad/index.php?action=getRecordDetail&idt=PASCAL8130071022
https://ui.adsabs.harvard.edu/link_gateway/1962JMP.....3.1028Z/doi:10.1063/1.1724290
https://doi.org/10.1016/j.jmaa.2016.04.002

