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THE EXISTENCE AND LIMIT BEHAVIOR OF THE SHOCK LAYER
FOR 1D STATIONARY COMPRESSIBLE NON-NEWTONIAN FLUIDS*

ZHENHUA GUOT, YIFAN SU%, AND JINJING LIU$

Abstract. In this paper, we first define the shock layer to a class of stationary compressible non-
Newtonian fluids in one dimension. Then the existence and uniqueness of the shock layer are established.
In addition, the limit behavior of the shock layer is analyzed. It is shown that, as the viscosity coefficient
and the heat conductivity coefficient vanish, the shock layer to the non-Newtonian fluids tends to a
shock wave of the corresponding Euler equations. It is also shown that, as the viscosity coefficient
tends to zero, the shock layer goes to a non-viscous shock layer to the non-Newtonian fluids, while as
heat-conductivity coefficient tends to zero, the shock layer converges to a thermally non-conducting
shock layer to the non-Newtonian fluids.
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1. Introduction
The one-dimensional stationary compressible non-Newtonian fluids are described
by the principle of conservations of mass, momentum and energy, which read as

pu=c,
pu2+p—u(uw)uw:cQ, (1.1)

1
pu<§u2+e+§) — Uz )uty — N0y = c3,

where p, u, 0, p=p(7,0), e=e(r,0) and 7=1/p represent the density, velocity, tem-
perature, pressure, internal energy and specific volume, respectively, = p(u,) >0 and
A=A(1,0) >0 are the viscosity coefficient and the heat conductivity coefficient, respec-
tively, c1, ca, c3 are constants. In this paper, the viscosity coefficient is taken to be

M(uw):/fé0|uw|q_25 q> 1 and Q#27 (12)

where pg=po(7,0)>0. We also assume that A, po, p and e are sufficiently smooth
functions of 7 and 6.

In many fields, such as chemistry, study of biological fluids like blood, geology and
glaciology, a large number of problems may arise with non-Newtonian fluids, which has
sparked the increasing interest in the study of non-Newtonian fluids, see [2,19,20,23,25,

*Received: August 27, 2019; Accepted (in revised form): May 07, 2022. Communicated by Feimin
Huang.

tSchool of Mathematics and Information, Guangxi University, Nanning 530004, China (zhguo@
gxu.edu.cn).

tSchool of Mathematics and Center for Nonlinear Studies (CNS), Northwest University, Xi’an
710069, China (mayifansu@163.com).

§Corresponding author. Department of Mathematics, Yunnan University, Kunming 650091, China
(jjliu@ynu.edu.cn).
Z. Guo was supported by National Natural Science Foundation of China grant 11931013 and GXNSF
grant 2022GXNSFDAO035078. Y. Su was supported by Northwest University graduate innovation and
creativity funds (YZZ17084). J. Liu was supported by National Natural Science Foundation of China
grant 11801444.

239


mailto:zhguo@gxu.edu.cn
mailto:zhguo@gxu.edu.cn
mailto:mayifansu@163.com
mailto:jjliu@ynu.edu.cn

240 SHOCK LAYER FOR NON-NEWTONIAN FLUIDS

29,30], etc. Especially, Ladyzhenskaya [19] proposed a special model for incompressible
fluids

ot +div(pu) =0,

(pu)s +div(pu@u) —div(l)+ Vp=pf, (1.3)

divu=0
where f is an external force, I' denotes the viscous stress tensor and

Lij = (1 +pa| E(Vu)|172) Bi; (Va), (1.4)
E;;(Vu)= g;‘] + g%i is the rate of strain. For p; =0 and pe >0, if ¢ <2, it is a pseudo-
plastic fluid, and if ¢>2, then it is a dilatant fluid [2]. In the view of physics, the
model captures the shear thinning fluid for the case of 1 < ¢ <2, and captures the shear
thickening fluid for the case of ¢>2. Mamontov [22] established the global existence
of sufficiently regular solutions to two-dimensional and three-dimensional equations of
compressible non-Newtonian fluids. Yuan and his collaborators [29,30] obtained the ex-
istence and uniqueness of local and global solutions for one-dimensional initial boundary
value problem. Fang and Guo [4] gave the blow-up criterion for local strong solutions,
constructed analytical solutions to a class of compressible non-Newtonian fluids with
free boundaries in [5], and considered the existence and uniqueness of global classical
solution for the initial boundary problem [7]. For weak solutions to the non-Newtonian
fluids, Zhikov and Pastukhova [32] obtained the existence of weak solutions of initial
boundary value problem for multidimensional cases. Guo and Zhu [11] investigated
the partial regularity of the suitable weak solutions. Feireisl, Liao and Malek [9] stud-
ied mathematical properties of unsteady problem for three dimensional compressible
non-Newtonian fluids in bounded domains and have shown the long-time and large-
data existence result of weak solutions with strictly positive density. Fang, Kong and
Liu [8] obtained the existence of weak solutions to one-dimensional full compressible
non-Newtonian fluids. Besides, recently, Shi, Wang and Zhang [23], Fang and Guo [6],
Guo, Dong and Liu [12] investigated the stability of rarefaction waves and boundary
layer solutions for the compressible non-Newtonian fluids, respectively.

In the theory of compressible fluids, the asymptotic behavior of the compressible
Navier-Stokes equations in the vanishing viscosity limit is one of the important, long-
standing problems. Formally, as the viscosity coefficient and the heat conductivity
coefficient vanish, i.e., A\,up—0 in (1.1), the limit system of (1.1) becomes the Euler
equations. It is expected that the solution to (1.1) should converge strongly to the
solution to the corresponding Euler equations as dissipation vanishes. The first rigorous
convergence analysis of vanishing physical viscosity from the Navier-Stokes equations to
the Euler equations was made by Gilbarg [10], in which he established the mathematical
existence and vanishing viscosity limit of the shock layer for the system (1.1), (1.2) with
¢=2 under the following thermodynamical assumptions proposed by Weyl [24]:

(I> dT/dp|S:C0nst. < 0, S=entropy.
(Ia) Sp(7,p)>0, 6,(7,p)>0.
(II) dzT/dp2|S:const. > 0.
(I11)

In the continuous process of adiabatic compression one can raise pressure arbi-
trarily high.

(IV) The thermodynamic state Z is uniquely specified by pressure p and specific
volume 7, and the points (7,p) representing the possible states Z in a (7,p)
diagram form a convex region.
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(V) The thermodynamic relation should be satisfied: de=0dS —pdr.

In the past decades, many important results have been obtained for the problem of
zero dissipation limit for the compressible Naiver-Stokes equations. For the compressible
isentropic Naiver-Stokes equations, in the case of the basic wave patterns involving
shock waves and rarefaction waves, we refer to Hoff and Liu [13], Huang et al. [17]
and Zhang et al. [31] for shock waves, and [16,27] for rarefaction waves. When the
far field of the initial values of the isentropic Euler system has no vacuums, Chen
and Perepelitsa [3] proved the vanishing viscosity limit of the isentropic Naiver-Stokes
equations by compensated compactness method. For the compressible nonisentropic
Naiver-Stokes equations, we refer to Jiang, Ni and Sun [18], Xin and Zeng [28] for the
rarefaction wave, Wang [26] for the shock wave, Ma [21] for the contact discontinuity,
and Huang, Wang and Yang [14, 15] for the superposition of two rarefaction waves and
a contact discontinuity and the superposition of a shock wave and a rarefaction wave.

The shock phenomena can be identified in the non-Newtonian fluids, for instance,
the strong pressure pulses with steep wave fronts in blood vessels [1]. However, because
of the nonlinear constitutive relation between viscous stress tensor and rate of strain in
the non-Newtonian fluids, the nonlinear waves may exhibit some properties which are
different from those in the Newtonian fluids. In this paper, we establish the existence
and uniqueness of the shock layer of the non-Newtonian fluids (1.1) which follow the
thermodynamical assumptions (I)-(V) and investigate the limit behavior of the shock
layer as the viscosity coefficient and the heat conductivity coefficient vanish.

Firstly, we give the definition of the shock layer for the system (1.1). Eliminating
u from system (1.1), we have

AE=L(r),
dx (1.5)
T
T — M(r,0

po-=M(r,0),

where M = { (p(7,0) +b*(1 —a)), L=>b(e(r,0) — 1b*(t —a)* —c), and the constants a=
ca/c2, b=cy, c=c3/c1 —c2/(2¢2). Furthermore, by the thermodynamical equation de =
0dS — pdr, one can check that ¢; >0.

Since p1= puo|ug|?"2 = poc? |72, from (1.5)y, we have

_ 1
ol " 7o = —= M(7.6). (1.6)
1

It is noticed from (1.6) that 7, and M(7,0) have the same sign. Thus, if M(7,0)>
1 _a=2 1
0, (1.6) has the form pug "1, =c; " (M(7,0)) ", and if M(7,0)<0, (1.6) becomes
1 _a=2 1
pg T =—cy (= M(7,0)) T, Setting
["0 ::Mgila (17)

and
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we thus can deduce from (1.5) that

/\;l—ozL(T,H),

“ (1.9)
102" N1 (r,0)
:U‘de* 7,0).

In the Z-plane consisting of a set of points Z=(7,0) in the first quadrant (Figure
1.1), we enumerate four conditions on the functions L(7,6) and M (7,0):

(A) Ly>0, My>0. M(7,6) is a sufficiently smooth (e.g. twice differentiable) func-

tion of 7 and # in the neighbourhood of Zy and Z;, and My(Zy) > 0,My(Z1) > 0.

(B) Two curves L and M determined by equation L(7,60)=0 and M (7,0) =0, re-

spectively, intersect in two points Zy=(79,00) and Z; =(71,61), (10 >71). Zo

and Z; are the only simultaneous solutions of L(7,0)=0 and M(7,0)=0.
(C) On curve L, L, >0, for 11 <7 <79.
(D) L./Ly<M,./Mjy at Zo; L./Lg> M, /My at Z,.

0 a
S

Fia. 1.1.

We can get from (A) that L and M can be represented as single-valued functions
of 7, namely, =I(7), 6=m(7), respectively. And from (C), we can see that I(7) is
monotonically decreasing in the interval 7 <7< 79, and thus 6, >6y. By (B) and (D),
one has m(7) >1(r) for 11 <7 <7p.

We denote the arcs of L and M between the two points Zo(10,00) and Zy(71,01)
by L* and M*, respectively. The closed curve formed by L* and M* bounds a simply
connected region R of the Z-plane (Figure 1.1). And by virtue of (A) and (B), one can
check that L(7,6) >0 and M(7,0) <0 in R.

For the points Zy(79,6p) and Z;(71,61), since the shock conditions

po+b*19 =p1 +b%1 =ba, (1.10)

1 1
€o—§b2(7'0—a)2=61—5[)2(7'1—0/)2:0, (1.11)

hold, Zy and Z; represent possible initial and final states, respectively, of a normal
shock wave of an ideal fluid which has the same equations of state as the given fluid.
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Now, we can give the definition of the shock layer for the non-Newtonian fluids
(1.1).

DEFINITION 1.1.  For given A(7,0) and po(t,0), a solution S(z)=(r(x),0(x)),x €R,
of Equations (1.9) is called a shock layer if

In the Z-plane, the corresponding shock layer curve is the integral curve represented by
the set of equivalent shock layers, S(z+k) (k= constant).

It is pointed out that a shock layer is called parametrized if a particular represen-
tative of this class is designated, and equivalent shock layers are considered identical.
Moreover, we can get two degenerate systems from the system (1.9):

dr -~
2 AT
IU/Od (Tva)a (112)
0=L(7,0),
and
do
A—=L(7,0
dx N(T’ ) (1.13)
0=M(r,0)

We call any solution of (1.12), for 7 € [1,7o] and for all z € (—oo,+00), a thermally non-
conducting shock layer to the non-Newtonian flow (1.1), and any solution of (1.13), for
T €[m1,70) and for all z € (—oo0,+00), a non-viscous shock layer to the non-Newtonian
flow (1.1).

Secondly, we prove that under the conditions (A)-(D), there exists a unique shock
layer joining Zp and Z; to the system (1.1).

Finally, we study the limit behavior of shock layer when the viscosity coefficient
and the heat conductivity coefficient vanish. Note that po— 0 is equivalent to fig — 0.
It is shown that, as A, fig — 0, the shock layer of (1.1) converges to the shock wave of
the corresponding Euler equations. It is also shown that, as figp— 0 (with A fixed), the
shock layer goes to a non-viscous shock layer; while for A— 0 (with uo fixed), the shock
layer converges to a thermally non-conducting shock layer.

We state our main result as follows.

THEOREM 1.1 (Existence and uniqueness). Let Zy(79,60) and Z1(11,01) be initial and
final states of a fluid which satisfy the shock conditions (1.10) and (1.11). Then, for
any fio and A, there exists a unique shock layer S(x;\,fig) joining Zy to Zy of (1.1)
subject to the conditions (A)-(D).

THEOREM 1.2 (Limit behavior). Let Zy(19,00) and Z1(71,61) be initial and final states
of the shock wave, Z =17y, —co<x<§, Z=27Z1, E<x<4oco. Then, the shock layer
S(xz; A, fig) can be parameterized such that

N

A—0 fig—0 fio—0 A—0

Zy, —oo<x<E,
Zl, £<ZC<+OO.

f1o—0
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REMARK 1.1. It can be proved that conditions (A)-(D) are satisfied for the fluids
which follow the thermodynamical assumptions (I)-(V). The arguments are almost same
as in [10], so, we omit the details. In particular, one can check from Section 2 that the
prototypical pressure function, p(7,0)=860/7, can not be taken in the non-Newtonian
flow (1.1).

REMARK 1.2. Based on this work, it is interesting to study the zero dissipation limit
of shock wave for the non-stationary compressible non-Newtonian fluids. This is left to
the forthcoming paper.

The rest of the paper is organized as follows. In Section 2, we investigate the
existence and uniqueness of the shock layer. Section 3 studies the limit behavior of the
shock layer.

2. Existence and uniqueness of the shock layer

In this section, we consider the existence and uniqueness of the shock layer to the
system (1.1) for arbitrary fig=fio(7,0), A=A(7,0) and give the proof for Theorem 1.1.

According to condition (B), Zy and Z; are the only exclusive singular points of the
system (1.9). Using Taylor’s formula for the functions L(7,0) and M(7,0) at Z, and
Z1, we can obtain the characteristic equation of the system (1.9)

0 Lo/A—k L;/A
Mo/po Mz/fo— K

= (M Loy (Mekoy (ML) )

where the values A, fg, L., Ly, M, and My are to be taken at Z, and Z1, Kk is the
characteristic root. Here, we notice that

~ C_g%f 2-gq

My= ;_1 |M(7,0)| =" My(,6).
In the case 1<¢<2, at the points Zy and Zi, since M(Zy)=M(Z;)=0, we require
My(Zy) — +o00 and My(Z1)— +oo such that My(Zy) and My(Z;1) are given positive
constants. For example, if ¢= %, then M(7,0) can be taken as M(7,0)=(6—m(7))3,
where m(7) is a smooth function of 7. In the case ¢ > 2, the arguments are similar, for
instance, if ¢= %, then we can take M (7,0)= (6 7771(7’))%. A similar analysis applies to
M..

Thus, the discriminant of this equation is

M, Lg\2  MyLg/M, L.
e
0

A Mo \My Lo
MT>2 Lg 2 MTLQ M.,-Lg MQLT
= (= +(—) yotirhe  yMrle Mo
(Mo A Ao Aflo Aflo
M, Lg\2 MyL
=< f——‘)) +4 "f) . (2.2)
fio A Ao ) z2=z,.2

Note that My >0 and L, >0 from conditions (A) and (C). We thus have A|z—z, 7, >0
and the roots of (2.1) are real. By conditions (A) and (D), the constant terms of (2.1)
are positive at Zy, and negative at Z;. Then we can conclude that Z; is a node and Z;
is a saddle point. Moreover, since J\ZfT >0 and Ly >0, Z is an unstable node.
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Thus, according to the property of saddle point, there are two integral curves of the
system (1.9) which approach the saddle point Z; as  — +00, and two which approach
it as £ — —o0, these pairs correspond to the negative and positive roots, respectively, of
the characteristic Equation (2.1). The two members of each pair have the same slope
at Z1, but approach it from opposite directions. The slopes are given by

_ LT _ MT - Hﬂo
Lg — KA MG '
Especially, when k<0 at Z;, it is negative.
Furthermore, we notice from (1.9) that, in the region R, the slopes of all the integral
curves are

b fig L(,6)

dr A M(r,0)

(2.3)

Since L(7,0)/M(7,0) <0 in the region R, all the integral curves have negative slopes.
Therefore, one can get that one of the solutions tending to Z; as x — 400 approaches
it from the region R, in which the ratio is negative. We denote this solution by S(z).
Now, we can prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) We prove that S(z) is a shock layer. Consider
those integral curves of (1.9) passing through the points of M* and L* in the Z-plane
(Figure 1.1). On M*, M(7,0)=0, L(,0) >0, thus by (2.3), we find that all integral
curves have vertical tangent vectors directing outwards from R for increasing x. On L*,
a similar consideration shows that all integral curves have zero slope and are directed
outwards from R for increasing x. Thus, one can get that, for decreasing x, all integral
curves of (1.9) which pass through L* and M* are directed into R for decreasing .
Since all the integral curves have negative slopes and these integral curves are traversed
for decreasing x in the direction of increasing 7 and decreasing 6 in the region R, thus
S(x) can not intersect with M* and L* between Zy and Z;. In addition, the system
(1.9) has no other singular points and S(z) is monotonic in the region R. Therefore,
integral curves can not terminate in R and will go to the unstable node Zj as x — —o0.
This proves the existence of the shock layer S(z)=(7(x),0(x)).

_ Next, we prove the uniqueness of the corresponding shock layer curve S. Assume
S is other shock layer curve which joins Zy and Z1, and enters Z; as x — +o0, Zy as
x— —00. Then the arcs S and S form a closed curve bounding a simply connected
region F' in the Z-plane. Since Z; is a saddle point, one of the two integral curves of
(1.9), which approach Z; as x — —o0, enters this region. This integral curve can neither
terminate in F', nor can it approach asymptotically a limit cycle in F. And Zj is an
unstable node, the integral curves of (1.9) tend to Zy only when x— —oo. Thus, the
only possibility remaining is that the curve intersects S or S. However, this contradicts
the uniqueness of the integral curves of (1.9), thus S can not be a shock layer curve.
This completes the proof of the uniqueness for the shock layer. ]

3. Limit behavior of the shock layer

In this section, we investigate the limit behavior of the shock layer in the Z-plane
and prove Theorem 1.2. For given A\(Z), [1o(Z), we assume that these coefficients
depend on parameters but are independent of 7 and 6, in such a way that A and jiy can
independently be made arbitrarily small in R. We also assume that the shock layers
can be so parameterized that the appropriate limits exist under this parametrization.
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In the following, we designate the shock layer by S(x; A, fig) = (7(2; A, fio),0(x; A\, fig))
and the associated curve by S(\, fig) and study three limits of the shock layer: (1)
Ao —0; (2) A—0, then fip —0; (3) fio—0, then A— 0.

3.1. Double limit of the shock layer.  We first consider the double limit of
the shock layer as A, fig — 0.

LEMMA 3.1. Assume Zy and Zy are initial and final states of the shock wave,
=7y —x<x<& Z=71,(<r<+x.

Then the corresponding family of shock layers which is parameterized suitably converges
to the shock wave as A, fig — 0 independently, that is,

lim S(a3A, o) =

fio—0

(3.1)

Zy, —oo<xz<Eg,
Zl, f<£l’<+OO,

and the convergence is uniform in every closed interval not containing x=¢.

Proof.  For any €>0, let R(e) be the subregion of R outside the circles of radius e
about Zy, Z;. In the region R, using (1.9), we can take the difference

do—7) 1 1 - _ L(7,0)  |M(7,0)]
T —)\L(T,H) ﬁOM(T,G)— i\ + P

Since L(7,0) >0, |M(7,0)| >0 in R(e), there exists C(¢) >0 such that
L(7,0)+|M(7,0)| > C(e) >0, (7,0) € R(e). (3.2)
Thus, for any integral curve in region R(e), we have

d@—1) _ Cle)
e , >0, (3.3)
where n=Max(\, fig).

For the shock layer S(z;A i), let (7ar,0pr) designate the value that S(z;A, o)
intersects the € circle about Z1, and (7,,,6,,) the value of S(z;\,fip) where it intersects
the € circle about Zy, with S(x1;\, fig) = (Tar,0ar) and S(zo; A, fio) = (Tim,0m ). Thus, for
ro<x <21, we have

T0 > Tm 27-(1';/\7,[10) ZTyM >Th,
(90 <9m <9(x,)\,/10) <6M <91.

Then, for the shock layer S(z;\,fig), one can get from (3.3) that

T1—To < (QM—T]M—(Qm—Tm))<%(91—90+TQ—7’1). (34)

_n
C(e)
Therefore, given €, § and S(x;\, fig) for which

_ 5C ()
=Max(A <——
7 ax(\, fip) I r——
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we can obtain that the simultaneous inequalities

|T(2; A, fio) — To,1] > €,
0(z; A, fio) — 00,1 > ¢,

(3.5)

hold if and only if the values of S(z;A, i) lie in R(¢), and thus in the interval of length
less that x1 —xg<d. This indicates that (3.1) holds as A,fip—0. In addition, it is
noticed that the solutions S(x;\,fip) can be parameterized such that the point x=¢
is in the interval (xg,x1), then the convergence of the S(x;A,fig) to the shock wave is
uniform outside of every open interval containing x=¢. ]

3.2. Iterated limit of the shock layer. In this subsection, we study the
iterated limit of the shock layer for Case (2) A— 0, then fip —0; and Case (3) fip —0,
then A — 0.

3.2.1. Limit of the shock layer as A—0. Fixing po in (1.1), we analyze the
single limit of the shock layer as A — 0.

LEMMA 3.2.  Let G be any open neighborhood of the closed arc L*. Then for /i
small enough, all shock layer curves S(\,fig) lie entirely in G.

Proof. As shown in Figure 3.1, assume that L is an arc of bounded negative slope
with endpoints on M*, and lies so close to L*. Then we can obtain a subregion G of R
contained between L* and L. Noting the monotonicity of L* between Z; and Z;, one
can check that such a curve L exists. Let D be the subregion of R bounded by L and
M*, which contains the complement of G in R.

On L, L(1,0) > k1 >0, |M(7,0)| <ky and |slope L|< N, where k;,ky, and N are
suitable positive constants. Without loss of generality, let fig/\> (k2/k1)N. Thus, on
L, the slopes of the corresponding integral curves of (1.9) satisfy

_db__fio L(T.6) _ ik _
dT )\ M(T’H) ~ )\kz ’

from which we can conclude that these integral curves must be directed into D for
increasing x. Therefore, under the condition fig/\> (k2/k1)N, any integral curve of
(1.9) which contains a point of D can not intersect L beyond this point for increasing
x, and hence can not pass through Z;. Consequently, if A/fig <k1/(kaN), S(A, 1) must
lie entirely in the region G. ]

For fixed po in (1.1), recalling that any solution of the reduced system (1.12), for
T € [11,70] and for all © € (—00,+00), is a thermally non-conducting shock layer, we have,
LEMMA 3.3. Let S(x;fig) be a thermally non-conducting shock layer with viscosity i =
fio|uz|772, (q>1, q#2) and jig:= (ﬂo)ﬁ. Then, the family of shock layers S(z;\, fig),

if suitably parameterized, approaches S(x;jfig) as A\— 0, that is,
lim S(; A, fio) = S (23 o),
A—=0

the convergence being uniform in x in every finite interval.

Proof. Let (= S(Z;io) = (7(Z, fio),0(Z, fip)) be a point on L*, and take z such that
x)— T as A— 0. By virtue of Lemma 3.2, we can parameterize shock layers S(z;\, fig) =
(7(x;\, fio),0(z; A\, Jip)) such that )l\inBS(xA;)\,ﬁo) =(. Also from Lemma 3.2, we have for

—

every shock layer,

0=1(1)+€(r,\), (3.6)
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0 a

Fia. 3.1.

where ;irr%) €(7,A\) =0 uniformly in 7, <7< 79, and therefore in —oo <z < +o00. Thus,
—

- dr(z\ [ ~

ﬂOW:M(T,Z(T)JrE(T,)\)). (3.7)

Because of the choice for 7(z;\,fig), it follows from (3.7) that )l\ir%T(m;)\,ﬁo) exists
—

uniformly in every finite interval of x and satisfies

which means that )1\11% T(x;\, Jig) satisfies the reduced system (1.12). Since there is a
—
unique solution of (1.12) passing through the point ¢ at £ =z, we have )l\irrbT(x;)\,ﬁo) =
—

7(x; i), and from (3.6), )l\ir%H(x;)\ﬁo) =0(x; fio). 0
—

REMARK 3.1. The above analysis shows that if the shock layers are so parameterized
that iiHlOS(I;)\,ﬁo) exists for a single value of z, then it exists for all « € (—o0,+00) and
—

defines a thermally non-conducting shock layer.

3.2.2. Limit of the shock layer as jip—0. In this subsection, fixing A in
(1.1), we turn to the single limit of the shock layer as fig — 0.

Consider the case when fip/)\ is small. At this moment, one should pay attention
to the possibility that the arc M* is not monotonic between Zy and Z;. If the arc M*
is monotonic, a similar argument as Lemma 3.2 applies. However, if the arc M* is not
monotonic, we consider the arc M* defined by the monotonic function

f=m(t)= Min m(t), 71 <7< 7. (3.8)
T1ISEST

This arc joining Zy and Z; encloses between it and L* a subregion of R, one can check
that all shock layer curves lie in this subregion (Figure 3.2). In fact, if 6 =h(7) is the
equation of any shock layer, we can get

h(T) <h(t) <m(t)=m(r), T€[m,70|, tE[m1,7],

from which we have h(7) <m(r), 7#70,71. Therefore, all shock layer curves must lie
below M* in R.



ZHENHUA GUO, YIFAN SU, AND JINJING LIU 249

Replacing M* by M * similar to the case when M* is monotonic, we can get that
for sufficiently small fig/A, all shock layer curves S(, fig) lie entirely in any preassigned
neighborhood of M*. Thus we directly obtain the following,

LEMMA 3.4. Let G be any open neighborhood of the closed arc M* which is defined in
(3.8). Then for fig/\ small enough, all shock layer curves S(A,u) lie entirely in G.

0 4

Fia. 3.2.

For X fixed and fip — 0, similar to the case of Newtonian fluids shown in [10], the
limit solution of the reduced system (1.13) is no longer continuous in general. Then,
we should enlarge the notion of solution of the reduced system (1.13) by admitting
discontinuous solutions, that is, functions 7(x), 8(x) satisfying (1.13) for 7€ [r1,7o],
except at points r=ux;, i=1,---,n, where 7(z; —0)=t; ,7(z; +0) =t;; these solutions
are uniquely determined in —oo <z <400 up to an z-translation. Thus, any solution of
(1.13), for 7 € [11,70] and for all z € (—o0,+00), whether continuous, or discontinuous in
the above sense, is a non-viscous shock layer.

To simplify considerations, we assume that n is a finite number, which means that
M* has only a finite number of minima, so that the arc M* contains at most a finite
number of intervals on which 6 is constant. We also note that Z; can not lie in such
an interval, while Z; may or may not. As pictured in Figure 3.2, let the function 8=
m(7), 71 <7 <79, be constant on the intervals [t1,¢;], (i=1,---,n), which are ordered

177

so that t; >t;" >t;, - Now, we can get the following result.
LEMMA 3.5. Let S(z;)\) be a non-viscous shock layer with heat conductivity}\. Then,
the family of shock layers S(x;\, fio), if suitably parameterized, approaches S(x;)\) as
o — 0, that is,

lim S(z; )\, fig) = S(z; ),

f0—0
the convergence being uniform in x in any closed interval not containing a point of
discontinuity of S(xz;\).

Proof.  1If M* is strictly monotonic, the proof is similar to that of Lemma 3.3.
However, if M* is not monotonic, denoting S(z;\) = (7(w;A),0(x;A)) and assuming that
Z1 is the first point of discontinuity of 7(xz;)), we proceed as follows.

Step 1. We first prove the convergence for z <Zi. Let (=(7(z;)),0(z;)\)), <
Ty, be a point on M*. For any set z, satisfying z, =T as fio— 0, parameterize the
shock layers S(z;A, fio) = (7(z; A, fio),0(x; A, fig)) such that ~limOS(x#;)\,,&0):(. Then,

Ho—
applying Lemma 3.4 yields

T=m"1(0)+e(0, fio), (3.9)
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where m~'(6) is the inverse of m(7) for t; <7<, O<O<OV) =m(t]), and
~limoe(9,ﬁ0):0 uniformly in every closed interval of fy<#<6"). Thus, we can ob-
Ho—

tain

j\de(l‘,;\,ﬂo)

I =L(m ' (0)+€(0,fi),0). (3.10)

Since H(x#;j\,ﬁo)ﬁé(i;j\)_ and z, = as fip—0, and F=m~1(0) for 90<0<0_(1), we
can deduce that ~lirnO@(;v;)\,ﬁo) =0(z;\),—00 <z <Z1, and from (3.9), ~limOT(:E;)\,/lO) =
Ho— Ho—

7(x;A). Furthermore, the convergence in both cases is uniform in every closed interval

to the left of x=2;. By the preceding, there exists value ZCE}) < 1 such that x&l) —

:E1,7'(x£bl);5\,ﬁo) — 7, and 9(90,81);5\,,&0) — 0 as fig—0.

Step 2. Then we consider the convergence for x>Z;. Assume 7 ;étf. In an
analogous way as that in Step 1 and with the same parametrization for the S(x;\, fig),
let &,,(§,>Z1), be values satisfying 9(5#;5\7,&0):9(1). Then by Lemma 3.4, we have
T(Eui A fio) — 1 as fig— 0.

Next, we prove that [€, fzg) | =0 as fip—0. In the neighborhood of the segment
9 =01 of M*, there exists a constant d such that L(7,0) > d >0 in such a neighborhood.
Then, by Lemma 3.4, if fiy is small enough, the arcs of S(x;\, fig) for x&l) <<, liein
this neighborhood. Thus, integrating Equation (1.9), yields

- - A -
\Eu—xf})I<3(9(£u;>\,uo)—9(56,(});/\,%))ZE(G(”—H(x,S”;/\,Mo)), (3.11)

which tends to zero as fig —+0. Hence, we conclude that &, —Z; as jig —0.

Step 3. We turn back to Equations (3.9) and (3.10), where now m~1(f) is the
inverse of §#=m(r) for t; <7<t (01 <O =m(t;)), and ~limoe(@,ﬂo):O uni-
Ho—

formly in every closed interval of 8V <6 <6®. Since 6(£,u;A, /i) — 6 =0(Z1; ) as
&, — 1, and 7=m"1(0) for 0 <H<HP | and the solution of

~df _
A =L(m~1(0),6)

is unique for 8(z;;0)=01, (A <H<HP), we have ~limoﬁ(x;;\,ﬂo)zé(x;;\) and
Ho—
A

~1111[107-(33;;\, fip) =7(x; ) for T; <x < Ty, which are uniform convergence in the closed
Ho—

interval of (Z1,Z2).

We repeat the above procedure until the arc of M* including Z; is reached. If Z;
is not contained in one of the intervals of M*, by the analysis as above, we can obtain
the convergence of S(x;)\,fip) to S(x;A) in every closed subintervals of the half line
Tp <z <+4o00. If Z; is contained in one of the intervals of ]\:4*, that is, # =401, then it
indicates that 7y =t and Z; = (1,01) = (F(a;)),0(2;\)), T, < < +00. At this moment,
for any small § >0, let R(d) be the subregion of R outside the circle of radius § about Z;.
Assume that L(7,0) >k(6) >0 in a neighborhood of § =60; in R(5). We take J;,(f) <Ip
such that x&n) = Ty T(x,&n);j\,ﬁo) —t., and O(xﬁn);X,ﬂo) — 0" =0y, as fip—0. Then,
for any £, > x,(f) such that S(&,; A, fig) € R(), we can deduce from (1.9), that as fig— 0,

A -
|£M _:EEZL)‘ < m (91 —9($£Ln),)\,uo)) —)07
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which means that those x>, for which 7(x;\,fig) —71 > lie in an interval about Z,,
which grows arbitrarily small as fig — 0. Since § is arbitrary, we can find that as fig — 0,
the limits 7 (2;\, fig) — 71 and 0(x; A, fig) — 0, are uniform convergence in any closed half
line of T, <z <oo. This completes the proof of Lemma 3.5. 0

REMARK 3.2.  The above analysis indicates that if the shock layers are so parameter-
ized that ~limOS (x; A\, fig) exists for a single value of x, then it exists for all z and defines
Ho—

a non-viscous shock layer.

Now, we are in the position to establish the existence of the iterated limits, and
then show that the iterated limits are equal to the double limit for the shock layer of
(1.1). It suffices to parameterize the shock layer such that both the double limit and the
two iterated limits exist simultaneously. To do this, we take a circle of sufficiently small
radius e about Zy. This circle intersects shock layer curve S(\, fip) at exactly one point
(s and let ¢y, ¢, represent the point of intersection with M* and L*, respectively. By
Lemma 3.2 and Lemma 3.4, one can get that ;ig%)g,\“ =(, and ﬂloh—lgoc’\“ =() . For fixed

¢, let

1

2(5/\;1,7 :Z'uzg_

1 1
m)\u:g 76;“ jA:§_§6A7

2

where

Sap=(n/C(€)) (0 —bOo+70—71), n=Max(A,fio),
6= (Maxfig/C(€)) (61 — 6o + 70— 1),
ox=(Max\/C(€))(01 —0o+70—T1),

C'(e) is defined in inequality (3.2) of Lemma 3.1. Then, the desired parametrization of
the shock layer can be obtained by making the assignment S(xx,u;\,fio) =Cr,- Under
this parametrization, since £ is contained in the interval (xx,,zx, +0xu) as 7—0, one
can check from the proof of Lemma 3.1 that

lim S(2; A o) =

f10—0

Zy, —oo<x<E,
Z1, (<r<+o0.

For fixed fig, since
lim 0, = (Maxjig/C(€)) (61— 0o +70 —71) =0,

we have )l\ir%xmzf—%éﬂzfu and )l\ir%S(xM;)\,ﬂo):(#. Therefore, as in the proof
— —
of Lemma 3.3, we obtain )l\irr%)S(x;)\,[Lo):(f(x;ﬂg),é(x;/lo)), where (7(x;/i0),0(x;fi0))
— —

is the solution of (1.12) which satisfies (7(Z,;f0),0(Zy;/0)) =Cu. Combining this
with the existence of the double limit, we can establish the existence of the iterated

limit lim (lim S(z; A, fi0)), and its equality with the double limit. We can investigate
fio—0 A0

lim ( lim S(x; )\, fi0)) in a similar consideration. Thus, we can give the proof of Theorem
X=0 " fig—0

1.2.

Proof. (Proof of Theorem 1.2.) Combining Lemma 3.1, Lemma 3.3 with Lemma
3.5, we can obtain Theorem 1.2. 0
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