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RELAXATION IN A KELLER-SEGEL-CONSUMPTION SYSTEM
INVOLVING SIGNAL-DEPENDENT MOTILITIES*

GENGLIN LIf AND MICHAEL WINKLER#

Abstract. Two relaxation features of the migration-consumption chemotaxis system involving
signal-dependent motilities,

{ U = A(u(f)(v)), *)

ve = Av —uv,

are studied in smoothly bounded domains Q CR"™, n>1: It is shown that if ¢ € C9([0,00)) is positive
on [0,00), then for any initial data (ug,vo) belonging to the space (C°(Q))* x L>(Q) an associated
no-flux type initial-boundary value problem admits a global very weak solution. Beyond this initial
relaxation property, it is seen that under the additional hypotheses that ¢ € C1(]0,00)) and n < 3, each
of these solutions stabilizes toward a semi-trivial spatially homogeneous steady state in the large time
limit.

By thus applying to irregular and partially even measure-type initial data of arbitrary size, this firstly
extends previous results on global solvability in (%) which have been restricted to initial data not
only considerably more regular but also suitably small. Secondly, this reveals a significant difference
between the large time behavior in (x) and that in related degenerate counterparts involving functions
¢ with ¢(0) =0, about which, namely, it is known that some solutions may asymptotically approach
nonhomogeneous states.
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1. Introduction

Chemotaxis systems accounting for local sensing mechanisms have attracted in-
creased interest in the recent literature. When viewed in the context of general Keller-
Segel type systems ([23]) of the form

uy =V - (D(u,0)Vu—x(u,v)uVv), (1.1)

v =Av+ K(u,v), '
setting a corresponding focus amounts to assuming the diffusivity D and the cross-
diffusion rate x to be linked through the relations

D(uvv):¢(v) and X(U,U):¢/(U), (12)

with some nonnegative function ¢ exhibiting suitable decay at large values of the sig-
nal concentration v in order to reflect the local character of sensing ([10,26]); typical
examples thus include

—; or also —e P8
4O = et ko 6(e) (13)
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for £>0, with «>0,a>0 and 8>0. For accordingly obtained versions of (1.1) that
address situations in which the considered signal is produced by cells, remarkably com-
prehensive knowledge has been achieved in several respects. Namely, in the case when
K (u,v)=u—wv, throughout considerably large classes of the key ingredient ¢ to (1.1)-
(1.2), the literature meanwhile provides not only far-reaching results on global solvability
([1,5,7,13,14,37]; cf. also [18,19,21,27-29,38,45] and [30] for corresponding studies on
some close relatives), but also on large time asymptotics, and especially on the iden-
tification of situations in which either stabilization toward equilibria can be observed,
or, alternatively, infinite-time blow-up occurs ([8,11,12,14,20,37]). In particular, it
has been found that within this class of chemotaxis-production systems, appropriate
choices of the form in (1.3) lead to a substantial support of spatial structures in the
sense either of large-time singularity formation ([12,14,20]), or at least of heterogeneous
long-term aymptotics trivially exhibited by non-constant steady state solutions ([8]).
These observations are quite in line with numerous findings on emergence and stabiliza-
tion of singular structures ([4,6,17,31,33,34]), and supplementary also of more subtle
destabilization of spatial homogeneity ([40]), in various further examples among the
chemotaxis-production versions of (1.1) with constituents more general than in (1.2).

In contrast to this, the present study now focuses on contexts in which chemotactic
motion based on local sensing is directed by a cue that is consumed by individuals,
rather than produced. By describing signal absorption in the apparently most standard
functional form, a resulting chemotaxis-consumption version of (1.1)-(1.2) becomes

{utzA(uqb(v)), (1.4)

v = Av—uw,

and in stark difference to the situations discussed above, questions related to the evo-
lution of structures in the above sense seem to have remained widely unaddressed in
such frameworks. Indeed, the only result concerned with global solutions to a prob-
lem of this form in high-dimensional settings, as recently achieved in [24], relies on a
smallness restriction on the initial data to assert global classical solvability and large
time convergence to homogeneous states in non-degenerate cases in which ¢ is strictly
positive throughout [0,00). Large-data solutions appear to have been constructed only
in spatially one- and two-dimensional domains in [44], where a focus has been on a de-
generate version in which ¢ >0 on (0,00) but ¢(0) =0; in such cases, for suitably regular
initial data some global smooth solutions are found to exist and to approach a steady
state (ueo,0) in the large time limit, with us known to be nonconstant whenever v|;—g
is appropriately small ([44]).

Main results. One purpose of the present study is to make sure that this lat-
ter observation, paralleling similar findings on the existence of non-constant large-time
patterns in related taxis-consumption systems of the form (1.1) with signal-dependent
motility degeneracies ( [43]), cannot be made in any non-degenerate version of (1.4). Be-
yond asserting this absence of structure support on large time scales, however, a second
goal will consist in identifying a second pattern-counteracting feature of (1.4) which will
become manifest in a result on instantaneous relaxation of solutions emanating from
considerably irregular initial data.

More precisely, in a smoothly bounded domain 2 CR™, n > 1, let us consider the initial-
boundary value problem

ut:A(uqb(v)), z€eQ, t>0,
vy = Av—uv, z€eQ, t>0, (1.5)
V(u¢(v))-v=Vv-r=0, €N, t>0, ’

u(z,0)=uo(z), wv(z,0)=wvo(x), z e,
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and first concentrate on the latter question on initial relaxation by deriving a result
on global solvability under mild requirements on data regularity which inter alia even
allow for measure-valued first components of the initial distributions. In formulating
this and throughout the sequel, we let C9 __([0,00);(C°(£2))*) and C? _, ([0,00); L>°(£2))
denote the spaces of functions which are continuous on [0,00) with respect to the weak-x
topology in (C°(Q))* and L>(1), respectively.

Specifically, the first of our main results indeed reveals that even such singular initial
settings undergo an immediate relaxation into globally existing solutions to (1.5) which
belong to L2(2) x W22(Q) at a.e. positive time, under the mere assumption that ¢ be
continuous and positive:

THEOREM 1.1.  Let n>1 and QCR" be a bounded domain with smooth boundary,
and suppose that

$€C°([0,00)) s such that  $(£) >0 for all £>0, (1.6)
and that
ug € (C°(Q))* as well as vo € L>(Q)  are nonnegative. (1.7)
Then there exist nonnegative functions

u€ Gy, ([0,00)5(CO(Q)*) NL>((0,00); L1 () N LE, (2% (0,00))  and

veC_([0,00; L=(2)) N L>=(2 % (0,00)) (1.8)
NLE,.((0,00);W>2(Q)) N Li,,((0,00); WHH(Q)) N LS, ((0,00); WH(Q2))

loc loc loc

which are such that (u,v) forms a global very weak solution of (1.5) in the sense of
Definition 2.1.

REMARK 1.1.

(i) In Keller-Segel-production systems of the form (1.1) with D=1 and y=1 as
well as K(u,v)=u—wv, available existence results including measure-type initial data
seem restricted to one-dimensional and certain subcritical-mass two-dimensional settings
([3,32,42]; cf. also [16]). Only under the influence of certain additional superlinear zero
order degradation mechanisms of logistic type, results on instantaneous smoothing of
comparably strong singularities seem to have been established in the literature ([22,41]).

(ii) Even for the classical chemotaxis-consumption version of (1.1) given by

{utzAu—V-(qu), (1.9)

vy = Av—uv,

the apparently only existence result covering large measures as initial population dis-
tributions is limited to planar and radially symmetric frameworks ([39]).

(iii) Upon imposing further restrictions on the regularity of ¢ and the initial data,
higher regularity features of the obtained solutions can be derived. Pursuing this in

detail would go beyond the scope of the present study, however, and will be addressed
in [25].

Now in the presence of slightly more regular coefficient functions ¢, a second re-
laxation effect, unconditional with respect to the initial data from the above class and
especially independent of their size, can be observed on large time scales. In address-
ing this second main objective of this study, we let A denote the realization of —A
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under homogeneous Neumann boundary conditions in L3 (Q):={pe L*(Q) | [,¢=0},
with its domain given by W22 (Q)NL3 (Q), where for pe [1,00] we set WP () :={pe
W2Pr(Q) | g—f =0 on 00Q}; furthermore, with regard to spatial averages we will refer to
the notation p:= ﬁ@(lsz) for € (C°(Q))*, which reduces to the identity p= ﬁfﬂgo
whenever ¢ € L'(Q).

The second of our main results can thereby be formulated as a statement on long-
term stabilization toward homogeneous states in an appropriate topological setting:

THEOREM 1.2. Let n€{1,2,3} and QCR" be a smoothly bounded domain, and assume
that

peC([0,00)) s such that  ¢(£) >0 for all £€>0, (1.10)

and that (1.7) holds. Then one can find a global very weak solution (u,v) of (1.5) which
satisfies (1.8) and for which there exists a null set N C (0,00) such that A~z (u(-,t)—
Up) € L*(Q) for all t € (0,00)\ N, and that

A3 (u(-t) —Tp) =0 in L2(Q) s (0,00)\N 3t —o00 (1.11)
and
v(,t) =0 in L=(Q) as (0,00)\ N >t — oo. (1.12)

REMARK 1.2.

(i) While marking a sharp contrast to the mentioned findings on persistently non-
homogeneous behavior in corresponding chemotaxis-production versions of (1.1)-(1.2)
([8,12,14])), the outcome of Theorem 1.2 rather parallels known results on large time
convergence to constant equilibria in the Keller-Segel consumption system (1.9) ([35]).
How far asymptotic homogenization properties of this style indeed constitute a common
feature of taxis-absorption interaction involving non-degenerate diffusion, however, is to
be addressed in forthcoming studies.

Main ideas.  In line with the particular structure distinguishing (1.4) from (1.9),
at the core of our reasoning will be a duality-based argument related to the behavior of

/Q)A—%(u_uo)

along trajectories in suitably regularized variants of (1.5) (cf. (2.6)). Here, in a funda-
mental inequality describing the evolution thereof (Lemma 3.3), in the general setting
of Theorem 1.1 a fairly rough estimation of a corresponding exciting contribution is
sufficient to turn this into a quasi-energy inequality (Lemma 3.4). Again thanks to the
favorable structure of (1.4), the a priori information thereby obtained in time inter-
vals of the form (7,00) for arbitrary 7>0 can be combined with a time-independent
(W2 (€))*-valued boundedness feature of both time derivatives in (1.5) (Lemma 3.5),
allowing for suitable control of the solution behavior near t=0, to establish Theorem
1.1 in Section 3.

Section 4 will thereafter reveal that in the low-dimensional and slightly more regular
context of Theorem 1.2, the forcing contribution to the evolution of the functional in
(1.13) can actually even be controlled in terms of suitably dissipated quantities (Lem-
mata 4.1 and 4.2). An accordingly discovered energy feature will hence form the basis
for our derivation of both stabilization statements from Theorem 1.2 (Lemmata 4.3 and
4.4).

‘2 (1.13)
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2. Preliminaries
To begin with, let us specify the concept of solvability to be pursued in this paper.

DEFINITION 2.1.  Let ¢ €C9([0,00)) be nonnegative, and assume that ug € (C°(Q))*
and vg € L () are nonnegative. Then a pair (u,v) of nonnegative functions

(2.1)

ueCy_,([0,00);(CO(Q)))N L}, (2% (0,00))  and
CAS C?u—*([O’OO)QLOO(Q))

will be called a global very weak solution of (1.5) if u(-,0) =uq in (C°())* and v(-,0) =
vo in L®(Q), and if for each peC§(Q2x(0,00)) fulfilling g—U:O on 0 x (0,00) we

have
_/OOO/QU%Z/OOO/Quqﬁ(v)AgD (2:2)
[ oo [ fesen [ e 23

In order to construct such solutions to (1.5) as limits of solutions to suitably regularized

problems, we approximate the motility function ¢ as well as initial data (ug,vg) in (1.5)
by introducing families of functions (¢c).c(0,1), (@0e)ee(0,1) and (voc)ee(o,1) With the
properties that

and

(¢e)ee(0,1) CC?([0,00)) s such that
¢ > ¢ on [0,00) for all e€(0,1), and that (2.4)
e — ¢ in CY _([0,00)) as e\0,

loc

and that moreover

(0e)ee(0,1) CWH°(Q) and (voe )ee(o,1) CWH™(€2)  are such that
Upe >0 and ve.>0 inQ for all £€(0,1), that
fQuOE :ﬂ0|Q| and ||U05||Loe(g)SHU()”Loo(Q)—I—l for all EE(O,I), and that

Upe = up in (CO(Q))*  and v 2wvg in L°(Q)  as e \,0.

(2.5)
For €€ (0,1), we then consider the regularized variant of (1.5) given by
uEtzA(uEng(vE)), z€eN, t>0,
Ver = AV, — ff:;je, z€eN, t>0, (2.6)
Due — Gve — ), €09, t>0, '
ue(x,0) =upe (), ve(z,0)=vp: (), T e,
which is globally solved in the classical sense:
LEMMA 2.1.  For each € €(0,1) there exist
ue €CY(Q % [0,00))NC*H(Q x (0,00)) and @7
Ve €Ny52 CP([0,00); WH1(Q2)) N C*1 (2 x (0,00)) '
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such that uz: >0 and v. >0 in Qx[0,00), and that (ue,v.) solves (2.6) in the classical
sense. Furthermore, the solution satisfies

/u5(~,t)=/uo for allt>0 and e€(0,1), (2.8)
Q Q

and

lve (- 8) | Loo () < Nve (-5 t0) || oo () for allty>0, t>ty and €€ (0,1). (2.9)

Proof.  'We start by asserting the local classical solvability for (2.6) by means of the
well-established parabolic theory from [2]. To this end, we fix §y >0, and for £ € (0,1)
introducing Dg:=(0,00) X (—dp,00) as well as

(D= (e atn) @ £(D=(T5%) o (Dern

we may recast (2.6) as the quasilinear problem

Zey =V (Ac(Z)V Z) + f-(Ze), 2€Q, t>0,
68ZVE :07 x GaQ, t> O, (210)
Ze(nc,()):<vos(ac)>7 e,

UQe (IE)

where Z, = (ve,u.). Using (1.6) and (2.4), we observe that for each U € Dy, A.(U) is a
positive definite matrix of lower triangular form, so that from [2, Theorem 1], in line
with (2.5) we deduce that there exists Tyq0,e € (0,00] such that (2.6) possesses a classical
solution (ue,v.) which is such that v, >0 in Qx [0,T}42 <), and that

if Thnaz,e <00, then  limsup ||uc(-,t)| Lo (0) = 00 (2.11)
¢

max,e

Moreover, taking into account ug. >0 in (2.5), we obtain ue >0 in Q x [0, T4z, ) through
a simple comparison argument. Next after an integration performed in the first equation
in (2.6), we find that

/us(o,t) :/ U for all t€(0,Tynqz.) and €€ (0,1), (2.12)
Q Q

whereas an application of the maximum principle to the second equation therein shows
that

lve (-, 0) | oo () < M|V (- t0) | Lo (02) (2.13)

for all to€[0,Tmaze), t € (to,Tmax,e) and €€ (0,1). To finally prove that Tiaq.e =00,
assuming on the contrary that T},44 < oo for some €€ (0,1), we use (2.13) to see that

%:f(t;) ) g””“”& for all t€(0,T)qs,c), and can then rely on standard

parabolic regularity theory applied to the second equation in (2.6) to find ¢;(¢) > 0 such
that

Vo (-,t) | Lo () < c1(e) for all t€ (0, Tham.c)- (2.14)
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In addition, again thanks to (2.13), (1.6) and (2.4) warrant the existence of positive
constants cp and c3(e) fulfilling

(6L (ve))?
e (ve)

Therefore, integrating by parts in the first equation from (2.6) and using the Cauchy-
Schwarz inequality and (2.14), we see that whenever p>1,

de(ve)>co  and <es(e) in Qx(0,Taz.e)- (2.15)

:_pp 1/¢€ 'Ue up 2|Vu ‘2_]?]? 1/¢ Us vue Vo,

p_l p—2 2 (p_]') (QS/S(IUE)) p 2
gf—/mvs)us V2 2 /cha(va) uzl Ve

for all ¢t € (0, Thaz,e)- According to an Ehrling type inequality associated with the com-
pactness of the embedding W12(Q2) < L?(Q), from (2.12) it follows that for any such p,
with some c4(p,e) >0 we have

i (e)es(e)p(p—1) / = AE)es(e)plp—1)
Q

dt Jo

| /\

: p = ARy fye,
2c2(p—1) 2 2
< THVUEQ 122(0) +calp,e )Hue HL 2 o)
2¢o(p—1)

ya P
1VuE 200 +ca(pic) /u
2lz2 (o) +ea { ; 0}

for all ¢t € (0,Thnq4z,e), Which, when substituted back into (2.16), upon an integration in
time entails that

p
[ < cswa{ [wof Touwet [
Q Q Q

p
S 64(1075){/ U(]} Tmaz,5+ ||uOEH€I/1oo(Q)|Q| fOI' au te (07Tmaz,6)~
Q

Since p>1 was arbitrary here, in view of a standard Moser-type iteration ([36]) we may
find ¢5(g) >0 such that

||u6("t)||L°°(Q) < 65(5) for all t € (OaTmao:,a);
which contradicts (2.11) and thus confirms that, indeed, T4z, = 00. d

3. Instantaneous relaxation. Proof of Theorem 1.1
The following basic properties of solutions to (2.6) can be established in a straight-
forward manner.

LEMMA 3.1. Let n>1, and assume (2.5) and (2.4). Then

o uEUE
<1|9]- - 1 for all 1 A
| [ il (i~ 1) forall e (0.1) (31)

and

o0
1
/ / |V’U5|2§§|Q|'(||UO||L9¢>(Q)+1)2 for all e€(0,1). (3.2)
o Jo
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Proof. For p>1, we integrate using the second equation in (2.6) to see that

1d _ u VP
St Qv§+(p—1)/ﬂug 2|Vv5|2+/9ﬁ:0 for all t >0 and €€ (0,1). (3.3)

When specified to the case p=1, upon a time integration this implies that due to (2.5),

T
/ / Uele :—/vg(-,T)-l—/UOES\Q|-(||UO||LOO(Q)+1) for all T>0 and €€ (0,1),
0 0 Q

Q 1+5Us

and that thus (3.1) holds. Secondly, in the case when p =2, an integration of (3.3) shows
that for all >0 and e € (0,1),

T
1
2 _ z 2(. -

and thereby establishes (52) |

The following outcome of an essentially straightforward testing procedure is for-
mulated in such a way that it can not only serve as an ingredient in our derivation
of boundedness features in the general setting of Theorem 1.1, but also be used in
the course of our asymptotic analysis in the low-dimensional situations addressed by
Theorem 1.2.

LEMMA 3.2. Ifn>1, and if (2.5) and (2.4) hold, then one can find T'y >0 such that
for allt>0 and £ €(0,1),

G Lvekeg [1avpe g [ Vo <r [ -m (3.4)

Proof.  Let F.(£):= 1+ T3¢ for £20 and £€(0,1). Then since 0<F7 <1 for all
€(0,1), from the mean value theorem it follows that

Uo
1+eu, 1+¢muyg

‘ = |F5(u5)—F€(ﬂ0)’ <l|us—tup| in 2 x(0,00) for all e€(0,1).

Therefore, if we multiply the second equation in (2.6) by —Aw. and integrate by parts
and using Young’s inequality, (2.9) and (2.5), we see that

UV,
Vo|*+ [ |A 2:/ A
th/‘ vl /‘ vl = | Tren A
1 1 U Ug 2
e
- /' vel"+ / 14+eu. 1+emug Ve

< 5 L1804 5 (ol +1)? [ (-0 35)

for all t>0 and € €(0,1), because
/UEAUEZ—/|V’U€|2§0 for all ¢ >0 and €€ (0,1).
Q Q
Now from elliptic regularity theory we obtain that with some ¢; >0 we have

/ |D%¢|? §C1/ |Ap|? for all p € C%(Q) fulfilling g—f =0 on 99,
Q Q
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so that another integration by parts together with the Cauchy-Schwarz inequality shows
that

/|Vv£|4 = f/vs~{2VUE-(D21)€~Vve)+|VvE|2AvE}
Q Q

< 2/UE|VUE|2|D2UE|+/UE\VUE\2\AUE\
Q Q

< ||%|L°°(Q)'{/Q|Vvs|4}%'{2'{/Q|D2vs|2}%+{/ﬂAUEQ}é}

1 1
3 3
< vell oo () -{/Q|Vv5|4} ~(2\/a+1)~{/ﬂ\Ava\2} for all t>0 and €€ (0,1),

and thus, by (2.9) and (2.5),
/ |V |* < |\UE||2LOQ(Q)(2\/CT+1)2/ |Av, |? §02/ |Av,|? for all t>0 and € €(0,1)
Q ) Q

with ¢z :=(2/c1 +1)?(|Jvo|| oo () +1). Therefore, (3.5) entails that

1
Vol + AQ—/V4 /v2 /A2
57 Vo1 [ 18 [l < 52 [ 1vopag [ an]

§(||DOHL°°(Q) +1) / (ue —p)?
Q

| /\

for all £>0 and e € (0,1), and that hence (3.4) holds with I'y :=max{2c2, (|[vol| o (@) +
1)%}.

Also our first information on an evolution property of the first solution components,
acting in an H ! framework reminiscent of that already resorted to in [37], is at this

stage kept general enough so as to remain compatible with our analysis of both Theorem
1.1 and Theorem 1.2.

LEMMA 3.3.  Suppose that n>1, and that (2.5) and (2.]) are satisfied. Then there
exists I'o >0 with the property that

G LAt + 1 [ =m0 <1 [ [r06. () a0 (0:0.0)

for all t>0 and €€ (0,1).
Proof. According to (2.6), we have

2
‘ (3.6)

Op(ue —p) = —A(uede (ve) —ucte(ve))  in Q2 x (0,00) for all e€(0,1),

which when tested against A~ (u. —p) implies that since both A=2 and A~ are self-
adjoint,

53 | (A=) = [ (uen00) = 0e0) - (0 —0)

- /Q (ttebe (v2) — Thode (ve) + Tode (v2) — ure(02)) - (e o)

— [ = 0)26.000) [ (@06 (02) 0600 (v —0)
Q Q
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for all t>0 and £€(0,1). Since (2.4) together with (1.6), (2.9) and (2.5) entails the
existence of ¢; >0 such that ¢.(v:) >¢; in Q% (0,00) for all €€ (0,1), and since

‘/Q (Tope (ve) — uepe(ve)) - (ue —Tp) < 5/

Q

2

(=0 + 5~ [ [f00.0.) ~0020)

for all t>0 and €€ (0,1) thanks to Young’s inequality, this already leads to (3.6) if we
let I'y:= é, for instance. 0

In our first application of Lemma 3.2 and Lemma 3.3, we may estimate the expres-
sion on the right of (3.6) in a fairly rough manner. Actually focusing especially on initial
relaxation features here, we can thereby, after all, make sure that a functional of the
form in (1.13) satisfies an ODI containing a superlinear absorptive term, an appropriate
exploitation of which yields a priori information within time intervals of the form (7,00)
for arbitrary 7> 0:

LEMMA 3.4. Let n>1, and assume (2.5) and (2.4). Then for all >0 there exists
C(7)>0 such that

y 2
/ ’Aii(ug(-,t)—ﬂo)‘ <C(r) for allt>1 and £€(0,1), (3.7
Q
that
/ ’VUE(',t)’2SC(T) for all t>7 and €€ (0,1), (3.8)
Q
that
41
/ /ung(T) for all t>1 and e €(0,1), (3.9)
t Q
that
t+1
/ / |Av. |2 <C(7) for allt>T and € (0,1), (3.10)
¢ Q
and that
t4+1
/ / Vo[t <C(7) for allt>1 and e€(0,1). (3.11)
t Q

Proof.  As a consequence of (2.4), (1.6), (2.9) and (2.5), we can find ¢; >0 such
that ¢.(ve) <cp in Q% (0,00) for all £€(0,1). Since thus especially

— 1

UePe (Ve) = | /Qusgbs(vs) < E'/ﬂue =c1lp for all t>0 and €€ (0,1)

[

by (2.8), on the right-hand side of (3.6) we can estimate

2
Lo [ fi06.(w) w06 ocCO)| <1 [ et —cai=tcdomio) - (312)
Q Q

for all t>0 and €€ (0,1). From Lemma 3.3 and Lemma 3.2 we therefore obtain that if
we let a:= ﬁ, with I'; taken from Lemma 3.2, and define

2

ye(t)::/g)A_%(us(-,t)—ﬂo)r—i—a/g}VUE(-,t) L 450,c€(0,1),  (3.3)
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as well as
1 2 a 4
— G =10) 2+ 2 [ | Aw(- 1
)= g5 [ (wet)=w)*+5 [ [Aut)f 5t [ [Vutanl's 150, ec ),
(3.14)
then
1 _
y;(t)+ga(t)+m/(2(ua_u0)2 oT, /|Vv5|4
1
< {—/(UE—UO)2+CQ}+G'F1/(UE—U0)2
42 Jo Q
=cy for all >0 and €€ (0,1). (3.15)

In order to turn this into a superlinearly damped ODI for (y:).c(0,1), we pick any 3> %
such that 8> 7% and note that then the inequalities 0< % < [ enable us to invoke a
standard interpolation inequality ([9, Theorem 14.1]) to find ¢z > 0 fulfilling

1A= ¢l| 2 <esllel ooy A Pellialg,  for all pe L3 ()

with 0:= 2[;51 €(0,1). Since the restriction 3> % warrants that for the corresponding
domains of definition we have D(A”)<s L>(Q) and hence L*(Q) — D(A~?) ([15]), we

may combine this with (2.8) to see that with some ¢4 >0 we have

1
s
{/ ‘A - — U ‘ } §04/(u5—ﬂ0)2 for all >0 and €€ (0,1).
Q

Writing x:=min{},2}>1 and

i ! ! (3.16)
Cy :=1IN1N .
> 2541,y 25T a1 f”

we thus infer that in line with (3.13) and thanks to the Cauchy-Schwarz inequality,

csys(t) < 2°7 Les - {/‘A e — U ’ } +2”1a“c5-{/Vv€2}
Q
% 2
<2¢ e { /‘A = —T) ‘ } +1}+2”‘1a”c5-{{/lwel2} +1}
“leg- e —Tp) +1}+2“ Lares - {|Q|/Vve4+1}

TN 4F2 Q(u 2F1/|V”s|4 +257 Y (1+a")es  for all t>0 and £€(0,1),

because 2" gy < ﬁ and 27" ta%¢;5|Q) < 5% due to (3.16). Consequently, (3.15) im-
plies that with cg:=cy +2%"1(1+a")cs we have

yr(t)+esyl (t) +9-(t) <cg for all t>0 and €€ (0,1), (3.17)

so that since for fixed 7> 0,

@(t)izcr(t**) e, >,
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with

07:=max{((f$—1)05)“117 (CG)}

cs
satisfies 7j(t) /' +o00 as t\, 5 and

T () +esy(t)+g:(t) —cs > G (t)+es7" (t) —cs

— -1

Cr T r—1 " T 7ﬁ e
:_m—l(t_g) +esch- (t—§) 118 —e

> -t T)f”iHJr (¢ T)f”iljt g
— —= esch(t— = c5ch —c
= k—1\ 2 AN oo

= c5C {c"i*l—#} (t—z>_ﬁ+c {c“—cﬁ}
IR (k—1)cs 2 ST

>0 for allt>%,

an ODE comparison argument applied to (3.17) shows that y.(t) <7(t) for all > 7 and
£€(0,1), and that hence, in particular,

-1
yg(t)SCS(T)::C7~(%> e for all t>7 and £€(0,1). (3.18)
Thereupon, by direct integration in (3.17) we obtain that

41 t+1
/ gs(s)dsgyg(t)—&—/ ceds <cg(T)+co for all t>7 and €€ (0,1), (3.19)
¢ ¢

so that in view of (3.13) and (3.14) we infer (3.7) and (3.8) from (3.18) and (3.9)-(3.11)
from (3.19) if we choose C(7) appropriately large. d
A straightforward estimation of corresponding time derivatives does not only pave

the way toward an Aubin-Lions type compactness argument, but beyond this also pre-
pares our analysis of the solution behavior near the initial instant.

LEMMA 3.5.  Suppose that n>1, and that (2.5) and (2.4) hold. Then one can find
C >0 such that

Huft("t)H(va*‘x’(Q))* <C for allt>0 and e €(0,1) (3.20)
and
||v€t("t)H(W§=°°(Q))* <C for allt>0 and £ €(0,1). (3.21)

Proof.  We fix o € W2™(€) and use (2.6) to see that

/ Uet P
Q

/ A(ug¢>g<v5>)¢\
/ngaﬁs(vs)Atp’

< ||u€||L1(Q)H(pe(ve)HLw(m||A<p\|m(m for all £ >0 and €€ (0,1) (3.22)
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as well as
UV
Ve = Av, _/ = (P‘
’/Q ts@’ ’~/Q 4 Ql+5ua
UE,UE
VA —
/Q =2 /Ql“‘fus(p‘

< lvellzr @ 1Al Lo (@) + el @) lvell Lo () llell L (), (3.23)

because 0< 75— <wu. in Q2 x (0,00) for all £€(0,1). Since (2.8), (2.9), (2.5), (2.4) and
(1.6) guarantee boundedness of (uc)ee(0,1) and (ve)ee(o,1) in L®((0,00); L' (£2)), and of
(Ve)eeo,1) and (¢e(ve))ee(o,1) in L (2% (0,00)), from (3.22) and (3.23) we immediately

obtain (3.20) and (3.21) with some suitably large C' > 0. O

As a preparation for our argument related to the continuity features claimed in
Theorem 1.1, let us briefly record the following density property of the space appearing
in the boundedness statements from Lemma 3.5.

LEMMA 3.6. The set W™ (Q) is dense in CO(5).

Proof. This immediately follows from standard parabolic theory, which namely
asserts that if we let (e!”);>o denote the Neumann heat semigroup on ), then given
any € C°(Q) we have e e W2 () for all t>0 and "¢ — ¢ in CO(Q) as t\,0. O

As a consequence of the above a priori estimates, based on a standard extraction
procedure we can now construct a global solution in the sense of (2.1).

LEMMA 3.7. Let n>1, and let (2.5) and (2.4) hold. Then there exist (¢;);jen C (0,1)
as well as nonnegative functions u and v on Qx (0,00) such that €;\,0 as j — oo, that
(1.8) holds, and that as e =¢; \,0 we have

U — U in L2 (Qx (0,00)), (3.24)
ve = v and Vv = Vv a.e. in Qx(0,00), (3.25)
Ve =V in L3,.((0,00);Wh9(Q))  for all g€ 1, (ngigp% (3.26)
Ve (-, ) = v(-,t) in WH4(Q) for a.e. t>0 for each qe[l,ﬁ), (3.27)
Vo, Vo in L52.((0,00); L*()) and (3.28)

Y% cwv in LL (9% (0,00)). (3.29)

14+cue

In the sense of Definition 2.1, (u,v) forms a global very weak solution of (1.5) which
satisfies

/u(',t):ﬂo|§2| for a.e. t>0. (3.30)
Q
Moreover, for all >0 there exists C(1) >0 such that
2
/ ‘A_%(u(-,t)—ﬂo)’ <C(r) for a.e. t>71 (3.31)
Q

nd
t+1 t+1 t+1
/ /u2+/ /\Av|2+/ /|VU\4§C(T) for all t >, (3.32)
¢ Q ¢ Q ¢ Q

43
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and we have

-

A7 (ue—Tp) D A3 (u—T)  in LS ((0,00); L2(R)) (3.33)

as € =¢g; \0.
Proof.  From (3.9) it follows that

(te)ee(0,1) is bounded in L*(Q x (7,T)) for all 7>0 and T' >,
while (3.10), (3.11), (3.8) and (3.21) guarantee that
(Ve)ee(0,1) 18 bounded in L2((7,T);W*2(Q)), in L*((7,T); W*(Q))
and in L®((7,T);W2(Q)) for all 7>0 and T'> 7,
and that
(Vet)ee(0,1) is bounded in LOO((O,oo);(WJ%,’OO(Q))*). (3.34)

A standard extraction argument based on an Aubin-Lions lemma, and relying on
the compactness of the embedding W?22(Q)— W4(Q) for all qe[l,(ngig”), thus

provides (£;)jen C (0,1) as well as nonnegative functions u€ L? (2 x (0,00)) and v €
12,.((0,50)iW22(Q)) 1 L, ((0,00))i WH4(2)) 1 LS, ((0,00); WH2(©)) such that =, \,0 as
j— o0, and that (3.24), (3.25), (3.26), (3.27) and (3.28) hold as e =¢; \,0, where recall-
ing (2.8), (2.9), (2.5), (3.7) and (3.8), and again using (3.9)-(3.11), we readily obtain

that also
u€ L>®((0,00);L*(Q))  and  ve€L®(2x(0,00)), (3.35)

and that (3.32), (3.31) and (3.33) as well as (3.30) hold. Furthermore, since 0 < ﬁ SE

as € \(0 for all £>0, and since thus the L' convergence feature trivially contained in
(3.9) ensures that also 32— —u in L}, (2 x (0,00)) as e =&, \,0 thanks to Lemma A.1,
it also follows that (3.29) holds because (%52 )ce(0,1) is bounded in L2(Qx (1,T)) and
hence relatively compact in with respect to the weak topology in L*(Q x (7,7)) for all
7>0and T >7 due to (3.9) and (2.9), and because whenever (g, )ken is a subsequence
of (gj)jen such that %<t —2 in L}, (2% (0,00)) with some z€ L} (2% (0,00)) as
e=¢j, \(0, due to the pointwise approximation property in (3.26) a well-known result

([46, Lemma A.1]) becomes applicable so as to identify z=wuwv.

To derive the identities in (2.2) and (2.3) from this, we only need to observe that
for each ¢ € C§° (2 x (0,00)) fulfilling 6‘/’ =0 on 002 x (0, oo) according to (2.6) we have

—/ /usgat:/ /quSE(UE)Ago for all e€(0,1)
o Ja o Ja
/ /vgcpt / /vEAga / /11;:” for all e € (0,1),

that (3.24) and (3.26) clearly entail that

/ /usnpt—>/ /mpt, / /vsgot—)/ /fugot and / /’UEAtp—>/ /vA<p
0o Ja 0o Ja 0o Ja o Jao o Jo o Jo

and
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as e=¢; \(0, that due to (3.29) we have
UeVs o0
— uv
/ / 1+eue 4 /O /Q v
as e=¢; \(0, and that (3.26) together with (2.9), (2.5), (2.4), (1.6) and the dominated

convergence theorem ensure that ¢.(ve) — ¢(v) in L2 (Q x (0,00)) and hence, again by
(3.24),

| [uocwane=s [ [ wowag
as e =¢; \,0.

It remains to note that in addition to (3.34) we know from Lemma 3.5 that also

(tet)ee(0,1) is bounded in L°°((0,00);(VV]%,’OO(Q))*)7

so that since both L!(Q) and L™ (Q) are compactly embedded into (W x> (R2))*, in view
of (2.8), (2.9) and (2.5) we may twice employ the Arzela-Ascoli theorem to infer that

u.—u and v.—v  in O ([0,00); (W™ (Q))%) (3.36)
as e=¢; \(0, and that
u(-t) —sug and  v(t) v in (Wy™(Q)*  as t\,0. (3.37)

Indeed, since WI%IOO(Q) is dense in C°()) by Lemma 3.6, and since the inclu-
sion C°(Q) CW™(Q) entails density of Wx™(Q) also in L'(Q), from (3.36),
(3.35) and (3.37) it follows by means of a standard argument that actually ue
% ([0,00);(CO(2))*) and v CO_, ([0,00); L>=(Q)) with u(-,t) Zug in (C°(Q))* and
v(-,t) g in L°(Q) as ¢ \,0. O

Our main result on global solvability in the considered general framework thus
becomes an evident consequence:

Proof. (Proof of Theorem 1.1.) Since due to (1.6) and (1.7) we can clearly
choose (¢c)zc(0,1) as well as (uoe)ec(0,1) and (voe)ec(0,1) such that (2.4) and (2.5) hold,
the statement actually is part of what has been asserted by Lemma 3.7. ]

4. Large time relaxation Proof of Theorem 1.2

This section is devoted to the investigation of the large time relaxation feature of
(1.5) described in Theorem 1.2. For this purpose, throughout this section we shall
assume that ¢ satisfies (1.10), so that in addition to (2.4), (¢<)ec(0,1) can be chosen in
such a way that

sup [|¢L || oo ((0,01)) < 00 for all M >0. (4.1)
e€(0,1
In fact, we shall see that under this assumption, unlike in the general setting from
Section 3 we can control the integral on the right-hand side of (3.6) in terms of suitably
decaying quantities, based on the following observation.

LEMMA 4.1. Let n>1, and assume that (2.5), (2.4) and (4.1) hold. Then given any
g>n, one can find T's(q) >0 such that

d 1 2 1
— | |A" 2 (u. —7, - . —Tp)?<T 12, 4.2
[t + g [ wP <@Vl 62)
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for all t>0 and €€ (0,1).

Proof. 'We abbreviate c; := [[vo|| (o) +1 and may then rely on (4.1) to fix ¢; >0
such that

|¢'E(£)| <e for all £€10,¢1] and any € € (0,1). (4.3)

We moreover employ a Morrey-type estimate to see that thanks to our assumption g >n
we can find ¢35 =c3(q) >0 fulfilling

lo(2) = o(¥)| < sl Vel Lao for all p€ C*(Q) and each z,y €. (4.4)

On the right-hand side of (3.6), recalling (2.8), (2.9) and (2.5) we can therefore estimate
the integrand according to

[0 (v (2,1)) — e ()6 (02, 0)|

1 1
= |Q|-{/ng(y,t)dy}-d)e(vg(x,t))—|Q ng(yi)@(va(y,t))dy'

t)- ¢6(U8(x7t)>_¢E(Ua(yat))‘dy

< 1~{/us(y,t)dy}~sup
‘Q| yeN

< Upcs - sup’va xr t) Us(yﬂf)‘
yeQ

< Tpcacs|| Ve (1) Lao) for all z€Q,t>0 and €€ (0,1).

02 (ve(2,)) = 9= (v (1))

From (3.6) we hence obtain (4.2) if we let I'3(¢) :=max{I'y, Touac3c3|Q|}. |

Indeed, in low-dimensional cases the right-hand side of (4.2) is, up to an expression
already known to decay integrably fast in time, essentially dominated by the dissipation
rate encountered in Lemma 3.2. More precisely, taking suitable linear combinations
leads to the following.

LEMMA 4.2. Let n<3, and assume (2.5), (2.4) and (4.1). Then there exist b>0 and
T'y >0 such that

L 2
:/ ‘A—f(ug(-7t)—ﬂo)( +b/ |Vv€(~,t)|2, t>0, €€(0,1), (4.5)
Q Q
satisfies
Fo(t)+ Fl /(U —T1p)” /|Vv5|4<1“4/ Vo> for allt>0 and e € (0,1).
4
(4.6)

Proof.  Using that max{n,2} < (n 2 due to our assumption that n <3, we can
pick ¢>max{n,2} such that ¢< oy ) We then let T's =T'3(q) be as accordingly pro-
vided by Lemma 4.1, and taking I'y from Lemma 3.2 and letting

1

= 4.7
ST, (4.7)
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we can draw on the compactness of the first among the two continuous embeddings
W22(Q) — Wh4(Q) — W2(Q) to infer from an associated Ehrling inequality and stan-
dard elliptic regularity theory that there exists ¢; >0 fulfilling

Ls|[Vepl o) < IIAwHLzm +al|VellZa ) (4.8)

for all p € C?(Q2) such that 6—“" 0 on 0N Then from (4.2) we obtain that for all ¢>0
and €€ (0,1),

/\A we—T0)[*+ - /(ua—ﬂo)QSF?»HWe”ZLq(Q)
3

b
< f/|Avg|2+cl/|wg|2,
2 Q Q

which when added to (3.4) shows that with (F.).c(o,1) as in (4.5) we have

1 b
i)yt [ w5 [ [P [ vo
b
§§/|AUE|2+01/|V1}5|2
Q Q

—&-bFl/(uE —1g)? for all t>0 and £ €(0,1).
Q

In view of (4.7), this yields (4.6) if we choose I'y:=max{2I';, It ¢1}. d

According to the decay feature of ¢t — [, |Vv.|? included in (3.2), an analysis of the
damped linear ODI in (4.6) already entails the stabilization property of u claimed in
Theorem 1.2, and beyond this also provides some further information on decay of the
signal gradient.

LEMMA 4.3. Let n<3, and suppose that (2.5), (2.4) and (4.1) hold. Then there exists
a null set N, C (0,00) such that A~2 (u(-,t) —to) € L*() for all t€ (0,00)\ N, with

A_%(u(~,t)—ﬂ0)—>0 in L*(Q) as (1,00)\ N, >t — 00, (4.9)
and one can find C >0 such that
/100/Q|V115|4§C for all e €(0,1). (4.10)
Proof. Since A~ is continuous on L2 (), we can fix ¢; >0 in such a way that
14720l 0) Serllllia  forall pe 12 (9),

whence if we take I'y from Lemma 4.2 and let ¢ := ﬁ, then from (4.6) we infer that
for the functions in (4.5) we have

FL(t)+caFo(t /|Vvs|4<h (F4+b02)/|V'u5|2 (4.11)
Q

for all t>0 and €€ (0,1). If here we first neglect the nonnegative third summand on
the left, then by means of a comparison argument we obtain that

t
F.(t) < Fo(1)em2(=D 4 / e 2= p_(s)ds

1
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¢
< czeme2(t=D) +/ et p_(s)ds for all t>1 and €€(0,1), (4.12)
1

with c3 :zsupae(m)}}(l) being finite due to (3.7) and (3.8).

In order to make appropriate use of this in the framework of the sparse topological
information on the approximation properties of (v<).c(0,1y, and especially of (uc).c(0,1),
provided by Lemma 3.7, we note that (3.8) and (3.7) particularly ensure that for all
to>1, with (&) en as found there we have Vo, A Vyand A3 (ue —o) XA (u—"g)
in L>((to,to+1); L%(Q)) as e =, \,0, and that thus, according to lower semicontinuity
of the norms in these spaces with respect to the considered convergence type, for

f(t)::/ﬂ’A—%(u(-,t)—ao)rer/Q]W(-,t)f, t>0, (4.13)
we have

IF N 2oe ((to,tot1)) < Eli:rgig%||]-'5\|Loc((to,t0+1)) for all tg> 1. (4.14)

Here the right-hand side can be controlled by combining (4.12) with (3.26) and (3.2):
Indeed, for to>1 and ¢ € (tg,t0+1), in (4.12) we can estimate

t t to+1
/ efc2(t73)h5(s)ds:e*°2t/ ec2sha(s)ds§efc2t°/ e?°h.(s)ds for all e€(0,1),
1 1 1

where we may use that (3.26) warrants that
he—h in L},.((0,00)) ase=¢;\,0 (4.15)

with h(t) := (D4 +bea) [, |V (-,t) ? t>0. Therefore, (4.14) along with (4.12) shows that

to+1
1 F Nl oo ((t0,t0+1)) < 636762(%71)4“6762%/ e?°h(s)ds
1
to+1
= czec2(toD) +ec2/ ec2(tot1=9)p (5)ds for all to>1,
1
so that since [ h(s)ds is finite by (3.2) and (4.15), and since thus

to+1 oo
/ 6762(t°+175)h(s)d.§:/ 1(1)t0+1)(5)6762(t0+178)h(s)d5—)0 as to — 00
1 1

according to the dominated convergence theorem, it follows that
||f||Loo((t07t0+1))_>0 as to—)OO.

With some suitably chosen null set N, C (0,00), this readily establishes the claimed
conclusion together with (4.9), whereas (4.10) can be seen by going back to (4.11) and
integrating over t € (1,7) for T'>1, which namely reveals that in view of our definition
of c3,

1 T T
—/ /|Vv5|4 < f5(1)+(r4+bc2)/ /\Wﬁ
Ty )1 Ja 1 Ja
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1
< Cg+(r4+b62) . §|Q‘ . (H’U(J”Loo(Q) —|—1)2 forall T>1 and € (071)7

again thanks to (3.2). d

Finally, we only need to observe that thanks to the fact that the exponent 4 appear-
ing in (4.10) exceeds the currently considered spatial dimension, through a Morrey-type
inequality the latter can be combined with (3.1) and (2.8) so as to yield decay of v in
the intended flavor.

LEMMA 4.4. If n<3 and (2.5), (2.4) as well as (4.1) hold, then there exists a null set
N,y C(0,00) such that

v(,t)—=0 n L>(Q) as (1,00)\ Nyx 2t — 00. (4.16)

Proof. Once more making explicit use of our restriction on n, we again employ a
Morrey estimate to find ¢; >0 such that

o=l HLW(Q) <e|Vellpae — forall pe WH(Q). (4.17)

Moreover, combining (3.29) with (3.1) and (3.25) with (4.10) we obtain that

/ /uv<oo and / / |Vol* < oo,
1 Jo 1 Ja

whence given 1 >0 we can choose ¢, >2 suitably large fulfilling

t"? mfrl tn /r]
wy < — and / Vo(-,t) dt < —, 4.18
/t,,—1/Q 2 ty—1 Vel HL4(Q) 2¢ (4.18)

where m:= |Q[g is positive according to (1.7). To see that, in fact, with some null set
N, C(0,00) we have

lo(-,t)|[Le () <n for all t € (t,,00) \ Nux, (4.19)

we note that in view of the continuity of the embedding W14(Q) < L>(Q) we know
from (3.27) that v.(-,t) = wv(-,t) in L>(Q) for a.e. t>0 as e =¢; \,0, with (g;)jen as
provided there. As a consequence of this, namely, we may rely on (2.9) to see that with
some null set Ny, C (0,00),

lv(- )] Loe () < Nv(-,t0) | Lo () for all ¢y € (0,00) \ Ny« and each t € (tg,00) \ Nux,
(4.20)
while thanks to (3.30), upon enlarging N, if necessary we may assume that moreover

/u(~,t)=m for all € (0,00)\ Nyx. (4.21)
o

In particular, using (4.17) and (4.18) we can estimate

tn
/ [0 e s -t
t

n—1

_ /t:n_l/Qu(x,t)v(x,t)dxdt—/t:n_l/ﬂu(x,t).{v(x,t)—v(.7t)||Loc(Q)}dxdt
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< /t"{/md} (6) (1) d
< —+ u(x,t)dx Hv S t) = [[v(+,t) ]| Lo H t
2 t,—1 LJQ e Le=(Q)
t
mn K
<5 ram | Vo] gt
tn—
mn n
< L
=75 +cim 2013

so that since, on the other hand,

t,
) || Loy -mdt >m-essinf  |Jo(-,8)|| Lo
L IOl 2 ssint el

by (4.20) and (4.21), it follows that

ssinf [[v(- )| Lo () <7
teﬁibf?,tn>”“(’ Mooy <7

Again thanks to (4.20), this entails (4.19) and thereby implies (4.16). O
Our main result on large time stabilization has thereby been achieved already.

Proof. (Proof of Theorem 1.2.) Noting that our assumptions in (1.10) enable us
to choose (¢:)ce(o,1) in such a way that both (2.4) and (4.1) hold, we may take (u,v)
as accordingly provided by Lemma 3.7, and then conclude as intended by combining
Lemma 4.3 with Lemma 4.4 and letting N := N, U N,,, with the null sets N, and N,
introduced there. O
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Appendix. As we could not find an appropriate reference for this in the litera-
ture, let us finally include a derivation of the following general statement on weak L'
convergence that has been used in Lemma 3.7.

LEMMA A.1. Let N>1 and GCRYN be measurable with |G| < oo, and suppose that
(pj)jen CC°([0,00)) and (wj)jen C L*(G;[0,00)) are such that as j— 0o we have

sup ’pj(f)—f‘—w for all M >0 (A.1)
£elo,M]

and
wj —w in LY@G), (A.2)
and that there exists K >0 such that
|pj(§)|§K§ for all €>1 and j€N. (A.3)
Then
pi(w;)—w in L'(G) as j —oo. (A.4)
In particular, this conlcusion holds whenever (p;);jen C C°([0,00)) is such that

0<p;(&) 1€ asj—oo for all £>0. (A.5)
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Proof.  Since (w;);en is relatively compact with respect to the weak topology in
L'(G) by (A.2), from the De la Vallée-Poussin theorem we obtain ¢; >0 and a function

¥ :]0,00) = (0,00) such that @ — +00 as £ — oo, and that

/1/J(wj)§cl for all jeN. (A.6)
G

Now given 0# ¢ € L>°(G) and 1>0, we abbreviate c;:= ||¢|| 1~ (c) and first pick 6 >0
small enough fulfilling

n
0 46102'(K+1)7 ( 7)

then choose M >1 such that
Y(€)
3

and taking c3 > 0 large enough such that in accordance with (A.2) we have

> for all £> M, (A.8)

SN

/ w; <cz for all j €N, (A.9)
G
we use (A.1) and again (A.2) to fix j, €N in such a way that

|pj(§)f£| < %\G\ for all j>j, and £ € [0, M] (A.10)

’/szﬁ/ww‘é
G G

Then for any j > jj,, in the identity

/Gpj(wj)sﬂ—/GW’:/G{Pj(wj)—wj}'90+{/ij<ﬂ—/Gw<P}a jEN, (A.12)

we can use our definition of ¢y to estimate
‘/ {Pj(wj)—wj}'sp’ < 02/ |pj(w;) —wj]
G G

:Cg/ |pj(wj)fwj‘+02/ |pj(wj)fwj| (A13)
{U)JSM} {’w]‘>M}

as well as

(VRS

for all j > jy,. (A.11)

for all j €N, where according to (A.10),

7 n [{w; <M} .y

c pi(w;)—w;|<c / = J """ < for all j > j,.
2/{wj<M}{ sley) gl <es {w;<my 4c2|Gl 4 |G| !
(A.14)

Moreover, recalling that M >1 we may rely on (A.3) to see that thanks to (A.8), (A.6)
and (A.7),

i
4

62/ |pj(wj) —w;| < 02/ |Pj(wj)‘+c2/ w;
{wy > M} {w;>M} {w;>M}
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< CQ~(K+1)/ wj
{w;>M}
wj

=cy- (K + 1)/{wj>M} o) P(wy)

(K +1)0 P(wy)
{w;>M}

2(K+1)6Cl
for all jeN.

IN
S

ININ
= RS9

Together with (A.14) inserted into (A.
implies the inequality

‘/Gpj(wj)so—/ ’< + +

from which (A.4) follows for such (pj)jeN due to the fact that >0 and ¢ € L>®(G) =
(L'(G))* were arbitrary.

The additional claim concerning sequences (p;)jen fulfilling (A.5) results from this upon
observing that in this case (A.3) is trivially satisfied, whereas (A.1) is a consequence of
Dini’s theorem. |

3), this shows that (A.12) along with (A.11)

wjga

wga' n for all j > jy,,
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