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KAM PERSISTENCE FOR
MULTISCALE GENERALIZED HAMILTONIAN SYSTEMS*

WEICHAO QIANT, XUE YANG!, AND YONG LI$

Abstract. This paper concerns the persistence of invariant tori for multiscale generalized Hamil-
tonian systems. A multiscale nondegenerate condition on Poisson manifold comparing Kolmogorov
nondegenerate one on symplectic manifold and multiscale iso-energetically nondegenerate condition on
Poisson manifold comparing iso-energetically nondegenerate one due to Arnold are introduced, hence
some multiscale KAM theorems and multiscale iso-energetic KAM theorems on Poisson manifold are
established. And we give three applications by a direct example, first order PDEs and steady Euler
fluid path flow, respectively.
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1. Introduction

Consider a nearly integrable real analytic multiscale generalized Hamiltonian system
of the following form:

H($,y) = EOhO(y) +51h1(y) +-- +€m0hmo (y) +€2P(£L',y), (11)
. . . 0 B -
with the Poisson structure matrix I(y)= < _BT ¢ ) to be specialized below, where

y€G, GC R is a bounded closed region (closure of a bounded, nonempty open set),
xe€T"=R"/2xZ"; hi(y), 0<i<myg, and P(z,y) are real analytic functions; &,,,, 0<
i <my, and € are parameters with 0 <e <min{eg,e1, - ,Em, } K 1; I and n are positive
integers and my is nonnegative integer.

When mo=0 and I =J (the standard symplectic matrix), where [ =n, system (1.1)
is just the classical Hamiltonian system. The celebrated KAM theory duo to Kol-
mogorov [24], Arnold [1] and Moser [33] asserts the persistence of Lagrangian invariant
tori, which answers certain stability questions of the planetary systems. And for the
persistence of lower dimensional invariant tori, see [12,21-23,29,30,34,38-40,43,45,52],
especially, for resonant invariant tori, see [11,14,26,27,41,48]. For a long time, one has
been trying to establish the KAM type results for nonsymmetric Hamiltonian systems,
i.e. generalized Hamiltonian ones under consideration. When mo=0, [ <n and [+n is
even, the system is co-isotropic, for which we refer the reader to [10,16,17,35,37,51]. Ac-
tually, by some technical reasons the development of KAM theory for ‘odd-dimensional’
systems is a challenging problem, as pointed out in [28,32,46], and the relative theorem,
where [+ n is odd, was given in [25] on the Poisson manifolds, which can be applied to
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the perturbation of three-dimensional incompressible fluid flows [7,32,36]. Also see [13].
Furthermore, the KAM theory about atropic tori can be found in [18,19,46,47].

On the other hand, starting with Arnold’s research [2] for mg =1, the KAM stability
for multiscale Hamiltonian systems has been paid high attention. When mg>1 and
I=J, l=n, with the degeneracy-removing condition in many restricted 3—body as
well as n—body, there exists a family of invariant tori [4-6,8,20] and with high order
degeneracy-removing condition [15]. This has been applied to spatial lunar problem
by Meyer, Palacian and Yanguas [31]. And for further research, see [42, 44,49, 50].
Naturally, one can ask whether there is a family of invariant tori when system (1.1) is
one of multiscale with mg>1. Especially, when mg > 1, this will become very complex
due to possible independence of these small parameters. In this paper we will study the
KAM persistence for such a multiscale generalized Hamiltonian system (1.1).

Let the Poisson structure matrix [ = (I;;): G xT™ — RUHm)x(+n) he a real analytic,
antisymmetric, matrix-valued function with rank I >0 and satisfy the Jacobi identity:

l+n
2 (= + L+ Tay 1) =0 (12)
a=1 a a a

for all z=(y,z) e GxT" and i,5,k=1,2,---,l4+n. Such a structure matrix defines a
2-form w? (Poisson structure): w?(-,Iw')=w!(-), for all 1-form w! defined on G xT™,
which can also be determined in the following way:

{f1, f2} =df2(Idfy) = (V f1,1V fa) =w*(Idf1,Idf>),

for all smooth functions f; and fy defined on G xT™, where {-,-} denotes the Poisson
bracket and V denotes the standard Euclidean gradient on R'xT". To ensure the
invariance 2-form w? relative to T™, the structure matrix I should be independent of
z€T", ie. I=1I(y), y€G. Then on the Poisson manifold (G xT" w?) the motion
equation of (1.1) associated to the 2-form w? reads

2=I(y)V(N(y,&) +&°P(y,)), (1.3)

where £= (517 T a€m0)7 N(yaé) :EOhO(y) +e1hy (y) T+ +5”7-0hm0 (y) and z= (yax)T'
Moreover, we require that the unperturbed system associated to (1.3) is completely in-
tegrable, i.e. y=(y1,y2, -, y)T €G need to satisfy the involution conditions: {y;,y;}=
0,i,7=1,2,--- 1. Thereby,

_( O By
1=t o ) —

where O =0, is a zero matrix, B= By, C =C,, , with CT=-C.
Let e=0 in (1.3). Then the motion equation for the unperturbed system, N(y,€),

reads
T=uw (y)v

where w=(w1(y), - ,wn(y)) =—BT(y)0,N(y,é), é=(e1,*,Em,). Hence, the phase
space G xT™" is foliated into invariant n—tori {T}:y € G} carrying parallel flows un-
der the incommensurate condition: (k,w)#0 for Yke Z"\{0}. What we will show
is the persistence of invariant tori under small perturbation. To this aim, let
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9(s,y) = ((s,wo),+, (S,wmy )T, ¢ €S™, where S™ is the n dimensional unit sphere and
w; =—BT(y)0,h;, 0<|i|<mg. We introduce the following multiscale nondegenerate
condition:

(A) There exists an N > 1 such that
rank{0,g:0<|a|<N, VyeGl=mo+1, VeeS".

REMARK 1.1. As is well-known, the weakest condition ensuring the persistence of
invariant tori is Rilssmann nondegenerate condition [45]. Condition(A) is a multiscale
nondegenerate one on Poisson manifold as compared to the Riissmann nondegenerate
condition on symplectic manifold. For multiscale nondegenerate condition on symplectic
manifold, refer to [42].

REMARK 1.2. In fact, condition (A) is also equivalent to the following:
(A’) There is a positive integer N such that

rank{0,w:0<|a| <N, YyeG}=n for |e]>0,

where w=—BT (y)0, N (y,&), €= (e1,"** ,&m, ), n is the dimension of the variable
x.

(Kol) Assume
(8§N)T3§N2min{sg,m e Hixi-

REMARK 1.3. Assumption (Kol) is a multiscale nondegenerate condition on Poisson
manifold as compared to the Kolmogorov nondegenerate one on symplectic manifold.
If mo=0, for a similar nondegenerate condition on Poisson manifold, refer to [25].

(Iso) Assume

02N QT\" (92N QT .
< a o ) ( a o )>mm{€%""’5?2710}I<l+1)x(l+1>~

REMARK 1.4. Assumption (Iso) is a multiscale isoenergetically nondegenerate condi-
tion on Poisson manifold as compared to the isoenergetically nondegenerate one given
by Arnold [2] on symplectic manifold. However, Arnold’s condition does not involve
multiscale. Hence (Iso) seems to be first multiscale isoenergetically nondegenerate con-
dition.

Our main result can be stated as follows.

THEOREM 1.1.  Consider Hamiltonian (1.1) with the Poisson structure I(y), i.e. (1.4)

and the Jacobi identity.

(1) Assume multiscale nondegenerate condition (A). Then there exist a Ayg>0 and a
family of Cantor sets G. CG, 0<e <Ay, such that for any y € G. the unperturbed
torus Ty persists and gives rise to an analytic, Diophantine, invariant n—torus of
the perturbed system with small perturbed frequency we(y). Moreover, the Lebesque
measure |G\ Ge| =0 as e —0;

(2) Assume (Kol) and (A) on G. Then there exist a Ag>0 and a family of Cantor
sets G. CG, 0<e<Ag, such that for any y € G, the unperturbed Diophantine tori

will persist and give rise to perturbed tori preserving corresponding unperturbed toral
frequencies.
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(3) Let X={y:N(y)=c} be a given energy surface. Assume (Iso) and (A) on 3. Then
there exist a Ag >0 and a family of Cantor sets X.. CX, 0<e < Ag, such that for any
y € X, the unperturbed Diophantine tori will persist and give rise to perturbed tori
keeping the same energy and maintaining the frequency ratio. Moreover, |£\3:|—0
as € —0.

To have a good understanding of the main result, we show three applications first.

Example 1.1. Consider the following Hamiltonian system:
- 1
H(,y,6) = {w,y) + 5 (v, Ay) +€* P(a,y), (1.5)

defined on a Poisson manifold with Poisson structure I(y) satisfying (1.4) and the Jacobi

identity, where
EoIO o --- 0
0 €1 Il s 0
W=¢Eowo+ -+ EmeWmg, A= . . , Do, In, -+, Iy, are identity
0 0 - emglmg
matrices with dimension mg, 11, -+, Mn,, respectively, and mg+m1+ -+ My, =n.
It is easy to check

E%Io 0 0
0 &L - 0
ATA = . .
0
0 0 quolmo

Ip 0 --- 0
L, om0
> min{eg, -5, } S
00 - I,

Using Theorem 1.1, if w satisfies condition (A), for Hamiltonian (1.5) there is a family
of invariant tori, on which the frequency is BT w.

Example 1.2. Consider the following first order PDEs:

- I
Ou ou

E Ty 1 e ) (I - T _ 1
i:1az( 1005 dn, b1, ,Gz)ali—I—i:Zlanﬂ( 1005 dn, b1, ,91)3& 0, (1.6)

where I =(Iy,---,1,) EGCR", 0=(0y,---,0;) €T', G is a bounded closed region.
We give some basic definitions first. In (1.6), (a1,---,an+;) is called the character-

istic direction. The following equations:

%:al(llf" 7Ina91a"' 79l)7

%:an(jla"' Ay, 70l)7

do
T;:an+l(Ila"' ;In791a"' 79l)a

dé
Ttl :an+l(Il7"' 7Ina917"' 79l)a
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and

%:al(llf"alnaela'”,el)7

%:an(117“' 3I7l3913”‘ 70l)7

Y : (1.8)
Ttl:a/'rH»l(Ila"' ;In791a"' 79l)a

% :an+l(Il7"' 7Ina91a"' 79l)a
du _
dt )

are called characteristic equations and full characteristic equations, respec-
tively.

As is well-known, the picture of integral curves for (1.6) is determined by full char-
acteristic equations. From full characteristic equations (1.8), we get u=c. Therefore,
the characteristic equations are basic to show the picture of integral curves. Next, we
give the definitions of integrable characteristic equations and nearly integrable charac-

teristic equations. The characteristic equations are integrable if there is a Hamiltonian
H(I) and a matrix B, x;(I) such that

(1) a;=0,1<i<n,

Ap41

. OH

Ap+]

For integrable characteristic equations, if BT%—? is incommensurate, the picture of in-

tegral curves on space (I,60,u) is a torus for any I € G and u=c.

Question: What is the picture of the integral curves if the characteristic equations
are not integrable?

The characteristic equations are nearly integrable if there are two Hamiltonians
H(I) and P(I,6), two matrices B(I) and C(I) with C=—C" such that

ai
(1) | =eB2E,
an
Qp41
(2) : | =-BT% t+:C9.
Ap4]

REMARK 1.5. Combining the definitions of integrable characteristic equations and
nearly integrable characteristic equations, u=c is a surface on space (I,0,u) with a

differential structure J(I), usually to be a Poisson one, where J(I)= (_%T g), C=
—CT.

(A2) There is an N >1 such that
rank{0%¢,0<|a| <N} =1,Yse S,

— T OH
where g=¢B* F7.
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THEOREM 1.2.  Let J be a Poisson structure, i.e., J satisfy the Jacobi identity. The
picture of integral curves with integrable characteristic equations is a torus T' and denote
it by T.

(1) Assume (A2) on G. Then there exist a €9 >0 and a family of Cantor sets G. C G,
0<e<eyp, such that for any I € Ge and u=c the picture of integral curve with nearly
integrable characteristic equations on space (I,0,u) keeps a torus T.. Moreover, the
Lebesgue measure |G\ G| =0 as € —0.

(2) Assume (A2) and rank %2113 =n on G. Then there exist a £9>0 and a family of
Cantor sets G. CG, 0<e<eq, such that for any I € G, and u=c the picture of
integral curve with nearly integrable characteristic equations on space (I1,0,u) keeps
a torus T. and the frequencies between T and T. are same. Moreover, the Lebesqgue
measure |G\ Ge| =0 as e = 0.

(3) Let X={I:H =c} be a given energy surface. Assume (A2) and
e T
I =
ran ( a0 ) n+1

hold on Y. Then there exist a €9 >0 and a family of Cantor sets . CX%, 0<e<
€0, such that for any I €%, and u=c the picture of integral curves with nearly
integrable characteristic equations on space (I,0,u) persists as a torus Tz, on which
the frequency ratio is kept. Moreover, the Lebesque measure X\ X.|—0 as e —0.

REMARK 1.6. In this application we give the definitions of integrable characteristic
equations and nearly integrable characteristic equations. And we prove that the picture
of integral curves for semi-linear equation with nearly integrable characteristic equations
is a family of tori. The results also hold for semi-linear equation with nearly multiscale
integrable characteristic equations.

Example 1.3. For multiscale generalized Hamiltonians, an important and direct ap-
plication is about the three-dimensional multiscale steady Euler fluid path flows. The
persistence of invariant 2-tori or 1-tori (on the cylinder) after suitable perturbations is
a significant way to understand the barrier of fluid transport and mixing, which brings
KAM theory into play.

A fundamental result about three-dimensional volume-preserving flows given by
Arnold [3] shows that the system admits either invariant tori with trajectories all closed
or all dense, or invariant annuli with trajectories all closed, when the steady Euler ve-
locity field is not everywhere collinear with its vorticity field in a domain, which uses
crucially the fact that the vorticity associated with a steady Euler flow is an infinitesimal
generator of a volume-preserving spatial symmetry group. Without the fact mentioned
above, the persistence of invariant 2-tori under volume-preserving perturbations was
shown in [32] by using the KAM theory developed in [9] for volume-preserving maps.
And for the persistence to general perturbation, we refer the reader to [25]. The frequen-
cies of the results mentioned above are only with one scale. Then a nature question is
whether there is a family of invariant tori for multiscale three-dimensional steady Euler
fluid path flows.

For example, consider the nearly planar flow reduced by a divergence-free multiscale
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system of ordinary differential equations of the following form:

Z’l — 8H(Zl 22)
e O 19)

Z3=¢e1h(21,22)
where 21, 22 and z3 € R'. We assume that the steady Euler flow admits a family of
elliptic vortex lines, i.e.

(H) There is a region D of the (z1,23)—plane in which the level sets H(z1,22)=c¢
are closed curves,
which is generally satisfied for steady Euler flow.

Under assumption (H), (1.9) becomes the following form of action-angle:

=0
b=wi(T) - (1.10)
25.3 zelh(I,Q)

Suppose w;#0 in D. Then with the volume-preserving transformation ¢=z3-+
%fo% slh(l 9) df — f Elh(I 9) df, (1.10) arrives at

7=0
0=w(Z) (1.11)
p=c1wa(Z)

where ¢ € S or R! and wo(Z) = wl(I) 27( h(I e)dﬂ which describes nearly planar flow.

Actually, system (1.11) is equlvalent to an integral Hamiltonian N(Z) with the

Poisson structure matrix
- 0 B(T)
- —BT(I) C ’

where Z€ R, (;2} ) =-BT(I)0zN(I), e <e;. With the incommensurate condition
1w2

the persistence of invariant tori is obvious. Then a direct and important problem is
whether there is a family of invariant tori under small perturbation. In other words,
consider a nearly integrable real analytic multiscale three-dimensional Hamiltonian of
the following form:

H(Z,%))=N(I)+e*P(Z,9) (1.12)

with the Poisson structure matrix
j 0 B(7)
o —BT(I) C ’

where Ze AC RY, ¢ =(0,¢) € T?, (gw:) ) =—BT(I)0zN(Z), e < 1. We state our re-
1W2

sult about the persistence of invariant tori for Hamiltonian (1.12) as follows.
(A3) There is a positive integer N such that

rank{07w:0<]a| <N} =2 for |e;| >0,
where w=—BT(Z)0rN(I).
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THEOREM 1.3.  Consider Hamiltonian (1.12) with the Poisson structure I(T) satisfying
the Jacobi identity.

(1) Assume (A3) on A. Then there exist a Ag>0 and a family of Cantor sets
A CA, 0<e<Ay, such that for any T € A, the unperturbed torus Tr persists
and gives rise to an analytic, Diophantine, invariant torus of the perturbed

system with small perturbed frequency we(Z). Moreover, the Lebesque measure
[A\Ac| =0 as e—0;

(2) Assume (A3) and G%NTa%NEE% on A. Then there exist a Ag>0 and a fam-
ily of Cantor sets Ac CA, 0<e<Ayg, such that for any T € A, the unperturbed
Diophantine tori will persist and give rise to perturbed tori which preserve
corresponding unperturbed toral frequency. Moreover, the Lebesque measure
[A\Ac| =0 as e—0;

(3) Let X={Z:N =c} be a given energy surface. Assume (A3) and

92N QT\T /82N QT
(%z o) (?z 0)25?12“

on 3. Then there exist a Ag >0 and a family of Cantor sets . CX, 0<e <Ay,
such that for any T € X, the unperturbed Diophantine tori on X. will persist
and give rise to perturbed tori keeping the same energy and maintaining the
frequency ratio. Moreover, |\ X:|—0 as e —0.

REMARK 1.7. In applications, one does have the freedom to determine the Poisson
matrix I(Z) according to either the form of a perturbation or the nature of a particular
problem.

Actually, this paper is an extension of reference [25]. The extension contains not
only the scales in integrable part from 1 to mg but also the results show the preservation
of frequency and frequency ratio. Of course, this is not simple. It seems to be the first
work to give multiscale nondegenerate condition on Poisson manifold as compared to the
Kolmogorov nondegenerate one on symplectic manifold and multiscale iso-energetically
nondegenerate condition on Poisson manifold as compared to the iso-energetically non-
degenerate one on symplectic manifold. And we use an amendatory KAM iteration
mentioned in [44] to reduce the harm caused by multiscale. The paper is organized as
follows. In Section 2, we provide an amendatory KAM iteration for a parameterized
multiscale generalized Hamiltonian. The proof of the main result is placed in Section 3.

2. Abstract Hamiltonian

Throughout the paper, unless specified otherwise, we shall use the same symbol ||
to denote an equivalent (finite dimensional) vector norm and its induced matrix norm,
absolute value of functions, and measure of sets, etc., and denote by |-|p the supremum
norm of functions on a domain D. Also, for any two complex column vectors &, of the
same dimension, (£,¢) always means £7¢, i.e. the transpose of ¢ times . For the sake
of brevity, we shall not specify smoothness orders for functions having obvious orders
of smoothness indicated by taking their derivatives.

Consider a parameterized Hamiltonian system of the following form:

H = N(y,£,€)+eP(x,y,E), (2.1)
N = €(£)+<Q(f),y>+h(y,§)7

Q = ggwo +e1w1 + -+ EmoWmg
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h = {y, A§)y),
A = €0A0+51A1—|—~~~—|—Em0Am0,

defined on D(r,s)={(z,y):|Im z|<r, |y| <s}, a (r,s)—complex neighborhood of T x
{0} CT™ x R!, where P=cP(x,y,£), E€A={X:|\|<0} CR?, é=(e1,-,em,) and €
defined as above. Denote A ={\:|\|<d; —7j}.

(A1) There is an N >1 such that

rank{@?Q:OS la| < N}=mg+1,Vse S”,

where .g: (<§7a)0>u"' 7<<7(Dmg>)7 e Sn, ‘Dz :_BT(AJi7 OS |Z| Smo.

THEOREM 2.1.  Consider Hamiltonian (2.1) with the Poisson structure I1(y), i.e. (1.4)
and the Jacobi identity.

(1) Assume (A1). Then there exist a Ag>0 and a family of Cantor sets Ac CA,
0<e <Ay, such that for any y € Ac the unperturbed torus T, persists and gives
rise to an analytic, Diophantine, invariant n—torus of the perturbed system with
small perturbed frequency we(y). Moreover, the Lebesgue measure |A\ Ag|—0
as € —0;

(2) Assume (A1) and AT A>min{e?,--- &2, ;x; on A. Then there exist a Ag>0
and a family of Cantor sets A CA, 0<e<Ag, such that for any y€ A, the
unperturbed Diophantine tori will persist and give rise to perturbed tori which
preserve corresponding unperturbed toral frequency. Moreover, the Lebesgue

measure [N\ Ac| =0 as e —0;

(3) Let X={y: N =c} be a given energy surface. Assume (A1) and

AQT\T /a7 .
(Q 0) (Q 0 )Zmln{fi"'763@D}f(z+1)x(z+1)

on X. Then there exist a Ay >0 and a family of Cantor sets . C X, 0<e <Ay,
such that for any y€e€ X, the unperturbed Diophantine tori on ¥, will persist
and give rise to perturbed tori keeping the same energy and maintaining the
frequency ratio. Moreover, |2\ 2| —0 as e =0.

2.1. KAM steps. Let us begin with system (2.1) by regarding it as a Hamilto-
nian of 0—step, and rewriting it as follows:

HO :NO(yafag)+€PO(x7y7§)7 (22)
No = eo(§) +(Q0(8),y) +ho(y,),

Qp = 60w8+51w?+~~+sm0w210,

hO = <y7A0(£)y>a

AO = 60A8+€1A(1)+---+€m014

0
mo?

defined on D(rg,s0) ={(z,y):|Im z|<ro, |y|<so}, a (ro,s0)—complex neighborhood
of T" x {0} CT" x R', where Py=cP(x,y,£), £€ Ao C R?. Moreover, let 7o = £ TIT) ,

1 1 _ 3(1—b)—4(b+o) .
So=€3, up=¢€1, Nyg==¢ 1IN , where b and o are constants to be determined next.

Then by Cauchy estimate we have

N+7 .2
0 SoHo
|agP0|D(m,so)><7\0< ¢ ’F]N ) ‘Q|§N

0
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Next, we will show the KAM iteration from v—step to (v+1)—step. For simplicity,
we shall omit the index for all quantities of the v—th KAM step and use '+’ to index
all quantities in the (v+1)—th KAM step. Suppose, at v—th step, we have obtained
the following smooth family of real analytic Hamiltonians

H(x,y,8) = N(y,€,€) +eP(x,y,8), (2.3)
N(y,6,8) = e(&,8) +(QE,8),y) +h(y,6,8),

( ) = oW +E1W1 + -+ EmuWmy»

h(y,£,€) = (y, A(£.€)y),
(57 ): 50A0+51A1+"'+5m014m07

where (z,y) € D(r,s)={(z,y):|Im z|<r, |y|<s}, a (r,s)—complex neighborhood of
T x {0} CT" x R, ¢ € AC R?. Moreover,

N+7 .2
AT
|agP|D(r,s)XA§ﬁ7Na |q|SN (24)

We need to construct a canonical transformation @, which, on a small phase domain
D(r4,s4) and a smaller parameter domain A, transforms (2.3) into a family of Hamil-
tonians with the following form

7‘[.4_:7'[0(1)4. :N+ +€73+

enjoying the similar properties to (2.3) but with a much smaller unintegrable perturba-
tion Py.
All constants below, for simplicity, denoted by ¢, are positive and independent of

mo
the iteration process. Define €= (g, +,&m,) with |&|= 3" |e;|, and let
i=0

2

- Yo, Y
Ty = (57"*d(175)7“0, Sy = 1+b+ ) 7+:Z0+§7
1 ~ 5
Ky = ([logg]+1)3a Dy =D(s4,r+), D=D(so,r++5(r=rs)),

. 1—1 . B B Mo
Di:D(ZS+?T++?(T_T+))72217"'787 n+:n_ﬁ,

where ag, b, o, d are chosen so that 1<b<o<1,0<d<1,2—m(b+o)—0c> % o(1+
b+o0)>1and § =1—d. Hereafter, we let 7>max{0,n(n+1)—1,/(I+1)—1,(N+1)N —
1} be fixed.

2.1.1. Truncation. Consider the Taylor-Fourier series of P

P= Z Pyiy'eY =1k,
|[klezn, iezr

and denote the truncation of P by R with the following form

R= Z Pkiyie\/jukﬁf).
[k|<K4, [i|<2

With the following assumptions
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Z nN -2 3(1+bto)
; ANt Ne= =16 g\ < s , (2.6)
+

and using Lemma 2.1 in [25] we get

3
C’YN+7/$(S3(1+I)+U) + %)

|0(P=R)|pyxa < .~

2.1.2. Homological equations. To average out all harmonic terms of R,
ie. all terms PyleY 152 0<|k| <Ky, |i| <2, consider the following homological
equations

{N,F}+e(R—[R])—Q=0, (2.7)
where

F= Z friy'eV TR,
0<|k|<Ky4, [i<2

1
R| = 7/ R(zx,y)dz,
Q=Y V-1k(B" (4.8~ B" (40,))(QE) +yh(y,£,8))) fray'e’ .
0<|k[<K+,
li|<2
By comparing coefficients of (2.7), we set formally
V=1{k, BT (y0,6) (2(&,8) +9yh(y.£,8))) fri = e Pri- (2.8)
Put
BT (Q+0yh) =eo@o+e1@01 +++ + Emy@mg + O(E0y ++ +Emyy)
and denote
Ly, = (k, BY (0,6)((&,8) +9yh(y,£,9))).-
Furthermore, on A, by the following assumption
s K7 =0(m), (2.9)

we have

‘Lkl = ‘(507"' ’Emo)(<k’@0>7"' ’<k7@mo>)
+ (€0, Emo ) (K, O([y])), -+, (K, Oy )]

. ~
> C\E|W—|5Hk|0(|y|)

where Ay ={{eA:|(k,w)|> “il‘z, 0<|k|<K4}, w=eo@o+- 4 Eme@m,- Then (2.8) is

solvable on A;. Moreover, all solutions fi;, 0<|k| <K, |i| <m, are real analytic on
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A4. Thus we have found out the desired generalized Hamiltonian F', which is real
analytic in both £ € A} and (y,x) € Dg. Moreover,

q 97 9z Szi‘ilp’
|358§8xF\ < Y L(r—ry),
. . Il (r—r)
where I'(r—r,) = > || (31 +laD+il+lal =141zl e === We place the details
l71<2, 0<|k|<K4
in Appendix A.
2.1.3. Estimate for transformations. Let &, =¢L be the time—1 map of
the motion equation associated to F, i.e.
:=1(y,§)VF(y,z,é), (2.10)

where z=(y,2)”. Then @ is a canonical transformation and
Hi=Ho®y=(N+eR)ogp+e(P—R)odr =N, +Py,

where

1

75+:/ (Re,F}odladt+2(P—R)odk+Q,
0

N = N +¢[R],

Re = (1-1){N,F} +eR.

It should be pointed out that due to the Jacobi identity the structure matrix I is
kept unchanged at each KAM step. Let I(z), 2= (x,y), be a structure matrix on G x T™
and ¢%(z) be the flow generated by a vector field I(2)VF(z). Then by Jacobi identity,

0.0 (2)T1(2)0.0% (2) =1 (¢} (2)),

which implies the preservation of the Poisson structure on G x T under the transfor-
mation z; =¢%(z). And with the following assumptions

eul(r—ry) 1
T+ < g(’/‘—’l"_i_), (211)
es?ul(r—ry)
< 3sy, (2.12)
n
we have
T(r—
|Déh — Did| < c’“‘(gN”)

And we place the details in Appendix B.

Consider the transformation
o:x—z, y—y+y.
Then

H+ = ﬁ+0¢:€++<ﬂ+7y>+h+(y)+7)+7
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where

L Ay + R,

e = e (Q07) +

Q= Q+ Ay +ePo,
Ay = A+e2[R](y),
hy = (y,Avy),

PJ,_ :75+O¢.

Moreover, by induction, we have |0 y*| < c7 5“ We place the details in Appendix C.
REMARK 2.1. Let

{(Q(E),y*> 3" z;ly

[R](y*) =0,
Ay*+ePyy +tQ( (213)

)+
0.
Assume

AQT\T /AT .
(Q 0) (Q 0 )me{g%f'" Emo H+1)x 1+1)-

Then there is a solution (y*,t)T for (2.13), which implies the preservation of frequency
ratio on a given energy surface.

2.1.4. Estimate for new Hamiltonian. By the estimate of |8éy*| together
with definitions of e4, Q4 and A, we have

N+7
cy Sib
|5§(6+—6)I < ﬁiN’
N+7¢
cy S
g - ) < T,
N+7
cy 14
08— )| < T K
LEMMA 2.1. Assume
N+7 .2
s
Ay < ’y+777+“+7 (2.14)
+
where
AL ens T2 (r—ry) +9M st (14 5) +8°u0 (r =y ) + 9478
+= .
N
Then there is a constant ¢ such that
N+7 2
7. My
|5§P+|D+XA+ <C%

N+

Proof. Using the definition of @), by Cauchy estimate, we deduce

esul(r—ry)

AN

‘agQ‘Der/LrS 7
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With the definition of Poisson bracket and direct calculating, we have

cu?siT? (r — r+)
=N

\8‘1/ (R, FYodldtod| <

Besides
+7 53
0P~ R)od}00| S “og (2 2,
finally,
N+T7 2
|5§P+|§A+<w
N+

Now, we finish a KAM step.

2.2. Iteration lemma. In this section, we will prove an Iteration Lemma which
guarantees the inductive construction of canonical transformations in all KAM steps.
Let 70, 50, Yo, to, Mo, Ho, No, €0, Qo, Po be given as above and let D():D(ro,ﬁo),
Do=D(rg,80), Ko=0, ®g=id. For any v=0,1,---, we label all index-free qualities
in Section 2 by v and all ‘+’ —indexed qualities in Section 2 by v+ 1. This defines
sequences

rl/) Sl/7 MV? KV) AV7 Dl/7 DV? HV? NV? el/) QV7 OJU? hV? ,PVa ¢V)

for v=0,1,---. In particular,
Hu:HV($7y):Nu+Pl/a
Ny:€v+<Quay>+hv(y)7
where (y,z) €D, €My, e, =e,(y0), Wy =—BT (40,) 0 (,8), Q, =Q,(,8) is analytic

on A,, and hy=h,(y,£,€) and P, =P, (y,z,§) are analytic in {€A, and (y,z) € D,.
Moreover, for v=1,2,---

7

174

1
SVZSitli—w, MV:coszfl:u/V—la T = 70(1 Zﬁ)a KV:([log 1}‘1’1)37
=1 v
Ay = B (emsta T s =)+ st (14 )
v—1 Sy—1

55 g ul(ru—y—r)+y sk ),

fEe 1|k (©)]> :Z|1 O<KISK} flo=Th1— gy

=
<
Il

D, = D(r,,s,), DV:D(rerg(r,,_lfry),so),

where ¢q is the maximum among ¢ mentioned above.

LEMMA 2.2. If po=po(e) is sufficiently small, then the following hold for all v=
0,1,---:
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(1)
lew —eola,s 9% —Qola,s lwy—wola,, [y —hola, <270 " s,
AT,
*
levit—evlnn, [Qur1—Qlae, Wt —wolas, [Pt —ho|a, < vl
ANFT 2,
|82PV|DVXAV ,71/;
771/

(2) Py 11 :D,,+1 X Ayt — D, is canonical and real analytic with respect to (y,x) €
D1, £€A,41. Moreover, Hy41=H, 0P, 11, and, on Dy X Ayiq,

|y 41 —id|,| DD,y sy — Did],| D' ®, 41| < % 2<i<m;

(3) Al/+1 :{feAV : |<k)wl/(£)>| > lf]l"y: KL < |k| SKV+1}'

Proof. The lemma will be proved by performing the KAM steps inductively. What

we should do is to verify conditions (2.5), (2.6), (2.9), (2.11), (2.12) and (2.14) for all

v=0,1,---.
Inductively,
o(Qbio)’—1)
v = €G0S e )
s, S(()1+b+U)V.
Then
Syp1= sl,s(()1+b+”)u(b+a) <s,8077 < <3
16
i.e. (2.5) holds. Denote
EV - —Tu+1 5u+2,>/0(1 (;)

8 16

and with 6(1+b+0)>1 we have
E, 1 0"y (1-0) —(14+bto)” Y06%(1—4)
—log— = ————~— 7] >—— 71 >1.
2 %5, 32 8% =T 3y 8=
Therefore
E,
log(n+N+1)'+3(n+N)log([log ]+1) 5 ([log ]—|—1)
1
< —(m+1)(1+b+0)log—.

Sy

Thus

o0 Ky41Ey
/ AN e A< (A N+ D)IKT N e 5 <68,

Kyt

i.e. (2.6) holds. Similarly,

1

T 1+b+o T 1+b+o

sy K11 =56 )([log )T < log
0

v+l 4-2)3( ),
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Since 2 (log 1 4 ¢)¢ =0, as 2 — 0, where 3>0, £ >1 and ¢>1 are constant, hypothesis
(2.9), s, K] =0(0), is obvious.
Let lo=b, n=8+mn+4[r]+4, where [7] is the integral part of 7. Without doubt

r—r e |
5152, 0<[k|<Ky i1 ! v
Besides
lo - v o
w o 16 11wl 5 (Ibta) —1) 1o/ 50C0 \y
Enljrl _(’70(1—5)6V+2 )77 CO/J‘OOSOJr SC*,U/OO((SW_’_I) )
v
we have
COMVFV< | 1 <1,

— > CoT- >
E,nY T

as gg small enough, i.e. (2.11) holds. By % <3, (2.12) is obvious.

Moreover, by making & small, we have couoT'3 < 2% Next, for each v>1

1
|(9éAy+1| < (CuiSin(TV—TV+1)+7£V+7MV33+1(1+;)
v

+S;4,MZIFV(T‘V - rl/+1) + C/YLJ/VJ'_?S?/MV) /,'7]11/\7

2 2 4—20—2(1+b N+7 1
< [2cuu+1su+lsz/ o-201+ +U)+27V + IU/V+1SZLISV+U
T2(r,—r,11)
N+7 2 b 4—0c—2(1+b 2 v v+1
+2’YV + MV+1SV+1SV+3SV o-201+ +U)/U‘V+1su+1] = 771\/'
1%
472072(1+b+0)u
N+7 1+b b v +1
< syt [28, 70 4280 +2 AT -
0
4—0—2(14+b+
+35y 7= U)]FE(TV_Tqul)
N —
%+ D
3
2 T2(r,—ru41)
N+7 .2 b Sv v —Tu+1
Sc’YV—&-l 51/+1MV+1(51/+ N+7) = N
Yo Up)
2(r,—r,11)
NHT 2 l v v+1
<OV syt
Ub,
N+7 2
C’Yu+1 Sy+1Mv+1
= 7N b)
771/4—1
i.e. (2.14) holds. 0

For brevity we omit the measure estimate of |Ag\ A.| and for details we refer the
reader to [25] and [42].

3. Proof of main theorem

Actually, the main task of the persistence of invariant tori for multiscale generalized
Hamiltonian (1.1) is to achieve the program of the KAM iteration consisting of infinite
KAM steps by induction. Without loss of generality, we assume that there is a closed
region AC R? and a C' diffeomorphism y:A— M (=y(A)). Let £€A and consider
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the transformation: y+—y+y(£). Then (1.1) turns into a parameterized Hamiltonian
system of the following form:
H= N(y7€7§)+52P(1‘,y,§), (31)

N = e(&) + (&), ) +h(y,) +O(lyl*),
Q= anyho +518yh1 —‘r---—i—Emanhmo,

h = (y,A(&)y).
A= 508§h0+518§h1+~~~+5m08§hm0,

where £ €A={\: |\ <8} CRY, E=(e1,-,em,) and € defined as above. Consider the
following symplectic transformation:

1
r—=x, y—ey, H——H,

NG
and denote /Z=¢, then the Hamiltonian (3.1) is changed to
H = N(y,£,6) +£2P(x,y,8), (3.2)
N = i0e) ) +eniy o),

€

where e2P=e3P+£20(|y|?), Q and h defined as above. Moreover,
[Pl <ey™* sy,

if 7:512(71+N>, 5:5%, uzsi. Hence, with Theorem 2.1 we can get Theorem 1.1.

REMARK 3.1. Normal forms (3.2) and (2.1) seem a little different. In normal form (3.2),
the perturbation is e2P(x,y,&) =O(e?), which is small comparing the integrable part.
The difficulty is the term eh(y,&), which is bad for the preservation of the frequency. In
fact, in our case, this difficulty could be overcome since the coefficient of the perturbation
is €2. We could achieve the proof of Theorem 1.1 step by step using the proof of

Theorem 2.1.

Acknowledgements. We are grateful to anonymous referees for their careful
reading and valuable suggestions. The first author was supposed by China Postdoctoral
Science Foundation (2021M701396). The second author was supposed by National Ba-
sic Research Program of China (No. 2013CB834100), NSFC (No. 12071175) and Jilin-
DRC (No. 2017C028-1). The third author was supposed by NSFC (No. 11571065,
No. 11171132, No. 120701132), National Research Program of China Grant (No.
2013CB834100) and Natural Science Foundation of Jilin Province (No. 20200201253JC).

Appendix A. The norm on the derivative of F. By induction, we have

. . , o 3T+la)
19/ 7-1| < 71+lal—1 ~|J\+|11|—1|—
1060, L. | < clk| 1 |3 Taly T

e[ (31 +aD+ 131+l 1

|g|7\j\+|q|
Then

—|klr

j il +lgl—1 A N+72—i
|atI37f ‘ < c|k‘7—(|]|+“ﬂ)+|]|+‘m 5/\’/ + S ‘7"’ue
¢y kil = |&|ylil+al N
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. . 21|
< ||l +laD+il+lal =1 2 _ e o—1klr.

n
Finally,
00000°F| < S RI03 (07 fray') M S0
l71<2, 0<|k|<K4
21
<2 rie—ry),
where I'(r —r,.) = > |]<;|"'(\j\+|q|)+\j\+|q|—1+|z|e_w.
|71<2, 0<|k|<K4
Appendix B. The estimate on ¢%. Denote ¢}, , %, as the components of

¢% in y, x planes, respectively, and let X be the vector ﬁeld on the right-hand side of

(2.10), i.e
(1) =rwovrwa=(_pr o) (5F):

Then ¢t =id+ f(fXFoqbf‘,d)\ For any (y,z)€ D3, we let t, =sup{t€[0,1]:¢%(y,z) €
Dy}. By (2.5), i.e. 54 <%, we have Dy C D,, where Dy=D(4s,,r1 4+ 3(r—ry)), D=
D($,r4+%(r—74)). Then

csul’(r
6%, ()] —|y\+\/ (63, +90)Faod}d)| < ++“77(N)§45+,

6L, (1,2)]| = ||+ / “B(6, +10)Fy 0 b+ (6, +v0)Fr0 phN
0

7 I'(r— 3
= T++8(7’—T+)+WST++8(T—7‘+)7

where B, C' are the matrices defined as above. This shows that ¢%.(y,z) € Dy for all
0<t<t,. Hence t, =1 holds, i.e. ¢% :D3— Dy for all 0<t<1. Therefore, &, :D; —

D(s,r). It follows straightforward form the argument above that ¢} —id| 5 < %

With Gronwall Inequality and

t
Dot = Did—i—/ ((DI-DF)o¢p-Dgp+(I-D*F)o¢p-Dép)dA
0
we have

t
|D¢ly — Did| = \/ (DI-DF —I-D?*F)o¢3- (D¢ — Did)
0
+(DI-DF —1-D?*F)o¢pd)|
t
S/ ef:‘(DIDFflDZF)O¢}|dT|(DIDF_IDQF)OQ/)%‘dS
0

< ¢|DI-DF —I-D?F|edlP-PF-1-D*F|
cul'(r—ry)

ﬁN

<
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Appendix C. The estimate on ¢. Let

Ay* =—epo1-
Then
(v )" AT Ay* =—€%pgipor-
Assume
AT A>min{e?, - &2 }1.
Obviously,
T *
y* . Y
( 3 (ATAfmln{E%,"',6%1}_[)7*|y*|220.
Y| |y*|
Therefore,
T *
. y* : y
minded, 22y 2 = C minged, e 22 1L e
ly |y~
o\ 1T *
ly*| ly*|
= 52p51p017
i.e.

52
2 <y | ——5—5=pt1po1 <\/Ptipor-
Iy ‘ = min{€%7___’€72n}po1p01_ Po1Po1

. . N+7
N+75y. By induction, we have |08y | < c’yﬁiNs”.

Therefore, |y*| < cy
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