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LOCAL SENSITIVITY ANALYSIS FOR THE VICSEK-TYPE
SELF-ORGANIZED HYDRODYNAMIC MODEL*

NING JIANG' AND ZENG ZHANGH

Abstract. We consider the Vicsek-type self-organized hydrodynamic (SOH) model with random
inputs. In the absence of random inputs, the SOH model was derived as a macroscopic limit from the
Vicsek model. Considering the uncertainty, which is modeled by a random parameter and enters into
the SOH model through the initial data, we perform the local sensitivity analysis to study the regularity
with respect to the random parameter and the stability of solutions to the random SOH model.
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1. Introduction

1.1. Backgrounds. Self-organized motion is ubiquitous in nature. It cor-
responds to the formation of large scale coherent structures that emerge from many
interactions between individuals without leaders. Well-known examples are bird flocks,
fish schools or insect swarms. Furthermore, self-organization also takes place at the
microscopic level, for example in bacterial suspensions and sperm dynamics. There
are fascinating examples of self-organized models. Among these models, the Vicsek
model [24] has received particular attention due to the simplicity and the universality
of its qualitative feature. Vicsek model is a time-discrete particle system, each agent
moves with the same constant speed and tries to align its velocity orientation with the
average velocity orientation of its neighborhood in some sensing region, up to some
noise.

Particle simulations tend to be very costly for large number of individuals, and
macroscopic simulations are more efficient. Usually, it is hard to derive the macroscopic
model directly from the particle model, the kinetic model serves as a bridge. Take Vicsek
model as an example. Degond and Motsch [7] provided a time-continuous version of
Vicsek model, then through mean field limit they proposed the so-called self-organized
kinetic (SOK) model, and finally they derived the macroscopic limit—the self-organized
hydrodynamic (SOH) model. For different modelling choices, many modifications of
dynamics in [7] have been proposed in the literature, see, for example, [3-6,9,10]. We
refer the reader to [2,3,17,18] for rigorous derivations of SOK models and SOH models.

For kinetic systems, there are many sources of uncertainty, such as measure errors
of initial data or boundary data, and incomplete knowledge of interaction mechanism
between particles [20]. Uncertainty in these kinetic equations can be kept and enters
into the fluid limit, leading to errors in initial data, boundary data and coefficients of
the corresponding hydrodynamic system. The study of uncertainty for kinetic models
and hydrodynamic limit models has been an active field. How the uncertainty in the
model input affects the model output is related to the content of sensitivity analysis [19].
Local sensitivity analysis focuses on the derivatives of the response with respect to the
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input [23]. We refer the reader to [8,11-16,20-22,26] and the references within for
local sensitivity analysis results for Boltzmann equation, Vlasov-Poisson-Fokker-Planck
model, Cucker-Smale model and Kuramoto model, but an exhaustive bibliography is
out of reach.

1.2. The SOH model. In this paper we consider the SOH model proposed
in [6]. Besides the alignment rule considered in [7], Degond-Liu-Motsch-Panferov [6]
also considered an additional attraction-repulsion rule. Therefore, the kinetic model set
up in [6] contains both an alignment potential and an attraction-repulsion potential.
These alignment and attraction-repulsion relations can be kept and result in pressure,
viscosity terms and capillary force in the fluid limit. The authors in [6] investigated
four different scaling relations and obtained correspondingly four hydrodynamic limit
systems. The first three hydrodynamic systems in [6] can be unified in the following
form

8tp+clvx . (pQ) = O,

PO+ 2V Q)+ 3P Vap=pPo1i Ay (pQ),
1Q|=1,

(P, Q)i=0 = (p" (), (x)), [Q"]=1.

(1.1)

Here coefficients c¢1,co,c3 and u >0 are given constants, defined by integrals related to
the alignment kernel and the attraction-repulsion kernel in the kinetic model. Under
different scaling relations, they have different values.

SOH system (1.1) governs the dynamics for density p=p(t,z) and mean velocity
orientation (¢,x). The operator Po1 =Id—Q®Q denotes the orthogonal projection
onto the plane orthogonal to 2. (1.1) obeys a geometric constraint |[2]=1. Note that
(1.1) is a non-conservative system, the moment and energy laws are invalid. As a result,
it is rather hard to verify the global well-posedness. The authors in [6] adopted the
polar coordinates Q= (cos¢,sing) in 2D to write the equations for €2 into coordinate,
then they proved the local-in-time existence result with >0 by energy method. In 3D,
using the spherical coordinates @ = (sinfcosp,sinfsinp,cosf), (1.1) can be rewritten as

Or0+c1920-Vaeo+c1(Qy- Vel +Q,- Vo) =0,
040+ Q- V0430 - Vio+ u(—AL0+cosOsinf|V ,.¢|? — 2V, 0V ,.0) =0,
sin 00, + cosin® 0 - Vap+Dy,(0,60,0)=0,

where p=1Inp and
Dy (0,0,0) =c3Q,- ng—i—u(—sinQ OA,p—cosfsinfV 0 - Vo —2sin? OV 0V 1 ).

For the inviscid problem, namely, =0, by using the symmetrizable hyperbolic system
theory, the authors in [6] established the local existence result under the initial assump-
tion sinfy >0. For the viscous case, namely, >0, in order to bypass the singularity
ﬁ, Zhang-Jiang [25] made an additional non-degenerate a priori assumption sinf > 0,
then they established the local existence result by using suitable symmetrical structure.
Very recently, Jiang-Luo-Zhang [17] adopted the stereographic projection transform

O=(f R vt W= by,
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to deal with |Q2] =1. More precisely, following the transform g=1logp and stereographic
projection transform, (1.1) can be rewritten as:

0io+c12-Vyo0+e1Vy-Q=0,
8t¢_/~‘LAaC¢+CQQvx¢+H¢(Q7¢ad)):O7
8t¢_quw+CQQVQLL/)_FHw(QvQva)Zov
(0:0,9)(0,2) = (" (),6" (), (x)),
where H? and HY stand for
H?(0,6,0)=—2uV20-Vod+ S Va0 - W2y
HY(0,6,1) =—2uV 50 Vot + £ V,0- W3y,
— U |V G2+ ULV ¢ Vot + 2LV ],

and the vector Q4 and €1, are the partial derivatives of {1 with respect to the variable
¢ and .

Q= (HAEH) A0 45 gng = (~10% 2SN 4y
This is a non-singularity system. By energy method, the authors in [17] established
a local-in-time existence result for (1.2) with x>0 in Sobolev spaces H*(R3) (s>3)
without additional assumptions.

By using embedding inequalities and interpolation inequalities in noninteger Sobolev
spaces, we can reduce the index s>3 required in [17] to $>2. Our main local well-
posedness result for SOH system (1.2) is stated as follows:

THEOREM 1.1. Let p>0 and s>2. If the initial data (o™ (x),¢""(x),""(z)) €
(H*(R3))3, then there exists a finite time T >0, depending only on s and the initial
data, such that system (1.2) admits a unique solution (0,$,%) satisfying

o(t,x) €C([0,T];H®), ¢(t,x),2(t,x)€C([0,T];H*)NL*(0,T; H**).

Moreover, the energy bound

T
s (Lol ol + 1) + / (Ve + IVt %)de < C

holds for some positive constant C', which depends only on s and the initial data.

1.3. The SOH model with random inputs. As mentioned before, there are
many sources of uncertainty in SOH model (1.2), leading to errors in the initial data and
coefficients c1,c2,c3 and p. To incorporate uncertainty, we consider a random vector z.
We are interested in the effect of randomness. For simplicity, we will assume that z is a
one-dimensional variable, and lies in I, which is an open interval of R. In fact, allowing
z varying in higher dimensions will not effect our results essentially, but it will make the
computations more tedious. For the same reason, we only consider uncertainty coming
from the initial data, and assume c1,co,c3 and p are still given constants. In this setting,
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the dynamics of (p(z,t,2),Q(z,t,z)) are governed by the random SOH model

0r0+c192-Vyo+c1V,-Q=0,

D1 — 1A+ c2Q-V oo+ H? (0,6,0) =0,

Atp — AL+ Q- Vo + HY (0,6,00) =0,
(0,6,9)(2,0,2) = (¢ (,2),6™ (2,2), "™ (2,2)).

(1.3)

We perform the local sensitivity analysis for the random SOH model (1.3), which
focuses on the dynamic behaviour of derivatives with respect to the random variable z.
Our main local sensitivity results are two-fold. First, taking I-nd derivative with respect
to z-variable on system (1.3), we formally get

!
00l o+cr > CMmOTQ -V, 0 ™o+ 1V, -9LQ =0,

m=0

l
8L — AL p+ca S CrOTN-V,0 e+ HY =0, (1.4)

m=0

l
00L — pdyOlp ez 32 OO Q- Vo0 ™y + HY =0,

m=0

where

l l
HY==2p) C'V,000- Vo0 "o+ 9 > C'V,.0l 005 ™ (Wafy)

m=0 m=0

+2,LL Z ll'lz'ls 811 2 V alqu v 8l3¢+4u Z l1'l2'l3 all KR v alz¢ alSw
Iy +la+13=l Iy +la+13=l

_2114 Z ll|lg|l3 8l1 Ko V 8121/1 Av 8131/17
li+la2+13=l

l l
HY==2p) C'V,00- Va0 M+ Y C'V, 0T 0- 0. ™ (WaQy)

m=0 m=0

— 2 Z 11'12'13 811 W V 8l2¢ Ve ald¢+4'u Z l1'l2'lg 811 W V 8l2¢ Va 3131/}
litlatls=l lit+lo+iz=l

12 Y e 0 Ved2 Y- Ve 0Py,
l1+la+13=1

If the initial data (o™ (z,z),¢"(2,2),9"(z,2)) are g-order regular with respect to z,
namely (00" (x),0L¢™ (z),0L™ (x))|f_, exist, then we show (dLo(z,t,z), Oo(2,t,x),
oLy (z,t,2))|f_, also exist and solve (1.4) rigorously. Our main result is stated as follows.

THEOREM 1.2. Let u>0 and q,s be positive integers with s >2+q. If for each z€1,
the initial data (0™ (z,x),¢""(2,2),9" (2,)) satisfy

(0" (2,2),¢™" (2,2), 4" (z,2)) € (H*(RY))?,
(020" (2,2),000" (2,2),0.0™ (2,2)) € (H*T'(R?))*,1=1,2,...4,

and
Sup(IIQm(Z)II%rs + o™ () e + 19 (2)177:) & € <o, (1.5)

sup Y 0L (et + 1L ™ ()3t +1OL™ (2) [T ) 2 <00, (1.6)

zel 2,
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then for each z€1, there is a finite time T >0, depending only on s, €* and €i",
independent of z, such that (1.3) admits a unique solution

(o(z,t,2) €C([0,T);H®),  ¢(z,t,2),9(z,t,2) € C([0,T]; H*)NL*(0,T; H*1).

Furthermore, the solution is reqular in z-variable, i.e., for each z €I, for each 1<1<gq,
(0L o(z,t,1),0Lp(2,t,x), OLap(2,t,x)) exist and solve (1.4) satisfying

d.o(zt,2) €C([0.TH™), 0Lo(zt,a),00 (2 t,0) € C([0, T H*~) N L*(0,T; H* ).

Moreover, the energy bound

sup 3 { s (10Lelfer+10 00 +I0L ol
zel h 2, " tel0.T]

T
+ [ 1920100+ .0kt <C
0

holds for some positive constant C, which depends only on s, €*, and €.

We mention that the uniform bound Assumptions (1.5) and (1.6) ensure the exis-
tence time interval T'> 0 is independent of the random variable z € I, and guarantee the
existence of (9Lo(z,t,z),0.é(2,t,x), 0L (z,t,x)). This theorem shows that if the initial
data has W% regularity with respect to the parameter z, then the regularity can be
preserved in time.

Second, we provide the stability estimates for the z-variations to system (1.3). For
each z, define

Br(e(=):02) ) = 3 { sup (1okelf-+ 100l 10k}

0<i<q ~tEl0:
T
+ / (Va2 + [ Vato]2 )dt

We state our main result.

THEOREM 1.3.  Under the same assumptions of Theorem 1.2, let (0,0,%) and (9,¢,v)
be two solutions on [0,T] with initial data (o'",¢™™,¢™) and (a™,¢",1)'™), respec-
tively. Then there exists a positive constant C', depending on time interval T and energy

Er(o(2),0(2),v(2)) and Er(o(z),0(2),%(2)) such that
> { sup [10%(0—2) () Fe-1-2 +10%(6 = ) (23— 1102 (¥ = D) (2)|3g-1-1)

0<i<q O

- / (V20L& = BN 3o 12 + V00 (0= 0)(2) i )T}
00" = ™) (11 + 106" = 5731

HIOL (W™ — ™) (2)

[Fre-1-1).

1.4. Organization of this paper. The paper is organized as follows. In Section
2, we establish the a priori estimates and stability estimates for (1.2), then we prove
Theorem 1.1. In Section 3, we establish the a priori estimates and stability estimates
for (1.4), then we prove Theorem 1.2 and Theorem 1.3. In Appendix, we list some
inequalities that are frequently used in this paper.
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1.5. Notations. = We introduce some notations which will be frequently used in

the following text. Denote by ||-||z» the norm of the Lebesgue space LP(R?) and || - || g

the norm of Sobolev spaces H®(R3). Symbols (-,-) and (-,-) = present the usual L?-inner

product and H*-inner product, respectively. Let o= (aq, o, a3) be a multi-index with
3

its length |a| =Y a;, and 9% =021 9092023 be a multi-derivative operator. We also use

) 1 Yxe Y3
=1

the notation V¥ to denote 9% for all |a|=k. The notation A <B indicates that there
exists a constant C' >0 such that A<CB.

2. Local existence result for the deterministic system (1.2)

In this section, we establish the local existence result for system (1.2). As mentioned
in the Introduction, we aim to reduce the index to s > 2. Hence, more elaborate estimates
are required. In order to make this article more concise, we list some lengthy but
straightforward calculations in the Appendix.

2.1. A priori estimates for (1.2). Define the energy functionals

Eo(t) = lle®)I7= + 17 + @) 7, Do(t) = ull[Vad() [+ Varp ($)1F+)-
We state the following a priori estimate.

LEMMA 2.1. Let s>2. Assume that (0,¢,v) is a sufficiently smooth solution to system
(1.2) on time interval [0,T]. Then there is a constant C' >0, depending only upon s and
the coefficients of system (1.2), such that for all t€[0,T],

HE(B)+Do(t) SCL+E5H(1)).

Proof.  The proof is based on the classical energy method. For any integer k,
0<k<s with s>2, applying the derivative operator V¥ on system (1.2), and taking
the L? product with (V*p,V¥¢,V¥)), we obtain

L (IVEol. +IVEDIT + IVEY|T2) + 1 VET 0|7 + | VE  ]|32)
=—c1(VE(Q-V,0),VE0) — 2 (VE(Q-V,0), VEG) — ca(VE(Q- V1), VEW)
—c1(ViV,-Q, Vo) —(VEH? VEg) — (VEHY V). (2.1)

We control the right-hand side terms one by one.
For the convection term, according to Lemma A.1, we have

(Va(©2-V20),V50) UVl 2 + Va2 o)l Fn SV llel e
Similarly, we have
(VE(Q-V00), Vo) +(Vi(Q Vo), Vi) SVl (1611 + 1917+ )-
It is straightforward to get
(ViV2-Q,V50) SIVaQlaellol e

We now treat (VEH? VE¢) and (VEHY VEy). We only consider three terms:
<v’;(vzgvm¢)>vlz¢>a Vg(vmg(w29¢)7vg]§¢>v <V§(%vz¢vzw)vvlﬂz¢>a since the
other terms can be treated in a similar way. In the case k=0, using H?(R?) < L>°(R?),
direct calculations lead to

(Voo Vat,d) SIIVaelr2[Vadll2llgllz Sllelm-61F-,
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(Voo (W?Qy),0) SIIVaell L2 (W Qs L 6]l 2 SIW?Qpl Lo llell -l -,

and

(35 V- Va0, 0) Sl 112 1Vall 21 Vat | 2 |l e Sl llnee (18]l as + 1011 ).

Estimates for cases 1<k <s are much more complex. Note that o satisfies a trans-
port equation without diffusion. We use integration by parts to control VAVo. More
precisely, applying Lemma A.2-(1), we have

(Va(Vao  (W?Q)), Vi) Slollae (IW? Q| + (Ve (W2 Q) [ 1) | Vol e
W2yl Lo + Vo (W2 Q)| -1 IV -,

Sllella-(
and applying Lemma A.2-(2) leads to

(Vi(Vao Vi9), Vi) Slloll ar (IVadll e |+ IV2SH ) Vol .

Since we aim to show that s > 2 is enough to close the energy, instead of using H?(R3) —
L>(R3), we use embedding inequalities in noninteger Sobolev space: H*(R3) — L>°(R3)
with p> % We take LLZ% here. Hence, we have

(VE(Vo0- Vi), Vid) Sllolur (IVedll , 7 +1Vadl e ) IVl

Slella V20l 3 1Vabl:.

Finally, applying Lemma A.3-(1) together with H i (R3) — L>°(R?), we have
(Va(3r Voo Var)), Vid) S5l 10l s [ Vet | o + 115 o 1Vl Lo 141 2
+ (57 iz + 1 Vagg el me Gl ) | Vol e
Sl el ax Vel 3 + 157l [l V26, 2
+ (57 iz + 1 Vegg Lkl m 8] ) | Vol e
SUgllee 18l 1Vall oy + 157 oo [ s Vo] oms
(57 iz + 1 Vagg -l e 190 ) Vol e

Plugging all the above inequalities into (2.1), and summing over k from 0 to s, we have

3 4 Ulellzrs + gl + 117 ) + I Vadllzrs +1IVatpllzre)
SVl s (el zrs + 1M1 + 1117 + Nollzzs) +llollzr= (1177 + 11/ )
Fllellzs (IW? Q| s @l + W2 Q|| o< [9]lm2) + (1155 | oo + 115 o) bl s + 190 =)
+llolla=(IVaoll 1 IVedllms +[Vatbll 1 [IVath|lne)
H H 4

1
-1

+llellzs (IW2Qsloe + (V2 (W Q) s~V 122
Hllellzzs (W Q| zoe + Ve (W2 Q)| -1) Vet a2
(157 oo+l e ) (N1l are + IIWIHs)(HVchHHSf
X (IVa@llas +IVatpllare)
+ (I3 e + 55 o + 1V g -1 + Va3 [l rs-1)
(19l ms +19llm)*(IVa |l s + 1 Vatd |l re). (2.2)

+IVarll

s

H

)

ISP
NP
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Applying Lemma A.6 to (2.2) to control the terms related with Q, and using the Sobolev
interpolation formulas

1 3 1 3

IVadll oot SNVl fraaVadll e Sl i V0l e
1 3 1 3

Vel om s SIVall e Vel o SNVl e

together with the definition of & and Dy, (2.2) reads

s+2

1 s 1 3 1 5 e 1
148+ DySDE(1+E0)2 (Eo+EF)+(14+E0)2E3 +EDS +(1+E&) 2 Dg.  (2.3)

1 T

Finally, applying the Young inequality to control D§ and D by Dy, we have
HE+Dy<C(14£72).

This completes the proof of the lemma. 0

2.2. Stability estimates for system (1.2).

LEMMA 2.2. Let s>2. Let (0,4,%) and (2,$,v) are two solutions to system (1.2) in
the space

C([0,T); H*) x (C([0,T]; H*) N L*(0,T; H* 1)),
Let

Ao(t) =1+ lle)lI7r- + 1677 + IOl 7 + 21 Z- +[l(2)]
Bo(t) = Voo ()| F: + 1 Vat(t)

and

te + 10,
e + Ve d Ol 7re + 1 Var ()14,

Xo(t)=ll(e=2))I77-— + (¢ =) (1)]
Yo(t)

freor 1@ =) ()71,
IV (@ =) Ol + Ve (¥ =) (O Fo-1)-

Then, we have

4 Xy (t) + Yo(t) SCAZH4() (1+ B3 (£) Xo(1).
Proof. The difference between (g,¢,v) and (g,¢,1) reads
0(0—0)+c1Q-Vi(o0—0)+c1(2—Q) - Vio+c1 V- (2—Q)=0,
(P —0) +c2Q-Vau(p—9) — (b — d) +c2(2—Q) - Viop =G, (2.4)
(Y —1) + Q- Vo (Y =) = pAu (Y =) +c2(2— Q) - Vo) = G,
with
QZQ(&/‘Z), GQZ_H¢(97¢7/¢)+H¢(@)$’,¢;>7 G3:_H¢(Q7¢71/})+H7/}<§7(5,1;)

For any integer k, 0 <k <s—1, applying the derivative operator V¥ on (2.4), and taking
the L? product with (VX(o—0),VE(¢—),VE(p—1))), we obtain
35 (Vi(e= )22 +IVi(¢= )22 + V(¥ =) Z2)
+u(IVET (6= @)ll72 + IVaT (W —9)172)
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=—c1(VE(Q-Va(0-0)),VE(0—0)) —c2(VE(Q- V(¢ — ), Vi(o— b))
—e2(V5(Q-Va (=), Vi =) — 1 (V5 (2= Q) Va0), Vi(e—0))
—e2(VE(Q—Q) V.0),Vi(d— ) —c2(VE(Q—Q) - Varp), VE(w — 1))
— e (VEV, (Q=Q),VE(0—0)) + (VEG, VE (6 — 8)) + (VEGs, VE (v — ). (2.5)

For convection terms, thanks to Lemma A.1 again, we have

(V5(Q-Vale—0)), V(o= 0) SUVaQl 2 + Vol r)llo— 2l 7p)
SIVaQl e llo— el

Similarly, we have
(VEQ-Vi(0=9)), Va9 =) +(V5(Q- V(v =), Vi (=)
SIVa Qs (16— bl -1 + 1Y = Pl 7).
By virtue of Lemma A.4, we infer that

(Vi((2=9)V20), Vi (0= 2)) SIQ = s ([Vaellzr +[| Vel i)l 0= 2l v
SIQ=Qllllellm=lle— ol g

Similarly, we get
(Va((Q=9)-Va8), Vi(6—6)) +(Vi((2= Q) Vath), Vi(¥ — )
S =l s (10l rs + 1l ) (N6 = Pll o2 + 1Y =l a1

Direct calculation leads to

(VE(Va (2-9)),Vi(0—0) SIQ=Qllgrsslo—all ar SN2~ Q= lo — &l o1

Next, we control Go and G3. Since the other terms can be treated in a similar way,

we still only consider three terms:

V‘LQVI(Z)_VJ/E)V-L&:V-L(Q_@)V.LQZ)_FV‘L@VJ(QS_&)éRll +R12a

Voo (W2Qy) = Vo (W?Qy) =V.(0—0) (W?Qy) + V.0 (W2Q, —W3Qy)
A
=Ro1 + Raa,

)V;céb'vaﬂ/f
£ R31 + R3z + Ras.

g”@w

In the case k=0, using H'(R3) — L3(R3), H}(R3) < LS(R3), H?(R3) — L>°(R3), we di-
rectly get
(R11,0— ) SIIVa(o—0)lI 2 Vadll=lo =l L2 Sllo—all ae-1 [ Vadllma |l — Sl a1,
(Ri2,0 = &) SIVaoll ol Va (@ =)l slld— &l 2 Sl as V(o — ) o1l — Bl o1,
(Ra1,6— ) S[Va (0= 0) | 2W? Q| (|0 — Dl 2 S llo— oll o1 IW? Qg || o |6 — &l o1,
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(Raz,¢— &) S|IVa ol Lo l[W2Q =Wy | 13| 6 — | 12
Slallws W22 = W2 Q| 11 |6 — Bl -1,
(R31,6— ) SII2 — 2126 l1Vall Lo Vard ]l o 6 — Bl 2
S = Ll Il [l are 16— Gl o1,
(R32,0— 8) S| &l Ve (d— )l s [ Vatoll 1o]6 — Bl 2
S poe Ve (@ — )l gt 1€ s 16— Bl o1,
(Rs3,0— &) S| &llzoe Vo (¥ = 0) | o1 | Bll 222 16— Bll o1

In the case 1<k<s—1, we still use integration by parts to control V*V_(o—9)).
Hence, by using Lemma A.2-(1) and H 7 (R3) < L>=(R3), we deduce that

(V*Riy, VE(6— 8)) < llo— 8l e (192l 1 + 1920l o)1V (6 — B)
Sllo—allue (IV8l 5 + Vel o)V (6= &)
Sllo=allweilIVadll,. 1 11V2(6—8) 1o
<llo=allmes 6] Vall e [ Va6 — @) 1o

(V5 Ra1, VE(6 = 6)) S llo— all e (IW? R o + [V (W2 Q) | s1-1) |V (6= 6) | v
SN0l (W20 | 1w + 1V (W22 o) | Vi (6 — )| 121

Applying Lemma A.2-(3), together with the interpolation inequality

1

1 1 1 1
IVa £l 3 SIVafll eIV fll ey S e IVa Fll s

HY™

we finally infer that
(ViR12,VEi(¢—9)) §||@||Hk+1||Vz(¢—<5)||Hk_% IV (6= )| 1w

Velo=d) _ 3IVal6—9)l
H°T2

Slellusllo =l 7 IVa(d =) Favs
(ViR Vi(¢— o)) Sllell et [[W?Qp — W2y . IV (6= ) e
H

o1 [ Va(d— )| a1

Slleller-

Hs—1

Slollas [W3Qg — W3y |

By virtue of Lemma A.3-(3), we get

(VaRs1, V(6= 0)) SlI5g — 2 e N0l mess |9l s [V (&= 6) |
Sy = sl 0l a1l a2+ 1V o (6 = ) o1
Using Lemma A.3-(2), we have
(ViR V(6= 0) SUg Iz + Ve e )V (@ =B um g [l i Vi (6= D) e
Sz +1Ve e IVa(@= ) .3 [l | Vo (d— D) g1

by - -1 -3
S5l +1Va g lme-0)lo =l 7o [Vl Ve (d— @) 7o s
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Similarly,

(V5 Ry, VE(D— ) SUIL = + Ve o)l =D 7o
<NV (= D)1 2 Bl e 1 (D= B

Recall the definition of Ag,By,Xo and Yy. Summing over k from 0 to s—1, the
left-hand side of (2.5) reads

LHS=1%X,+Y,

and the right-hand side of (2.5) can be controlled by

1 s st2 1 1 1 1
RHS<BEAS Xo+Ay* (X2 +Y,))X2 +BE Xo
1

3 1 1 1 s+2 1 1 1
+B5 A Xg Yy +4,7 (Xg +Xg Y'Yy, (2.6)

where we have used Lemma A.6 and Lemma A.7 to control terms related with €.
Applying the Young inequality, we derive that

RHS <CAZ*(1+B§)Xo+1Y,.

Combining the left-hand side and the right-hand side then completes the proof of this

lemma. ]
2.3. Proof of Theorem 1.1. The structure of the proof is as follows.

(1) We define a family of approximate solutions.

(2) We prove uniform bounds for these approximate solutions on some time interval.

(3) We show this family of approximate solutions converges to some solution to deter-
ministic system (1.2).

(4) We show the solution is unique.

The details are omitted here. On the one hand, based on the a priori estimate in Lemma
2.1 and the stability estimate in Lemma 2.2, the result is expected. On the other hand,
the proofs of Theorem 1.1 and Theorem 1.2 have great similarities, and furthermore,
the latter one is more complicated.

3. Local sensitivity analysis results for the random system (1.4)

In this section, we consider the random SOH system (1.4). We aim to study the
dynamic properties of derivatives (90,0'¢,0 ) (1=1,2,...,q). We rewrite (1.4) as
follows:

D 0L0+c1Q-Vodio+e1V,-0.Q=1J1,
0:0Lp—cs N OLp+2uV 200 Vap— BV, 0L o (WaQy) —Apin Vadle-Varh=Ja,  (3.1)

with
-1
Ji=—c10.Q-Va0—c1 Z Ol ol Q-V,0- " o=Ji + Jia,
m=1
Jo=(—2pV 00 Vodid+ G Vo0 0L (Wap) +4p0% 35 Vot Var))
-1 -1
+(=2p) OVl 0 Va0 "o+ G Y O Vadl 0 0 (Wally)

m=1 m=1
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Ta Y ot G026 Va0l oo

IERIEYIPY
lLi+la+i3=l,l1,l2,l3>1

=Jor1+Jaa 4.
We omit the other terms on the right-hand side because they can be treated in the

same way as these listed terms.

3.1. A priori estimates for system (1.4). Define the energy functionals

E(2,8) = 0L 0(2, 1) 2ot + 1020 (2, 8) 2ot 10 (2, ) o,
Dy(z,t) = (| Va0 p (2, ) s + [V tb () g0,

and

-1

Al—l(z7t> =1+ Z gm(zat)'

m=0

We mention that the space regularity of (0%0,0L¢, 0L1)) is one-order less than that of
(0110, 0L1¢, 8'-19) here. This can be simply explained by the fact that (3.1)-1 is
a transport equation, and the term V.0 1o in (3.1)-1 belongs to H*~!(R?) under the
assumption 0L 1o HS~IHH(R?).

LEMMA 3.1.  Assume 1>1 and s—1>2. For each z€1, assume that (07 0(z,t,x),
O P(z,t,x), OT(z,t,x)), m=0,l,....1—1, are sufficiently smooth functions, and
(OLo(z,t,x), OLp(z,t,x), OLb(2,t,2)) solves system (3.1) on some time interval [0,T).
Then there is a constant C' >0, depending only upon s and the coefficients of system
(3.1), such that for all 0<t<T,

L& (2,t) +Di(z,t) SCAFT2(2,1) (1+ & (2,1)).

Proof. Tt is obvious that replacing (0% o(z,t,z), OLd(2,t,z), O(z,t,2),0L.Q(2,t,z))
in the underlined parts of (3.1) with (o(t,z),o(t,z),¥(t,x),Q(t,2)) is just the left-hand
side of (1.3). Note that s —1>2 here is also consistent with s >2 in Lemma 2.1. Hence,
by taking energy method, following exactly along the same lines as that in the proof of
Lemma 2.1 gives

34 (102 0llzy = + 1050117 + 102013 e=) + IV Db et + Va0t [ o)
Vol gro-tl|O% el Fgemt + Voo Qll -1 10 0l ot +10% 0l o=t 0l o1 105 o1
+ 1050l e W2 Qg | Low 1020 | ot +1O% 0l o= | Vol 111 |V 2 o
15 e 10 ot 10261 -
+|8% ollzr (IW Q| e + [V (W2 Q)| 10-1) | V8| 1o
+ (57 1l 10581t I Vbl o1+ 55 e [l o1 IIVxﬁiQSIIHS

+ (155 oo + 1 Vo gg lle-1-) 1050 ot 9| o) | Vo8l ot
+bounds for the right-hand side terms.

<

=

-

Then we treat the right-hand side terms. Applying H*~! is a Banach algebra, we get

(J11,0%0) pra—t SO Vool pre—1]|0L ol pr—
SNOLQ eIV a0l o= [|OL 0 o1,
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(J21,000) mro—t SUIVwoll o=t | Va0l o=t + [V aol o1 |0L(Wa ) || 151
10855 e [Vl ot IVl pro ) 102 o1

-1
(J12,000) Z 1022 o=tV 202 0l o1 108 prs-+,

,_.

-1
(J22,0L0) a1 S(Y_ V20 0l ot V20 |l o
m=1
-1

+ 39,07l
m=1
+ o okl

I1+lo+lg=Ll,
11,19,13>1

et |05 (WS || e

11 [ Vo020 ot | Vo829 o) 020

Hs—1.

Applying Lemma A.6 and Lemma A.8 to control the terms related with €2, recalling the
definition of &, D;, and A;_1, we have

1 s#1 1 1 1 1 7
%%El(z,t)+z>l(z,t)5A§j1(1+52+D2)5 +A 2% EXDE+ AL ESDE.

1 7
Finally, applying the Young inequality to control D7 and D} by D;, we have
2E+D <CAPT?(1+&).

This completes the proof. 0
3.2. Stability estimates for system (1.4). The difference between (9.0, 0'¢,

dLy) and (9!0,0L$,0L1)) reads

0L (0—0) +c1Q-V,0L(0—0) +c1(2-Q) -V, 0o+ V- 0L(Q—Q) = Hy,

0:0L (0 —9) = c30:0L (0 — ) +2uV ;0% (0= 8) - Vad+2uV 010+ Vo (6 — )
V0L (0 2)- (W02y) — $ 7,05 (W20, — W20,)
A — LIV.0 ) Vo) — 4LV, 0L (¢~ ) - Vo)
ALV, 0L6- V., (b — 1) = Ho,

with
H1 —(Jll(é’ad)ﬂ/f) J11(,_5,¢_57'I/_J))+(J12(Q,¢7'lp)_(Jlg(g,% ’ll:))) H11+H127
H2 :(J21(Qa¢ﬂ/’) 7‘]21(§aq—$7/¢;))+(‘]22(gv¢7¢) - (J22(§7¢71/})) :H21+H22+"' .

LEMMA 3.2.  Let1>1 and s>2+1. For each z€ I, suppose (97" 0(2,t,x),07"¢(z,t,z),
O (2,1,2)) and (O 0(2,1,2), O G(21,2), 07 (2,1,)) belong to spaces

C([0,T); H™) x (C([0,T); H* =™ N L*(0,T; H*~™+1)) 2 m=0,1,...,1— 1.
and (0L 0,0 ¢,0 ) and (0'9,0¢,0.1)) are two solutions to system (1.4) in the space

C([0,7); H*1) x (C([0,T); HS 1) N L2(0,T; H* 1)),
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Let
1
Au(z,t) =14 Y (107 0(2, ) [ Fr—m + 102" ¢ (2,t) | Fra—m + 110 (2, 8) || Fro—m )
m=0
l —_ —_
(107" (2, t) | 35— m + 102 D2, 1) | 35— m + |02 D (2, 1) || 35— )-
m=0
Define

Xi(2,8) =102 (e— 2) (%) | Fpe 11 +102(0 = 0) (2, )| Femima + 1050 =) (2,8 [ Femimn,
Yi(z,t) = ul(| V02 (¢ = 6) (2, ) 3gemi-1 + Va0 (=) (2, ) [ Fpami-1),

and

l
suml Zt :ZXm
m=0

Then, we have

%Xl (Z,t) +Y (Z,t) < CAl28+4Xsum,l~

Proof. By taking energy method, following exactly along the same lines as that in
the proof of Lemma 2.2 gives

310t e=0)ll3re—1-1 + 102 (¢ — )| Fro—r-1 + 0L = Dl Fromi-1)
+ (Vo0 (&= D) [3re—1-1 + Vo0 (% = )| Fe-1-1)
IVl gre-1 1102 (0= @)1 Fr—1-1 + 11—l ra—t 0Ll pra—1 10 (@ = @) | o112
+ 02— D) rs-11105 (0= @) re-1-1
1102 (0= @)l o—1-1 [ Vadll gro—t (1056 — )| ro—1-1 + |V 0i (b — @) || re—i-1)
+110all ot [V (¢ — D) srs—1-1 (105 (6 — D)l ro—1-1 + | V02 (¢ — @) | o —1-1)
+ 11050 = o)l gre—1-1 (W2 Qg | Lo + |V (W Q) | pre-1-1)
X (02(¢ = @) rs—1-1 + 1| V02 (d— )| prs-1-1)
H110Lal pro-1 W2 Qe = W2 Qs || ro—1-1 (105 (6 — @) || ro—1-1 + [ V20 (¢ — @) | sro—1-1)
2 = 2l gre-1-1 105l o 19l o1 (185 (6 — )l ro—1-1 + | V0B (¢ — @)l ro—1-1)
1l V20 (6= @)l pro—1-1 [0 ]]pro—1 105 (& — @) -1
+HinmHvz(w—zzi)um-z-l||al<z’s\|Hs-z||al(<z>—<;’s)\|m-z-1
+ (12 oo + Ve 2 aremi-0) 1O S = DN el et [ V0L (S— B

.1
+ (1%l + HVZW||H5*1)||¢_w||?ls—l—1 Ve (¥ =) o1

X (020l pr-11| V20 (S = G) | rs—1-1
+bounds for the right-hand side terms.

Then we treat the right-hand side terms. Applying Lemma A.5-(2), we get

(H11+ Hi2,0 (0~ 08)) o1

1
S N0T(Q =) Va0 " 0= 070 Va0l (0= 0)| re-1-1 1050 — @) o1

m=1
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l
ST Q=D o111V 0l o
m=1

07 Q| ot V202 ™ (0= 0) | gra-1-1) 102 (0 = 2) o1+,

(Ho1 + Ha2,0% (¢ — ) ro—1-1

l
S(D V20T (0= Va0l "6+ V.00 0V 20k (9= @) | ge-icn

1
+ > IVL02 (0—8)0s ™ (WaQy) + V207 00 ™ (Walp — W2 Q) || pro—1-1

m=1

+ Y 0N (- L)VL0R V0B 40P L VLR (p— )

li+l2+i3=l11>1

+ O V202 G- V208 (1= ) gt ) 40— )| o1
l

(Z V207" (0= 0) | ro-1-1 170" gy

Va0l ol o1 V02 ™ (6= &)l o-1-1)
1

+ 3 (IV20 (0= )l o1 1027 (Wa) | o1

m=1

+ Vo0 all - 1057 (Wl = W2Q0) || ro-1-1)

+ > (108 = D)l o1 [Vw02 Gl syt [ V202 0] o1

li+la+ilz=ll12>1

+102 & | o=t IV 02 (6= G| sro-1-1 | Va0 W gyt

V.08

+ 108 g1 | Vo 02 Bll a1 | V20 (30 _TZ)||HS*Z*1)) 192 (¢ = @)l o1

The main control inequalities are as follows:

1
V20 (0= 0)l| re-1-1 <V

and if m <,

IV202 (0= D)1= <107 (0— Dl sze—t < 107 (@ = D)l 7rs-m-1 < X2

605

Applying Lemma A.6-Lemma A.9, recalling the definition of A;,X;,Y;, and Xgsym 1, we

have

11
%%X (Z t)+Y2(Z t) <AS+2(Xsuml+Y2)XS“ml
542 1 1 s+2 1
+A,2 X2 V2442 XE

sum,l

This implies that

LX1(2,t) +Yi(2,t) < CAP T X g1

This completes the proof.

sum,l

(3.3)
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3.3. Proof of Theorem 1.2. In this subsection, we prove Theorem 1.2. Sup-
pose that the initial data is W%>-regular with respect to the parameter z, we show the
regularity can be preserved in time. The key is to rigorously justify (0Lo,0L¢,0L)|}_,
exist and solve (1.4).

Step 1: Approximate solutions.
(a) Existence for (0"(z,t,z),0"(z,t,x), Y™ (2,t,x))|neN-
For each fixed z € I, we start from (0%(2,t,7),¢%(2,t,2),4°(2,t,2)) =0, then we de-
fine by introducing a sequence (0" (z,t,z),¢"(z,t,x),9"™(z,t,2))|nen solving
0"t 41 Q" V0" = -1V, Q7
O™ Q" V" — pA o = —H? (0", 0", 0"),
O™ T+ o Q™ - VT — p At = —HY (0", 6™, 9"),
(0" ") (2,0,2) = (Tan+10™ (2,2), Jan+1 ™ (2,2), Jon+19™ (2,)),

(3.4)

where Q" =Q(¢",¢"™) and Jgn+1 denotes the mollification operator
Tovu(a) =@ [ g7 o= g))ulw)d
R3

with g€ C5°(R3),g>0 and Jgsg(x)de=1. According to the transport and transport
diffusion equation theories (see, for example, Chapter 3 in [1])), we may argue by in-
duction that for each z € I, there exists a family of smooth global approximate solutions
(Qn(zatax)a¢n(z7t7z)7 wn(zatax)”nEN-

(b) Existence for (0,0"(2,t,z),0.¢"(2,t,x), 0.4 (2,t,2))|nen-

For each z € I, suppose Az is sufficiently small such that z+ Az € I. Define

T = Qn(z‘i‘AAZi—Qn (2) , P = " (Z+AAZZ)—¢n (2) \ Pn— p" (Z+AZ) p" (z) neN.

From system (3.4), we find the system for (Y"1 @7+ ¥n+1) reads

atfrn+1 +le"(z+Az)-VxT"+1 (Q"(Z+Az) Q" (2)) V n+1(z)
e L veon (z+Az) o (2))

P! Q" (2 4+ Az) - Vo @ — pA, O™ = —<Q"<Z+AZ> LN 7,6 (2) + G,
at\I/"+1+CQQ”(z+Az)-V\IJ"+1 MAZ\I/n+1 (Q"(z+Az) Q" (2)) v 1/)71+1( )+G§L’

(3.5)

with

Gp = —H? (0" (24A2),¢™ (24 82) " (24+82)) + H? (0" (2),¢" (2), %" (2))

Az

G = ZHU" (e 82).0" (4 82) 4" (- D)) HHY (0" (2).6" ()0 (=)

Az

We consider (3.5) as a linear system for (Y?*! "+ ¥n+1) On the one hand,
under the initial assumption

( mv 8”l¢,8inw) — A1;§0< o™ (Z+Azz)—gm(z) ; ¢M(2+AAZ;_¢M (2) , wm(Z-‘rAAz;—wm(Z))

exists in H*~!, we deduce that the initial data of system (3.5)

(J2n+1 0" (24 82) ~Tont1 0" (2) Jgn41 0™ (24+82)~Jgnt16"™(2) Tgnt1¥" " (2+A2)=Ton19""(2) )
Az ’ Az ’ Az
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— (J2n+1 8ng (Z),J2n+1 62¢m (Z),Jzn+1 8zw’"(z)), as Az —)O,
in H™(R3) , for any m € N. On the other hand, we suppose that

(5’z9",3z¢",3z¢") (Tnaq)nvq/n)

= lim
Az—0
exists in C([0,T],H™) for any T>0 and any meN. Then thanks to the trans-

port equation and transport diffusion equation theories again, we can infer that
(0.0"1,0,0" L 0,41 :Alim(](T”+1,<I>"+1,\I/”+1) also makes sense C([0,77],H™), for
z—>

any T>0 and any m €N. Furthermore, by taking limits in system (3.5), we deduce
that for each z€ I, (9,0"*!,0,¢" 1,0, F!) satisfies

0p0,0" ! +c1 V-V, 0,0" T = —10.Q" -V, 0" — 1V, - 0,97,
010:0" 1+ Q" V40,0 — pAD, 6" = 02007 - Vo™ — HE (7,67 40"),
00" 4 0"V, 0 — pAD P = — 0.0 V" — HY (07,97, 40"),
(020"11,0.¢" T, 0.9" ) (2,0,2) = (J2n+1 0.0, Jon+10.¢™  Jon+10.9™).
(3.6)
Expressions of H?, and HY, are defined in system (1.4) with [ =1.
(c) Existence for (0.0"(2,t,z),0L¢" (2,t,z), OLY™(2,t,2))|neny With 0<1<q.

Repeating the same arguments as that for case (1.2), and thus will be omitted, we
get that for any positive time T', and any nonnegative integer m,

(020" (2),020" (2),0.0" (2))new € C([0, T H™),

satisfying the following linear system

020" 1"V, 000" = —ar il ClrorQ" V.00 ™" =iV, - 0L,
DL 4 2 V0L — ey A DL = ey 3D PO -V, 0L M
FHS (" 07 0), (3.7)
QY™ 20 VoD — ey AT = gy 3 COTQN V0
FHA (G 67 0,
(02"1,0:0™ 1, 0Ly T 1)(0,2,2) = (Jon1020"™ Tpn41 026"  Jns1 0:90™).

Step2: Uniform bounds.
(a) Uniform bound for (¢"(z,t,z),¢"(2,t,x), " (2,t,2))|neN.
For any n €N, define
Eo.n(2:) = [l0" [ Frer + 16" 77— + 10" 171
Don(2,8) = (Ve @™ 13- + Vo)™ [ F:-)-

Following exactly the proof of (2.3) in Lemma 2.1, we deduce from system (3.4) that

s+41

1 s 1 1
380 mr1+Doni1 SDG,(14+E0.n)2 (Eomt1+E3 pi) + (1 +E0m) 7 E3pia
1 s+2 1
D IDOQ,nJrl +(1+50,n) 2 DOz,n+l'

n=0,n

3
8

oolon

+&

(=}
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1
Applying the Young inequality to control Dy, 1 by Do nt1, we derive that

1 s s+1
F04+E0n11)+Dont1 SDG,(14+E0.n)2 (1+Eoms1) +(1+E0m) 2 (1+Eomt1)
5 3
+ gO%nD(AJI,n + (1 _~_50’n>s+2
3
SA+ETHA+D,) (1+Eonr1)-

According to the Gronwall inequality, it turns out that

t
1+ Eonp(2,1) +/ Do pi1(z,7)dr < eXp{fJC(1+8522(r))(1+134n(r))d7}(1+50,n+1(z70))_
0

Recall the definition of £™. It is obvious that
E0,n41(2,0) = J2ns1 0™ (2) | e + | Tan 16" (2) | 1re + 1 T2n 2™ (2) |15
<l ()lars + 6™ () ms + 19" ()| s <eg™

This implies
t 3
5O,n+1(zvt)+/ Do n11(2,7)dr <exptho C(Hgg’t'z(T))(lJrDé‘"(T))dT}(1+66n)- (3.8)
0

Define My ,(2,t)= sup 507n(Z,T)+ng0,n(Z7T)dT. Since

0<r<¢t
t 3 t 3 1
| ey g, (rdr< sup (45320 (14 ([ Don(rian)Fel),
0 0<7<t 0

we deduce from (3.8) that
EENYENS

Mons1(2) < (1 € explOHIE D
For any fixed number My > 1+ €, we take Ty, sufficiently small such that

3 1
(14 €M) explCOFME™) (Tao + M Tl )} <
The induction hypothesis then implies that for all n € N, My ,,(z,Ta,) < Mp. Note that
My and Ty, are independent of z. We thus infer that for any n€N,

T'ng
sup( sup Eon(z,7)+ Do n(z,7)dT) < M. (3.9)
z€l 0<7T<T,

(b) Uniform bound for (9,0"(z,t,2),0,¢"(2,t,2), 0.9™(2,t,2))|nen-

0

Define
Exn(2,t) = 020" 17701 +11020™ | Fo—1 + 100" 1 3o -1,

Din(2:t) :N(Hvxaz(an%IS*l + ||anz¢"||irs—1)a neN.

Let
Ao (z,8) =140 1 Fs + 110" 17 + 110" e + 0™ M T + 110" 7o + 10" 17
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b

Following exactly along the same lines of (2.6) in Lemma 3.1 we deduce from (3.6) that

1 1 s+1 101

1 1 1 1
1d s+1 2 2 2 2 2 02 P2 2 ¢8
2 Itgl’n+1 +D1v"+1 S/AO,"L (1 +Sl,n+1 +5l,n +Dl,n)gl,n+l +A0,n gl,nDl,n+1 +A0,n81,nDl,n+1 .

0|~

Applying the Young inequality, we infer that
%%&,nﬂ +Di 1< CA%?JQ(l +E& pr1+Ein)+ %Dl,n + %D1,n+1-
This implies
%(1 +&1m41)+ D11 < CAﬁij(l +&1nt1) JrCA(Q)ijQ(l +& )+ ipl,n-

The Gronwall inequality then leads to
t 3
14+&1 nt1(2:t) +/ Dy 1 (z,7)dr < elo CAT (ndr (1 +&1,n+1(2,0)
0
t
+ /0 (CAP A4 E ) H 4D aem)dr). (310)

Denote A=1+ Mjy. According to the uniform bound (3.9), we have for all 0<t <
TMoa

t
/ A(z)f;2 (z,7)dT < A% T2,
0

Recall the definition of €{™. Tt is obvious that

E1n41(2,0) = Tan+10:0™ ()| ro=1 + [Jan+10:0™ (2) | re—1 + | Tgn+10:9™ (2) | o1
<N0z0" (2) |1 +10:0" ()| a1 + 109" (2) | -1 < €7

Define M ,,(z,t)= sup gl’n(Z,T)—‘rf(fDLn(Z,T)dT. Then it is easy to see
0<r<t

/t (CAgfer(Z,T)(l +&1n(2,7))+ iDl,n(z,T))dT
SCOA25+2t(1+M17n(z,t))+ M (2,1).
Hence, we deduce from (3.10) that
My i1 (2,8) <expCA™ 7 (14" + CAZF24(14+ My (2,8)) + 1My o (2,1)).

For any fixed number M; >4(1+¢€{"), we take Ty, sufficiently small (Ths, < Tz, )
such that

eXpCAZSHTMl (iMl —|—CA25+4TM1(1+M1)+ iMl) < Mj.

The induction hypothesis then implies that for all n € N, My ,,(z,Tar, ) < M;. Note that
M, and Ty, are independent of z. This yields for any n €N,

Tar,
sup( sup Slm(z,r)—l-/ Dy (2,7)d7) < M. (3.11)
z€l 0<7<Tn, 0
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(c) Uniform bound for (9.0"(2,t,z),0 " (2,t,x), OLY™(2,t,2))|neny With 0<I<

Define
E1n(2,t) = (|00 3o -1 + 1080 77— + 1050 370,
Din(2,t) = |V 0L g™ |31 + | V20L0 3. 1), neN,

Repeating the same arguments as that for case (2.2), and thus will be omitted, we get
that there exist a uniform positive time interval Th; and a uniform bound M, such that

q T

supZ( sup & n(z,7)+ Din(z,7)d7r) <M. (3.12)
zel 1—0 0<7<T 0

Step 3: Convergence.
For each z €I, for any n €N, let

1+Z (102" () 1 Fpeme +1020" 7 () 3gems + 102" () 7o

+H3l 0" (2 IFre-t +11026™ (2) [ Femt + 10207 (2) 7ot
102" (2t + 102" T (e O™ (),
Bo,u(2) =[Vad" ™ () s + 1Vt ™ () s + 1 Voo™ () e + Vo™ (2)I1340) -

X (2,8) =[10L (0™ = 0" )| Zemir +[10L(0" — " )| Zamims +[|OL (™ — ") [,
Vin(2:t) =p(IVe0L (6" — 6™ )| Femion + [ Va0 (" =™ D) [ Fei0),

and
q q
Xsum,q,n(zyt) = ZXl,n(z7t)7 szum,q,n(z7t) = Z)/l,n(zyt)

Following exactly along the same lines of (2.6) in Lemma 2.2, we deduce from system
(3.4) that the difference between ("1 — g", ¢! — " "1 — ") satisfies

1 111
%diXO n+1 +Yo n+1 NBO nA‘I nXo ;n+1 +Aq7 (XOQn +YO )X()27L+1 +BO2 7LX()2nX()2,n+1
+Bo nA‘i Xo nYO ntl "'Aq, (Xo n +X0 n Yo, n)YO nt1
Applying the Young inequality, we infer that
3
3 ai Xont1+Yo 1 SCAFTH (14 Bg ) (Xor1 + Xom) + 55 Yomt1 + 155 Yo (3.13)

For any n €N, define

Xin(2,t) =102 (" = 0" e F 100" = ") [ Fpemioa 0L (" =" ) [ Fpamia,
Yin(2,t) =u(|Vodl(¢" = 6" D famis + IV (0" =" ) [3emin).

Following exactly along the same lines as that for (3.3) in Lemma 3.2, we deduce from
system (3.6) that the difference between (9 (o"+! —o"),dL(p" 1 —¢n),dL (Y"1 — o))
with 1 <[ <q satisfies

1 1 1 1
2 thl ’ﬂJrl(Z t) "‘V‘le n+1(z t) SA;—;Q(XS%Lm I,n+1 +Xsum Jn +le n+1 +Y2 )XSZum JAn+1



N. JIANG AND Z. ZHANG 611

s+2 1 1 s+2 1 101
2 2 2 4 4 2
+A(17n Xsum,l,n}/l,n+1 +Aq,n Xsum l, n}/l n}/l,n+1'
The Young inequality leads to
2 4
Xl n+1 +}/l n+1 <CA S+ ( sum,l,n+1 +Xsum,l,n)
+ ﬂyrsum,lnH»l + %qysum,l,rp (314)

Combining the above inequality with (3.13), summing over ! from 0 to ¢, we get
%%Xsum7q7n+1 + Ywm,q,n-‘rl
<CAZ (14 Bi ) Ksumgin 1+ Xoumaqn) + 5 Yeumtin 1+ 15 Yeurm.an
this yields
%Xsum,q,nﬂ + Ysum,q,n+1
<CAZH 14 BE ) X sumgn i1+ Xoum.gn) + 2 Yaum gn-

Define

E,(z,t)= sup Xsumqgn(2,T) / Yaum,gn(2,7)dT.
0<r<t

The Gronwall inequality then leads to
3
B (2,1) Selo GO0 G (B (2,0)
t 3
+/ (CAZH (2,7)(1+ B¢ (2.7) Xsum,gn (2,7) + éysumyqyn(Z,T))dT). (3.15)
0

According to the uniform bounds (3.12), we have for all 0<t<T,

t .
/ A2 p) (14 By, (2,7))dr < M2 (04 M),
0

Plugging the above inequality into (3.15) yields
. 3 1
En+1 (Z?t) SeXpCMZ T M) (En-‘rl (270)
FOM> (4 M3 t1)E, (2,t) + LB, (2,1)). (3.16)

Recall the definition of Jon. It can be checked that

Bnt1(2,0)=) (|J2041020" = J2n 00" | Fpe-ros + | Bon 102" — J2n 02" |13

-

+

| JDpns1 O™ — Jon Otp™ ||770—1-1)

q

<gow ) (1020 3 + 1026 [ Frems + 1100 |37-1)
=0
Gl ).
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Choose T sufficiently small (T'<Ty) such that

expCM*HHTHMATY) <o O UM T (Cpp2era (4 priTE) 1) <

=

Then we deduce from (3.16) that
i1 (2,T) < 2 (e + €M) + L B (2,7).
Note T is independent of z. We finally get

sup Ep11(2,T) < 28 (el +€") + tsup E,, (2,T). (3.17)
zel zel

This implies  (0'0"(2),0 0" (2),0.4(2))|nen are Cauchy sequences in
C([o,T];H*~!=1), 1=0,1,---,q. Moreover, according to (3.17), these sequences are
uniformly convergence with respect to z. Hence, the property of uniform con-
tinuity guarantees that there exists a limit (o(z,z,t),¢(z,,t),%(z,z,t) such that
(010" (2), 0107 6(2), 00(2)) converge to (2 o(2),06(2),0L(=)) in C(0,T];H*11),
1{=0,1,---,q. Moreover, from the uniform energy estimate (3.12), we deduce that for
each z€ I, (0\0,0¢,0 %) belongs to L>(0,T;H*!), and (V,0.4,V,0 %) belongs to
L2(0,T;H*7"),1=0,1,--- ,q. More precisely, we have

q

sup " (sup (10 0z 0) 3t + 10620 Bgect 102062 0)-0))

zel =0 0<r<T

T
i[9+ 905000 By )t) <M.
0

Passing to the limit in system (3.4) and (3.6), we conclude that (g,¢,%) is indeed a
solution of the random SOH system (1.3), and (9.0,0.¢,0'v) satisfies system (1.4).
Thanks to the transport equation and transport diffusion equation theories again, we
can also have (09,0 ¢,0Ly) € C([0,T]; H*7Y).

Step 4: Uniqueness. Uniqueness is an immediate consequence of the stability
result in the next subsection. This completes the whole proof of Theorem 1.2.

3.4. Proof of Theorem 1.3. This is just a matter of combining Lemma 2.2
and Lemma 3.2. Let

q
Aq(z,) =143 (0% 0(z, ) I37a—1 + 11056 (2, )| 77a—1 + 1050 (2, 8) [ et
=0

q
+ (105202, ) 7gamt +1020(2,6) [ 3ga—t + 11029 (2, 1) |7 1),
1=0

Bo(2,t) =|Vad(2,t)||7rs + I Varh(z,0) |7 + | Vad(2,) | 7rs + IVt (2, ) [r=
Define

Xi(z.) =050 = 8) (2. )[Fe—1-1 +105(0 = @) (2. ) |71 + 0L =) (2, ) [[Feroa,
Yi(2,8) = u(V20(6 = 6) ()| Fperos + Va0l (¥ = ) (2,6) [ Femi1),

and

q q

Xsumﬂ(z,t):ZXl(z,t), igumyq(z,t)zz}/l(z,t).

=0 =0
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Form Lemma 2.2, we have
3
i Xo(t) +Yo(t) SCATH (1) (1+ By ()Xo (t).-
Form Lemma 3.2, we have
LX) (2,)+Yi(2,t) SCAZ ™ Xgum g, 1<1<q.

Summing over [ from 0 to ¢, we get

3
L X qum,g (1) + Yeum,q(t) SCAZTH 1+ Bf ) X gum,q-

The Gronwall inequality then leads to the desired result.

Acknowledgments. This work was partially supported by the National Natural
Science Foundation of China No. 11971360 and 11731008 (N. Jiang) and No. 11801425
(Z. Zhang), the Strategic Priority Research Program of Chinese Academy of Sciences No.
XDA25010404 (N. Jiang), the Fundamental Research Funds for the Central Universities
No. WUT:2019IVB043 and No. WUT:2020IB020 (Z. Zhang). The authors are very
grateful to the referees for their valuable comments and suggestions.

Appendix. We list some inequalities that are frequently used in Section 2 and
Section 3, and give detailed proofs.
For the convection terms, we have the following estimate.

LEMMA A.1. For any integer k>0, we have

(VE(FV29),VE9) SUV e il + 1V Fll ) 9] 2

Proof. Integrating by parts and using the Sobolev inequalities H'(R3)<
L3(R3), H*(R3) — LS(R3), H?(R3) — L>°(R?), we have

(VE(F-V.09),VEG) =(f V. VEg,VEG) + (V. f V. Vil g, VEg)
+ > (VEFVLVEg, VEg)

k122,
ky+ko=k

SV FlzeIVEglze + Ve fllz [ Vigll7
+ > VRV glls Vgl e

k1>2,

by +ho—k
SIVeFllalglze+ D IVE i IVE gl [ VEgll 2
klkikzj_ik

SUVeFllaz + Ve fll e )llgllzp-
This completes the proof. 0

In order to treat the terms like V,0-V,0,V 0- (W2§2¢), since p is controlled by a
transport equation, we use integration by parts to control V,p. We present the following
estimates.

LEMMA A.2. For any integer k>1, we have

(Va(Vaf-9),V5h) SIA e (17 o + Vgl e Vahll s,
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(Va(Vaf 9, Vi) SIF e (17 o + ||vx§HHk7%)||vxh”H’c7

<V§(wa-§)7v'£h>5Hf||m+1||§||Hk IVahl -

1
~2
Proof. Integration by parts yields

(VE(Vaf-9),Vih)=— (Vi (Vaf 3), Vit h)
=— (V. VETUf-g VT ) — (Y VL Vi fVhg Vi)

ko1,
kq+hko=k—1

éfl + 1.
It is obvious that the first part is controlled by
LSV VE ez gl = IV Bl e S U aellgl e Vol -

Using H*(R?) < L3(R?) and H!(R3) < L%(R3), the second part can be controlled by

LS D IV VE fllLsl|VE Gl ps | VET R 2
ko>1,
ky+ho=k—1
<D IVaVE i [VE2 G| (| VAT R 2

ko>1,
kqdhko=k—1

S e IVagll gs— [[Vah] g

Hence, Lemma A.2-(1) is proved.
Alternatively, if we use embedding inequality H?2 (R3)— L3(R3) instead of
HY(R3?)— L3(R3), then for the second part, we have

LSl lIVagl s Vahllms-
H" 2

This leads to Lemma A.2-(2).
Similarly, using H2 (R3) < L3(R3) for the first part, we get
LEIVaVE fllol|dl e V5l
SIVVE gl 3 1V A

SHAzse gl I Vahl g
H 2

Combining the above two inequalities yields Lemma A.2-(3). d
Terms like %w&-vm are treated as follows.
LEMMA A.3. For any integer k> 1, we have
(Ve(FVeg-Vih), Vou) SO o= llgl ae IV ah | oo + 1l oo 1V agll o< 1B
+ ([ Flloo + IV s gl 1l e ) IV aull s
(VE(fVag-Vah), Viu) S(I|fllze +||fo||Hk71)|\Vzg||Hk_% 1P| s [IV el e,

(Va(FVag-Vah), Viu) SU s lgl e Rl s Vo] ge.
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Proof. Integration by parts yields
(Va(fVag: Vah),Viu)=—(Vy  (fVag- Vah), Vit u)
=—( > [V.VhgV,VEh Vi)
ki+ko=k—1
+() . VB[V, VgV VER V)

k3>1,
kq+hotky=k—1

= (fV. Vg Vo h, VE ) 4 (fV,g- V. VETIh, VETLy)
+(Y . fVLVE VLV VE )
ki,ko>1,
kitko=k—1
+() . VBV gV VER VI )
k3>1,

ky+kothy=k—1

éfl + I+ I3+ 14.
Using H'(R?)— L3(R3), H' (R?) < L%(R3), it can be checked that

LSl IV Vs gl [ Vahll e V5 ull 22
S zee gl e [V abl| Loe [V aul| e,

Ly Sl = 1V aglloo Ve VE Al 2 V5 2
SIAeVagllooe Al x| Voul e,

IEDS Z £l V2 Vit gl 3| V2 ViR Lo [ V5w L2

ki,ko2>1,
ki+hko=k—1

S D Il Ve VE gl Ve Vi hll e [ V5 ull 2
k1,kp2>1,
kit+ko=k—1

SNl Lo 1V agll =2 |V o bl e | Vo] g,

LS Y IVEFILlIVaVE gllLe Ve VE Rl o[ VE ) -
k1+k§izlc;;k—1

SO IVEAm IV VE gl IV VE R g |Vt e

k3>1,
ki+kotkg=k—1

SIVa = [Vagllgs-1 IV el go-1 | Vaul g
Combining the above four inequalities leads to Lemma A.3-(1).
Alternatively, applying H? (R3) — L3(R3) to I; and I, we have
L= Ve Ve gl s Vahll oo V5 ull 2
Sz 1V Ve gl 3 IVahlla V5 ull 2
SHfllLoollegHHk_% 1Pl e [ Vaul e,

L S| e IVagllea Vo V™ ol 2ol Vel 2
SHFlz=1Vagl ;3 1VaVE All a1 | Voul| e

SHfIILwIIngHHk 1Pl a1V ]| e

1
T2
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This leads to Lemma A.3-(2).
Finally, if L°°-norm of f is not required, we can use the following estimates:
LS sl Ve Ve gl oo [ Vahll o[ V5 ull 2
S IV Ve gl [ Vel a V5 | 22
S e llgl e [Pl e [Veul g,
L S lleslIVagll ol Ve V5 hll o[ V5 ull 2
SIS Nere gl s [Pl s [[Vawl g
IS Y Izl VaVigllee| Ve Vi hll ol V5 ul 2
k1,kp>1,
ky+thko=k—1
< D MmlIVaVaglm Ve Vi hllm V5 ul 2

ky,ko>1,
kqtko=k—1

SNz llglle Pl e Vol g

Combining these above three inequalities with the inequality for I gives Lemma A.3-(3).
This completes the proof. 0

The following lemmas are used in stability estimates.

LEMMA A.4. For any integer k>0, we have

(VE(£9), V) S Fllsress (gllzr + gl e )l e
Proof. Using H'(R3) — L3(R3), H*(R3) — L5(R3), H?(R3) < L>°(R3), we have

(VE(f9),VER)=(VEfg,VER) + Y (VI fVkg,VER)

ko>1,
ki+ko=k
<||VE £l 1 VEn vk AV VEn
SIVEfllzellglze Vel r2 + Z IV fllL=< V32 gll2 (| Vbl 2
klksz;;k

S aeea (gl ze + [1gll ) 1] -
This completes the proof. 0

LEMMA A.5.  For any integer r >0, we have

Ifgllar S 1fllzee + Ve flla) gl
Specially, if r>1, then we have

I fgll e SN+ llgll e
Proof. For any integer 0 <k <r, we have
Vi(f9)=fVig+ > VE[Vig.
M T
Applying the Sobolev inequalities H!(R?) < L3(R?) and H'(R3) — L5(R?) yields
IVEF ) e <Uf e IVaglia+ D IVE fllzellVE gl oo

k121,
kitko=k
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Sl lVEgl2+ > IVE Flm VE gl
k1>1,
kq+ho=k

SU Nz + 1V f Nl ze) gl -

Summing over k£ from 0 to r then gives the first inequality. Specially, if »>1, since
H?(R?)— L*>(R?), we have

Ifgller S (L F e + NV fla) gl SN e llglar-

This completes the proof. 0

In the following, we treat terms related with Q. Recall that

Q= (28,20 SHUTLy it W= g2 41
It can be checked that

W2Qy = (2(1-¢* +47%), ~4¢1,49),
W20y = (—4¢1),2(1+¢” —9?),4¢)).
We mention that due to the structure of Q (similarly, W24, W2Q,,), it is not guaranteed

that Q belongs to L? if ¢,1) € H®, whereas ||Q||L~ and ||V, are available. We then
establish the following estimates.

LEMMA A.6. Let s>2. We have

137l + 157 ll 2= S 1z~ S 1,

159 22 + e < (LGl e + 1ol are)®,

Ve e S L+ 18l me + [P 2)°

Vel S IVadllmes + Vot lla) A+ |0l e + 1] )",

IW2Qg | Loe + W2 Q[ S A+ 6l me + 1]l )?,

IV (W2Q0) [l o1 + Vo (W2 Q) o2 S A+ [ ll11- + ]l 22+)*.
26

Proof.  Recall [2]=1. Since {7 and % are the first two components of vector €2,
we obviously have

137l + 157l S Q= S1,
IV () a1+ Vo (5 ) o1 SVl o1

Next, by direct calculations, we have for [ >1,

1
o™
V;Q: Z Z W(Qw)ﬂj((ﬁ»ﬂ))a (A1)
m=1i+j=m
where T;;(¢,9) = > Vitg---VIipVsiap--- Vi 1p. Each component of the unit
Xi: Ta+ 2]: sp=L
a=1 B=1
Ta,sg21

vector field € is of the form of a rational fraction with lower power polynomial of the
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factor than that of the denominator. Its derivatives with respect to ¢ and ¢ have the
same structure. Hence, for any integer 1,75, one has

i1+
| e o <1 (A.2)

Thanks to the Sobolev inequalities H'(R3)— L3(R3), H*(R3) < L5(R3), H?(R3) —
L*(R?), it can be checked that
Ve Qll o S A+ Sl + (¢ m2)°, (A-3)
Vel e S (IVadllme + 1 Varbllm) L+ Gl me + 19l me)* (A.4)
The above two inequalities can be checked by following Lemma 2.3 in [17]. For the

convenience of the reader, here we take s =2 as an example and give a verification. In
fact, according to the expression (A.1), we have

V2l SUV o2 + Vet 2) +
+(IVadllis +Vatills)
SUVedllLz +IVatdll2) +
+(IVadllzr + IVath|

SA+ [l mz+ 1l a2)?,

IV26llL2 + Va2
IVadllze+[Vatl|zs))
IV26llL2 + Va2
(Ve +11Var)llz))

(
(
(
)
and

IV Q2 SUIVadllze +IVatbllnz) + (V2] 12 + V20| 2

+(IV20ll s + IVl s) V2@l o + | Vatb| o))
+(IV23llL2 + V3l 2+ (IVaell s + 1V ) (I Vel Lo + [ Varpll o)
+(IVadlize +IVatpll£o)?)

SUVedllz +IVatll2) + (V22 + I V3 2
+ IVt + Vel ) IVl 12 + Vi)l 1))
+ IVl +IIVapllLe + (IVaoll g + V2l ) IVl g + 1 Vetd| 1)
+ IVl +11Vatpl m1)?)

SUVa@ll gz + 1 Vatdllz2) A+l 2 + 19| 22).

This completes the verification.
Next, since W > 1, we deduce from (A.3) that

158 ez + 155 e SN2z + 155 122 + 1 Va5 s -1+ 1 Ve g e
Slllze + 19lle + Ve e
S+ [8llers + 1917 )

Finally, applying H?(R3) < L>°(R3), we get that
IW2Qgllz +IW?Qyll Lo S A+ [0l +[9llz)* S A+l + 0] +).
Since H® with s>2 is a Banach algebra, we infer that

IVa(W?Qo) | g1 + Vo (W2 Q) | o1
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=|Vo(2(=¢® +9%), 4, 40) T || o1 + || Vo (— 40, 2(¢* — ¥?),49) T || o1
SI@(=¢* +4%),—4¢np,40) T || = + || (— 4, 2(¢° —?),4) T || =
SA+11llms+[¥llm=)?.

This completes the proof of the lemma. 0
The following lemma is used in stability estimates.

LEMMA A.7. Let s>2, Q=Q(¢,0)) = (5;’,%5%2*’# =) with W =W (¢,0) = ¢ + > +
1, and Q=Q(¢,1),W =W (¢,1),Qp = Qs(,%), then we have

1=l S A+l e+l e+l e + [0 1r2)*
X (16 =l o1 + 1 =Pl rre—1 + IV (® = @)l r—1 + | Va (v =) [ 1),
12— e S (1 9l + Nl aze + 1Bl + 10l are)* (= Bll e + 16— Dl o),
W20y = W2 Q| re-1 + W2 Qy = W2y | o
SA+lolas+1llas + 16l + 10l lld— @l e + ¢ =l o).
Proof. Define O(r) =Q(r¢+(1—71)p,rp+(1—7)1). The Newton-Leibniz formula

gives
1
0)= / O’ (r)dr
0

Q- Q=Q(6,)— Q) = / Qu(ré+(1—r)g,r+(1— D) (6 — )
+Qu(rd+ (- r)Frp+ (- ) (- P)ldr.  (AS)

from which it follows

According to (A.2), we have
1904 (ré+ (L=r)d,rp+ (1 =) D)l + [ (ré+ (1 =1, rp+ (1=1)9) = 1. (A6)

Since Qg, Qy have the same structure as €, replacing 0 with Q4 and Qy in (A.2),
following along the same lines for (A.3), we deduce that

192 (2 6+ (1= 1)+ (1= 1)) 1o
Vo (0 (- (L= )G+ (L= 1)) -

(Ut lrt (L)l + ot (L)l -)°

(

<
SA+lolas +elms +lllae+ ¢l )" (A7)

Recall the Moser-type calculus inequality,

1 gllam S ([ f L= IV gl + Vi fllL2llgl <)

Since ||g||p= <|lgll g2 , we infer that if s> 2, then

gl S [ fllzoe + Ve fllme-) gz (A.8)

Applying the above inequality to (A.5), together with (A.6) and (A.7), we obtain

1
19—l < / (12 (ré+ (1= 7)1t + (1 — 1)) e
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Ve (ré+ (1 =), r+ (1 =1)0) | gro-1) |6 — | 1o
+ (12 (ro+ (1 =) 0,79+ (1 =7)1) [l
Ve Quy(ré+ 1 —7)d, )+ (L=1)9) || ro—1) [0 = || o dr
S+ N0llers + 18l e + 19l ere + 100 222)* (16— Dl are + [0 = 12+)
SA+ Nl as 19l + 1l me 1] ar:)°
X (¢ =l e + 110 =Pl o1 + Ve (@ =) o1 + |V (¥ =) | 1)
One the other hand, applying Lemma A.5-(1) to (A.5) , we have

19— Qe

1
< / (12 (ré+ (1= P)E,r0+ (1= 1)) oo
V206 + (1) (L= 1)) o6 — Bl s
(192 (rét (1)1 (1= 1)) o
Va6 (L), (L)) o) 16— sl
(U1l e+ 1Bl e+ 6l e 41 are)* (6 — Bl o + [l — Bl oms)-
Recall
W2Q, — W2Q,
— (=2t B) (D~ §) 20 D) (60— D), —deb(d— B) — 4G (— B), (6 — B)).

According to Lemma A.5-(2), we have
[W2Qy — W2 -1
S+l ae + 1l + 19l ms + 10l ) (16— Gl s -1 + [ =Dl rs-1).
Wgﬂd, — W2§T¢ can be controlled in the same way. This completes the whole proof. 0O
Next, we treat the terms related with derivatives of random variable z.
LEMMA A.8. Letl>1 and s>2+1. Define

-1
Alfl(zat):]-—i_ Z(”a;ng(zvt)H%TS*m+||a;n¢(z7t)”§—15*m+||a;nw(zat)”§—[5*m)

m=0
Then we have

102 o+ 100 5 et SNOT Qo1 SAG_y, if 1<m <1,

O8Nl pro -t +110L i Nl o -t SOLQ o1 S A5_y (10L || st + |00 || o1 +1),
V2820 ot S AT 1 ((IV2 00| ot + VOl ot + 1020 ]| pro—1 + 00| o1 + 1),
107 (W2Q) [ -t S i, if 1<m<I-1,

8L (W2 Q) [l o1 S Ar1 (11050 ot + 102 o1 +1).

Proof. For any 1 <m <, by direct calculations, we have

“ oFQ
9= a5 (00T (0,0), (A.9)
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where T}, (¢,9) = Z OT -+ 0T pOS -+ -0 1p. Note that 32 a%ﬂ has the same

Z Ta+ Z SI_.;—‘"L

I ;ﬁ>1
structure as that of 2. Hence, following exactly along the same lines as that for Lemma

A.6, we deduce that

v ﬂ” +||8l€79|| [ 31@79” +”6’“7§2”
"agiows T N agiayd 1T 1T ggigys VT 9gigga 1T
SA+gllae +lvlla) SAZ . (A.10)

Recall H°~! is a Banach algebra, it is easy to see that if 1 <m <[—1, then

m

Tl rramt S A2,

~

which leads to

m

k
07w 1 3~ 3 (Va0 + gl T e S 41,

k=1li+j=k

where we have used (A.10) and (A.8).
On the other hand, if m=I, then

m—1 m

1Tisll ot S ULl ot + 102 o) A 3 + A2,

from which it follows

ok
[
TIPS DD X ad,wum =+l gl W sl

k=li+j=k
(1088l gzt + 1080 o=t +1).

Recall % and % are the first two components of vector €2, then the first three inequal-
ities hold true.
Next, if m=1, we derive from (A.9) that

ak
10
V0.0 kzlgjk dﬂa 55 (PTG (00 + 5755 (0 )VTy(6,4)- (AL
It is easy to check that
m—1 m

IVaTisll s -1 S IVl ot + | VaOltb|l ot + 0L bl ot +|0L ] ro-1) A2 + A2 .

As a result, we deduce that

V207 Q| 576~ ,<Z > (Ve ¢181/ﬂ o= 1T | o

k=li+j=k

819
+ Ve (blaijHﬁ 1+ 528 | oo ) IV o T 1121
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SAL_ (V202 ot + V0t ot + 1020 o1 + 10240 | o1 + 1),

Finally, note that
3;”(W2Q¢):(2 Z (=0 P+ Di0pdInp), —4 Z DL pdIap,40™ @), (A.12)

i+j=m itj=m
(W) =(—4 Y 0Lpdl,2 Y (0L¢dl¢—Didiy), 407). (A.13)
i+j=m i+j=m

It is easy to see
102" (W2 Q) [l o1 + 102" (W2 Q) | o

S Y 1020l + 1028l ot + 1) (1026 ot + 029

i+j=m

Hs—1 +1)v

from which it follows that if 1<m <[—1, then
107 (W2Qg) || ot + 107 (W2 Q) || ot S Ara,s
and if m =1, then

1
102 (W2 Q) 1ot + 0L (W Q)| o1 SA1—1 + A2 (1020 ot + 10240 o)
SAA (102l et + 1020 o=t +1).

This completes the whole proof. 0
LEMMA A.9. Letl>1ands>2+1, ¢:¢(z7x),w:1/}(z z),¢=¢(2,2),9 =1(z,7). De-
fine Q=Q(g,v)= (3,38, 5—1), W (Wb) & +2 41, and Q=Q(,0), 7 =

W(éﬂzj)u Qd) :Q¢(<E,1Z)7 Qd) :Qw(éa/&)

=1+ Z 107 0(2, ) | 7ra=m + 102" 3(2,8) [ 2g5—m + 102" (2,8) | Fra=m )

+ Z 182" 2=, ) [ 3gs—m + 102" (2, 6) [ 37e—m + 102" (2, ) [ 3o ),

l

Xoumi(2,8)= D (107" (0= 8) (2, ) [3gs=m—1 + 07" (6= 8) (2, ) [y —m 1

m=0

+ 107 (4 =) (2, t) [ Frs-m—1),
Yi(2,8) = Vo 02 (¢ = ) (2,) [7ra—m—1 + | Vadz (=) (2, ) [ Fgamm—r-

Then we have for all 1 <m <,

(@ — )| ro - 1<AS+1X2

sum,l

1
102 ( Q=) ot SATHH(X 2, +Y02)

sum
1

18- (W2 = W2Qg) || o112 + (0. (W Qy — W?Qy)|
Proof.  According to the relation (A.5), we have

Hsz1<AX

sum,l®

o (Q-0)= / Qp(ré+ (1— 1)y (1 — r)B)Om (6 — @)dr
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m 1 B B 3
ns / O (ro+ (1—1)g,rib+ (1— 1)) (p— B)dr
k:ll ) ) )
+ / 0 (ré+ (L= )8, + (L= ) D)™ (10— B)dr

m 1
+3° [ b0+ (1=, ro+ (1-r)orHw—d)dr
k=170
AL+ L+10+11.
For 1<m <, from inequalities (A.6) and (A.7), we have

1906 (ré+ (L=r)d,rp+ (1 =1)) | L=

[\l [V

Ve (ro+ (1 =)0, 1+ (1=7)) | go1) S A

Since €2 and €24 have the same structure, similar to Lemma A.8, we deduce that

1 -

Y 1050 (ré+(1=r)d,rd+ (1= r)d) et S AT

k=1
According to Lemma A.5-1 and A.5-2, we have

[T A —
1 — —
< / (126 (ré+ (1= 1)y rio+ (1— 1))
VoS (bt (L), rp+ (L)) arer-s )07 (6 — Bl i)
m .
Y / 1852 (rd (1= )b, rp -+ (1 — YD) e [0 ($— Bl gos-rdlr
k=1

1
SATTIXZ

sum,l*®

On the other hand, according to Lemma A.5-1 and by using the fact that H*~! is
a Banach algebra, we have

T

1 — —

< / 126+ (1= ) rio+ (1 —r)d) | 1=
VoS (L= )+ (1= )8 e )IIOT (S — ) o)
m .1

Y / 1852 (rdt (1= 7)1+ (1 — ) o 07 (6 — B)l| sl

k=1
Note that

1 1

1026 =) | 11 102D = D)l spa—1-1 + (Va0 (= D) | sramt S X2, 432,
and if k<1,

1
105(¢— )| 1ot <05 (d— @) ra—r1 < X2, -
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This implies
Ll 1
1 ull s+ T2l et S AT X G +Y77)-

II; and II5 can be controlled in the same way. Hence, the first two inequalities hold

true.
Finally, from relation (A.12),

O (W2 =W Q) =(2 Y (—0L(¢—@)DLp—0.601(¢— ) +0L(b — )DL+ 0Lepdl (v — D)),
i+j=m

—4 > (0P + 0L GD (1 — D)), 40 (¢ — B)).

i+j=m

According to Lemma A.5-(2), it is easy to see

11
102 (W2 = W2 Q) || o110 SAP X, 10
This completes the proof of the whole lemma. ]
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