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SOME MODELS FOR THE INTERACTION OF LONG AND SHORT
WAVES IN DISPERSIVE MEDIA. PART 1I: WELL-POSEDNESS*

CHUANGYE LIUt AND NGHIEM V. NGUYEN#

Abstract. The (in)validity of a system coupling the cubic, nonlinear Schrodinger equation (NLS)
and the Korteweg-de Vries equation (KdV) commonly known as the NLS-KdV system for studying
the interaction of long and short waves in dispersive media was discussed in part I of this work [N.V.
Nguyen and C. Liu, Water Waves, 2:327-359, 2020]. It was shown that the NLS-KdV system can never
be obtained from the full Euler equations formulated in the study of water waves, nor even the linear
Schrodinger-Korteweg de Vries system where the two equations in the system appear at the same scale
in the asymptotic expansion for the temporal and spatial variables. A few alternative models were then
proposed for describing the interaction of long and short waves.

In this second installment, the Cauchy problems associated with the alternative models introduced
in part I are analyzed. It is shown that all of these models are locally well-posed in some Sobolev
spaces. Moreover, they are also globally well-posed in those spaces for a range of suitable parameters.

Keywords. Euler equations; linear Schrodinger equation; NLS-equation; KdV-equation; BBM-
equation; NLS-KdV system; abcd-system.
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1. Introduction

This manuscript is a continuation of our previous work [15] in which we discussed
the (in)validity of the system coupling the nonlinear Schrédinger equation and the
Korteweg-de Vries equation

g+ Uz + alu|?u = —buv,

(1.1)

b
Ut +C’U/Uz +U:r:v:b = —§(|U|2)x,

where z,t €R, v(z,t) is a real-valued function, u(z,t) is complex-valued and a,b,c are
real constants. Many articles have mentioned that system (1.1) arises generically as a
model for interactions between long gravity waves and capillary waves on the surface of
shallow water, or a model for the interaction of Langmuir waves and ion-acoustic waves
in plasma physics [1,11,16]. Even though countless mathematical papers have studied
system (1.1), they each appear to have quoted one another regarding the system’s
derivation and applications. The only derivation we could find is the paper by Kawahara
et.al. [14], where the following system
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(1.2)

was originally introduced with k,p,q,r and s being real constants, z,, =€¢"x, t, =€"t.
Here € is the small parameter in terms of which the asymptotic expansions were per-
formed. Notice that with regard to the left-hand side, the first equation in (1.2) is linear
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whilst that in (1.1) is nonlinear. Further, the time scales appearing in (1.2) are incon-
sistent, with the dynamics of the second equation of (1.2) appearing on a different time
scale than that of the first equation. The same is true for the derivation in the context
of plasma physics, see [1,11,16], where references lead back to [17] and the system (1.1)
is not found in any form.

The analysis in part I, (see also [9]), established unequivocally the fact that, con-
trary to what has been assumed theretofore, one cannot derive the NLS-KdV system
(1.1) from the Euler equations used in the study of water waves, nor even the coupled
linear Schrédinger-KdV system (1.2) consistently where the two equations in the sys-
tem appear at the same temporal and spatial scales. It is important to point out that
a system coupling a linear Schrodinger equation with a KAV equation similar to (1.2)
was indeed derived recently for the resonant interaction between short surface waves
and long internal waves in a two-layer ocean by Craig, Guyenne, and Sulem [6,7]. How-
ever, the underlined physical problem there is completely different from this one. In
their work, Craig et. al. considered a fluid system in which two immiscible layers are
separated by a sharp free interface. They then studied the regime where long waves
propagate in the interfacial mode, which are coupled to a modulational regime for the
free-surface mode.

After evaluating the (in)validity of systems (1.1) and (1.2) as physical models, the
following four systems were put forward for the study of interaction of long and short
waves in dispersive media instead
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where pu,\,ag,a1,b,c are real constants with p,A\,¢>0.
It is universally agreed that for x,t € R, v(x,t) a real-valued function and u(z,t) a
complex-valued function, the dispersive equation

vy +v; +vv; +Lv, =0
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is referred to as the Korteweg-de Vries (KdV) equation when L=49,,, and Benjamin-
Bona-Mahoney (BBM) equation when L =—0,, while the equation

Uy + Uy £ \u|2u:0

is referred to as the (focusing for the + sign and de-focusing for the — sign) cubic
nonlinear Schrodinger (NLS) equation. Following this conventional nomenclature, we
will refer to (1.3), (1.4), (1.5) and (1.6) as the Schrodinger KdV-KdV, Schrodinger
BBM-BBM, Schrodinger KAV-BBM, and Schrodinger BBM-KdV systems respectively.

Despite bearing some resemblance of the abcd-systems derived in [3,4], the above
systems possess some significant differences. In [3,4], both of the functions u and v
are real. Here, u is complex and v is real. Moreover, the couplings between the two
equations in any system here are only through the nonlinear terms, in addition to the
extra term iu.,. It is a well-known fact that the interaction between the nonlinear term
uu, and the dispersive term wgqe, (uze) is what supports the solitary waves in the
KdV-equation (BBM-equation), while the terms u,; and |u|?u play the same role in the
cubic NLS-equation. The above systems feature the presence of both the u,, and either
the Ugp, O Ugzy terms, and thus exhibit some very interesting dynamics. In particular,
the signs of ag,a; and b as well as the interaction among them will play significant roles
in determining global well-posedness of the Cauchy problems associated with the above
systems and also in determining the existence and stability of solitary-wave solutions of
these systems. Readers are referred to the first part for detailed discussions/comparisons
between the above four models with other models such as the Davey-Stewartson system
[8], the Benney system [2] or the ones put forward by Djordjevic and Redekopp [10],
(see also [5]).

All of the above four systems possess at least three conserved quantities when a; > 0.
The three conserved quantities for (1.3) are

Hl(v):/oo v d, Hg(u,v):/oo (Jul? +v?)d,

—00 —00

Hg(u,v):/Oo <ao|uz|2+ vm—f|u\2 |u|2v—1v2—1v3)dsc
.\ 2 2 2" 76

2 e’}
+ @—71771/ Ul dx + %—/\2 )/ v2da.

—00
The conserved quantities for (1.4) are as follows

o0 o0
Hl(v):/ v dzx, Hg(u,v):/ (|u? 0% +ay|ug|* 4 cv?)de,
— 00
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The conserved quantities for (1.5) are given by

Il(v):/ v dx, Ig(u,v):/ (|ul? +v* 4+ cv?)dz,

— 00 — 00
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+(*—@ Im/ wil, dr+ ( %—)\;0)/ lu|? d.

The conserved quantities for system (1.6) are

Il(v):/ v dz, Ig(um):/ (|ul* + a1 |ug |* +0?)dz,

— 00 — 00

o 1 1
Ig(u,v):/ <§vx |u|2 |u|2v—2v2—6v3>dx
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In this paper, we will analyze the Cauchy problems associated with the above four
models. It is shown that all of these models are locally well-posed in some Sobolev
spaces. Moreover, they are also globally well-posed in those spaces for a range of suitable
parameters.

2. Preliminaries

Commonly used notations will be employed. For 1 <p < 0o, we denote by LP = LP(R)
the space of all measurable functions f on R for which the norm || f||7, = [ |f(z)[Pdz is
finite for 1 <p< oo, and || f||L is the essential supremum of | f| on R. Throughout the
paper, whenever p=2 we denote the L?-norm of f simply as || f||. The space Hj = H*(R)
and HE = HZ(R) are the usual real-valued and complex-valued Sobolev spaces, respec-
tively, consisting of all measurable functions such that f and their derivatives f*) are in
L?,1<k<s, equipped with the norm || f[|2 = [, (1+[€[?)*| f(€)[?d€ where f is the Fourier
transform of f. For any Banach space X, let X*:=X x X' x...x X be the k—times
Cartesian product of X. For X,) any two Banach spaces, let B(X,)) denote the space
of all bounded linear operators from X to ). For I an arbitrary interval of R and ) any
Banach space, let C(1,)) denote the Banach space of continuous maps f which takes I
into Y, with the norms given by || f||c(7,y) =sup{||f(t)|[y[t € I}. As usual, the subspace
Cy=Cy(R) of L*>(R) consists of all bounded, continuous functions and CJ' =C}'(R) de-
notes the subspace of Cy, such that f along with their derivatives f*) are in Cy, 1 <k <n.
The subspace of CY, such that all of its members along with their derivatives of all orders
vanish at infinity, will be denoted as C3°. In the case when ) is the Sobolev space H*®
and T >0 fixed, let Cr:=C([0,T],H*) and Ck:=C([0,T],H* x H® x ... x H®), equipped
with the norm ||ﬂ|cég =maxi<;<i{||fillcr }. Similarly, when Y is C§° and T >0 fixed,
we set Cor:=C([0,T],C5°) and Cf 1 :=C([0,T],C5° x C§° x ... x C5°), equipped with
the norm || f Hck =maxi<i<k{||fillco.r }- Throughout the manuscript, unless otherwise
stated expllcltly7 we will denote the various constants whose precise values are not of
importance to us as C.

In Section 3, we study first the question of local well-posedness of the above four
systems. That is, one imagines being provided with an initial wave profile, say at t=0

U(JC,O)Zf(LE), ’U(l‘,O)Zg(l‘), (21)

for x €R and then inquiring into the subsequent evolutions using the four systems. A
problem is said to be locally well-posed if there exists a time 7> 0 such that a unique
solution (u(x,t),v(m,t)), depending continuously on the initial data (f,g), departs from
(f,g) under the influence of the evolution in question for ¢ € [0,7].
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Our four systems under consideration here can be handled in a fairly straight-
forward manner using the method pioneered by Kato [12,13] with some appropriate
modifications. This method assures the local well-posedness for all the four systems in
the Sobolev space H® for s>3/2 with small enough H'-normed data. In the case of
the Schrédinger BBM-BBM system (1.4), however, one can also take advantage of the
presence of the smoothing operator of the type (1 —kd,,)~*, k>0 with the method of
Contraction Mapping Principle to establish the local well-posedness for (1.4) in H® for
5>0, as well as derive several other regularity properties for its solutions that cannot
be obtained (or at least it is not trivial to do so) with Kato’s method. Thus, we will
employ Kato’s method for each of the systems (1.3), (1.5) and (1.6), and will call upon
the method of Contraction Mapping Principle for system (1.4).

To utilize Kato’s method as detailed in [12,13], it is better to rewrite the Cauchy
problems for the systems (1.3), (1.5) and (1.6) compactly as

du o L
= TALDE=0, @(0)=(f.9). (2:2)

Define

L2 (R) = {o(a)lo:R—C, [ [6(a) Pdz <oc},

L2(R)= {¢eL{é(R)|¢:R—>R}.

Similarly we can define H&(R) and Hg(R). The space L2(R) becomes a real Hilbert
space under the inner product

(0020 =Re [ 6@}

for any ¢, € L(R). Through out the manuscript, we denote X := LZ(R) x LZ(R), Y :=
HE(R) x HR(R) for s >3/2, while Z:= H&(R) x Hi(R) for s >0. For any f=(f1,f)eX
and §=(g1,92) €Y, equip them with the respective norms |f]% =3""_, [ fil%. and
1312 =327, |lgil|%. . The inner product on X is realized as

( 7. ﬁ) =Re | filidz+Re | fohzda
X R R

for h= (h1,h2) € X and similarly for Y. To establish the local well-posedness for the
system (2.2), the crux of the matter is to verify that:

(i) the operator A(t, @) is quasi-accretive in X, and for bounded # €Y the operator
A(t,i)+ o1 is surjective for some o >, where I denotes the identity operator;

(ii) there exists a time T such that for each ¢€[0,7], the mapping @ — A(t,@) is
Lipschitz continuous in the sense that

[A(¢, @) — A(t, )| 5y, x) < Clld— ]| x,

for some constant C' independent of ¢ and ,; and
(iii) the mapping t — A(t,%) € B(Y,X) is strongly continuous for any fixed 7€V

Precisely, we need to show that the following properties hold true.
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Property A: Suppose that s>32. Then the operator A(t,@) is quasi-accretive in X,
namely, there exists a positive constant § independent of ¢,4 and ¢ such that

(A(t,0)7,7) > —Blldlly | 7]1%

holds for all #€Y and 7€ X, and for bounded @€Y the operator A(¢,%)+ ol is surjec-
tive for some o > 3, where I denotes the identity operator.

Property B: Suppose that s> % and let A=(1— D2)%I, where I denotes the 3 x 3 iden-
tity matrix. Then AS: Y — X is an isomorphism of Y onto X, and Vi, v€Y,

(1) B(t,a):=A° A(t,0)A~° — A(¢,%) is a bounded operator from X to X,
@) 183 sx.x) <Cllaly,

(3) 1B(t, @) —B(t,9)|sx,x) < Clli— |y,

where C is a constant independent of ¢ and 4, 7€ Y.

Property C: Suppose that s> % Then
A, @) — A(t,0)[| sy, x) SCllu— 7] x
holds for all @,7€ X with C a constant independent of ¢ and , .
Property D: The mapping t — A(t, %) € B(Y, X) is strongly continuous for any fixed @ €
X.

Once these properties have been verified, Kato’s theory [12,13] immediately assures
that the system (2.2) is locally well-posed.

THEOREM 2.1.

(i) Let s>3. For any (f,g) €Y, there ezists a unique solution (u,v)€ C([0,T],H*)?
NCL([0,T),H*=3)? to the system (2.2) with T having a lower bound depending
only on the norm ||(f,9)|ly-

(ii) The mapping (f,g)— (u(t),v(t)) is continuous in the Y-norm. More precisely,
if (frsgn)€Y, n=1,2,--- with ||(fn,9:)— (f,9)|ly =0 and T <T, the solution
(Un,vp) for (un(O),vn(O)):(fn,gn) exists on [0,T'] for sufficiently large n and
| (tn,vn) — (u,0)|ly =0 uniformly in t€[0,1].

As regard to the Contraction Mapping Principle, the technique is self-explanatory
and will be described when the system (1.4) is dealt with below. We then extend the
local well-posedness theories to global results in Section 4. Since all the local results for
the four systems rest upon the fact that the time intervals of existence T" depend only
on the norms of the initial data ||(f,9)|mzxmz, (s>0 for the Schrodinger BBM-BBM
system (1.4) while s >3/2 for the other three), the crux of the matter here is to show
that the HZ x Hg-norms of their solutions are bounded on any bounded time interval.
The conserved quantities for the four systems will play an important part in establishing
these bounds.

3. Local well-posedness

In this section, the local well-posedness theories for the above four systems will
be established. Recall that in the derivations of the four systems [15], the parameters
A a0,a1,b and ¢ are real numbers with u,A,c>0. It was also demonstrated that ag
and ap are negative for sufficiently small wave numbers for any Weber number W > 3,
and are strictly positive for at least a range of wave numbers and Weber number W.

We would like to point out that for the local well-posedness theories, we only require
that a1 >0 due to the invertibility of the operator (1 —a10,,). That is, the local results
here are established independently of the definitiveness of the signs of ag and b.
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3.1. The Schrédinger KdV-KdV system. We now consider the Cauchy
problem for the Schrodinger KdV-KdV system; that is, we study the problem (1.3)-(2.1).
We recall that X :=L2(R) x LZ(R) and Y := H&(R) x H§(R) and that the Schrodinger
KdV-KdV system (1.3) is

ot
(“)v_'_@_’_ @—i—c@— 18|u\2
ot  Ox dr o3 2 Oz

The local theory for the Schrodinger KdV-KdV system is as follows.

THEOREM 3.1.

(i) Let s> % There exists a &6>0 such that for any initial data
(f,9) €Y with ||(f,g)\|Hé(R)XH]é(R)§5, there is a wunique solution (u,v)€
C([0,T],Y)NCH[0,T), HE® x Hy™®) to (1.3)-(2.1) with T having a lower bound
depending only on the norm ||(f,q)|lv -

(ii) The map (f,g)— (u(t),v(t)) is continuous in the Y-norm. More precisely,
if (frygn)€Y, n=1,2,---, with ||(fn,9n)—(f,9)|ly =0 and T'<T, the solution
(Un,vn) for (un(0),v,(0)) =(fn,gn) ezists on [0,T"] for sufficiently large n and
| (tn,vn) — (u,0)|ly =0 uniformly in t€[0,17].

Let

Q(t) — e—aotDS—ithQ7 P(t) _ 6_CtD3, D= di
X

Then

Q(t): L&(R) —» LE(R), Q(t): HE(R) — HE(R),
P(t): Lg(R) = Lg(R), P(t): Hy(R) = Hg(R)

are all unitary maps. Set 4= {z} and consider the transformations u(x,t) = Q(t)u(z,t),
v(x,t)=P(t)v(z,t). In terms of the new variables @,v, the system (1.3) reads

Q0)T+ 1Q()hs + Q1)L P17+ QTP (1) +IAQ()TP (1T =0,
PO+ P()0, + P(OTP(0)7, + Re (QRQ()T ) =

(3.1)

For any ¥ €Y and ¢t >0, define the operator

o M,y pityoD+Mixpye MoeyuD
Ay =t =t) (Mg o e Yut

where My is the operator of multiplication by f and

ur=(%" piy )

The system (3.1) can be written compactly as

.
d—?+A(t,ﬁ)ﬁ:0, qeY (3.2)
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where the tildes have been dropped for ease of reading. We now proceed to verify
properties A through D for the system (3.2). Once these properties are shown to hold
true, the local well-posedness for (3.2) is guaranteed by Theorem 2.1, and hence Theorem
3.1 is an immediate consequence. The following lemma will come in handy, which is
just a multi-dimensional version of Lemma A.2 in [12].

LEMMA 3.1. Let A=(1—D?)z, fe H"(R) for some r> 3, and let My be the operator
of multiplication by f. Then

A", MgIA T < coll Df[[ro-s,

where the constant ¢y depends only onr. Here, [A",My] denotes the commutator between
A" and My, and the norm ||-|| on the left is the operator norm in L*(R).

Define
Br=sup{[|fllze: ||l mr=1} (3:3)

for any r > % Property A is a direct result of the following.

LEMMA 3.2. Suppose that s> % Then the operator A(t,u@) is quasi-accretive in X,
namely,

(A(t,@)7,7) > =285 |||y |15 (3-4)

holds for all G€Y and T€ H{ x Hi. Moreover A(t,@)+ol is surjective from H' x H*

to X for any o>2Bs1|[dlly and ||@]| gy« <%, where I denotes the identity

operator.

Proof. We break the proof into three steps.
Step 1: To prove (3.4), let &= (u1,u2) €Y, W= (w1, ws) € H: x H} and §=U(—t)w.
Then

(A(t, @)5,7) , = (A(t,g)upt)w,u(ft)w)
=Re( Myt p(eyuy Dt + Mix p(eyuy w1 + Mooy, Dz, wn )
+ (Re(Mmel) + M4 p(tyu, Dwg,wg)
=Re((+ P(t)uz) Dy, w1 ) +Re (IA(P(H)uz)wn,wn ) +Re(Q(t)ur D, )
+ (Re(Mle),wg) + ((1 +P(t)u2)Dw2,w2).

As regard to the first term in the above equation, note that P(t)us is a real value
function, then an integration by parts yields

1 1
Re((u P(tjuz) Duwr,w1) =5 [ [unPP()Dus = =3 |P(6) Dug -
1
> =2 Baet [ P() Duall o w7

1 S,
> —565—1IIUIllewH§(- (3.5)
For the second term we have

Re(i)\(P(t)ug)wl,wl) :ReAiA|w1|2P(t)u2dx:0. (3.6)
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Similarly, we have for the last term the following estimate
(14 P(tyus) D) = 2 B iy 4] (3.7)
For the third and fourth terms, integrations by parts again reveal
Re (MQ(t)ulDwg,un) + (Re (MWDUM) ,w2)
—Re /R (Q(t)ur) D(wruws)
=—Re [ (Q() D)y
> By || wl%- (3.8)
Putting (3.5), (3.6), (3.7) and (3.8) together, we deduce that
(Aw@)5,7) = =28,y ]3]

Thus, (3.4) follows from the above inequality.

Step 2: To show that the range of (A(t,@)+0cl), denoted as R(A(t,&)+0ol), is
closed in X. Let € H{ x Hj

(0 —2Bs—1ll@lly) 185 < (At @) +01)T,5) < || (At @) +01) 7| x| 7] x (3.9)
due to the Cauchy-Schwarz inequality. This shows that for any @€Y,
1

Vx < ——F5—=—
19| x < YN 1T

(At @) +0l)T] x. (3.10)

Let f=(f1,f2) =U(t)(A(t, @) +0l)U(—t)B, @ = (wy,ws) € HE x HY, then

{ f1=0cwy +pDwy + (P(t)uz) Dwy +iA(P(t)ug)wi + (Q(t)u1 ) Dwe
f2 =0ow?2 +Re(Q(t)u1Dw1) + (].-I—P(t)’LLQ)DwQ

From the first equation, we have

pllDwil| <[[frll+ollwi ||+ [ P@)uzllLee | Dwi ||+ A P@)uz| Lo lwi ]| + |Q()ur || Lo || Dwe |

o+ ABaalilly |
< _— o D s D
7||f1||+0725871”ﬁ||y\|f\|+5 1wzl g (| Dws ||+ Bs—1lJu ] g || Dw2 |
20+ (A—2)Bs—1 R, = . _
< 20O 2Oty ot )y s B D+ g B | D]

where (3.10), (3.3) and R=|d||y have been used. It indicates that

20+ (/\ - 2)53_1R
o—2Bs1R

(b= llall zr2 x 2 Bs—1) [ Duwn || < 14Nl mr x mrg Bs—1 ]| Dwz || (3.11)

Similarly, we obtain from the second equation that

20 — 2B3_1R

(1— Hd”HéXHD%BS—l)”DwQH < 0—2Bs_1R

||ﬂ|+W||HéxHD%5s—1||Dw1H~ (3.12)
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Summing up (3.11) and (3.12) leads to
40’+(/\—4),83_1R

(1= 2[| 113 x 112 Bs—1) [ Dwn | + (1 = 2[|0] 11 x g Bs—1) [ Dwa | < o2k 171
(3.13)
Combining (3.13) and (3.10) gives us
(At @) +0 1) T x > Cll0] 2 x a2 (3.14)

holding true for ||| g1 71 < % for some constant C' > 0 independent of . It follows
then from (3.14) that R(A(t,@)+ o) is closed in X.

Step 3: To show that R(A(t,@)+01) is dense in X, let € X and § L R(A(t,7)+
UI)7 namely,

((A(t, @) +oI)v,5§) =0, Vo€ HE x H. (3.15)

Set W=U(t)v and g=U(t)y, then &= (wi,we)€ HL x Hi and §=(g1,92) € LZ x L.
Thus (3.15) can be rewritten as

(U@ (At @) +o)U(—t),§) =0, Vii € HE x Hy,

which amounts to the same as

Re /R (0w + uDwn + (P(£)us) Dws +iA(P(tuz)ws +(Q(t)ur) Dun)gide
+/]R(Uwg—l—Re(WDun)+(1+P(t)uQ)Dw2)g2dx:O. (3.16)
Taking w; =0 in (3.16) gives us
Re /}R (FQ()us +g2(1+ P(£)uz)) Dwsda + /R o gowadz =0, (3.17)

while taking wy =0 and replacing w; by {w; in (3.16) gives us

/(Ugﬁ+i)\gTP(t)uQ)w1dm+/(ugT+gTP(t)u2+92Q(t)u1)Dw1da::O. (3.18)
R R

Define hy =Re(q1Q(t)u1) +g2(1+ P(t)us), ho=0g1—iAg1P(t)us and hs=pg +
91 P(t)us + g2Q(t)us. Notice that ws,ge, P(t)us are real-valued functions; thus, (3.17)
and (3.18) imply that

/thwgdx—i—/Uggwgdx:O, /Ewldm+/EDw1dx:0. (3.19)
R R R R

By Plancherel’s identity, we deduce from (3.19) that
/ (i +05s ) wadg =0, / (= ighs+ha ) @idg =0,
R R

from which we conclude that —ifhxl—l—agézo for a.e. &. Thus o0go=Dh; and hy € H'.

Similarly, fzfﬁ;JrfL;:O for a.e. &, and hence hg GH(}: with ho = Dhs. In terms of h
and hs, we have

o= (1+ P(t)ug)hy —Re(hsQ(t)uy)
(4 P(t)ug)(1+P(t)us — |Q(t)us[?)
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Note that

max{|| P(t)ual|Le, [|Q(t)u1]lL } < Bs 1l g1,

hence the denominator of g- is nonzero and its absolute value has a positive lower bound

when {|@]| g2 2 < % . Thus, go € H! and g; € H'. By (3.15) and (3.9) we obtain

that gy = go =0 which implies that §=0. Consequently, the set R(A(t,@)+01) is dense
in X. Therefore, R(A(t,@)+0I)=X. This concludes the proof of the lemma. |

We will verify property B next.

LEMMA 3.3. Suppose that s>3 and let A=(1—-D?z21. Then A*:Y =X is an
isomorphism of Y onto X, and for all 4,v€Y

(1) B(t,@):=A*A(t,0)A=° — A(t,@) is a bounded operator from X to X;
(2) [1B(t,@)]l(x,x) < Aolldlly
(3) IB(t,1) — B(t,9)|l5(x,x) < Aol — 1]y,

where \g is independent of t and €, U€Y.

Proof.  First, we observe that item (1) is implied by item (2), and item (3) is
equivalent to item (2) because B(¢,@) is linear with respect to @. Therefore, it suffices
to prove item (2). Indeed, we have U (¢)B(t,0)U(—t) =

([AvaP(t)ug]A_sD+[AsyMiAP(t)ug]A_s [AS,MQ(t)ul]A_SD)

[AS,RGMW]A_SD [AS,Mp(t)uz]A_sD

By Lemma 3.1, we have

1A, Mp(t)u,JA* DI < [[[A*, Mp(eyu, I [ AT DI < co| P(£) Dtz || s—1 < col ] v;

A, Mixpeyuo A1 < ITA%, Mooy A IIATH < o AP(#) Duzls—1 < [Meol|lly,

where the norms in the above inequalities are the operator norms in L?(R), and where
we have used the facts that [[A='D||<1 and ||A~!||<1. The other terms can be dealt
with similarly. Consequently,

I1B(t, @)l 5x,x) < Aolll]y- (3.20)

Hence the lemma is proved. 0
Property C for the system (1.3) is the following.
LEMMA 3.4. Suppose that s> % Then

[A(t, @) — A(t,0) || 5v,x) S M flu—2] x
holds for all u,v€ X with A1 a constant independent of t and u,v.

Proof. Let @=(uy,uz) and ¥=(v1,v2), then U(t) (A(t,ﬁ) —A(t,ﬁ))Z/{(—t) =

( Mp 4y (us—vs) D+ Mixp(e)(us—va) MQ(t)(us—vi) D )

Re(Mg 50—y D) Mp(t)(us—v2) D
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which reveals that the operator A(t, @) — A(t,7) is linear with respect to the difference
i — . Thus, it suffices to prove that the following inequality

H <MP(t yus D+ Mixpyus Mo(tyu, D )

Re(MggrD)  Mpyu, D < OBl x (3.21)

B(Y,X)

holds for any @ €Y. From the definition of § in (3.3) and an application of the Hélder
inequality, we have the following estimate for the first entry of the matrix in (3.21)

[P@)uzDfl> <[|P()uzl|2 | Df || Lo < Bs—alldl x I 1],
for any fe€ H®. All the other terms can be dealt with in the same way. Consequently,
(3.21) follows from similar argument used to prove (3.20). 0
Property D for the system (1.3) is established next.
LEMMA 3.5.  The mapping t — A(t,@) € B(Y,X) is strongly continuous for any fived
uey.
Proof. First we observe that

. M P t)vD+MiAP(t)v MQ(t)uD
Ut.At,uU—t:( p+P(
( ) ( ) ( ) Re(MWD M1+P(t)UD

and U(t) is a unitary operator. Then ||A(t,4)| 5y, x) <C(1+|dly) for any @€Y and
for all £ >0 by an argument similar to (3.21). Moreover, it is straightforward to see that
P(t)f, Q(t)f € L? are continuous in t for any fixed f € L? by the Lebesgue’s dominated
convergence theorem. Thus, the lemma is proved. 0

Theorem 3.1 can now be seen as a direct consequence of Kato’s theory outlined
above.

3.2. The Schrodinger KdV-BBM system. Recall that the Schrodinger
KdV-BBM system (1.5) is

U+ Uy + AoUzgr + 1DULe = — (U0)z — IAUD,

1
Vg + Vg + UV — CUzat :—§(|“|2)z~

The local theory for the Schrodinger KdV-BBM system is as follows.

THEOREM 3.2.
(i) Let s> % There exists a 6 >0 such that for any (f,g) €Y with (D gy ) <
8, there is a unique solution (u,v) € C([0,T],Y)NC*([0,T],HE® x H5 %) to (1.5)-
(2.1) with T having a lower bound depending only on the norm ||(f,9)|y -

(ii) The map (f,g)— (u(t),v(t)) is continuous in the Y-norm. More precisely,
if (frnsgn)€Y, n=1,2,---  with ||(fn,9.)— (f,9)|ly =0 and T <T, the solution
(Un,vn) for (un(0),v,(0)) =(fn,gn) exists on [0,T"] for sufficiently large n and
| (tn,vn) — (u,v)|ly =0 uniformly in t€[0,1].

3.3. The Schrodinger BBM-KdV system. Recall that the Schrodinger
BBM-KdV system (1.6) is

Up + Py — A1 Uzt + DUz = — (UV) x —iAUD,

1
Vt + Vg +VV; + CUppq = 7§(|u|2)ﬂc
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The local theory for the Schrodinger BBM-KdV system is as follows.

THEOREM 3.3.

(i) Let a1>0 and s>3. There ezists a 6>0 such that for any initial
data (f,9) €Y with ||[(f,9)|mr@yxmi®) <96, there is a unique solution (u,v)€
C([0,T],Y)NCH([0,T), HE 3 x HE ™) to (1.6)-(2.1) with T having a lower bound
depending only on the norm ||(f,9)|ly -

(ii) The map (f,g)— (u(t),v(t)) is continuous in the Y-norm. More precisely,
if (frsgn) €Y, n=1,2,---, with ||(fn,gn)—(f,9)|ly =0 and T’ <T, the solution
(Un,vn) for (un(0),0,(0)) =(fn,gn) exists on [0,T"] for sufficiently large n and
| (w0 ) — (u,v) ||y =0 uniformly in t€[0,17].

3.4. The Schrédinger BBM-BBM system. Recall that the Schrédinger
BBM-BBM system (1.4) is

Up + Uy — A Uzt + DULe = — (U0) x — i UL,

1
Vg + Vg + 0V — CUzat :—§(|U|2)w~

Notice that the first equation in (1.4) is the same as the first equation in (1.6), whilst
the second equation is the same as the second equation in (1.5). Thus, the local well-
posedness for (1.4) in the space Y := HE x Hg, s >3/2, follows immediately by the same
Kato’s method as before. However, due to the presence of the operator (1 —kd,,) !, for
k>0, this result can also be obtained and improved through an argument via the Con-
traction Mapping Principle. This approach actually establishes the local well-posedness
theory for (1.4) in Z:=Hg x Hj for s >0, as well as several other regularity properties
for its solutions that cannot be obtained (or at least it is not trivial to do so) with
Kato’s method. Thus, we present our result for system (1.4) through the method of
Contraction Mapping Principle.

The local existence result for the system (1.4)-(2.1) is as follows.

THEOREM 3.4. Letay >0 and s>0 be given. For any (f,g) € Z, there exist a time T >
0 and a unique solution (u,v) of (1.4)-(2.1) that satisfies (u,v) € C([0,T],Z). Moreover,
the correspondence (f,g) — (u,v) is locally Lipschitz continuous.

Proof. Let u— u—+iw and after equating the real and imaginary parts, the system
(1.4) is rewritten as

(1= a10p2)ur = —(pu+uv — bwy ), + Awv,
(1= a10zg)we = —(pw +wv+buy )y — Auv, (3.22)

(1—=cOpz)ve = —(v—i—%uQ—i—%wQ—f— %02)2.

Therefore, we can instead consider the system (3.22)-(2.1) with initial data
(u(z,0),w(z,0),v(x,0)) = (f,g,h) € Z:= H§ x Hi x Hg, s>0. For any k>0, set

Miy(z)= ﬁe_ ,

The operator (1—kd,,) is invertible and

(1= kD)~ f = My f 1= / M (2 — ) (y)dy,
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for all fe LP(R) with p€ [1,00). Moreover, for all rapidly decreasing functions f on R

My f'=(My) * f.
Denote K =—(Mjy)’, then we have

Ki(2) = 5sen(z)e V.

Therefore, for a; >0, (recall that ¢>0), (3.22) can be formulated as
t
u(et) =1 (@)= [ (1=0100) 0, i)+ ule 7)o, ) ~bus (. s
0
¢
—I-/\/ (1—a10,,} (w(m,T)v(x,T))dT,
0

’U)(.’E,t) :g((E) _/0 (]- - alaa:x)_laz (:U’w(xaT) +w(:v,7)v(m,7) +bur(xv7-))d7

[ (=005 (ol n)) dr,
0

v(z,t) =h(z) —/0 (1= D)™ 0 (v(z,7) + 1u2(ac,7') + 1w2(az:,7') + 1112(33,7))d7'.

2 2 2
(3.23)
The above system can be rewritten compactly as
U= Ai,

where for

u(z,t) H*

= |w(zt)| € |H|,
v(z,t) s

the operator A is defined as

f(z) fo (1= a1020) 710y (pu(z, 7) +u(z, 7)v(2,7) — bwy (z,7)) dT
Aii= | g(x) | — fo (1= a1050) 10y (pw(z,7) +w(z, T)v(x T)-l—buw(x 7))dr
h(z) fo(l Opa) 710 (v(2,7) + 302 (z,7) + 2w (2,7) + $0%(z,7) ) dT

)\fo(l—alam)’l(w(:ﬁﬁ v(x,T )dT
+ —/\fot(l—alam)’l u(z,7)v(z,7))dr| -

We will show that there exists a time 7" > 0 such that for some radius R > 0, the operator
A is a Lipschitz continuous contraction mapping of By into itself. Recall that for any
fixed T'>0, we denote Cr:=C([0,T],H*) and C3.:=C([0,T],H® x H* x xH*®). Fix a
time T > 0 whose value will be determined presently and set

Br={u:|dllcs <R},

with the norm being defined as (where || f||c = fllc(o,11,57))

|y =max{llullcr, lwlcr, lolle, §-
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Consider first the case when s=0. We recall the following facts:

(
(1- kaa:m) el <C||f||H ! <C||fHL2
(1=kduz) ' (f9)allz2 <Cl fgllr— <Cllfgllr <ClI 22 llgll L2
d) [|(1=kDu) " fallrz <Clfllzllgll e,
where C denotes various universal constants independent of f and g whose precise values

are not of importance to us. For any two pairs @1 = (u1,w1,v1) and @y = (ug,ws,v2) € C3.,
it must hold true that

)\fo (1 —a10.2) " H(wyv1 —wavy)dT
Atly — Atiy = —)\fo (1—a1050) "  (wrv1 —usvs))dr
0

Ot _1(//’/(”1_U2)x+(ulvl_UQ'UQ)w_b(wl_w2)a:x)dT

fo (1- a13m) H((wr —w2)g + (w101 — wav2)g +b(u1 — ) ge ) dT
fo —COpa)” ((Ul_U2)x+%(u%_u%)w+%(w%_wg)w+%(v%_1}%)w)d7

Using the above stated facts, we obtain for the first component, Vt € [0,T]

— (1= a1822) ™ (1 — )+ (U101 — ugv2)w — b(w1 — W2) 42

F A1 = a1050) " (wiv1 —wavz) <C(p, A, a1,0) ([|ur —wal| L2 + [|wy —wal| L2

+ g2 lor = val o2 + o2l 2 lus — sl 2 +[Jwi || 22 o1 = val 22 + [z £2 w1 —wal|2).
The other two components can be handled similarly. Thus,

[ Aty — Atz ¢z
L (329)
SCT(IIMHCT +luzllor +llwiller +lwelle, +llviller +[lvaller +6) @1 =zl e,
where C'=C(u,\,a1,b,¢). If @ and iy € Bp, then (3.24) implies that
[ At — Atia|| g <6CT(1+ R)|| i — tia|cs.-

It is now time to pick T" and we take

1
12C(1+R)’

Choose R such that R=2max{|f|L2,lgllr2,||hlr2}- Then
lA@lcs. < | AT~ ADllcs. + || ADllcs <R,

whenever @ € Bg. Thus, A is a contraction mapping that takes Bgr continuously into
itself and the first part of the theorem follows immediately from the Contraction Map-
ping Principle for s=0. Notice that since T'= m7 the interval of existence gets
smaller as the initial data gets larger and vice versa. However T does not approach
infinity as the data approach zero, at least as these estimates indicate.

For the case when s >0, the exact same argument can be employed using the space
H? instead of L2, and the fact that

1(1=kD2.) " (f9)all e <ClFgll s <Ol fll e

gHHS?
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whose proof is straightforward and can be found, for example, in [4]. The existence of
a unique solution for (3.22)-(2.1) is thus established for s> 0.

To see that the correspondence (f,9,h)— (u,w,y) is locally Lipschitz continuous,
let (f,g,h) and (f,g,h) be two initial data given in Z and let the two unique solutions
emanating from them through the evolution (3.22) be, respectively,

(w,w,v) =As g, (u,w,0) and (U, w,0) = A5 ) (UW,0).

Suppose both solutions stay inside the ball By about the origin in Z. It follows from
above that both mappings Ay, ) and A(ﬁg j,) are contractions, say with Lipschitz
constants 6 and 6 in (0,1). An application of the triangle inequality shows that
||(U,'IU,’U) - (ﬂ,'l[),’f))”c%
:”A(f,g,h) (uawvv)_A(f@,fz) (aaﬁ)vﬁ)HC%
<l A¢s,g,1) (s w,0) = A(,g.n) (@, 0,0) [l ez
I Ap,g,n) (@W,0) = A7 5 5y (U,0,0)|| ez,
<O||(u,w,v) = (@,@,0) e + 1(f,9,7) = (f,3.h)l 2,

from which Lipschitz continuity follows with a Lipschitz constant at most 1/(1—86).
This completes the proof of the theorem. ]

Indeed, due to the presence of the operators (1 —a;8,,) " and (1—cd,,) !, more
can be acquired as regard the regularity of solution (u,w,v) of (3.22)-(2.1).

PROPOSITION 3.1.  If f,g,h€ CZ(R) and @ is a solution in C3 of the system (3.22)-
(2.1), then U, @, and Uy, are infinitely smooth functions of t, and @ solves (3.22) point-
wise. More precisely, O, O"i,., and O, €Ca for any m >0, and the quantities

U+ [y — A1 Ut — DWa + (W0 — Awv =0,
W+ PWy — A Wa gt + DUy + (W0) 4 + Auv =0,
Ut + Vg + VU — Uy + 5 (U2 +w?); =0,

hold true for all (x,t) €Rx[0,T]. Furthermore,

f()
lim (e, )= | g()
h(x)

in CZ(R) x CZ(R) x CZ(R).
Proof. Recall that

wwo s+ [ [ " Koy (o — )l 7) + uly, 7)o(y, )+ beoy (9,7 dydr
+)\/O /_00 M, (x —y)w(y,7)v(y,)dydT,
wie.t)=gta)+ [ [ " Koy (2= ) () + w(y, 7)o(y, ) — buuy (3,7 dydr

- / My o=yl

ot =h@)+ [ [ Reloplotr) + 5 )+ 30 n) + 5o nrldudr
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Hence clearly u,w,v are differentiable with respect to t and

w(w,t) = / h <Ka1 (2 — ) [puyt) + uy,£)0(y.1) — by (3.)]

—0o0

+ )\Mal (l’ - y)w(y,t)v(y,t)) dyv

wi(w,t) = / h <Ka1 (2 — ) [ (y.1) + w(y,1)0(y, 1) + buy (,)]

— 00

- )\Mal (l’ - y)u(y,t)’l)(y,t)) dyv

w(et) = [ Kelo—g)lo(t)+ 3t 0)+ 50 0) + 50200l

which implies that @, €C3 as K,,,K.€ L' (R). Since @, € C3., we have

wi= [ (K (= ) e + () — buog] + AMy, (2 —y)(wv») dy.

— 00

= [ (Kol (w00)e+ by =AM (= 9) ) )

— 00

o0
1
Vgt :/ Kc(x—y)[vt+§(u2+w2+v2)t}dy.

An inductive argument now gives 9;"% € C3., for any m > 0. Notice that indeed we do not
need to impose here that f,g,h € CZ(R); that is, 9/*@ €3, for any m >0 independent
of the smoothness of the initial data f,g and h. (See also the following remark at the
end of the proof.)

Next, using the convolution property we have

um:f’—l-fotK(’I1 w[pu(-,7)+ul,m)o(,T) —bwgc(~,7')]d7'—)\fOtKa1 *[w(-,7)v(-,7)|dT,
Wy :g’JrfotK(’L1 * [uw(.,T)+w(~,7—)v(~,7)+bum(~,7)]d7+)\f0tKal *[u(-,m)v(-,7)|dT,
vm:h’—i—fOtKé*[v(~7T)—|—%(u2(~,7)+w2(-,7)+v2(~,7))]d7,

(3.25)
where the distributional derivative K, is given by
1 1)
K, =——M+—.
k 2 kKt %
Therefore, (3.25) can be arranged as
1 t
Uug=f"— a*/ (Ma1 * [pu 4 uo —bw,| — [uu—i—uv—wa])dT
1Jo
t
—A Kal *[’UJ(',T)U(',T)}CZT,
.
wy=9'—— (Ma1 *[,uw—l—wv—i—bua;]—[uw—i—wv—i—buz])dT
1

ar Jo
t
—l—)\/ Kg, #[u(-,)v(-,7)])dT,
0
, 1

1 1
ve=h —7/ <Mc*[v+2(u2+w2+vz)}d7[U+2(U2+w2+”2)])d7'
CJo
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As f,g,h€C?, it is clear that uy,w,,v, € Cr due to the facts that M,,,M.€ L'(R).
Since u,, w, and v, are written in terms of w,w and v, an inductive argument shows
that 9], GC%, for any m >0.

We can likewise proceed to obtain

1/t
“m’:f”—i-f/ (Kal*[uu—f—uv—bwm]+[,qu+(uv)$—bwm])dT
aq 0
t
—)\/O K, «[w(-,7)v(-,7)ldr,
1 t
wm:g'/Jr*/ (Kal>|<[uw+wv+buz]+[uwz+(wv)m+bum}>d7 (3.26)

ay 0
t

+A / K' #u(-r)o(-7)ldr,
0

t t
vm:h”—&—l/ KC*[U—Fl(uQ—I—wQ—I—vQ)]dT—i—l/ [vx+1(u2+w2+v2)x]d7.

cJo 2 cJo 2
A similar argument like above allows us to deduce that .., Wey, Ve € Cr and induc-
tively, 0., €Ca, for any m>0. It is now a straightforward verification using the
expressions obtained above that @ solves (3.22) pointwise. Hence, the Proposition 3.1
is proved. 0

Indeed, more can be asserted as regard the regularity of solution for the system
(3.22)-(2.1).
COROLLARY 3.1.  If f,g,h€ CF(R), k>2 and i is a solution in C3 of (3.22)-(2.1),
then U solves the system pointwise and 8{“8;‘66@?;, Ym>0 and 0<n<k.

A closer look at the expressions for u;,w; and v; reveals that actually for s>1/2,
the terms u¢,w; and vy all lie in C([0,7], H***(R)). That is, taking one derivative in time
yields one more degree of smoothness in space. An inductive argument shows that for
$>1/2, the quantities 9}"u,0;w,0]"v € C([O,T],H5+1(R)) for m=1,2,.... However, a
solution of (3.22) cannot acquire more spatial regularity than that of the initial data.
That is, Vk>0, if f,g,h€CF(R) but f,g,h¢ CFTH(R), then i(-,t) ¢ CFTH(R)3, V> 0.
Because otherwise, suppose that for some ¢ >0, i(-,t) € C; T (R)?, then at this value of ¢,

f(x)=u(z,t) —fot Ko, * [pu—+uv —bw,] — )\fot Ko, * (wv)dT,
g(x) =w(z,t) —fg K, * [pw+wv+bu,) —i-/\fg K, * (wv)dr,
h(z)=v(x,t) fngc* [v+ %(u2 +w? +v?)|dr.

As @€ CF T (R)?, so are (pu+uv —bw,), wo, (pw+wv+bu,), uv, and (v+3(u?+w?+
1)2)). After the convolutions with K,, and K., we conclude that the right-hand sides of
the above expressions belong to C{erl(]R):‘7 a contradiction.

4. Global well-posedness

In this section, we will extend the local existence theories established in the previous
section to global results. Since all the local results for the four systems rest upon the
fact that the time intervals of existence T depend only on the norms of the initial data
N(fsg)|| e scrre, (s >0 for the Schréodinger BBM-BBM system (1.4), while s> 3/2 for the
other three with some H!'-norm bounds on the initial data), the crux of the matter here
is to show that the H® x H*®-norms of their solutions are bounded on any bounded time
interval. In the case of the Schrodinger BBM-BBM system, this settles immediately as



CHUANGYE LIU AND NGHIEM V. NGUYEN 659

the conserved quantity Hso is just the weighted H! x H'-norm which yields the needed
bound on the initial data ||(f,g)||g:xg1- Consequently, the Schrédinger BBM-BBM
system (1.4) is globally well-posed in the Sobolev space H!x H'. The situation is
more challenging for the three systems (1.3), (1.5) and (1.6). As the local theories for
those three systems require that the initial data be taken from H*® x H*® for s >3/2, and
all the known conserved quantities associated with each of the three systems possess
only at most the first derivatives of the functions involved, we need to obtain a-priori
H? x H*-norm bounds in terms of the initial data through other means. We employ the
standard technique of multiplying each given equation in the systems by appropriate
corresponding derivatives and then performing integration by parts. The lowest value
of s that we can achieve using this approach is s =2. Because of this, our global results
pertaining to the other three systems are set in H? x H?. It is conceivable that one
might be able to obtain the a-priori H* x H® bounds, s>3/2, on the solutions of the
three systems through other techniques, in which case the global well-posedness for
these systems would be set in H® x H®, s>3/2. For ease of notation, through out this
section we will denote the norm ||(f,9)||gr1xmr as ||(f,9)]1-

4.1. The Schrodinger KAdV-KdV system.
LEMMA 4.1. Let s>3/2 and ap>0. There exist a constant C >0 depending only on
ao,b,c, A\, 1 and a 0 >0 such that

lw0) <CUI @GO+ I@ 0T, te0.T],

for any solution (u,v) € C([0,T],Y) of the system (1.3) with initial data (¢,) €Y with
1(#,9)]lL <6.

Proof. We recall the following two conserved quantities

Hg(u,v):/oo (Juf +0?)da, (4.1)

— 00

and

H3(u,v):/OO <a0|uz|2+ vgﬂ—f|u\2 |u|2v—1v2—1v3>dx
o \2 2 2" 76

2 oo
@_7 Im/ Wl dz + ( @—A )/ vidx (4.2)

2

— 00

associated with the Schédinger KdV-KdV system (1.3) when (u,v) is a smooth solution.
However, by a standard approximating argument due to the local existence Theorem
3.1, they also hold for any solution in C([0,7,Y). Thus, we can deduce from (4.2) that

a c o0 1 1 1
P ual+ Sla P = Halo0)+ [ (Gl 4 GluPet 302+ oo
2 2 ~ 2 6

@_7 A Aag 9
—( 5 Im/ Ul dx — (2 5 )[mv dz. (4.3)

Combining (4.3) and (4.1), we arrive at

aol|uz|* +¢llve | S2H3(¢>ﬂ/))+ma><{ua |1—b/\+a0/\2}H2(¢7¢)

oo 1 . (o)
+/ (\u|2v+ gvs)dxf(kagfb)lm[muﬂxdz.

— 00
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Using the inequalities
o0 oo
2 2 3 2
| / ofu2dz] < ol flul®, | / odz| < o] g [0,
— 0 —o0
and
o0 1 1
| / wtipde| < Jullusll,  olloe < usll¥ ol
— 00
we arrive at

aonuz2+c||vx||2s2H3<¢,w>+max{u,1—bx+aoA2|}Hz<¢,w>+||vI|%[sz,w)]i

+JaoA — bl ||[Ha (6, 1))
(4.4)

On the other hand, it is easy to see that

H@ ) <CL(IG0IE+HI@0IR),  H@ <@l 45)

for some constant Cy depending only on ag,b,c,A and p. Let &(t)=||(u,v)||1 and r=
[(@,%)]|1, then it follows from (4.4) and (4.5) that

E()2 < Colr? 473 477,

for some constant Cs depending only on ag,b,c,\ and p because of Young’s inequality.
Therefore,

E(t) <V Cor+12 +75)<2y/Car+73)

and the lemma follows. 0

As explained above, the global well-posedness rests upon the argument that the
Y-norm (s>3/2) of the solutions of (1.3) are bounded on any bounded time interval.
However, due to the lack of conservation laws involving higher derivatives of solutions of
the Schrédinger KdV-KdV system, we opt for evaluating 4 ||ug,||? and 4 ||v,||%. The
following identities will come in handy whose proofs will appear in the Appendix.

LEMMA 4.2. Let C denote various constants depending only on ag,b,c,\ and p. The
following statements hold true

(1)

d

7 (Upz, Ugz) = Re{4(U,umvxm) +6(UVpg, Ugas) + 10(vum,uzm)} —Iy,  (4.6)

where Iy is given by
Iy =22 Im{ (v, Ugrs) + (WVL, Ugea ) }

and satisfies that

ol <C(1(e, )13+ 116, )I3) {1 |1 + [tz | v |1 }-
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(2)
d
7 (Vs Uz ) = 10(V0z, Vg ) + 6RE(Uy Ug g Vpa ) + ARE (W0, Uns)- (4.7
(3)
d,
&(Urmv) ZGC(vvrIavxzz)+Hl (48)

where I1; is given by
Iy = 3 (Q0ves +0%, ()2 + ()2,
and satisfies that
L] <C (1o, 0) I3 + 1@, )17 vzl (4.9)

d
%<(|u|2)w7vw) = Re{60<u’umxvxmw) + (4c+2a0)(uvxa:;uwwz>} +1I (410)

where Ily is given by
I, = ((|u|2)m,vz —i—vvw) +2Re (uvm,uuw + bty + (uv) . + i)\uv)

and satisfies

Tl <C 160+ 16 0] {owall + e P+ 002} (211)

d
p (v,|ug|?) = ’Re{ (2a0 —2¢) (U, Uz Vaza) + (200 — 2¢) (WU, Ugas)
¢ (4.12)

+ 6(10 (vuzx ) uxzz) } + H37

where Il3 is given by

1
;= —(\um|2)u$ +vv, + §(|u|2)$) +2’Re{ ((vux)i,,uuw + bty + (uv), —H’)\uv)}

and satisfies

Tl <C I )F + 160 [l + luaallF + ozl (413)

With the above lemma in hand, we now proceed to show that the H?—norm of a
solution of the Schrodinger KdV-KdV system given in Theorem 3.1 is bounded in any
finite time under certain conditions.

LEMMA 4.3.  Let ag >0 satisfying 5¢® +5agc—a3 >0 and let (u,v) € C([0,T],H? x H?)
be any solution to (1.3). Then the following estimate

o 1+ el < {Ca 18,01+ 1(8,) 13 +

Hhael?] 41} e llEDI GOy
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holds as long as (u,v) exists, where C1,Cy depend only on ag,b,c,\ and p.

Proof. First we observe that the identities (4.6), (4.7), (4.8), (4.10) and (4.12) can
be rearranged in the following form

% (ux:caumm) + HO
5 (vm \Vzz)
%K )2 0) =1 [=A4
o (uug, vm) 11,
(v, (uz)?) — 13

where the matrix A is given by

<8

(-
Re(u, UpyVpga)
Re(uze, Uzaa)
Re(Vige,Uzaz)

(4.14)

)

U

t

0 4 6 10
10 6 4 0
A=]16c 0 0 0

0 6c  4c+2a9 O
0 2ag—2c 2a9—2c 6ayg

Let C' denote the row vector (c1,¢2,¢3,¢4,¢5). We want to find a linear combination
of the vector on the left-hand side of (4.14) that equates to zero, or equivalently, we
consider the following homogeneous linear system

CA=0.

A direct calculation shows that a basis for the solution set is given by

3ag 5¢2 +5cag — a% 5¢2 +5cag — a% 2a0+c
Cl=—,C0= ,C3 = ,C4 = — ,05:71.
15a0 —9cag 3ap

Thus, we arrive at

c1 [%(um,umHHo] +025t(vm,vm) +c3 [i(( 2)°,0) —H1}

+cy [i Uz, Vyy) —Hg} +cs [%(v, (uz)?) —H3} =0

dt(

which can be rewritten compactly as

d d
Cl%<urzvuzm)+02%(Uxa:avzm):H4 (415)

where Il is defined by

d

d
a 85*(1},(“33)2)—811_[0-1-031_[1 + cqlls 4 c5113.

((2)20) - .

IIy=—c3 — (U, V) —

dt

Consequently, an H? x H?—bound on the solution of (1.3) can be obtained if ¢; and
co are of the same sign. As ¢; >0, we need ¢y >0 which holds true if and only if
5¢2 4+ 5agc—ad > 0. Now,

[ s <)+ 0G0 [ [l + s )% + e 2+ s 2] s
(4.16)
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by (4.9), (4.11), (4.13) and where the function n(r) is from Lemma 4.1 given by n(r)=
C(r+75) with the constant C' depending only on ag,b,c,\,u. Setting &(t) = ||ugs | +
|vzz||? and combining (4.15) with (4.16), we arrive at

min{ey, e }(t) <max{er, 2 }£(0) +n(ll (0, 9)[11) +0(l(¢,) 1) / [VE(s)+&(s

<max{er,c2}(0) +(][(0:9) 1) +n([[(@:4) 1 )/( §(s)+1)ds.

It then follows that

26(t)+1< Ag+ A4 /Ot(%(s) +1)ds

where

Ap= —— 2 max{er,ca}(0) + ([ (6 ) )] + 1

min{cy,ca}

and

PRE((CXOY

min{cy,ca}
Consequently, an application of Gronwall’s inequality deduces that
26 (t) +1 < Agetrt
as long as the solution (u,v) exists. Therefore
[t ||+ |vaa | < V/26(t) </ AgeArt —1.

This completes the proof of the lemma. ]

Lemmas 4.1 and 4.3 reveal the important fact that any local solution to the
Schrodinger KdV-KdV system (1.3) in H? x H? is bounded on finite interval [0,T].
Thus, we can repeatedly use the local existence Theorem 3.1 to extend the local solu-
tion to the global one.

THEOREM 4.1.

(i) Let ag,c>0 satisfying 5¢® +5bagc—ad >0. There exists a 6 >0 such that for any
initial data (f,g) € H*x H* with ||(f,g)||1 <9, there is a unique global solution
(u,v) € C([0,00), H? x H?)C([0,00), H™t x H~1) to (1.3)-(2.1).

(ii) The map (f,9) — (u(t),v(t)) is continuous in the H? x H*-norm. More precisely,
if (fnsgn) € H? x H27 n=1,2,-, with [|(fn,9n) = (f:9)|lr2x 2 = 0 and T' < oo, the
solution (un,vy,) for (un (0),1)"(0)) = (fn,gn) exists on [0,T] for sufficiently large n
and ||(un,vn) — (u,0)|| g2 x g2 = 0 uniformly in t €[0,T).

4.2. The Schrédinger KAdV-BBM system.

THEOREM 4.2. Let ao>0. There exists a 6 >0 such that for any initial data
(f,9) € H?> x H? with ||(f,9)|l1 <6, there is a unique solution (u,v)€ C([0,T],H?x
H*)ONCH[0,T],H *xH™') to (1.5)-(2.1). Moreover, the map (f,g)— (u(t),v(t))
is continuous in the H?x H?*-norm.  That is, if (fn,gn)€H?xH? n=1,2,---,
with ||(fn.gn) — (f,9) | m2x w2 =0 and T < oo, the solution (un,vy,) for (un(0),v,(0)) =
(frsgn) exists on [0,T] for sufficiently large n and ||(un,vn) — (u,0) || g2 x g2 — 0 uniformly
in t€[0,T].
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4.3. The Schrédinger BBM-KdV system.

THEOREM 4.3. Let a3 >0. There exists a 6 >0 such that for any initial data
(f,9) € H?> x H? with ||(f,9)|l1 <6, there is a unique solution (u,v)€ C([0,T], H?x
H*)ONCH[0,T],H*xH') to (1.6)-(2.1). Moreover, the map (f,g)— (u(t),v(t))
is continuous in the H?*x H?-norm.  That is, if (fn,gn)EH?*x H?, n=1,2--,
with ||(fr.gn) — (f,9) | m2x 2 =0 and T < oo, the solution (un,vy,) for (un(0),v,(0)) =
(fn,gn) exists on [0,T] for sufficiently large n and ||(tn,vn) — (4, 0) || g2 x gz — 0 uniformly
in te0,T).

4.4. The Schrodinger BBM-BBM system. Recall that after equating the
real and imaginary parts, the Schrodinger BBM-BBM system (1.4) becomes the system
(3.22). We also recall from the introduction that the subspace of C, such that all of
its members vanish at infinity, will be denoted as C§°, that Cor=C([0,7],C5°) and
Ci 7 =C([0,T],C5° x C5° x C§°). The precise statement for the global well-posedness of
the Schrédinger BBM-BBM system (1.4) is below.

THEOREM 4.4. Let f,g€ HY(R). There exists a unique global solution ii(z,t)€
HY(R) x HY(R) to the Cauchy problem (1.4) with @(0)=(f,g) that depends continuously
on the initial data. Moreover, if f,g€ HY(R)NCZ(R) then 0/*0%a e C([0,T],H (R)),
and O"0%ii—0 as x— +oo, VI' >0, 0< k<2, m>0.

The following proposition is useful in extending the local existence obtained in
Section 3 to a global result.

PROPOSITION 4.1.  Let i be the solution in C3 of (3.22)-(2.1) with f,g,h€ CF(R) for
some k>0 such that

fog b flog W fP) g®) pP) 50 as z— 400,
for some p<k. Then, for 0<t<T,
oLoMi—0 as x— Foo,

for any 0<I<p and Ym>0.

Proof.  Set = (u,w,v). For n>1, let 4, = Ati,_; and o =@(0). Notice that iy =0
as x — +o0o by the assumption.
Claim: If GECS)T, then K,, xu,Kq, *w and K.xv€Cy . To see this, fix €>0; then,
there exists an 7; >0 such that for all x>

[eS) n1 oo
[ et <t [ elutoldy+ suplu(a] el ay
—0o0 n

—o0 y>m 1

<e"*  sup  |u(y,t)|+2sup |u(y,t)|.
yER,0<t<T y=>m

Moreover, as u—0 when y— +oo, for any fixed ¢ there exists an 7y >0 such that
lu(y,t)| < ¢ for all y>no. Set n=max{n1,n2}. Then for all x>, the first term is
€

less than £. The same can be said when z — —oo. Thus, K, xu € C§ 1.

Exact same technique applies for all the convolutions appearing in Equation (3.23),
using the facts that for k>0

1 )
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[ (w2)| (@) < oo (1K ¢ 2] (@),

for all z € R. Thus, from the claim, it follows immediately that iy = Aty vanishes at +oo
and by induction, i, =.A,_1 also vanishes at +00. As A is a contraction mapping and
C3 1 is a Banach space, it follows that @, — i in CS,T' Now,

wie= [ (Kal (e — ) () + uly, ) (y,£) — by (5.0

— 00

+ )\Ma1 (.13 - y)w(yvt)v(y7t)> dy7
wtet)= [ (Kal (=) 0, ) + w(y, )0(y, )+ buty (9.1

— 00

- )\Ma1 (.13 - y)u(y,t)v(y,t)) dya

2

o 1 1 1
wlet)= [ Kelo-9)lo) + 5000 + 5ut(w0+ 502 (00ldy,
Thus, u¢,wy,ve € Co 7, and inductively, 0" 4 € Cg’T,Vm >0. Moreover, if p>1, then
1 t
Uy = f'— 7/ (Ma1 * [ pu—+uv —bw, ] — [uu-i—uv—bwz])dT
al 0
¢
—)\/0 K, #[w(,7)v(-,7)]dr,
1 t
Wy =g —— <Ma1 *[,qurquLbux][qurwarbux])dT

1

ai Jo
t
+A / Ko, # [u(-r)o(7)]dr,
10 .

1 1
ve=h — E/ (Mc*[v+2(u2+w2+v2)]df— [v+2(u2+w2+v2)])d7-
0

As (pu~+uv+dw,) € Co 1, we have fot (pu+uv+bw,)dr € Coy o and the same thing holds
true for each and every term on the right-hand side of the above system. Hence
Ug,Wq,Vy € Cp r. The assertion that uyy,Wse,Vze € Cor follows the exact same lines
using (3.26) instead. An inductive argument now completes the proof of the proposi-
tion.
|
The following proposition follows immediately from the conserved quantity Ho(u,v)
associated with the system (1.4) found in [15] and mentioned in Section 1 above. As
this quantity is just the weighted H!-norm of (u,v), we denote it as H;hc—norm.

PROPOSITION 4.2. Let f,g€ CF(R)NHY(R), k>2. Then the solution @(z,t) of (1.4)-
(2.1) lies in H*(R) x HY(R), for all 0<t<+o00, and

o0
IOl =170, = [ (P +arlus o+ ) da.
—00

REMARK 4.1. The above two propositions say that indeed  is a classical solution of
the system (1.4) whenever f,g€ CF(R)NH(R), k> 2.
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Proof. (Proof of Theorem 4.4.) To extend the local solution obtained in Section
3 to a global one, we can repeat the same argument using @(xz,T") as the new initial
data. Thus we are done if we can show that sup, |@(z,t)| is bounded on bounded time
intervals. But this is true since for all functions h e H',

o0

h2(iv)=2/w h(y)h’(y)dyﬁ/ (R +1R () Py = Al

— 00 —0o0

which implies that
~ 2 17012 L1, 2 L1, 2
i@, )" <[]l 7 <max{1l,—, = }H|a(- )|z =max{l,—, = }a(,0)l7: -
ai’ ¢ ai.e a1’ ¢ ar.e

Thus, there is one universal bound for @(x,t) which is independent of ¢. The fact that
solution of (1.4) depends continuously on initial data follows from Theorem 3.4 while
uniqueness of the solution is straightforward to see. Moreover, if f,g€ H*NCZ, then
f,9,f,9' —0as x— +oo. Thus, it follows from Proposition 4.1 that 9”9k € CS”T, m>0.

O
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Appendix. Proof. (Proof of Lemma 4.2.) To see (1), multiplying the first
equation in (1.3) by D*u and the conjugate of the first equation by D*u, adding the
results together, followed by an integration with respect to the variable z, we obtain

%(umum) =2Re((U0)zesUsaa) — 2ATM{ (Vg Ugaa ) + (UVz, Ugaa ) }- (A.1)

On the other hand, noting that
((w0) 2y Uzzr) = (UW0zz, Uz ) +2(Ua Ve s Ugae) + (Vg Usea), (A.2)
and

(uxvxaumcx) = _(uacarva:auxz) - (umvmxaumu)

=2Re(VUggp, Upga) + (Uy Uza Uz ) + (UWag, Usag)-

(A.3)

Statement (1) then follows from (A.1), (A.2) and (A.3).

To see (2), multiplying the second equation in (1.3) by D*v then integrating with
respect to variable x, we arrive at

d

%(’Um’mfumz): ((U2+|U‘2)azm7vmzz)~ (A4)
Moreover,
(|uw|27vwwx):_QRe(uw7ux;Ev;Ew) (A5)
=2Re(t,UpzVprz) + 2Re(Vprtl, Ug s )-
This implies that
((‘u|2)$aﬁavxxw) = 2Re(uauzcacvac3:x) +2(|ux|2avxxx) (A6)

=6Re(UyUpzVpzs) +ARE(UVzg, U pa )
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We also have
(('Uz)zmavmmx) - 10(vvmxavxrz)' (A7)

Statement (2) then follows from (A.4),(A.6) and (A.7).
To see (3), notice first that

%((vx)2,v) = (20V4,Uyt) + ((UI)2,’U1;)
:—2(vvm+(vr)2,ut) +((vz)2,vt) (A.8)
= (2vvm + (vx)Z,vt) .
Using the second equation in (1.3), we deduce that
— (ZUUM + (’UI)Z,’Ut) = (2vvm 4 (V2)%, U F 0V + CUpps + %(\u|2)z)
= (20050, Vs ) + c((%)z,vmw)
+(2vvm+(vm)2,vz+vvm+%(|u|2)1). (A.9)

Notice that

((vw)27vxacm) = 4(vaacyvx3:x)-

Then, (A.9) can be rewritten as

— (20v45 + (v2)?,v¢) = 6¢(VV3s, Vgga) + (20045 + (V2)?, 0z + V0, + %(|u|2)z) (A.10)
Since
(2005 + (v)?,05) =0,
the Equation (4.8) follows directly from (A.8) and (A.10). We also have
(2002, (022 + (ul2)) | < AL+ el ol il
by the Holder inequality, and then an integration by parts yields
[((00)2 (0ot ()2 )| = 1200002+ [ul?)] < 200018+ 1201 H e
Thus, summing over the above inequalities implies
L] < 3{[[olfF + el F ol Hlvex -

Ttem (4.9) now follows from Lemma 4.1.
To see (4), notice first that

i ((|u\2)w,v$) = 2Re{(ﬂu$,vxt) + (g Vg, ut) + (uvmuwt)}

4 (A.11)
== (([ul)aa;01) = 2Re(uvz, )}

Again, using the equations in (1.3), we obtain

1
7((|u‘2)mzavt) = ((|u‘2)xzavz +vvm+cvzzm+§(|u‘2)m)



668 LONG AND SHORT WAVES IN DISPERSIVE MEDIA. PART II: WELL-POSEDNESS

= C((|u‘2)xxavxx;c) + ((|U|2)x;c7vzc +'va)

:Re{fﬁc(u,umvmx) —|—4c(uvm,umw)} + ((|u|2)m,vm +ov,)  (A12)
where an application of (A.6) was used, and

— (WU, ut) = (uvm,,uugC + aoUzry + 10Uz, + (UV) 5 +i)\uv) (A13)
= ag (U, Ugzs ) + (uvm,,uux +ibugy + (uv), + i)\uv) . '

Combining (A.11), (A.12) and (A.13) we arrive at (4.10). Next, one can follow the same
technique used in proving (4.9) above

T2 < C{ (JullE + ll2 0l ) o -+ el et o |

holds. Consequently, (4.11) follows from Lemma 4.1 and Hélder’s inequality.
To see (5), notice that

@ 0 ) = (0 2 2) 4 2R vt 1)
= (|uz|2,vt) fQRe((vuz)z,ut)
:—(|uw|2,vw+vvw+cvwm+%(|u|2)w)
+Re{2((vux)x,uux + ApUgre + 1bUgy + (uv), + i)\uv) }
= —c(Jug)? Vers) +2a07€e((vuz)w7umm) - (|uw|2,vw + v, + %(|u|2)w)
—&—Re{Q((vuw)w,uuz—l—ibum—l—(uv)w—i—i)\uv)}, (A.14)
where we have utilized the two equations in (1.3). By (A.3)
2a0Re((Via)gsUzzs) = 2aoRe{ (VUag, Uggs) + (Uzumyuxzz)}

= R€{6ao (Uuwa: ) uzwac) + 2&0 (’LL, uwzvzxw) + 2aO (uvww ) uxzac) }7
(A.15)

and by (A.5)
— c(\um|2,vxm) :Re{ —20(W0ggy Ugp) — ZC(u,umvmm)}. (A.16)
Consequently, (4.12) follows immediately from (A.14), (A.15) and (A.16). The estimate
Mol < C{ull+ ol + s ol e+ ot ol + 2ol .

can be proved using the same approach as in statements (3) and (4) above. Thus, (4.13)
follows from Lemma 4.1 again. O
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