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G-MEAN RANDOM ATTRACTORS FOR
COMPLEX GINZBURG-LANDAU EQUATIONS WITH
PROBABILITY-UNCERTAIN INITIAL DATA*

TOMAS CARABALLO', ZHANG CHEN?!, AND DANDAN YANGS

Abstract. In this paper, a class of complex Ginzburg-Landau equations with random initial data
is investigated, where the randomness may be of probability uncertainty. The existence and uniqueness
of global solution for such system are proved under the framework of nonlinear expectation. Then, the
existence of pullback G-mean random attractors for the G-mean random dynamical system generated
by the solution operators of (1.1) is investigated not only in LZ (£2,L(R)), but also in a weighted space
LZ(9,LZ(R)). Moreover, such attractor is periodic if the nonautonomous deterministic forcing is time
periodic.
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1. Introduction

This paper is concerned with the complex Ginzburg-Landau equation with random
initial condition in nonlinear expectation space defined on the entire R:

{ % = (A +ia)Au—pu—(k+ifB)|u>u+ f(x,t), z€ER, t>T, (1.1)
u(z,7)=u,(x), z€R, '

where 7 €R, u, € L%(Q,L*(R)), u(x,t) is a complex value function, i is the imaginary
unit, \,a,p,k, 3 are real constants satisfying A, p,x >0, and f is given in L} (R, L*(R)).

It is well known that the complex Ginzburg-Landau equations have wide range
of applications in mechanics, physics and other fields. For decades, the existence and
uniqueness of global solutions of Ginzburg-Landau equations have been studied in [13,
14,17,25] for deterministic Ginzburg-Landau equations, and in [2, 30, 37] for stochastic
Ginzburg-Landau equations.

Observe that in the above mentioned papers, the initial condition is deterministic.
However, random disturbance or environmental noise may cause the randomness of
measurement error of initial condition, thus taking it into consideration is necessary.
Many interesting discoveries about systems with random initial condition have been
reported, see, e.g., [4,29,40] and the references therein.

One of the basic tasks of the theory of differential equations and dynamical systems
is to study the asymptotic behavior of solutions. The long-term behaviors of determin-
istic systems have been investigated in [6,31,32]. In order to investigate the stochastic
systems, [1,11] introduced the concept of pathwise random attractor. For stochastic
systems with additive or linear multiplicative noise, pathwise random attractors have
been examined in [3,5,7,8,16,18,20,27,33]. Moreover, the existence of random attrac-
tors for Ginzburg-Landau equations with linear noise has been investigated by many
authors, e.g., see [21,23,28].
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It is well known that the pathwise theory of random dynamical systems has not
been applied successfully to deal with stochastic system with nonlinear white noise or
nonlocal stochastic system. In order to overcome this, mean-square random dynamical
system was first introduced in [19], which can be applied to study nonlocal stochas-
tic differential equations, stochastic differential equations with random delay [38] and
others [36]. However, the main difficulty in applying this theory is the lack of use-
ful characterizations of compact sets of such spaces of mean-square random variables.
Therefore, until now, the existence of mean-square random attractors has been estab-
lished only for some strictly contractive systems. Especially, when the drift term of
stochastic partial differential equation is nonlinear, such theory in [19] may not be ap-
plicable since the weak continuity of solutions for stochastic systems may be difficult to
obtain. Recently, a new type of weak pullback mean random attractor was introduced
in Bochner spaces and a theorem on existence and uniqueness of such attractors was
proved in [34], which can be used to investigate asymptotic behaviors for some stochastic
systems with nonlinear drift term and nonlinear diffusion term [35,40].

However, probability uncertainty or Knightian uncertainty cannot be characterized
well in the previous literature, which often appears in practical problems such as fi-
nance and economic problems. In order to characterize such uncertainty, the theory
of time-consistent nonlinear expectation, as well as its related stochastic calculus and
G-Brownian motion, was developed by [12,24]. Under Lipschitz condition, the exis-
tence and uniqueness of solutions of stochastic system driven by G-Brownian motion
have been investigated in [15,24,39]. Stability has also been extensively studied in the
literature, see, e.g., [10,22,26]. In addition, in [9], the mean random dynamical system
was introduced in nonlinear expectation framework, which can be used for nonlocal
stochastic systems driven by G-Brownian motion.

Inspired by the aforementioned works, in this paper, we will consider the asymptotic
dynamics of complex Ginzburg-Landau equations with random initial data in nonlinear
expectation space. It is worth mentioning that [40] discussed the weak pullback mean
random attractors for Ginzburg-Landau equations defined in Bochner spaces, where
the system is defined in a bounded domain O and the initial data are in a classical
probability space. The main contributions and the highlights of this paper are listed as
follows:

(i) The pathwise random dynamical system theory [1,8,11] and mean random dy-
namic system theory [19,34] under the classical probability framework have been widely
used to study the dynamic behaviors of solutions. But these theories cannot be applied
to system (1.1) with random initial condition in nonlinear expectation. Therefore, we
generalize the theories of mean random dynamical system in the sense of classical prob-
ability in [19,34] to nonlinear probability case, which can be used to study the long-term
behaviors of the solutions for system (1.1).

(ii) Compared with [13,14,40], the random initial condition with probabilistic un-
certainty is taken into account in complex Ginzburg-Landau equation defined on the
entire R. This system can characterize the statistic uncertainty of environmental noise,
thus it can be applied to more cases.

(iii) Different from [9], the concept of G-mean random dynamical system is intro-
duced in L% (2, L3(R)) over (Q,’H,I@,}'), instead of over a filtered space (Q,H,]]:Z,.F,ft).
Meanwhile, the definition of pullback mean random attractor for G-mean random dy-
namical system is given. And then we prove the existence of such attractors as well as
their periodicity when the nonautonomous deterministic forcing f is periodic in time
(see Theorem 4.1).
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(iv) In addition, the existence and periodicity of such attractors for system (1.1) are
investigated in a weighted space LZ (£, L2(R)) (see Section 5 for more details), which
generalizes the results in Section 4. It is worth noticing that the space L% (€, L?(R)) is
contained in the weighted space L% (Q,L2(R)). Especially, when o> 1, L%(Q,L%(R))
contains all bounded measurable functions. In this case, the requirement condition of
f(z,t) in the weighted space LZ(Q2,L2%(R)) is weaker than that in LZ(Q,L?(R)).

The outline of this paper is as follows. Some preliminaries are introduced in Sec-
tion 2. In Section 3, the existence and uniqueness of solutions for system (1.1) in
L% (9, L*(R)) are proved. The existence and periodicity of mean random attractors for
system (1.1) in L% (9, L*(R)) and L%(Q,LZ(R)) are investigated in Sections 4 and 5,
respectively.

Throughout this paper, let ||-||1»®) and (-,-) .»(r) denote the norm and the inner
product of LP(R), respectively. When p=2, we will omit the subscript LP(R) in the
above notations for simplicity.

2. Preliminaries

We use the framework and notations of Peng in [24]. Let (€2,F) be a given measur-
able space and H be a linear space of real-valued functions defined on (£2,F) satisfying
that ©(£1,82,-+,&n) €H if 1,82, ,&n €H for each €y 1;p(R™), where Cp rip(R™)
denotes the linear space of functions ¢ satisfying the local Lipschitz condition:

lo(x) =y <C(L+]z[™ +|y|™) |z —y| for z,y €R™,

where C' >0 and m €N depend on .
DEFINITION 2.1. A sublinear expectation E on M is a functional E:H-R satisfying
the following properties: for all £, €H,
(i) Monotonicity: if £ >(, then E[¢] >E[¢];
(ii) Constant preserving: E[c]=c;
(ili) Sub-additivity: E[¢+ (] <E[¢]+E[¢];
(iv) Positive homogeneity: E[\] = AE[€] for A>0.
The triple (Q,H,E) is called a sublinear expectation space.
DEFINITION 2.2. A set function C on F is called a capacity if it satisfies
(i) C(0)=0, C(Q)=1;
(i) C(A)<C(B), ACB, A,BEF.
A capacity C is said to be sub-additive if it satisfies C(AUB) <C(A)+C(B).

DEFINITION 2.3.  Given a capacity C, a set A€ F is said to be polar if C(A)=0. A
property is said to hold quasi-surely (q.s.) if it holds outside a polar set.

Let (Q,H,E) be a sublinear expectation space, then define a capacity: C(A):=
E(I4), VA€ F. Then, C is a sub-additive capacity. And it was proved in [24] that there
exists a family of linear expectations Ep:H — R, indexed by P € P such that

Elu]=supEp[u], uweH, (2.1)
PeP

where P is a family of probability measures. Let L% (2, X) be the space of all (F,B(X))-
measurable functions, where X is a Banach space with norm |- ||x. We observe that

£2:={ue LY, X) :E[|lull%] < oo} and N?:={ue L% (2, X):E[||lu%]=0} are linear
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spaces. Denote LZ (£, X):=/L?/N?. Similar to the classical result, it is not difficult
to prove that LZ(€,X) is a Banach space with the norm ullze, = (Bflul%])=.

In order to investigate the asymptotic behavior of system (1.1) with random
initial conditions, following the idea of [9, 19, 34], we will introduce the concepts
of G-mean random dynamical system and pullback G-mean random attractors over
(Q,H,E,F) (not over (Q,H,K,F,F,)). For convenience, let X:=LL(LHEF); X)=
{¢] ¢ is F-measurable and E[||¢||%] < oo}, and R2 :={(t,t0) €R>:t >t}

DEFINITION 2.4. A family of mappings ®={®(t,t0,&): (t,to) ERZ} on nonlinear

expectation space is called a G-mean square random dynamical system over (Q,’H,,E.F),
if the mapping ®(t,to,-): X =X, (t,to) ERZ satisfies:

(i) Imitial value property: ®(to,to,&0) =& for any & € X and tg €R;

(ii) Two-parameter semigroup property: ®(ta,to,&) = P(ta,t1,P(t1,t0,&0)) for
every & € X and (ta,t1), (t1,t0) €RE;

(iii) Continuity property: (t,to,&)— ®(t,t0,&0) is continuous in the space Rzz X
Xx.

DEFINITION 2.5. A family K ={K(t)}+cr of nonempty subsets of X for each t R is
said to be ®-invariant if

D(t,to, K(to))=K(t), for all (t,tg) ERZ,
and P-positively invariant if
D(t,to, K (to)) CK(t), for all (t,tg) €RZ.

Let D={D(t) CX:t€R} be a family of bounded nonempty sets and there exists
a constant A >0 such that

: At 2
Jim_ M D(1)[% =0, (2.2)

where |[D(t)||% = sup E[[|u|%]. And D is said to be uniformly bounded if there exists
u€D(t)

a positive constant r such that, E[||u(t)]|%] <r holds for any ¢t €R and u(t) € D(t) € D.

In what follows, we set

D={D={D(t)CX:D(t)#0 bounded, t €R}: D satisfies (2.2)}.

DEFINITION 2.6. A family K ={K(t)}+cr €D is called a D-pullback absorbing family
for @ if for each teR and D €D, there exists T' =T'(t,D) >0 such that

d(t,t—s,D(t—s))CK(t), s>T'.

REMARK 2.1. Compared with [19,38], in this paper, the absorbing family for G-mean
random dynamical system @ is not required to be uniformly bounded. Obviously, D is
uniformly bounded, which implies that it satisfies (2.2). This shows that a uniformly
bounded family of nonempty closed subsets D ={D(t) }+cr belongs to D. Therefore, the
requirement conditions of absorbing set are weaker than those in the literature [19,38].

DEFINITION 2.7. A family A={A(t)}1er s called a D-pullback G-mean random
attractor for ® in X if the following conditions are fulfilled:
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(i) A(t) is a nonempty compact subset of X for each t € R;
(ii) A is ®-invariant, i.e., ®(t,t0,A(to)) =A(t), for all (t,to) GRzz,
(i) A pullback attracts every D €D, that is, for every t€R,
lim d(®(t,t—s,D(t—s)),A(t))=0,

s—+o00
where d(A, B) :=sup in]f3 |z —yllx is the Hausdorff semi-distance, for any A,BCX.
rx€AYE

In addition, in this paper, the following two lemmas are also frequently used to prove
the existence of D-pullback G-mean random attractors for complex Ginzburg-Landau
system with random initial condition.

LEMMA 2.1 ([23] Gagliardo-Nirenberg’s inequality). Let u€ LY(R) and its derivatives
of order m, D™ue L"(R), 1<q,r <oc. For the derivatives Diu, 1< j <m, there exists
c=c(m,j,q,r,0) such that

1D7ull oy < D™l ey Il

where % =j+0(t—m)+(1 —0) for all 0 in the interval L <0 <1.
LEMMA 2.2 ([21]). For any —1<p<+oo and z,y € C, the following inequality holds

[Im(z —g) (|2 = [y|"y)| <

L T4y Moo 122
Ifg\/mRe(x )|z —y|"y).

3. Existence and uniqueness of solutions for system (1.1)

The objectives of this section are to study the existence and uniqueness of solution
for system (1.1) in nonlinear expectation space (Q,’H,I@), which are necessary for estab-
lishing the G-mean square dynamical system associated with system (1.1). First, the
definition of solution for system (1.1) is given below.

DEFINITION 3.1.  Let T€R and u, € L%(Q,L*(R)). A continuous mapping u(-)=
u(-,7yur )i [1,00) = LE(Q,L%(R)) is called a solution of system (1.1) if
ul(-,7,ur) €C([7,00), Lg (L2 (R))) [\ L& (2, L7, ((7,00), H' (R)))
ﬂLé‘(Q7Lloc((Taoo)aL4(R)))

and u satisfies, for every ¢t >7 and £ € HY(R)NL*(R)

(u(t),€) =(tr &) — (A+i) / (Y, VE)ds —p / (u,€)ds

(v tif) / (Juf?u.€)ds + / (F(s).E)ds, 4.

where f(-):R— L?(R) and ( = [p f(xz,5)¢(x)d.
We now prove the ex1stence and unlqueness of solutions to problem (1.1) in the
sense of Definition 3.1.

THEOREM 3.1.  For every T €R and u, € L%(Q, L*(R)), system (1.1) has a unique solu-
tion u(-,7,u;) in the sense of Definition 3.1. Furthermore, this solution is F-measurable
with respect to w €.
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Proof. Let O ={x€R,|z| <k} for each k €N, and consider the following equation
defined in Oy

% = (A +ia)Aug — pug — (k+iB)|ur|?us + f(2,t), t > 7, €Oy, (3.1
with boundary condition
ug(z,t)=0, t>71, |z|=k, (3.2)
and initial condition
ug(z,7) =u,(z), x €O (3.3)

For any fixed k>0, we can deduce that system (3.1)-(3.3) has one solution wuy (the
definition of solution is the same as in Definition 3.1 but replacing R by Oy). Moreover,
for any ¢ > 7, ug(t,w) is F-measurable with respect to w € Q.

Next, we will derive uniform estimates on the solution uy of (3.1)-(3.3). Taking the
inner product of (3.1) and considering the real part, we have

d
%Il’ukll2 = —2M| Vu||* = 2pllur|I* — 26 url|74 (0, +2Re . [t x)urde
k

1
< = 20| Vul* = pllurll* = 26| ukl| 740, + ;||f(t)||2- (3.4)

Therefore, for any ¢t >7 and w € (2, we find
t t
Huk(t,w)||2—|—2)\/ ||Vuk(s,w)\|2ds+2m/ k(5,6 |40 5

suu7<w>|\2+% / 1£(5) s,

Then, for every fixed 7€ R, we Q and T >0, we have

1 T+T
s < Jar @)+ [ I Pds, tefrr+T) (35)
T+T 1 1 T+T
| vutePas< g (ln@Es [ Ireks). 6o)
and
T+T 1 1T+T
/T ||uk(s,w)||‘i4(ok)dsgﬂ(nuf(w)nu;/r ||f(s)|\2ds). (3.7)

It follows from (3.5)-(3.7) that for every fixed 7€R, weQ and T >0,
{ur (@) )72, is bounded in L*°((,7+T),L2(04)) (\L* (7,7 +T), HY (Ox))
(L*((r,7+T),L*(Ox)) (3.8)
and

{Jug|?ur }32, is bounded in L3 ((T,T+T)7L%(Ok)). (3.9)
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Therefore,

{d;:}oo is bounded in L3 ((T,TJrT) %(Ok)) ((T,T+T),H71(Ok)), (3.10)
k=1

Consider uy as a function defined on the entire space R by setting ug(x,t) =0 for
all |z| >k and t€[r,7+T)]. Let t' € (r,7+T)] be fixed. Then by (3.8)-(3.10), we know
that there exists a subsequence {ug, }7°; of {ux}72, such that

ug, (-,w) = u(-,w) weak star in LOO((T7T+T)7L2(R))’

ug, (,w) — ( ,w) weakly in L2((T,T+T),H1(R)),
ug, (r,w) = u(-,w) weakly in L4((T,T+T),L4(R)),
%ukl(',w) — —ru(w) weakly in L3 ((r,7+T),L3(R)) + L?((r,7+ T),H '(R)),

Uk, (t ,w) — v weakly in L*(R),

where uw€ L>((r,7+T),L*(R))NL*((r,7+T),H (R))NL*((r,7+T),L*(R)) and ve
L?(R). Then by a standard procedure (see [20]), we can deduce that

lug, (-,w0)[Pun, (- w) = [u(-,w) [Pu(-,w) weakly in Ls ((T,T-FT),L%(R)).

Therefore, letting [ — oo, we have that for any & € H!(R)N L*(R),

& 0.6) =~ (A +i0) (Vi VE) — &) — (s iB)uPu €+ (F(0.0), (311)

n (7,7+7). In addition, u(-,w) € C([r,7+T],L*(R)), u(r,w) =u,(w), u(t',w) =v and

5 jt lu(t. )l = =AM Vu(t,w)l|* = pllut,w)|* — sllult,w) | Zs @) + (£ (2),ultw)). (3.12)

Therefore, we can deduce that for any t' € (7,7 + 717,
ug, (t',w) —u(t',w) weakly in L?(R), (3.13)

and u(-,w) is a solution of the deterministic system (1.1) with initial condition u,(w)
for a fixed we .
On the other hand, for every fixed T€R, we ) and T >0, we have

1 T+T
Jut ) < ur @)+ [ 17(6)Pds, telrr+T) (3.14)
)
T+T T+T
| vuoPas< g (el [ Is@Rs). (313
and
T+T 1 1 T+T
/T [lu(s, w)||L4(R)ds< <||uT( )||2+;/T ||f(3)||2ds>. (3.16)

Since u, € L%(Q,L*(R)), we see from (3.14) that v € LS, ((7,00), L% (22, L*(R))). It then
follows from (3.14)-(3.16) that

we LE (L. ((1,00), H'(R))) (L& (L ((7,00), LA (R)) ).
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Next, we are going to prove that u € C([r,00),L% (2, L*(R))). It follows from (3.12)
and the Young inequality that

B - P < S [ 150 Par. (317
For any t,s > T,

Elflu(t) —u(s)I*] = Elllu() >+ llu(s) —2(u(t), u(s))]. (3.18)

It is not hard to prove that LZ(Q, H1(R))N L% (2, L*(R)) is dense in L%(,L?(R)), thus
there exists {u,(s)}5, € LZ(Q,H'(R))N L% (Q,L4(R)) such that

E[f|u(s) —un(s)]|?] =0, as n— oco. (3.19)
Combining this with (3.17), we obtain that for any fixed s>,

Ellu(t) —u(s)IIP]=Elllu(®) ) +Ju(s)]* = 2{u(t),un(s) +u(s) = un(s))]
<E[[lu(®)]® +Iluls)II? —2(u(t),u ( )]+ 2B (u(t), un(s) —uls))]

<k [2||u<s>||2—2<u<t>, w(e)+2 [ 10 dr} FOR{(u(t) un(s) — u(s)].
It follows from (3.11) that
(1) 0 (5))

:<u(s,w),un(s,w)>f/ ()\+ioz)(Vu(r,w),Vun(r,w»dr7/ plu(r,w),un,(s,w))dr

s
t

—/ (fi—Hﬂ)<|u(r,w)|2u(r,w),un(s,w)>dr+/ (f(r),un(s,w))dr.

S

Without loss of generality, we suppose ¢ > s, therefore,
Bl ()~ 0(6) ] S B[216) P 200650~ [ Otia) (Wl P (s
[ ot o [ 518t 5l
+ [ whnoar s [ 150 Pdr] + 28] 00)00(6) i)
<B2{0(6) ) (D) + B [ IFu 1]
+ 8 [ 1o o 60108] 4 CE ] [ oy om0l
+E[/ 105 | + L L1+ 28100, 00) o). 320

For the first and last terms on the right-hand side of (3.20), we have

2B [(u(s), u(s) —un(s))]+ 2B (u(t) 1 (5) —uls))]
|u

1 1 ~, 1 1 (3'21)
<2(E[llu(s)I°D) = (Bllu(s) —un($)[I°D) = +2(Eu()[P]) 2 Ellun(s) —uls)IP])2.
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It then follows from (3.14) and (3.19) that

E[(u(s),u(s) — tn ()] + 2E[(w(t), un (s) —u(s))] =0, as n— oo. (3.22)

For the second term on the right-hand side of (3.20), by the Holder inequality we have

Ch [ / t ||Vu<r>||||m<s>|dr]

(f ||Vu<r>||2dr)é ([ Ivuntsiipar) é]

<c([f t IFutr) ar] ) BT ()P o (3.23)

<CE

Similarly, we find

e[ [ oo otas] < (B[ [ 1uoiear]) @ttt o2

t
CE [ [ 1t )0

<c (E[ / t ||u<r>||‘z4(R>er3 (Bl (5) [y ) = 51 (3.25)

[/ 170l (o)l | <c (& /Hf |dr) EllJun(s) 2Dl —s1E. (3.26)

By (3.22)-(3.26), one can deduce that
E[[|u(t) —u(s)]|?] =0, as t — s,
which shows that
ue C([r,00), LE(Q,L*(R))). (3.27)

Therefore, u is a solution to problem (1.1) in the sense of Definition 3.1.
Next, we will show that the solution is unique. Let uq, us be any two solutions of
system (1.1) with the same initial condition and v=wu; —us. Note
d, 2 2 2 . 2 2\~
2 10117 == 221Vl = 2pljv[|" = 2Re(k +1f) | (Jurl"u1 —Jus| uz)vdz
R

<—2)\||Vv||2+2‘Re(/<;+i6)/(u12u1—u2|2u2)17dx .
R

It follows from the Young inequality and Lemma 2.1 that

Re(k+ip) / (Jur [Py — |ug|*ug)vda
R

= Re(n+iﬁ)/R[\ul\z(ulqu)+(|u1|2f\uz|2)uQ]’DdaJ
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§/<;/ |ui)?|v|?dx +
R

Re(s+if) / (lur |? = a2 uptde
R
<3\/RTT 2 / (s |2+ Jua ) | 2dac
R
<32+ ) [l ol ) ol

1 3
<3ey/2(k2 +52) (lun | Zs gy + luzl|Zs ) V01 J0]] 2

3 1 8 8
<3c\/2(R2+ 57) [s||v@||2+4<2e> 5 (llun gy + el o) 0112

where ¢ is defined in Lemma 2.1. Then letting e = —=2—— we have

3cy/2(k24+82)’
Q\fc 1 8 8
Lol <22 T 20) 7 (il + sl oy el

It follows from the Gronwall inequality that

f T _1
||u1<t7w>_u2(t7w)”2SHUT,l(W)_U‘n?(W” e K2+B2(2€) f (Hul|‘L4(R)+‘Iu2|‘L4(R))d

guuﬂ(w)fuﬂ(w)n%c“ff”“1”14@)“)%*“”“2”14<R>d5)%1, (3.28)

where C = 2¥2¢ /2 +B82(45E T) This implies the uniqueness of solution.

Note that (3.13) and the uniqueness of solutions imply that the entire sequence
u,(t,w) = u(t,w) weakly in L2(R). By the measurability of uy(t,w) in w, the measura-
bility of u(t,w) can be obtained directly. The proof is complete. 0

REMARK 3.1. In classical probability space, the continuity of the solution with
respect to time in the mean sense can be proved by the dominated convergence theorem,
see, e.g., [34,35,40]. Nevertheless, different from the classical probability space, the
dominated convergence theorem usually does not hold in the framework of nonlinear
expectation. This gives rise to some difficulties in proving u € C([r,00), L% (Q,L?(R))),
which is necessary to establish the G-mean square dynamical system associated with
(1.1) in the next section.

REMARK 3.2.  Inequality (3.28) shows the uniqueness of the solution. However, it
does not indicate the continuity of solutions with respect to initial conditions, which
will be proved in Lemma, 4.1.

4. G-mean random attractors for (1.1) in L%(Q,L?(R))
In this section, we will prove the existence of mean random attractors for system
(1.1) in L%(,L?(R)). For this purpose, we further assume:

1B < V3, (4.1)
/ eP*||f(s)||Pds < o0, ¥V T ER. (4.2)
4.1. G-mean random dynamical systems. To investigate the long-term

dynamics of the solutions of problem (1.1), we need to define a random dynamical
system based on the solution operators.
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Let ® be a mapping on R% x L,(Q, L*(R)) given by
O(t,7,ur) =u(t,7,u.), t>T,

where u, € L% (Q,L*(R)), and u is the solution of problem (1.1) with initial datum u,.
By the definition of ®, we have

BB (2, 7,40)|12) = Bllfu(t,7,0) 2] < o0,
and ®(¢,7,u,) is F-measurable since the solution u(t) is F-measurable, which implies
that ® maps RZ x L% (2, L?(R)) into L% (2, L*(R)).
In addition, by the uniqueness of solutions, we have
(L, m,ur) =0(t,5,9(s,7,ur)), (4.3)
for any (t,s), (s,7) €RZ and u, € LE (€, L*(R)). Furthermore, it is easy to check that
O(7,7,ur) =Ur.

Thus, according to Definition 2.4, in order to show that the solution of problem
(1.1) with random initial condition generates a G-mean random dynamical system, it
remains to prove that ® is continuous in the space RZ x L% (Q, L*(R)).

LEMMA 4.1.  Assume (4.1) holds. Then, the mapping ® is uniformly strictly contract-
ing, i.e., for the different initial values u; 1, ur 2 € L% (2, L*(R)), we have

B ®(tur,1) = D(t,ur,0) 7] SE[||ur,1 — ur*le20 077, (4.4)

forallt>rT.

Proof.  Let uy(t,7,ur1) and ug(t,7,ur2) be two different solutions of (1.1) for the
initial values u, 1, u, 2 € L% (9, L?(R)) and the same initial time 7. By the definition of
®, we have

E[|®(t,7,tr1) = B(t,7,ur2)|1*] =Ellus (8, 7,071) — ua(t,7,ur2)||].
‘We can deduce that

ﬁHul—WH2

= —2)||V (u1 —uo)||* = 2p||lus —uz||* — 2Re(k +48) {Jur [Pu1 — |ug|*us, ug —us)
—2p|jur —uz||® — 2Re(k +iB) (Jur|*us — |ua[Pug,uy —us). (4.5)

By Lemma 2.2 and (4.1), the second term on the right-hand side of (4.5) can be bounded
by

—2Re(k+iB)(Ju1[Pur — |us|?ug,uy —us)

:—2/1/RRe(al(a:)—a2(x))(|u1(1‘)|2u1(33)—|uQ(x)|2uQ(x))dx
+2B/Im(ﬁl(:c)—ﬂg(x))(|u1(x)|2u1(x)—|uQ(x)|2uQ(x))dx
§2/<; |ﬁ| /Re U (2)) (Jur (z)Pur (z) — Juz(z)|Puz(z))dz <0.  (4.6)
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Therefore, we can conclude
Dy —us 2 < —2pur —us 2
dt - '
The Gronwall inequality gives that
B [[|ua (t,7,ur1) —ua(t, 707 2)|*) SE[|ur,1 —urof[*Je™207).

The proof is complete. 0

REMARK 4.1. It follows from Lemma 4.1 that ®(¢,7,-) maps LZ(Q,L?(R)) to
LZ%(2,L3(R)) continuously. Then combining u € C([r,00),LZ (2, L?(R))) with (4.3), we
can deduce that the mapping ® is continuous in the space RS x L (€, L*(R)). There-
fore, ® is a G-mean random dynamical system associated with problem (1.1).

4.2. Existence of G-mean random attractors. In this subsection, we prove
the existence of D-pullback G-mean random attractors for problem (1.1) with random
initial condition. We first construct a pullback absorbing set in L% (€2, L?(R)).

LEMMA 4.2.  Let (4.1) and (4.2) hold. Then for every T€R and D €D, there exist
T=T(r,D)>0 and R(7) >0 such that for all t>T,
E[|@(r, 7 —t,ur—0)|*]| <R(7),

where u;_y € D(T—1).

Proof. 1t follows from the Young inequality that
d
£\|u||2=—2/\||Vu||2—QPIIUI|2—QHI\UI|i4(R)+2Re<f(t),U>
1
S*Q/\IIVUIIQ*Qﬁ'IIUIIQ*2f’€|\UIIi4(R)th)\lltlngr;|\J"(lf)ll2
1
<—pllul*+= @)
p
Therefore,
d d 1
a@"tHUIIQ:PGMIIUHQJref't@IIUH2 < ;eptl\f(t)llz-
Then integrating on (7 —¢,7) with ¢ >0, we have

1
lu(r,7 =t ur—e) I Se—f’t|\urft||2+fe—f/
P

T—

t@”sllf(S)HQdS-

Therefore,

T

) X 1
Efllu(r,m —t,ur—o)|*] <e " E[[lur—||’] +;6*“/ e |1f(s)]*ds, (4.7)

which together with w,_; € D(7 —t) and D € D, implies that there exists T=T(r,D) >0
such that for all t > T,

E[||®(T7T_t7u’r*t)”2] SR(7—)7
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where

T

e[ f(s)]*ds.

1
R(7 =1+*€7P7—/
(1) P

The proof is complete. ]

REMARK 4.2. Define the family of sets B(7)= B, (;), where B,(,y is the ball in
L%(92,L3(R)) centered on the origin with radius () specified by

r(T):= \/1 + %e—/” /_; e?s|| f(s)|?ds.

It is not difficult to prove that the family B={B(7):7 €R} belongs to D. Indeed,
choosing A=p in (2.2), we have

) ePTePT [T 9
lim e |B(r)[2= lim e’ + lim / e || £(s)|%ds,
T——00 T——00 T——00 p 00

which together with (4.2) implies
. pT 2
tim_e”" | B(r)|3 =o0.

Therefore, BeD. Further, by Lemma 4.2, we find that for every 7€R and D=
{D(t)}+er €D, there exists T=T(7,D)>0 such that for all t>7T, ®(7,7 —t,ur—¢) C
B(7). Therefore, B is a D-pullback absorbing family for ®.

THEOREM 4.1. Assume (4.1) and (4.2) hold. Then, problem (1.1) has a unique
D-pullback G-mean random attractor A={A(t):7 €R} in L%(Q,L*(R)). Furthermore,
if there exists a positive number w such that f:R— L*(R) is w-periodic, then such
attractor A is also w-periodic; that is, A(T+w)=A(7) for all T€R.

Proof. Tt follows from Remark 4.2 that {B(7):7 €R} is a D-pullback absorbing
set for ®.

Next, we will show that {®(0,t,,2,)}nen is a Cauchy sequence in L% (€2, L*(R))
with values in B(0), where x,, € D(t,,) for each n€N, D €D, and {¢,, }nen is a monotone
decreasing sequence tending to —oco with t; =0 and ¢, —t,+1 >T*(¢t,,), where T*(¢,,) is
the absorbing time. Indeed, for any m >n,

E[||®(0,tn,20) = ®(0,tm,zm) || 2] = E[[|®(0,tn,20) — B0, tn, @ (st 2m))]|%]
Sept"fE[Hzn—@(tn,tm,zm)HZ]. (4.8)

It then follows from the construction of the time sequence and the absorbing property
of this set that ®(t,,tm,Tm) € B(ty). Therefore,

~ 1 tn
E[H(I)(O,tn,xn)—@(O,tm,xm)||2] <4ePtr (1—1—6’”"‘/ epsf(s)||2ds>
P —oo
t, 4 tn S 2
=4e” ”+; e’ || f(s)|Ids, (4.9)

which implies that {®(0,¢,,2,) }nen is a Cauchy sequence due to t, — —oco as n—oo.
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Then by the completeness of LZ(€2,L?(R)), there exists a unique limit z*(0) € B(0)
such that

B[[|®(0,tn,20) —2*(0)]2] 50 as n—oc.

Now define x*(t) =®(¢,0,2*(0)) for ¢ >0. We can repeat the above argument with
0 replaced by —1 to obtain a limit z*(—1) € B(—1) such that

E[|®(=1,t,,20) —2*(=1)[?] =0 as n—oo.

It is clear that 2*(0)=®(0,—1,2*(—1)) due to

E[|lz"(0) ~ ®(0,~1,2" (~1))|?]

=E[|]z*(0) - (0 try@n) +P(0,t,,2,) — ®(0,—1,2% (1))
+@(0,—1,2(—1,tn,2y)) — (0,1, 8(—1,tp,20)) ||]
=E[|l*(0
(
(

) (I)(O tnyxn) (I><Oa_1a$*(_1))+¢(07_17¢(_17tnaxn))||2]
SIE[Hx* 0) = ®(0, £, 2)[?] +E[|B(0,—1,8(~1,t,2)) — ®(0,—1," (—1))|?]
<E[[J2*(0) — ®(0,tn,z0)|%] + € PE[|®(~1,t5,20) —2* (~1)]|?].

Then proceed with this construction via induction for each —n and —n—1 to obtain a
limit *(—n—1) € B(—n—1) such that *(—n)=®(—n,—n—1,2*(—n—1)). And define
x*(t)=d(t,—n—1,2*(—n—1)) for —n—1<t<—n. In this way an entire trajectory
x*(t) of @ is constructed, i.e., with a*(t) = ®(t,s,2*(s)) for all (t,s) €RZ.

Moreover, by the strictly contracting property all other paths of ® converge to z*(t)
in the G-mean sense. In fact, 2*(¢) is unique and forms a D-pullback G-mean random
attractor for ® consisting of singleton sets A= {xz*(¢)}. To see this suppose that T*(¢) is
another entire trajectory with z*(¢) € A(t) for all t€ R and [[|z*(0) —z*(0)]|)] = > 0.

Similarly to (4.8) and (4.9), the strictly contracting condition and uniform bound-
edness of the entire paths give

E[| (0, ~t,2*(~t)) — ®(0,~t,7* (~t))||*]
< PR [|la* (—t) — 2% (—t)||?]

—t
<4 (1+ pepf/ e”s||f(s)||2ds> e Pt

4 —t
<acrt s [l

oo
for all ¢ >0, which implies that there exists 7> 0 such that for all t>T
E[| (0, —t,2" (1)) = (0,1, (1)) |*] <
However, 2*(0) =®(0,—t,2*(—t)) and Z*(0) =®(0,—t,Z*(—t)), so
7 * % = * % 1
<E[l|l2"(0) =27 ()] =E[[2(0,~t,2" (=) = (0, =t,&" (1)) I] < 3=,
for all t>T, which is a contradiction.

Thus the G-mean random dynamical system & has a D-pullback G-mean random
attractor A= {z*(t) }1cr.
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Finally, the periodicity of random attractors will be shown. According to the con-
struction process of z*(t), for any t€R we have z*(t+w)=®(t+w,t,2*(t)). It then
follows from the fact that f(x,t) is w-periodic that ® is periodic with period w. Noting
that ® satisfies two-parameter semigroup property, therefore, 2*(t) =x*(t+w), which
shows that the attractor A is also w-periodic. 0

REMARK 4.3. If f(z,t)=0 for z €R, we can obtain that 0 is the solution of system
(1.1). Then combining with Theorem 4.1, we have x*(t) =0.

REMARK 4.4. 1In [19,34,35,38,40], the existence of mean random attractors has been
investigated for mean random dynamical system in classical probability space, which
cannot be applied to the system with probability-uncertain initial data. However, The-
orem 4.1 may be applied to prove the existence of pullback G-mean random attractors
for G-mean random dynamical system, so it can be applied to more cases.

5. G-mean random attractors for (1.1) in L% (Q,L2(R))

In this section, we will investigate the asymptotic behaviors of the solutions to
problem (1.1) in the weighted space LZ(,L2(R)) with a weight function ¢(x)=(1+
|z[?)7° for x €R, where > 1 is a fixed number and L2 (R) is defined by

L:(R)= {u:R—)R is measurable,/(1+|x2)”|u(w)|2dx<oo}
R
with the norm
. 1/2
Jullo = ([ -+ 1o) o))
R

In order to study the dynamics of problem (1.1) in the weighted space L% (€2, L2(R)),
we have to extend ® from L% (Q,L?(R)) to L%(Q,L2(R)). This extension is possible
based on the Lipschitz continuity of solutions in L% (2, L2(R)).

The following lemma is the result about the Lipschitz continuity of solutions in
12, L2(R).

LEMMA 5.1.  Suppose f1,fo € L? (R, L*(R)), ur1,ur;2€ L% (2, L3(R)) and (4.1) hold.

loc

Let uy,ug be solutions of problem (1.1) with f replaced by f1 and fo, respectively. Then
for every TeR, weQ and T >0, there exists a positive constant C=C(1,T) such that
for all te|r,7+T],
. . t
Efl|u (t,7,ur1) —ua(t, 7,ur,2)[17] SCE[[Jura *ur,zlliHC/ 1£1(s) = fa(s)I2ds. (5.1)
Proof. Tt follows from (1.1) that

6(U1 —UQ)

5 =(A+ia)A(ur —uz) — p(ur —uz)

— (k+iB) (Jur [Pus — |uzPuz) + fi(t,2) — fo(t,x).

Taking the inner product with u; —us in L2(R), we have

d .
Pl — s[5 =2Re(A +ia) (A (u1 —uz), (w1 —uz))  —2plur —uz]2

— 2Re(/€+zﬁ)<\u1 ‘211,1 — "LL2‘2U2,’LL1 —’LL2>U +2Re<f1 (t) — fg(t),ul —’LL2>U.
(5.2)
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Now, we compute the terms on the right-hand of (5.2).
2Re(A+iar) (A (ug —uz), (ug — uz)>g
=—2X(V(u1 —u2),V(us —u2)-¢(x)) — 2Re(A+ia){V(u1 —u2), V() - (u1 —uz)).
By simple calculations, we find that
IVo(x)| <op(x), VzeR,
which, together with the Young inequality, shows that

2Re()\—|—ia)<A(u1 —ug), (u1 —u2)>0
<=2V (u1 —u2) |12 + 20V A2+ a2(V(u1 —us),d(x) (us —us))
o?(A\%+a?)

<=2V (= w) |7 + AV (w1 —w)ll7 + ——

a2(A\2+a?)
A

[
<=MV (ur —u2) 5+ [l — a5 (5.3)
For the third term on the right-hand side of (5.2), it follows from Lemma 2.2 that
—2Re(/-e+zﬂ)<|u1|2u1 — |ugPug,uq —u2>g
= 72Re(ﬂ+iﬂ)/ﬂ§¢(z)(|u1|2u1 — |ug|?ug) (g — o) da
:fZH/RQS(w)Re de+26/R¢>(x)Im Ldx

gzm(—1+lf/|§)/R¢(x)Re Ldz, (5.4)

where L= (|uy(2)|?u1 () — [uz(2)|?uz(2)) (@1 (x) —u2(z)). It then follows from (4.1),
(5.2)-(5.4) and the Young inequality that

Gl =2 <ellus = wall3 + 2 1(6) - RO (55)
where c= M —p. For every T€R, T'>0 and t € [7,7+ T}, the Gronwall inequality
gives that

B[[|ur (8,710 1) —ua (8,7, ur2) 3]
<E[Jur, —uT,zumeC“‘”*%/ fa(o) = fals) e,
This completes the proof. ]

Next, we extend the mapping ® from LZ(Q,L*(R)) to LZ(Q,LZ(R)). This will
enable us to study the dynamics of the system (1.1) in L%(Q,L2(R)).

THEOREM 5.1.  Suppose feL? (R,LZ(R)) and (4.1) hold. Then one can associate
problem (1.1) with a continuous system P : R; x LZ(Q,L2(R)) — L% (0, L2(R)) such that
for every (1,t) ERZ and u, € L%(Q,L*(R)), ®(t,7,u,)=u(t,7,u;), where ®(t,7,u,) is

the solution of problem (1.1) with initial time T and initial condition u..
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Proof. Notice that LZ%(Q,L*(R)) is dense in LZ%(Q,L2(R)). Indeed, Yue
LE(Q,LE(R)), let uy (@) =u(x)I{jz)<ny, Where n€NT. Then, for any positive integer

n, we have
E{A{Iu(w)f{\r\<n}|2dx] :EM

z|<n

=(1 nzng' 1+n2) "% u(z)|?dz
(et B[ [ ent) Tueae]

[ua)|2dz ]

<0en?B[ [ (e Tute) ]

<t E[ [ (1+0%) 7 uo) P
<00,

which implies u,, € L% (€2, L*(R)). In addition,

B [Ju(@) —ua(@l3] =E[ |

z|>n

(1+22) 77 u(x)|?dz],

which, together with u e L% (9, L2(R)), implies
E[Hu(x)fun(x)\\i] —0, as n— oo.

Therefore, LZ(Q,L*(R)) is dense in L%(Q,L2(R)). Then LZ(Q,L*(R))x L*((1,7+
T),L?(R)) is dense in L% (Q, LZ(R)) x L2((1,7+T),L2(R)).

Given (ur, f)€ L%(Q,L2(R)) x L((r,7+T),L2(R)), there exists a sequence
(Un, fn) € LE(Q,L2(R)) x L2((1,7+T),L*(R)) such that (uy, fn)— (ur, f)
in L%(Q,L2(R)) x L*((1,7+T),L2(R)). Let T€R and T7>0, by Lemma 5.1, we
find that {u(-,7,(un, )}, is a Cauchy sequence in C([r,7+T],L%(Q,LZ(R))), so
Jim u(-, 7, (un, fn)) exists in C([r,7+T),L%(2,L2(R))). It is evident that this limit does

not depend on the choice of (uy, f,). Let ® be a mapping from LZ,(Q, L2(R)) x L((r,7+
T),LZ(R)) to C([r,7+T],L%(Q,L2(R))) such that for every (u.,f)€ L% (Q,L2(R)) x
L3((r,7+T),L%(R)) and (un, fn) € L% (Q,L*(R)) x L?((1,7+T),L*(R))

(7, (ur, f)) = li_)m u(, 7, (Un, fn)), (5.6)
n oo
where (un, fr,) = (ur, f) in LZ (2, L2(R)) x L2((1,7+T),L2(R)). It follows from Lemma
5.1 that ®(-,7,(u,,f)) is Lipschitz continuous in (u,,f) in LZ(Q,L2(R)) x L((t,7+
T),I2(R)).

Note that for every t > 7, u(t,7,w, (un, fr)) is (F,B(L?*(R)))-measurable and the em-
bedding L?(R) < LZ(R) is continuous. Therefore, u(t,7,w,(un, fn)) is (F,B(L2(R)))-
measurable, which along with (5.6) implies that ®(-,7,(us,f)) is (F,B(L2(R)))-
measurable for all t>7. One can check that ® is continuous in RZ x LZ(€,L2(R)).
Actually, ® is an extension of ® to the weighted space L2 (€, L2(R)), and we will not
distinguish ® and @ in the sequel. 0

In order to study the existence of pullback mean attractors of ® in LZ(Q,LZ(R)),
we need to prove that ® is uniformly strictly contracting and has a pullback absorbing



726 G-MEAN RANDOM ATTRACTORS FOR COMPLEX GINZBURG-LANDAU EQUATON

family in LZ(Q,L2(R)). When deriving the uniform estimates on solutions, we need
the following condition on f:

/ e || f(s)||2ds < o0, VT ER, (5.7)
—00

which weakens condition (4.2).

REMARK 5.1. As we will see later, when studying the existence of pullback
mean attractors of ® in L% (Q,L2(R)), it is convenient to use an equivalent norm for
L% (9, L%(R)) which is defined by the weight function ¢s(x) = (1+|dz|?)~7, x €R, where

5:min{1,&j}. (5.8)
By simple calculations, we can obtain that
|[Vos(x)| <odps(x), VxR, (5.9)
and
B [1ul2) <E[ [ o@)lute)Pde] <5 B[ul2]. v ue IR @IER). (.10

which shows that the weighted space LZ(€,L2(R)) has an equivalent norm which is
1
given by (IAE[fR¢5(m)|u(x)|2de * for ue L% (Q,L(R)).

LEMMA 5.2.  Assume (4.1) holds. Then the G-mean random dynamical system ® is
uniformly strictly contracting in L%,(Q,L2(R)), i.e., for the different initial values u, 1,
ur2 € L% (Q,L2(R)), there exists a constant M (which is independent of T) such that

E[|@(t,,ur1) = @(tmur2) 5] SME[[Jury —ur ]3], (5.11)

for allt>r.

Proof.  Let ui(t,7,ur1) and ug(t,7,ur2) be two different solutions of (1.1) from
the different initial values u, 1, w2 € L% (2, L2(R)) for the same initial time 7. Taking
the inner product of u; —us with ¢s(u; —us) in L?(R) and then taking the real part,

d
— / os(x)|uy 7u2|2dx:72/\/ os(x)|V (ur qu)|2dacf2p/ |ug — ug |2 s (z)da
dt Jr R R
—2Re(A +ia) / (g —1u2)V(u1 —ug) - Vos(x)dx
R
—2Re(k+iB) (Jur|*ur — [usPus, ds(z) (w1 —us)).  (5.12)
For the third term on the right-hand side of (5.12), by (5.9) and the Young inequality,

—9Re(A+ia) /R (i — 112) V (1 —up) - Vb ()

<200/ N2 +a2/ ’(121 —9)V(ug —u2)ds(x) |dx

2 2 2
SM/M—W\ bs( dw+>\/|v w1 —up) s (2)dz (5.13)
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and together with (4.1), (5.8) and Lemma 2.2, we deduce from (5.12) that

%/R¢6(x)‘ul_UQ|2dl‘§—p/R|U1—u2|2¢5(x)dm_ (5_14)

The Gronwall inequality gives that

E [/ ¢5($)|U1(7§,T,U,¢,1)—UQ(t,T,uT,2)|2dl‘:|
R

<E [/ os(x)|ur1 _UT,22d$:| e Pt=T) (5.15)
R
which, together with (5.10) and the definition of ®, implies that
E[|@(t,,ur1) = @(tmur2) 3] <67 E [lury —uraf7]e 7. (5.16)
The proof is complete. ]

LEMMA 5.3.  Let (4.1) and (5.7) hold. Then for every T €R and D €D, there erist
T=T(r,D)>0 and R(1) >0 such that for all t>T,

E[ll@ (7,7 —t,ur—o)|3] <R(r), (5.17)
where u,_ € D(T—1).

Proof. Taking the inner product of u with ¢su in L?(R), we obtain

d 2, 2 ’ —
%/R%(x)M dz= 2)\/R¢5(x)|Vu| dx 2Re()\—|—za)/uVu Vos(z)dx

R

—2p/]R|u\2¢5(x)dx—2/1/]1{|u\4¢5(x)dx+2Re/Rf(m7t)¢5(m)ﬂd:E.

Similar to (5.13), we have

—2Re()\+ia)/RﬂVu-V¢5(x)dm <206/ )\2+a2/ |uVu-Vs(x)|de
<M/| Bos(a)do+A [ [Vulos(e)ds

Therefore, we can deduce that

d 252 /\2 2
G [ostaupar <ZEED [upostaar—2p [ fupos(e)ds

+2 [ \r@0Posts+§ [ juos(a)a

2
<=5 [1Post@ito > [ 17z, 0s(a)da. (515)
R P Jr
It follows from that

2
e [ostluPde=Le ful+e¥ ZhulP < 2ef [ (@0 os(e)ds
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Then integrating on (7 —¢,7) with ¢ >0, we have
E U ¢5(x)|u(7,7t,u7_t)|2d4
R
t A 2 - [T
ge’%E[/ ¢5(x)|u7_t|2dx} —|—767%/ /eps|f(3:,s)|2¢5(a:)dxds. (5.19)
R p T—tJR
Using (5.10) and the definition of ® again, we have

E(|®(r, T —t,ur—0) 3] Se™ % 62 R |lur— 2] +

1 T
e [ elrPas
which, together with u,_; € D(7 —t) and D € D, implies that there exists T=T(7,D) >0
such that for all t>T,

E[[|®(r,7 —t,ur—)|*] <R(7),

where

T

e[| £(s)[|ds.

1 —pT
R(T):l‘f'pdﬁe P /

The proof is complete. ad

THEOREM 5.2. Under assumptions (4.1) and (5.7), then the G-mean random dynam-
ical system ® associated with problem (1.1) has a unique D-pullback G-mean random
attractor A={A(7):7€R} in L%(Q,L2(R)). Furthermore, if there exists a positive
number w such that f:R— L?(R) is w-periodic, then such an attractor A is also w-
periodic; that is, A(T+w)=A(7) for all T€R.

Proof. By Lemmas 5.2 and 5.3, and using the method similar to Theorem 4.1, the
proof can be completed. 0
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